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EE 

PREFACE 

Game theory shed s a  light o n many aspect s of the socia l sciences and i s based 
on a n elegan t an d non-trivia l mathematica l theory . Th e bestowa l o f th e 199 4 
Nobel Priz e i n economic s upo n th e mathematicia n Joh n Nas h underscore s th e 
important rol e thi s theor y ha s playe d i n th e intellectua l lif e o f th e twentiet h 
century. Ther e ar e man y textbook s o n thi s topi c bu t the y ten d t o b e on e side d 
in thei r approaches . Som e focu s o n th e application s an d glos s ove r th e mathe -
matical explanations whil e others explain the mathematic s a t a  level that make s 
them inaccessibl e t o mos t non-mathematicians . Thi s monograp h fit s i n betwee n 
these two alternatives. Man y examples are discussed an d completel y solve d wit h 
tools tha t requir e n o more tha n hig h schoo l algebra . Thes e tool s tur n ou t t o b e 
strong enoug h t o provid e proof s o f both vo n Neumann' s Minima x Theore m an d 
the existenc e o f th e Nas h Equilibriu m i n th e 2 x 2 case . Th e reade r therefor e 
gains both a  sense of the range of applications an d a  better understandin g o f th e 
theoretical framewor k o f tw o deep mathematica l concepts . 

This boo k i s based o n lecture s I  presented i n MAT H 10 5 Introductio n t o 
Topics i n Mathematic s a s wel l a s i n MAT H 53 0 Mathematica l Model s 
I a t th e Universit y o f Kansas . Th e first  o f thes e course s i s normall y take n b y 
Liberal Art s major s t o satisf y thei r Natura l Science s an d Mathematic s Distri -
bution Requirements . Th e presentatio n o f Chapter s 1- 9 an d 11-1 3 in thi s clas s 
took abou t 2 5 lecture s an d wa s supplemente d wit h note s o n statistics , linea r 
programming and/o r symmetry . I n th e mathematica l model s clas s thi s mate -
rial wa s use d t o supplemen t a  standar d linea r programmin g course . I t ca n b e 
covered i n abou t a  doze n lecture s wit h proof s include d i n bot h th e presentatio n 
and th e homewor k assignments . Thos e chapter s an d exercise s tha t ar e deeme d 
to b e mor e theoreticall y demandin g ar e starred . Suc h proof s a s ar e include d i n 
the tex t appea r i n th e conclusio n o f the appropriat e chapters . 

The exposition i s gentle because it requires only some knowledge of coordinat e 
geometry, an d linea r programmin g i s not  used . I t i s mathematical  becaus e i t 

xi 
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is mor e concerne d wit h th e mathematica l solutio n o f game s tha n wit h thei r 
applications. Nevertheless , I  have included a s many convincin g application s a s I 
could find. 

I a m indebte d t o my  colleague s Jame s Fred  McClendo n fo r helpin g m e ou t 
with some of the technica l aspect s o f the materia l an d Margare t Baye r fo r root -
ing out some of the errors in an earlier draft . I  owe my own understanding o f th e 
material an d man y examples to the books by John D . Williams and Davi d Gale . 
David Bitters , Sergei Gelfand , Edwar d Dunne , and a n anonymou s reviewe r con -
tributed man y valuabl e suggestions . Laris a Marti n an d Sandr a Ree d converte d 
the manuscript t o TeX and Sarah Donnell y supervise d the production. T o them 
ail I  owe a deb t o f gratitude . 

Saul Stah l 
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INTRODUCTIO N 

The notio n o f a  zero-su m gam e i s informall y introduce d an d 
several example s ar e discussed . 

The mathematica l theor y o f games was first  develope d a s a  model fo r situation s 
of conflict . I t gaine d widesprea d recognitio n i n th e earl y 1940' s whe n i t wa s 
applied t o th e theoretica l stud y o f economic s b y th e mathematicia n Joh n vo n 
Neumann an d th e economis t Oska r Morgenster n i n their boo k Theory  of  Games 
and Economic  Behavior.  Sinc e then it s scope has been broadene d t o includ e co-
operative interactions as well and i t has been applied to the theoretical aspects of 
many of the social sciences. Whil e the jury i s still out o n the question o f whethe r 
this theor y furnishe s an y valuabl e informatio n regardin g practica l situations , i t 
has stimulate d muc h basi c researc h i n discipline s suc h a s economics , politica l 
science, an d psychology . 

Situations o f conflict , o r an y othe r kin d o f interactions , will  b e calle d games 
and the y have , by definition , participant s wh o ar e called players.  W e shal l limi t 
our attentio n t o scenario s wher e ther e ar e onl y tw o player s an d the y wil l b e 
called Rut h an d Charlie . Th e existenc e o f a  conflic t i s usuall y du e bot h t o 
the desir e o f eac h playe r t o improv e hi s circumstances , frequentl y b y mean s o f 
some acquisition , an d th e unfortunat e limite d natur e o f al l resources . Fo r al l 
but th e las t thre e chapter s o f thi s boo k i t wil l b e assume d tha t eac h playe r i s 
striving to gain  as much as possible, and tha t eac h player's gain is his opponent' s 
loss. Finally , eac h playe r i s assumed t o have several options  o r strategies  tha t h e 
can exercis e (on e a t a  time ) a s hi s attemp t t o clai m a  portio n o f th e resources . 
Because of the introductory natur e of this text, mos t of the subsequent discussio n 
is restricte d t o situation s wherei n th e player s mak e thei r move s simultaneousl y 
and independentl y o f eac h other . I t wil l b e argue d i n Chapte r 1 0 tha t thi s 
does no t trul y limi t th e scop e o f th e theor y an d tha t th e mathematica l theor y 

http://dx.doi.org/10.1090/mawrld/013/01



2 1. INTRODUCTIO N 

of game s doe s hav e somethin g t o sa y abou t games , suc h a s poker , i n whic h th e 
players move alternately an d do possess a fair amoun t o f information abou t thei r 
opponent's actions . 

The foregoing  discussio n i s admittedly vagu e an d thi s chapter' s remainde r i s 
devoted t o th e informa l expositio n o f several example s o f increasing complexity . 
The requisit e forma l definition s ar e postponed t o th e nex t chapter . 

PENNY-MATCHING. Ruth  and  Charlie  each  hold  a  penny  and  they  display 
them simultaneously.  If  the  pennies  match  in  the  sense  that  both  show heads  or 
both show tails,  then  Ruth  collects  both  coins.  Otherwise,  Charlie  gets  them. 

It i s clea r tha t thi s gam e i s fai r i n th e sens e tha t neithe r playe r ha s a n ad -
vantage ove r th e other . Moreover , i f the gam e i s only playe d once , the n neithe r 
player possesse s a  shrewd system , o r strategy, tha t will  improve his position, no r 
is there a  foolis h decisio n tha t wil l worsen it . 

The situatio n change s i f the gam e i s played man y times . Whil e th e repeate d 
game remains symmetrical , an d neithe r playe r ha s a strategy tha t wil l guarante e 
his comin g ou t ahea d i n th e lon g run , i t i s possible t o pla y thi s gam e foolishly . 
Such would b e the case were Ruth t o consistently displa y th e head  on her penny . 
In tha t cas e Charli e woul d b e sur e t o catc h o n an d displa y th e tail  eac h time , 
thus comin g ou t ahead . I t i s a  matte r o f commo n sens e tha t neithe r playe r 
should mak e an y predictabl e decisions , no r shoul d a  playe r favo r eithe r o f hi s 
options. I n othe r words , whe n thi s gam e i s repeate d man y time s eac h playe r 
should pla y eac h o f his options with equa l frequenc y 1/ 2 an d mak e hi s decision s 
unpredictable. On e way a player can accomplish this is by flipping hi s coin rathe r 
than consciousl y decidin g whic h sid e t o show . Wit h a n ey e t o th e analysi s o f 
more comple x games , thi s gam e i s summarized a s 

Charl ie 
Head Tai l 

1 

- 1 

- 1 

1 

The entr y 1  denotes a  gai n o f on e penn y fo r Ruth , an d th e entr y — 1 denotes a 
loss o f on e penn y fo r Ruth . Sinc e Ruth' s gai n i s Charlie' s loss , an d vic e versa , 
this array completely describe s the various outcomes of a single play of the game. 

All th e subsequen t example s an d mos t o f th e discussio n wil l b e phrase d i n 
terms o f the sam e tw o player s Rut h an d Charlie . Payoff s wil l be describe d fro m 
Ruth's poin t o f view. Thus , a  payoff o f a penny wil l always mean a  penny gaine d 
by Rut h an d los t b y Charlie . 

ROCK-SCISSORS-PAPER. Ruth  and  Charlie  face  each  other  and  simultane-
ously display  their  hands  in  one  of  the  following three  shapes:  a  fist denoting  a 
rock, the  forefinger and  middle  finger  extended  and  spread  to  as  to  suggest  scis -
sors, or  a  downward  facing  palm  denoting  a  sheet  of  paper . The  rock  wins  over 
the scissors  since  it  can  shatter  them,  the  scissors  win  over  the  paper  since  they 
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FIGURE 1.1 . A  randomizing spinner . 

can cut  it,  and  the  paper  wins  over  the  rock  since it  can  be  wrapped around  the 
latter. The  winner  collects  a  penny from  the  opponent  and  no  money  changes 
hands in  the  case  of  a  tie. 

This gam e ha s feature s tha t ar e ver y simila r t o thos e o f Penny-matching . 
There ar e neithe r shrew d no r foolis h decision s fo r a  singl e play . I f th e gam e i s 
repeated man y time s then player s who favor on e of the option s place themselve s 
at a  disadvantage. Th e best strategy for each player i s to play each of the option s 
with th e same frequency o f 1/3  i n a  manner tha t wil l yield the opponent a s littl e 
information a s possibl e abou t an y particula r decision . Fo r example , h e coul d 
base eac h o f hi s decisions o n the resul t o f a  spi n o f the spinne r o f Figure 1 . 

The outcome s o f the Rock-scissors-pape r gam e ar e tabulate d a s 

Charlie 
Rock Scissor s Pape r 

Rock 

Ruth Scissor s 

Paper 

0 

- 1 

1 

1 

0 

- 1 

- 1 

1 

0 

As before , a  positiv e entr y denote s a  gai n fo r Rut h wherea s a  negativ e entr y i s 
a gai n fo r Charlie . 

The biologist s B . Sinervo and C M . Livel y have recently reporte d o n a  lizar d 
species whos e male s ar e divide d int o thre e classe s accordin g t o thei r matin g 
behavior. Th e interrelationshi p o f thes e thre e alternativ e behavior s ver y muc h 
resembles the Rock-Scissors-Paper gam e and merit s a digression here . Eac h mal e 
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of the side-blotche d lizard s ( Uta stansburiana)  exhibit s on e o f three (geneticall y 
transmitted) matin g behaviors : 

a) highly  aggressive  with a  larg e territor y tha t include s severa l females ; 
b) aggressive  with a  smalle r territor y tha t hold s on e female ; 
c) nonagressiv e sneaker  wit h n o territor y wh o copulate s wit h th e others ' fe -

males. 
In a confrontation, th e highly aggressive male has the advantage over the monog-
amous on e wh o i n tur n ha s th e advantag e ove r th e sneaker . However , becaus e 
the highly aggressiv e male s must spli t thei r tim e betwee n thei r variou s consorts , 
they ar e vulnerable to the sneakers . Th e observed consequence of this is that th e 
male population s cycl e from a  hig h frequenc y o f aggressive s t o a  hig h frequenc y 
of highly aggressives , then o n to a  high frequency o f sneakers an d bac k to a  high 
frequency o f aggressives . 

The nex t gam e i s played i n Italy usin g thre e fingers.  Fo r pedagogica l reason s 
it i s it s tw o finger  simplificatio n tha t wil l be examine d here . 

T W O - F I N G E R MORRA . At  each  play Ruth  and  Charlie  simultaneously  extend 
either one  or  two fingers and  call  out a  number. The  player  whose  call  equals the 
total number  of  extended  fingers wins  that  many  pennies  from  the  opponent  In 
the event  that  neither  players'  call  matches the  total,  no  money  changes  hands. 

It woul d b e clearl y foolis h fo r a  playe r t o cal l a  numbe r tha t canno t possibl y 
match th e tota l numbe r o f displaye d fingers.  Thus , a  playe r wh o extend s onl y 
one finger  woul d cal l eithe r 2  o r 3 , wherea s a  playe r wh o extend s tw o fingers 
would cal l only 3  or 4 . Consequently , eac h player ha s in reality onl y four option s 
and th e game' s possibl e outcome s ar e summarize d a s 

Charl ie 
(1,2) (1,3 ) (2,3 ) (2,4 ) 

(1,2) ' 

(1,3) 
Ruth 

(2,3) 

(2,4) 

where th e optio n (i,j)  denote s th e extensio n o f i  fingers  an d a  cal l o f j. 
This game , lik e it s predecessors , i s symmetrical. Neithe r playe r ha s a  built-i n 

advantage. I t i s tempting, therefore , t o conclud e tha t whe n thi s gam e i s playe d 
many times , eac h playe r shoul d agai n randomiz e hi s decision s an d pla y the m 
each wit h a  frequenc y o f 1/ 4 .  This , however , turn s ou t t o b e a  poo r strategy . 
If Ruth di d randomiz e thi s way then Charli e coul d ensur e hi s coming ou t ahea d 
in th e lon g ru n b y consistentl y employin g optio n (1 , 3). Not e tha t i n tha t cas e 
the expecte d outcom e pe r pla y ca n b e compute d b y the rule s o f probability (se e 
the discussio n a t th e en d o f this chapter ) a s 

i x 2 + 7 x 0 + i x 0 + - x (-3 ) =  _ I . 
4 4  4  4  4 

0 

- 2 

3 

0 

2 

0 

0 

- 3 

- 3 

0 

0 

4 

0 

3 

- 4 

0 
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In othe r words , i f Ruth play s eac h optio n wit h a  frequency o f 1/4 and Charlie 
consistently employs option (1,3) , Charlie can expect to win, on the average, 1/4 
of a  penn y pe r play. Thus , thi s gam e differ s drasticall y fro m th e two previous 
ones. Wherea s the symmetry of the game make s it clear tha t eac h player shoul d 
be abl e to pursue a  long term strateg y tha t entitle s them to expect t o come out 
more or less even in the long run, i t is not at all clear this time what thi s strateg y 
is. W e shal l retur n t o this gam e and issue in Chapter 11 . 

The abov e consideration s poin t ou t a  difficult y tha t wil l hav e t o be deal t 
with whe n th e general theor y o f games i s proposed. I t was noted tha t i f Rut h 
randomizes he r behavior b y using eac h o f her four option s wit h a  frequency of 
1/4, the n Charli e can guarantee a  long run advantage by consistently employin g 
option (1 , 3). However, shoul d Charli e choos e to do so, Ruth i s bound to notice 
his bias , and she will in all likelihood respon d b y consistently optin g fo r (1 , 2) , 
yielding he r a win of 2 on each play . Charlie , then , wil l respon d b y playing (2, 
3) consistentl y fo r a win of 3 on each play . Ruth , then , wil l switch to (2, 4) for 
a repeate d gai n o f 4. Charlie , then , wil l switc h bac k t o (1 , 3), thus beginnin g 
the whol e cycl e again . A  reasonable theor y o f games shoul d provid e a  stabl e 
strategy tha t avoid s such "logica l loops" , and we will see that suc h is indeed the 
case. 

BOMBING SORTIES . Ruth  and  Charlie  are  generals of  opposing armies.  Every 
day Ruth sends  out  a bombing sortie that  consists  of  a heavily armed bomber  plane 
and a  lighter  support  plane.  The  sortie's mission  is  to  drop  a  single bomb  on 
Charlie's forces.  However,  a  fighter plane  of  Charlie's  is  waiting  for  them  in 
ambush and  it will  dive  down  and  attack one  of the planes in  the  sortie once. 
The bomber  has an 80% chance  of  surviving such  an  attack, and  if it survives  it 
is sure  to  drop the bomb right on  the target. General  Ruth  also  has the option of 
placing the  bomb on  the support plane.  In  that  case,  due  to this  plane's  lighter 
armament and  lack of  proper equipment,  the  bomb  will  reach  its  target  with  a 
probability of  only  50%  or 90%, depending  on  whether or  not it  is  attacked  by 
Charlie's fighter. 

This informatio n i s summarized i n the table belo w wher e th e entries denot e 
the probabilit y o f the bomb' s delivery . 

Attack 
Bomber Suppor t 

Bomb B o m b e r | 

placement ^ 
Support 

Ruth know s tha t i f the bomb i s placed consistentl y o n the bomber sh e ca n 
reasonably expect at least 80% of the missions to succeed. I n all likelihood, Char -
lie's observers at the bombing sit e would notic e thi s bias and he would direc t his 
fighter plan e pilo t to always attack the bomber, thu s holding Ruth' s expectatio n 
down to 80% and no more. However , Ruth , wh o is an experienced poke r player , 
decides to bluff b y placing the bomb on the support plan e occasionally . Le t us 

80% 

90% 

100% 

50% 



1. INTRODUCTIO N 

Table 1. 1 Bombin g sorties . 

Compound even t 

The bomb  is on  the  bomber  and 
the fighter attacks  the  bomber 

The bomb  is on  the  bomber  and 
the fighter attacks  the  support  plane 

The bomb  is on  the  support plane 
the fighter attacks  the  bomber 

The bomb  is on  the  support plane 

and 

and 
the fighter attacks  the  support  plane 

Probability 
of event 

.75 x .50 = .37 5 

.75 x .5 0 = .37 5 

.25 x .5 0 = .12 5 

.25 x .50 = .12 5 

Likelihood of 
success of sortie 

80% 

100% 

90% 

50% 

say for the sak e of argument tha t sh e does so 1/4 =  .2 5 of the time . Charli e no w 
faces a  dilemma . Hi s observer s hav e advise d hi m o f Ruth' s ne w strateg y an d 
he suspect s tha t i t woul d b e advantageou s fo r hi m t o attac k th e suppor t plan e 
some o f the time , bu t ho w ofte n shoul d h e d o so ? 

Suppose Charli e decide s t o counte r Ruth' s bluffin g b y attackin g th e suppor t 
plane hal f th e time . I n thi s cas e th e situatio n i s summarized a s 

„ Attack , 
frequencies 

.50 .5 0 
Bomber Suppor t 

80% 

90% 

100% 

50% 

Bomb .7 5 Bombe r 
placement 

frequencies .2 5 Suppor t 

Since Ruth an d Charli e mak e thei r dail y decision s independentl y o f each other , 
it follow s tha t o n an y singl e sortie , th e probabilitie s o f each o f the fou r possibl e 
outcomes occurrin g ar e a s displaye d i n Tabl e 1  above. Hence , unde r thes e cir -
cumstances, wherein the bomb is placed on the support plan e 1/ 4 o f the time and 
this plan e i s attacked b y the fighter  1/ 2 o f the time , the percentag e o f successfu l 
missions, a s computed o n th e basi s o f Tabl e 1 , is 

.375 x 80 % + .37 5 x  100 % + .12 5 x 90 % + .12 5 x  50 % 

= 30 % + 37.5 % + 11.25 % 4- 6.25% = 85%. 

Thus, this response of Charlie's to Ruth's bluffing ha s created a  situation wherei n 
the bom b ca n b e expecte d t o ge t throug h 85 % o f th e time . Sinc e thi s figur e 
amounts to only 80% when the bomb is placed consistently in the bomber, Ruth' s 
bluffing seem s t o hav e pai d off . 
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Table 1. 2 Bombin g sorties . 

Compound even t 

The bomb  is on  the  bomber  and 
the fighter attacks  the  bomber 

The bomb  is on  the  bomber  and 
the fighter attacks  the  support  plane 

The bomb  is on  the  support plane 
the fighter attacks  the  bomber 

and 

The bomb  is on  the  support plane and 
the fighter attacks  the  support  plane 

Probability 
of event 

.75 x .8 0 = .6 0 

.75 x .2 0 = .1 5 

.25 x .8 0 = .2 0 

.25 x .2 0 = .0 5 

Likelihood of 
success of sortie 

80% 

100% 

90% 

50% 

However, Charli e ca n chang e hi s respons e pattern . H e could , say , decid e t o 
diminish th e frequenc y o f attacks o n th e suppor t plan e t o onl y 1/ 5 o f the time , 
leading t o th e situatio n 

_ Attac k 
frequencies 

.80 .2 0 
Bomber Suppor t 

80% 

90% 

100% 

50% 

Bomb .7 5 Bombe r 
placement 

frequencies .2 5 Suppor t 

In thi s cas e th e percentag e o f successfu l sorties , compute d o n th e basi s o f Tabl e 
2, i s 

.60x80%+. 15xl00% + .20x90%+.05x50% =  48%+15 % + 18%+2.5% =  83.5% . 

Thus, b y diminishin g th e frequenc y o f attack s o n th e suppor t plan e Charli e 
would creat e a  situatio n wherei n onl y 83.5 % o f th e sortie s woul d b e success -
ful. Fro m Charlie' s poin t o f view thi s i s an improvemen t o n th e 85 % compute d 
above. Coul d greate r improvement s b e obtaine d b y a  furthe r diminutio n o f th e 
frequency o f attacks on the support plane ? Suppos e these attacks are completel y 
eliminated. The n th e stat e o f affair s i s 

_ Attac k 
frequencies 

1 0 
Bomber Suppor t 

Bomb .7 5 Bombe r 
placement 

frequencies .2 5 Suppor t 

80% 

90% 

100% 

50% 
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Table 1. 3 Bombin g sorties . 

Compound even t 

The bomb  is on  the  bomber  and 
the fighter attacks  the  bomber 

The bomb  is on  the  bomber  and 
the fighter attacks  the  support plane 

The bomb  is on  the  support  plane 
the fighter attacks  the  bomber 

The bomb  is on  the  support  plane 

and 

and 
the fighter attacks  the  support plane 

Probability 
of event 

.75 x 1  = .7 5 

.75 x 0 = 0 

.25 x 1  =  .2 5 

.25 x 0 = 0 

Likelihood of 
success of sorti e 

80% 

100% 

90% 

50% 

and th e associate d Tabl e 3  tells u s tha t th e percentag e o f successful sortie s i s 

.75 x 80 % + 0  x 100 % + .2 5 x 90 % + 0  x 50% 

- 60 % + 0 % + 22.5 % + 0 % = 82.5% . 

This would seem to indicate that whe n Ruth bluff s 1/ 4 o f the time Charlie should 
nevertheless ignor e th e suppor t plan e an d direc t hi s attack s exclusivel y a t th e 
bomber. Moreover , thes e calculation s indicat e tha t thi s strateg y enable s Rut h 
to improv e o n he r bomber' s 80 % delivery rat e b y anothe r 2.5% . Thes e variou s 
analyses raise several questions that wil l guide the development o f the subsequen t 
sections. Ca n Rut h improv e on the above 82.5% with a  different strategy ? Wha t 
is th e bes t improvemen t Rut h ca n obtain ? Wha t i s Charlie' s bes t respons e t o 
any specifi c strateg y o f Ruth's? Doe s Charli e hav e a n overal l bes t strateg y tha t 
is independent o f Ruth' s decisions ? 

An Addendu m o n Probabilisti c Matter s 

Unless otherwise stated, i t wil l always be assumed here that eac h time a  game 
is played Ruth an d Charli e make their respectiv e decisions independently o f each 
other. Thi s come s unde r th e genera l headin g o f Independent  Random  Events; 
i.e., random event s whose outcomes have no bearing on each other. Fo r example , 
if a  nickel  an d a  dim e ar e tosse d th e outcome s wil l i n genera l b e independent , 
unless th e tw o coin s ar e glue d t o eac h other . Similarly , suppos e Rut h draw s a 
card a t rando m fro m a  standar d deck , replace s it , shuffle s th e deck , an d the n 
Charlie draw s a  car d fro m tha t deck . Th e tw o draws ar e the n independent . O n 
the othe r hand , i f Rut h doe s no t replac e he r car d i n th e deck , the n Charlie' s 
draw i s very muc h affecte d b y Ruth' s draw , sinc e h e canno t possibl y dra w th e 
same car d a s sh e did . I n thi s cas e th e tw o rando m draw s ar e no t independent . 
The probabilitie s o f independen t event s ar e relate d b y th e formul a 
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If the  two  events  E  and  F  are  independent  then 

probability of  (E  and  F)  =  (probability  of  E)  x  (probability  of  F). 

Thus, th e probabilit y o f th e aforementione d coin s bot h comin g u p heads  i s 
.5 x  . 5 =  .25 . Similarly , I f a  nicke l an d a  standar d si x side d di e ar e tosse d 
simultaneously, the n th e probabilit y o f th e coi n comin g u p tails  an d th e di e 
showing a  3  is \  •  | =  ^ . 

Some random event s have numerical values attached t o their outcomes . Thus , 
the face s o f th e standar d di e hav e dot s marke d o n them , a  perso n selecte d a t 
random ha s a  height , an d a  lotter y ticke t ha s a  monetar y valu e (tha t i s un -
known a t th e tim e i t i s purchased) . Loosely  speaking , th e expected  value  i s th e 
average o f those numerica l value s when the y ar e weighte d b y th e correspondin g 
probabilities. Mor e formally : 

/ / the  random  variable  X  assumes  the  numerical  values  #1,2:2,.. . , x n with 
probabilitiespi,p2,... ,p n respectively,  then  the  expected value (weighted  average) 
of X is 

PlXi +P2X2  +  --+PnXn. 

For example , suppos e tha t th e records o f an insuranc e compan y indicat e tha t 
during a  year the y wil l pay ou t fo r accident s accordin g t o th e followin g pattern : 

$100,000 wit h probabilit y .000 2 
$50,000 wit h probabilit y .001 5 
$25,000 wit h probabilit y .00 3 

$5,000 wit h probabilit y .0 1 
$1,000 wit h probabilit y .0 3 

$0 wit h probabilit y .955 3 

Then th e expecte d paymen t pe r ca r durin g th e nex t yea r i s 

$100,000 •  .000 2 + $50,00 0 •  .001 5 + $25,00 0 •  .00 3 + $5,00 0 •  .0 1 + $1,00 0 •  .0 3 

+ $ 0 • .955 3 = $250 . 

Similarly, i f 500 0 lottery ticket s ar e sol d o f which on e wil l win $10,000 , two wil l 
win $1,000 , five  wil l wi n $10 0 an d th e res t wil l al l receiv e a  consolatio n priz e 
worth on e dime , the n th e expecte d valu e o f each ticke t i s 

1 2  5  499 2 
$ 1 0 ' 0 0 0 - ^ +  $ 1 ' 0 0 0 - ^ + $ 1 0 0 - 5 0 ^ + $ 1 0 - 5 0 0 0 " $ 2 m 

Chap te r Summar y 

Four example s o f repeate d game s wer e discussed . Fo r th e firs t two , Penny -
matching an d Scissors-paper-rock , th e player s hav e obviou s reasonabl e goals : t o 
come ou t even . Th e mean s fo r attainin g thes e goal s ar e als o clear : the y shoul d 
randomize thei r decision s an d emplo y thei r option s wit h equa l frequencies . I n 
the cas e o f Morra , th e player s ar e agai n entitle d t o expec t t o com e ou t eve n 
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in th e lon g run , bu t th e mean s o f attainin g thi s goa l ar e no t apparent . Th e 
player wh o randomizes hi s Morra option s an d play s them wit h equa l frequencie s 
places himsel f a t a  disadvantage . Finally , i n th e Bombing-sortie s gam e neithe r 
the exac t goa l no r th e mean s o f attainin g i t ar e evident . 

Bombing sortie s 
Gain 
Interaction 

Morra 
Payoff 

Chapter 

5 
1 
1 
4 
2 

Terms 

Conflict 
Game 
Loss 
Option 

Penny-matching 

1 
1 
1 
1 
2 

Rock-scissors-paper 2  Strateg y 1 

E X E R C I S E S 1 

1. Rut h i s playing Morr a an d ha s decided t o play the options with the followin g 
frequencies: 

(1, 2 ) — 40% 
(1, 3 ) —  30% 
(2, 3 ) —  20% 
(2, 4)  —  10% . 

a) Desig n a  spinne r tha t wil l facilitat e thi s pattern ; 
b) Wha t wil l be th e expecte d outcom e i f Charli e consistentl y play s (1,2) ? 
c) Wha t wil l be th e expecte d outcom e i f Charli e consistentl y play s (1,3) ? 
d) Wha t wil l be th e expecte d outcom e i f Charli e consistentl y play s (2,3) ? 
e) Wha t wil l be th e expecte d outcom e i f Charli e consistentl y play s (2,4) ? 
f) Whic h o f the abov e consisten t move s i s bes t fo r Charlie ? 

2. Rut h i s playing Morra an d ha s decided t o play the options with the followin g 
frequencies: 

( 1 , 2 ) — 0 % 
(1, 3 ) —  50% 
(2, 3 ) —  50% 
( 2 , 4 ) — 0% . 

a) Desig n a  spinne r tha t wil l facilitat e thi s pattern ; 
b) Wha t wil l be th e expecte d outcom e i f Charli e consistentl y play s (1,2) ? 
c) Wha t wil l be th e expecte d outcom e i f Charli e consistentl y play s (1,3) ? 
d) Wha t wil l be th e expecte d outcom e i f Charli e consistentl y play s (2,3) ? 
e) Wha t wil l be th e expecte d outcom e i f Charli e consistentl y play s (2,4) ? 
f) Whic h o f the abov e consisten t move s i s best fo r Charlie ? 

3. Rut h i s playing Morr a an d ha s decided t o play the options with th e followin g 
frequencies: 

(1, 2 ) —  10% 
(1, 3 ) —  20% 
(2, 3 ) — 30% 
(2, 4 ) —  40%. 
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a) Desig n a  spinne r tha t wil l facilitat e thi s pattern ; 
b) Wha t wil l be th e expecte d outcom e i f Charli e consistentl y play s (1,2) ? 
c) Wha t wil l be th e expecte d outcom e i f Charli e consistentl y play s (1,3) ? 
d) Wha t wil l b e th e expecte d outcom e i f Charli e consistentl y play s (2,3) ? 
e) Wha t wil l be th e expecte d outcom e i f Charli e consistentl y play s (2,4) ? 
f) Whic h o f the abov e consisten t move s i s bes t fo r Charlie ? 

4. Genera l Rut h ha s decide d tha t sh e wil l pu t th e bom b o n th e suppor t plan e 
10% of the time . 
a) Desig n a  spinne r tha t wil l facilitat e thi s pattern . 
b) Wha t wil l be the expected mission success rate i f General Charli e persist s 

in attackin g th e bombe r exclusively ? 
c) Wha t wil l be the expected missio n success rate i f General Charli e persist s 

in attackin g th e suppor t plan e exclusively ? 
d) Wha t wil l be the expected missio n success rate i f General Charli e attack s 

each plan e 50 % of the time ? 
e) Wha t wil l be the expected missio n succes s rate i f General Charli e attack s 

the suppor t plan e 40 % and th e bombe r 60 % of the time ? 
5. Genera l Rut h ha s decide d tha t sh e wil l pu t th e bom b o n th e suppor t plan e 

30% o f the time . 
a) Desig n a  spinne r tha t wil l facilitat e thi s pattern . 
b) Wha t wil l be the expected mission success rate i f General Charli e persist s 

in attackin g th e bombe r exclusively ? 
c) Wha t wil l be the expected mission success rate i f General Charli e persist s 

in attackin g th e suppor t plan e exclusively ? 
d) Wha t wil l be the expected missio n succes s rate i f General Charli e attack s 

each plan e 50 % of the time ? 
e) Wha t wil l be the expected missio n succes s rate i f General Charli e attack s 

the suppor t plan e 40 % and th e bombe r 60 % of the time ? 
6. Genera l Rut h ha s decide d tha t sh e wil l pu t th e bom b o n th e suppor t plan e 

40% o f the time . 
a) Desig n a  spinne r tha t wil l facilitat e thi s pattern . 
b) Wha t wil l be the expected mission success rate i f General Charli e persist s 

in attackin g th e bombe r exclusively ? 
c) Wha t wil l be the expected missio n success rate i f General Charli e persist s 

in attackin g th e suppor t plan e exclusively ? 
d) Wha t wil l be the expected missio n succes s rate i f General Charli e attack s 

each plan e 50 % of the time ? 
e) Wha t wil l be the expected missio n succes s rate i f General Charli e attack s 

the suppor t plan e 40 % and th e bombe r 60 % of the time ? 
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THE FORMAL DEFINITIONS 

The fundamenta l notion s o f a  zero-su m game , 
mixed an d pur e strategies , an d expecte d payof f ar e denned . 

It i s tim e t o mak e som e forma l definitions . Fo r purel y pedagogica l reason s w e 
begin wit h game s i n which eac h o f the player s ha s onl y tw o options , leavin g th e 
more genera l cas e for th e en d o f the section . 

Taking ou r cu e fro m th e Penny-matchin g an d Bombing-sortie s game s o f th e 
previous section , w e define a  2  x 2  zero-sum game  a s a  square arra y o f 2  x 2  = 4 
numbers. Thus , th e mathematica l representatio n o f th e Penny-matchin g gam e 
is the arra y 

1 

- 1 

- 1 

1 

and th e mathematical  representatio n o f the Bombing-sortie s gam e i s the arra y 

80% 

90% 

100% 

50% 

Just a s i t i s convenient t o represen t th e additio n o f 8  oranges t o 6  oranges b y 
the abstrac t equatio n 8  + 6  = 14 , we shall ignor e the actua l detail s o f the game s 
in mos t o f th e subsequen t discussio n an d simpl y dea l wit h array s o f unitles s 
numbers. Thus , th e mos t genera l 2 x 2 zero-su m gam e ha s th e for m 

a 

c 

b 

d 

13 
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where a , 6 , c , d  ar e arbitrar y numbers . Thi s abstractio n ha s th e advantage s o f 
succinctness an d clarity . W e shall , however , mak e a  poin t o f discussin g som e 
concrete game s ever y no w an d then , an d man y mor e suc h game s wil l b e foun d 
in th e exercises . 

Each 2x2 zero-su m game has two players, whom we shall continue to call Rut h 
and Charlie . Th e mathematica l analo g o f decidin g o n on e o f th e option s i s th e 
selection o f either a  ro w o r a  column o f thi s array . Specifically , Rut h decide s o n 
an optio n b y selecting a  row of the array , wherea s Charli e make s hi s decision b y 
specifying a  column. Thus , in Bombing-sorties, Ruth' s placemen t o f the bomb i n 
the bomber , an d Charlie' s attackin g the support plan e are tantamount t o Ruth' s 
selecting th e firs t ro w an d Charlie' s selectin g th e secon d colum n o f the arra y 

80% 

90% 

100% 
L 

50% 

— 

L 

Each individua l play  o f th e gam e consist s o f suc h a  pai r o f selections , mad e 
simultaneously an d independently . Th e selecte d ro w an d colum n constitut e th e 
outcome o f th e pla y an d it s payoff  i s the entr y o f th e arra y tha t i s contained i n 
both o f th e selections . Thus , th e payof f o f th e pla y illustrate d abov e i s 100% . 
On th e othe r hand , ha d Rut h selecte d th e secon d ro w an d ha d Charli e staye d 
with th e secon d colum n th e payof f woul d hav e bee n 50% . Thi s payof f o f cours e 
represents Ruth' s winning s (an d Charlie' s loss ) fro m tha t pla y an d sh e wil l i n 
general wis h to maximiz e it s value , whereas Charli e wil l be guided b y the desir e 
to minimiz e thi s payoff . 

Informally speaking , a  players ' strateg y i s a  decisio n o n th e frequenc y wit h 
which eac h availabl e optio n wil l be chosen . Mor e formally , a  strategy  i s a  pai r o f 
numbers [a , 6], 

0 < a < 1 , 0  < 6  < 1 , a  + b= 1 , 
where a  denote s th e frequenc y wit h whic h th e firs t ro w (o r column ) i s chosen , 
and b  denotes th e frequenc y wit h whic h th e secon d ro w (o r column ) i s chosen . 
Thus, Ruth' s decisio n t o place the bomb o n the suppor t plan e 1/ 4 o f the tim e i s 
denoted b y th e pai r [.75 , .25] an d Charlie' s strateg y o f attackin g th e tw o plane s 
with equa l frequencie s i s denoted b y [.5 , .5]. Whe n discussin g genera l strategie s 
it i s convenient t o denot e Ruth' s strateg y b y [ 1 — p,p] an d Charlie' s strateg y b y 
[1 — q,q].  Th e rational e fo r placin g th e p  an d th e q  i n th e secon d componen t 
rather tha n th e firs t on e wil l be explaine d i n Chapte r 4 . 

This formalizatio n o f th e intuitiv e concep t o f strateg y a s a  lis t o f probabil -
ities wa s firs t offere d b y th e mathematicia n E . Bore l i n serie s o f paper s tha t 
were writte n i n th e 1920's . Bore l wa s als o th e firs t on e t o vie w thes e game s a s 
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rectangular arrays . Th e decisio n t o limi t th e notio n o f strateg y i n thi s manne r 
could no t hav e bee n a n eas y on e an d Borel' s paper s exhibi t som e ambivalenc e 
on this issue . I t i s very tempting to believe, as did Borel , tha t on e can gain som e 
advantage ove r th e opponen t b y varyin g one' s probabilitie s a t eac h play , bu t i t 
is not a t al l clea r ho w to formulat e suc h a  variation . A t th e conclusio n o f one of 
his paper s h e wrote : 

The functio n f{X,y)  [th e strategy] mus t the n var y a t eac h instant , an d var y withou t 

following an y la w a t all . On e ma y wel l doub t i f i t i s possibl e t o indicat e a n effectiv e 

and sur e mean s o f carryin g ou t suc h counsel . I t seem s that , t o follo w i t t o th e letter , a 

complete incoherenc e o f mind woul d be needed, combined , o f course, with th e intelligenc e 

necessary t o eliminat e thos e method s w e hav e calle d bad . 

It i s ou r contention , an d assumption , that , i n practice , ever y playe r ha s a 
strategy i n th e sens e o f a  fixed  pai r o f probabilities . Trul y rando m behavio r 
is impossibl e t o attai n withi n th e contex t o f a  game . Fo r ho w ca n an y perso n 
repeatedly pla y a  gam e suc h a s Rock-scissors-pape r i n a  trul y rando m fashion , 
that i s to say , without som e pattern o f frequencies emergin g fro m hi s choices? I f 
he make s eac h individua l decisio n i n hi s head , hi s pas t experienc e an d persona l 
preferences ar e sur e t o dictat e a  pattern . If , o n th e othe r hand , h e use s som e 
device suc h a s a  di e o r a  spinne r t o implemen t th e randomization , th e devic e 
itself wil l shape th e randomnes s int o a  frequenc y distribution . Eac h fac e o f th e 
die will come up approximately 1/ 6 o f the time and th e spinner' s arro w wil l stop 
within eac h secto r wit h a  frequenc y tha t i s proportional t o tha t sector' s centra l 
angle. 

Another argumen t agains t th e feasibilit y o f a  strategyles s manne r o f playin g 
is tha t eac h actua l sequenc e o f choice s mad e b y a  playe r ove r hi s lifetim e ca n 
be construe d a s a  strategy . I f a  playe r o f Penny-matching ha s bee n observe d t o 
have displaye d Head s 8 3 time s an d Tail s 3 9 times , i t coul d b e reasonabl y sai d 
that, sinc e 8 3 + 3 9 = 122 , i t follow s tha t thi s playe r ha s th e strateg y 

83 3 9 
122' 12 2 

[m, .32] 

In reality , o f course , suc h statistic s ar e rarel y available . However , th e poin t w e 
are makin g her e i s tha t i t i s permissibl e t o assum e tha t every  playe r i s indee d 
employing som e strateg y tha t ma y o r ma y no t b e know n t o th e opponent . 

More serious than th e inabilit y o f people to behav e i n a  truly rando m fashio n 
is the theoretica l impossibilit y o f treating suc h a  concept withi n a  mathematica l 
framework. Eve n i n th e mathematica l theor y o f statistics , wher e rando m vari -
ables ar e a s a  commonplac e a s ant s a t a  picnic , ever y suc h variabl e i s assume d 
to hav e a  probabilit y distribution . Vo n Neuman n an d Morgenstern , wh o als o 
identified strategie s wit h probabilitie s a s wa s don e above , explicitl y admitte d 
that the y wer e doin g s o simpi y becaus e the y ha d n o theor y tha t coul d handl e 
anything els e (se e discussion a t th e en d o f Chapte r 4) . 

Thus, i t wil l henceforth b e assume d tha t 

Every player  employs  a  strategy. 
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It wa s seen i n Bombing-sorties tha t th e specificatio n o f each player' s strateg y 
resulted i n a  situatio n wherei n a n expecte d payof f coul d b e computed . Thi s 
expected payoff  ca n b e define d an d compute d fo r arbitrar y 2 x 2 game s i n a 
similar manner . Thus , give n the strategie s [ 1 — p,p] an d [ 1 — q, q] for th e genera l 
2 x 2 zero-su m gam e 

1-q q 

l-p 

P 

the likelihoo d o f Ruth gettin g th e payof f a  is the probabilit y o f her choosin g th e 
first ro w an d Charli e choosin g th e first  column . Sinc e thes e choice s ar e mad e 
independently, w e conclude tha t 

the probabilit y o f Ruth gettin g payof f a  i s ( 1 — p) x  ( 1 — q). 

Similarly, 

the probabilit y o f Rut h gettin g payof f b  is ( 1 — p) x  q 

the probabilit y o f Rut h gettin g payof f c  is p x  ( 1 — q) 

the probabilit y o f Ruth gettin g payof f d  i s p x  q. 

As these fou r event s are mutually exclusiv e an d they exhaus t al l the possibilitie s 
it follow s tha t Ruth' s expecte d payof f i s 

(l-p)x(l-q)xa+(l-p)xqxb +  px(l-q)xc +  pxqxd. 

Diagrams suc h as that o f (1 ) above , wherein the players ' strategies ar e appende d 
to th e game' s array , ar e calle d auxiliary  diagrams.  The y tur n th e computatio n 
of th e expecte d payof f int o a  routin e tas k an d s o wil l b e repeatedl y use d i n th e 
sequel a s a  visua l aid . 

EXAMPLE 1 . Fo r the Bombing-sortie s gam e Ruth' s strateg y [.3 , .7] and Char -
lie's strateg y [.6 , .4] yield th e auxiliar y diagra m 

.6 .4 

80% 

90% 

100% 

50% 

The correspondin g payof f i s 

.3 x . 6 x 80 % + . 3 x . 4 x 100 % 4- .7 x . 6 x 90 % + . 7 x . 4 x 50% 

= 14.4 % + 12 % + 37.8 % + 14 % = 78.2% . 

In othe r words , whe n th e player s emplo y th e abov e specifie d strategies , Rut h 
can expec t 78.2 % of the mission s t o b e successful . 

a 

c 

b 

d 
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EXAMPLE 2 . Comput e th e expecte d payof f o f th e strategie s [.2 , .8] o f Rut h 
and [.3 , .7] of Charli e fo r th e abstrac t 2 x 2 zero-su m gam e 

5 

- 1 

0 

2 

The auxiliar y diagra m i s 

.3 .7 

5 

- 1 

0 

2 

and s o the expecte d payof f i s 

.2 x  . 3 x 5  + . 2 x  . 7 x 0  + . 8 x  . 3 x (-1 ) +  . 8 x . 7 x 2 

= .3 + 0 - . 2 4 + 1.1 2 =  1.18 . 

In othe r words , whe n th e player s us e th e specifie d strategie s withi n th e contex t 
of the give n (repeated ) game , Rut h ca n expec t t o win , o n th e average , 1.1 8 pe r 
play. O f course , thi s bein g a  zero-su m game , Charli e shoul d expec t t o los e th e 
same amoun t pe r play . 

We no w tur n t o th e forma l definitio n o f game s i n whic h on e o r bot h o f th e 
players hav e mor e tha n tw o options . I f m  an d n  ar e an y tw o positiv e integers , 
then a n m  x  n  zero-sum  game  i s a  rectangula r arra y o f ran  number s havin g m 
rows an d n  columns . Thus , 

0 

- 1 

1 

1 

0 

- 1 

- 1 

1 

0 

is a  3  x 3  zero-sum gam e (Rock-paper-scissors) , an d 

0 

- 2 

3 

0 

2 

0 

0 

- 3 

- 3 

0 

0 

4 

0 

3 

- 4 

0 

is a  4  x 4 zero-sum gam e (Two-finge r Morra) . Th e arra y belo w i s an exampl e of 
an abstrac t 3 x 4 zero-su m gam e (a n interestin g concret e nonsquar e gam e wil l 
be discusse d i n Chapte r 7  in detail) . 
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2 

0 

1 

- 1 

- 2 

0 

- 5 

3 

1 

3 

- 3 

- 2 

It i s again assume d tha t i n each play Rut h select s a  row and Charli e select s a 
column of the array. Th e selected row and colum n constitute the outcome  o f tha t 
play an d th e entr y o f th e arra y whic h i s th e intersectio n o f Ruth' s chose n ro w 
with Charlie' s chose n colum n i s th e correspondin g payoff.  Thus , i n th e abov e 
abstract game , i f Rut h select s th e secon d ro w an d Charli e select s th e fourt h 
column, th e correspondin g payof f i s —3 , a  los s fo r Ruth . 

Given a n m  x  n  zero-su m game , a  strategy  fo r Rut h i s a  lis t o f number s 
[pi,P2,--- ? Pm], such tha t 

0 <  Pi  < 1  fo r eac h i  =  1 , 2 , . .. ,  m, an d 

Pi +P 2 +  . . . + P m =  1 , 

where pi denote s th e frequency wit h which Ruth choose s the i-t h row . Similarly , 
a strateg y fo r Charli e i s an ordere d lis t o f number s [qi , q<i,... ,  qn], suc h tha t 

0 <  (f t <  1  fo r eac h j  =  1 , 2 , . .. ,  n, an d 

qi +Q2 + . . . +  <7 n =  1 , 

where qj  denote s th e frequenc y wit h whic h Charli e choose s th e j - t h column . 
Thus, i n th e symmetrica l Rock-scissors-pape r game , th e strateg y [.6 , .3, .1] de -
notes the decision , b y either player , t o display rock  60% of the time, scissors  30% 
of th e time , an d paper  only 10 % of th e time . I n th e abov e abstrac t 3 x 4 zero -
sum game (o r in any 3 x4 zero-su m gam e for tha t matter ) th e strategy [.2 , .3 , .5] 
denotes Ruth' s choosin g th e first , second , o r thir d row s 20% , 30% , 50 % of th e 
time respectively . Th e strateg y [.4,0 , .1 , .5] denote s Charlie' s choosin g th e first , 
second, third , o r fourt h column s 40% , 0% , 10% , an d 50 % o f th e time . A  pure 
strategy i s on e whic h call s fo r th e exclusiv e us e o f a  particula r ro w o r column . 
In Bombing-sortie s eac h player ha s two pure strategies : [1 , 0] which call s for th e 
use o f th e firs t ro w o r colum n only , an d [0,1 ] whic h call s fo r th e exclusiv e us e 
of th e secon d ro w o r column . I n th e abstrac t gam e o f (2) , Rut h ha s thre e pur e 
strategies: [1,0,0] , [0,1,0] , an d [0,0,1] . I n the sam e gam e Charli e ha s fou r pur e 
strategies: [1,0,0,0] , [0,1,0,0] , [0,0,1,0] , an d [0,0,0,1] . Strategie s whic h ar e 
not know n t o b e pur e ar e called mixed.  Thus , th e strategie s [.3 , .7] and [ 1 — p,p] 
are mixe d strategies , eve n thoug h th e late r ma y tur n ou t t o b e pur e whe n p  i s 
either 0  or 1 . 

Every such choice of specific strategie s on the par t o f both player s narrows th e 
situation dow n t o a  poin t wher e a n expecte d payof f ca n b e computed . Suppos e 
Ruth employ s th e strateg y [pi,p2»-- - >Pm ] a n d Charli e employ s th e strateg y 
[qi, q2, ... ,q n]

 m  som e abstrac t mxn  zero-su m game . I f a^j  denote s th e payof f 
in th e i-t h ro w an d th e j - t h colum n o f thi s gam e (se e Tabl e 2.1) , the n th e 
likelihood o f this payof f actuall y takin g place i s the probabilit y o f Ruth choosin g 
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TABLE 2.1 . Computin g th e expected payof f 

4j 

au 

the i-t h row and Charli e choosin g th e j - th column, which , o f course , equal s 
Pi x  qj.  Thus , thi s specifi c outcome' s contributio n t o the expected payof f i s 
Pi x qj x aij. Consequentl y th e total expected  payoff, being the sum of all these 
contributions, equal s 

Sum of all pi x qj x a^j i  = 1 , 2 , . .. ,  m, j  =  1, 2 , . .. ,  n. 

EXAMPLE 3 . Comput e th e expected payof f whe n Rut h employ s the strategy 
[.2, .3 , .5] and Charlie employ s the strategy [.1 , .7, .2] in the Rock-scissors-paper 
game. 

The auxiliar y diagra m is 

.1 . 7 . 2 

0 

- 1 

1 

1 

0 

- 1 

- 1 

1 

0 

and th e corresponding su m is 

.2 x .1 x 0 + .2 x .7 x 1  + .2 x .2 x (-1) 

+ . 3 x .1 x (-1) + . 3 x .7 x 0 + . 3 x .2 x 1 

+ . 5 x .1 x 1  + . 5 x .7 x (-1) + . 5 x .2 x 0 

= 0  + .1 4 - .0 4 - .0 3 + 0 + .06 + .0 5 - .3 5 + 0 = - .17 . 

In other words, under these circumstances, Ruth should expect to lose .17 pennies 
per play . 

EXAMPLE 4 . Comput e th e expected payof f whe n th e strategies [.3,0 , .7] and 
[.1, .2, .3, .4] are used b y Ruth an d Charlie respectivel y i n the abstract gam e (2) 
above. 

Using the auxiliary diagra m 
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.1 . 2 . 3 . 4 

2 

0 

1 

- 1 

- 2 

0 

- 5 

3 

1 

3 

- 3 

- 2 

.3 

0 

.7 

we get a n expecte d payof f o f 

.3 x . 1 x 2  + . 3 x . 2 x  (-1 ) +  . 3 x . 3 x (-5 ) +  . 3 x . 4 x 3 

+ 0x.lx0 + 0x.2x (-2) + 0x.3x3 + 0x.4x (-3) 

+ .7 x .1 x 1 + .7 x .2 x 0 + .7 x .3 x 1 + .7 x .4 x (-2) 

= .06 - .06 - .45 + .36 + 0 + 0 + 0 + 0 + .07 + 0 + .21 - .56 -.37. 

Chapter Summar y 

The notio n o f an abstrac t zero-su m tw o person gam e wa s extracte d fro m th e 
concrete example s o f the previou s section . Th e associate d concept s o f strategie s 
and expecte d payoff s wer e formally defined . 

Chapter Term s 

Auxiliary diagra m 
General 2 x 2 zero-su m 
Mixed strateg y 

Payoff 
Pure strateg y 

Strategy 

game 
16 
13 

18 
16, 1 9 

18 
14, 1 8 

Expected payof f 
m x  n  zero-su m gam e 
Outcome 

Play 
Selecting option s 

2 x 2 zero-su m gam e 

16, 1 9 
17 
14, 1 8 
14 
14 

13 

E X E R C I S E S 2 

In each o f Exercises 1-1 1 comput e th e expecte d payof f wher e R  denote s a  strat -
egy fo r Rut h an d C  denote s a  strateg y fo r Charli e fo r th e give n gam e G . 

1. R = [ . 2 , . 8 ] , C =  [.7,.3], G 

2 

4 

3 

1 

2. R = [ . 6 , . 4 ] , C =  [0,1], G 

3. R = [.2 , .8], C  =  [,7,.3] , G  = 

2 

4 

3 

1 

- 1 

4 

3 

- 2 
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4. R=[.6 , .4] , C =  [0,1], G 

- 1 

4 

3 

- 2 

5. R  =  [.6 , .3, .1], C =  [.1 , .4, .3, .2], G = 

1 

- 3 

0 

0 

4 

- 1 

- 2 

2 

0 

3 

- 4 

1 

6. R  =  [.6,0 , .4], C =  [0 , .5, .3, .2], G 

1 

- 3 

0 

0 

4 

- 1 

- 2 

2 

0 

3 

- 4 

1 

7. R  =  [0,1,0] , C =  [.5,0,0,.5] , G 

1 

- 3 

0 

0 

4 

- 1 

- 2 

2 

0 

3 

- 4 

1 

8. R  =  [.2,0,.4,0,.4] , C = [.1,.1,.8] , G 

1 

0 

- 2 

3 

- 3 

- 3 

4 

0 

- 3 

5 

2 1 

- 4 

2 

- 1 

1 

9. R = [0,0,0,.4,.6] , C =  [.1,0,.9], G = 

1 

0 

- 2 

3 

- 3 

- 3 

4 

0 

- 3 

5 

2 

- 4 

2 

- 1 

1 
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10. R = [0,0,0,1,0] , C = [0,1,0] , G 

11. R = [0,1,0,0,0] , C = [0,0,1] , G 

1 

0 

- 2 

3 

- 3 

1 

0 

- 2 

3 

- 3 

- 3 

4 

0 

- 3 

5 

- 3 

4 

0 

- 3 

5 

2 

- 4 

2 

- 1 

1 

2 

- 4 

2 

- 1 

1 

The followin g game s ar e reprinte d wit h th e kin d permissio n o f th e RAN D 
Corporation. Describ e eac h a s a  table . 

12. Th e Rive r Tal e (J . D . Williams ) Stev e i s approache d b y a  strange r wh o 
suggests tha t the y matc h coins . Stev e say s tha t it' s to o ho t fo r violen t exer -
cise. Th e strange r says , "Wel l then , let' s jus t li e her e an d spea k th e word s 
heads o r tails —and t o mak e i t interestin g I'l l giv e yo u $3 0 whe n I  cal l tails 
and yo u cal l heads,  an d $1 0 whe n it' s th e othe r wa y round . And—jus t t o 
make i t fair—yo u giv e m e $2 0 when w e match. " 

13. Th e Birthda y (J . D . Williams) Pran k i s hurrying hom e late , after a  particu -
larly gruelin g day , when i t pop s int o hi s mind tha t toda y i s Kitty's birthday ! 
Or i s it? Everythin g i s closed excep t th e florist's.  I f it i s not he r birthda y an d 
he brings no gift, th e situation wil l be neutral, i.e. , payoff 0 . I f it i s not an d h e 
comes in bursting wit h roses , and obviousl y confused , h e may be subjected t o 
the Martini test , bu t h e will emerge in a position of strong one-upness—whic h 
is wort h 1 . I f i t i s he r birthda y an d h e has , clearly , remembere d it , tha t i s 
worth somewha t more , sa y 1.5 . I f he has forgotte n i t h e i s down lik e a  stone , 
say, —10. 

14. Th e Hi-F i (J . D . Williams ) Th e fir m o f Gunnin g &  Kapple r manufacture s 
an amplifier . It s performanc e depend s criticall y o n th e characteristic s o f on e 
small, inaccessibl e condenser . Thi s normall y cost s Gunnin g an d Kapple r $1 , 
but the y ar e se t bac k a  tota l o f $10 , on th e average , i f the origina l condense r 
is defective . Ther e ar e som e alternative s ope n t o them . I t i s possibl e fo r 
them t o bu y a  superio r qualit y condenser , a t $6 , whic h i s full y guaranteed ; 
the manufacture r wil l mak e goo d th e condense r an d th e cost s incurre d i n 
getting th e amplifier  t o operate . Ther e i s availabl e als o a  condense r covered 
by a n insuranc e polic y whic h states , i n effec t "I f i t i s ou r fault , w e wil l bea r 
the cost s an d yo u ge t you r mone y back. " Thi s item cost s $10 . (Thi s i s a 3 x 2 
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game tha t Gunnin g &  Kapple r i s playin g agains t Natur e whos e option s ar e 
to suppl y eithe r a  defectiv e o r a  nondefectiv e condenser. ) 

15. Th e Huckste r (J . D . Williams) Merril l ha s a  concessio n a t th e Yanke e Sta -
dium fo r th e sal e o f sunglasse s an d umbrellas . Th e busines s place s quit e a 
strain o n him, th e weathe r bein g wha t i t is . H e has observe d tha t h e can sel l 
about 50 0 umbrella s whe n i t rain s an d abou t 10 0 when i t shines ; an d i n th e 
latter cas e h e als o ca n dispos e o f abou t 100 0 sunglasses . Umbrella s cos t hi m 
50 cent s an d sel l fo r $ 1 (thi s i s 1954) ; glasse s cos t 2 0 cent s an d sel l fo r 5 0 
cents. H e i s willing t o inves t $25 0 i n th e project . Everythin g tha t isn' t sol d 
is a  tota l los s (th e childre n pla y wit h them) . 

16. Th e Coa l Proble m (J . D . Williams) O n a  sultry summe r afternoon , Hans ' 
wandering min d alight s upon th e winte r coa l problem. I t take s abou t 1 5 tons 
to heat hi s house during a  normal winter , bu t h e has observed extremes whe n 
as little as 1 0 tons and a s much a s 20 were used. H e also recalls that th e pric e 
per to n seem s t o fluctuat e wit h th e weather , bein g $10 , $15 , an d $2 0 a  to n 
during mild , normal , an d sever e winters . H e ca n bu y now , however , a t $1 0 
a ton . H e consider s thre e pur e strategies , namely , t o bu y 10 , 15 , or 2 0 ton s 
now an d th e rest , i f any , later . H e wil l b e movin g t o Californi a i n th e sprin g 
and h e canno t tak e exces s coa l wit h him . 
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OPTIMAL RESPONSES 
TO SPECIFIC STRATEGIES 

The searc h fo r a  player' s optima l strategie s fo r zero-su m game s 
is initiate d b y a n analysi s o f th e situatio n wher e 

the opponent' s strateg y i s known . 

We shal l no w examin e a  player' s option s whe n h e happen s t o kno w hi s oppo -
nent's strategy . Befor e doin g so , however , i t i s necessar y t o cautio n agains t 
reading to o muc h int o thi s statement . Knowin g th e opponent' s strateg y i s not 
tantamount t o bein g abl e t o predic t th e opponent' s nex t decision . A  strateg y 
is merel y a  lis t tha t specifie s th e frequenc y wit h whic h eac h optio n shoul d b e 
played. Ideall y speaking , onc e a  playe r ha s decide d o n a  strateg y h e wil l us e 
some appropriat e randomizin g devic e t o implemen t th e strategy . Fo r example , 
the strateg y [.25 , .5, .25] coul d mak e us e o f th e spinne r o f Figur e 1  or els e th e 
player coul d fli p a  coin twic e an d bas e hi s decisio n o n th e outcom e a s follows : 

choose optio n 1  if two heads  come up , 

choose optio n 2  if a  head  and a  tail  come up , 

choose optio n 3  if two tails  come up . 

In Bombing-sorties w e considered th e question o f what Charli e should d o if he 
observes tha t Rut h bluff s b y placin g th e bom b o n th e suppor t plan e 1/ 4 o f th e 
time. Le t u s reconsider thi s question i n a  somewhat mor e formal manner . Usin g 
the notatio n an d terminolog y o f th e previou s chapter , Ruth' s decisio n t o bluf f 
in thi s manne r i s tantamoun t t o adoptin g th e strateg y [.75 , .25] an d Charlie' s 
search fo r a n appropriat e respons e reduce s t o findin g a  strateg y [ 1 — g , q] such 
that th e correspondin g expecte d payof f (rat e o f successful missions ) i s as lo w a s 

25 
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FIGURE 3.1 . A  randomizing spinne r 

possible. Thi s search ca n now be made mor e methodical . Th e auxiliar y diagra m 
that describe s thi s situatio n i s 

1-q q 

80% 

90% 

100% 

50% 

and th e expecte d payof f i s 

.75 x(l-q)x  80 % + .7 5 x  q  x 100 % + .2 5 x ( 1 - q)  x  90 % + .2 5 x  q  x 50 % 

= .60( 1 -q) +  .Ibq  +  .225( 1 - q)  + .125 ? 

= .6 0 - mq  +  .75 ? + .22 5 - .225< ? + .125< ? 

= .82 5 + .05g . 

In othe r words , a s a  functio n o f g , the expecte d payof f i s .82 5 + .05g . Bearin g i n 
mind tha t q  i s a  probabilit y an d henc e 0  <  q  <  1 , i t follow s tha t th e expecte d 
payoff i s leas t whe n q  is 0 , when i t assume s th e valu e 

.825 + .0 5 x 0  = .82 5 = 82.5% . 

This mean s tha t Charlie' s bes t respons e t o Ruth' s bluffin g i s t o se t q  =  0  i n 
his genera l strateg y [ 1 - g , q]. I.e . h e shoul d ignor e th e bluffin g an d consis -
tently attac k th e bomber , jus t a s was concluded i n Chapte r 1  on the basi s o f a n 
incomplete analysis . 



A G E N T L E INTRODUCTIO N T O GAM E T H E O R Y 2 7 

Suppose tha t instea d o f bluffing 1/ 4 o f the time Rut h decide s tha t sh e will 
place th e bomb o n the support plan e 1/ 2 the time, tha t is , suppose tha t Rut h 
adopts th e strateg y [.5 , .5]. Wha t i s Charlie' s bes t strateg y then ? No w th e 
auxiliary diagra m is 

1 -q q 

80% 

90% 

100% 

50% 

and th e expected payof f is 

.50 x ( 1 - q)  x 80% + .50 x q x 100% + .5 0 x (1 - q)  x  90% + .5 0 x q x 50% 

- .40( 1 -q) +  .50<? + .45(1 - q)  + .25< ? 

= .4 0 - AOq  + .50< ? + .45 - A5q  + .25<? 

= .8 5 - .10q. 

Since Charlie is trying to minimize payoff s i t is clearly to his advantage to assign 
to q  the largest possibl e value , namel y 1 . Thi s mean s tha t unde r thes e circum -
stances Charlie' s bes t strateg y is [1 — 1,1] =  [0,1] . I n other words , if Ruth place s 
the bom b (a t random) o n either plan e with frequenc y 1/2 , then i t is to Charlie's 
advantage t o attack th e weaker suppor t plan e consistently . 

It wil l prove convenien t t o introduce som e ne w terms here . I n the face of any 
specific strateg y of Ruth's, tha t strateg y of Charlie's tha t result s in the smallest 
expected payof f t o Ruth i s called Charlie' s optimal  counterstrategy.  Similarly , in 
the fac e o f a specific strateg y o f Charlie's, tha t strateg y o f Ruth's tha t provide s 
her wit h th e largest  expected payof f i s called he r optimal  counterstrategy.  Th e 
conclusion of the above discussion is that whe n Ruth employ s the mixed strateg y 
[.75, .25], Charlie's optima l counterstrateg y i s [1,0] wherea s whe n Rut h employ s 
the strateg y [.5 , .5], Charlie' s optima l counterstrateg y i s [0,1] . Tha t bot h of 
the counterstrategie s ar e pure i s no coincidence an d we formulate th e genera l 
principle a s a theorem . 

THEOREM 1 . / / one  player  of  a game employs  a  fixed strategy,  then  the  op-
ponent has  an optimal counterstrategy  that  is  pure. 

This theorem reduce s the task of determining a  player's optima l counterstrat -
egy to his opponent's fixed  strateg y t o a manageable numbe r o f computations . 
It shoul d b e pointed ou t that sometime s nonpur e optima l counterstrategie s are 
also availabl e (se e Example 3  below). 

EXAMPLE 2 . Fin d a n optimal respons e fo r Charlie i f it i s known tha t Rut h 
is committed t o the strategy [.2 , .3, .5] in Rock-scissors-paper . 

We kno w tha t Charli e ha s a pur e optima l counterstrateg y an d so we com-
pute th e expected payoff s tha t correspon d t o the three pur e strategie s tha t are 
available to him. Makin g use of the auxiliar y diagram s below , and ignoring the 
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1 0 0  0  1 0 

0 

- 1 

1 

1 

0 

- 1 

- 1 

1 

0 

0 

- 1 

1 

1 

0 

- 1 

- 1 

1 

0 

0 0  1 

0 

- 1 

1 

1 

0 

- 1 

- 1 

1 

0 

columns tha t ar e use d wit h 0  frequencies, w e get : 

for [1,0,0] : 

. 2 x 1 x 0 +  . 3 x lx (-1 ) +  . 5 x 1 x 1 

for [0,1,0] : 

. 2 x 1 x 1 +  . 3 x l x 0 + . 5 x l x (-1 ) 

for [0,0,1] : 

.2 x 1  x (-1 ) +  . 3 x 1  x 1  + . 5 x 1  x 0  = - . 2 +  . 3 + 0  = .1. 

Since th e expecte d payof f denote s Ruth' s winnings , Charli e shoul d op t fo r th e 
minimum payof f o f —.3 by choosing the pure strategy [0,1,0] , i.e. , by consistentl y 
displaying the scissors.  Not e that thi s agrees with our intuition. Afte r all , Ruth' s 
commitment t o the strategy [.2 , .3, .5] favors th e paper  option. I t therefor e make s 
sense that Charli e shoul d capitaliz e o n this information b y favoring th e scissors, 
since the y wi n ove r Ruth' s favorit e paper.  Wha t i s perhap s surprising , i s th e 
conclusion tha t unde r thes e circumstances Charli e should no t onl y favor scissors 
but i n fac t us e i t exclusively . Such , however , i s th e implicatio n o f Theore m 1 
above. 

EXAMPLE 3 . Fin d a n optima l counterstrateg y fo r Rut h i f i t i s know n tha t 
Charlie i s committed t o th e strateg y [.5 , .4 , .1 ] in th e abstrac t zero-su m gam e 

1 

2 

- 4 

3 

1 

0 

5 

- 1 

1 

3 

10 

2 

The auxiliar y diagram s tha t correspon d t o Ruth' s fou r pur e option s ar e 

0- .3 + .5 = .2, 

.2 + 0- .5 = -.3, 
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.5 

1 

2 

- 4 

3 

.4 

1 

0 

5 

- 1 

.1 

1 

3 

10 

2 

0 

1 

0 

0 

.5 

1 

2 

- 4 

3 

.4 

1 

0 

5 

- 1 

.1 

1 

3 

10 

2 

.5 

1 

2 

- 4 

3 

.4 

1 

0 

5 

- 1 

.1 

1 

3 

10 

2 

0 

0 

0 

1 

.5 

1 

2 

- 4 

3 

.4 

1 

0 

5 

- 1 

.1 

1 

3 

10 

2 

and th e correspondin g expecte d payoff s are : 

for [1,0,0,0] : 

lx.5xl + lx.4xl + lx.lxl = .5 + .4+.l = l, 

for [0,1,0,0] : 

l x . 5 x 2 +  l x . 4 x 0 - j - l x . 1 x 3 =  14-04-. 3 =  1.3 , 

for [0,0,1,0] : 

1 x  . 5 x (-4 ) 4  1  x . 4 x 5  4 1  x . 1 x 1 0 = - 2 4  2  + 1  = 1 , 

for [0,0,0,1] : 

1 x  . 5 x 3  4-1 x  . 4 x (-1 ) +  1  x . 1 x 2  = 1. 5 -  . 4 + . 2 = 1.3 . 

Since Rut h wishe s t o maximiz e th e expecte d payof f sh e wil l ai m fo r th e 1.3 . 
She can us e eithe r o f the pur e strategie s [0,1,0,0 ] o r [0,0,0,1 ] t o guarante e thi s 
expectation an d optimiz e he r response . I n fact , an y mi x o f thes e tw o strategie s 
will als o provid e th e sam e guarantee . Thus , Ruth' s mixe d strateg y [0 , .3,0, .7] 
yields th e expecte d payof f 

.5 . 4 . 1 

0 

.3 

0 

.7 

1 

2 

- 4 

3 

1 

0 

5 

- 1 

1 

3 

10 

2 
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.3 x . 5 x 2  + . 3 x . 4 x 0  + . 3 x . 1 x 3  + . 7 x . 5 x 3  + . 7 x . 4 x (-1 ) +  . 7 x . 1 x 2 

= . 3 + 0  + .0 9 + 1.0 5 -  .2 8 + .1 4 = 1.3 . 

The principl e i n questio n her e i s made explici t i n th e followin g theorem . 

THEOREM 4 . In  any  zero-sum  game,  if  one  player  employs  a  fixed strategy, 
then any  mixture  of  the opponent's  pure  optimal  counter  strategies is  itself a  mixed 
optimal counterstrategy. 

Proofs o f 2  x  2  Cases * 

THEOREM 5 . In  any  2 x 2 zero-sum  game,  if  one  player  employs  a  fixed 
strategy, then  the  opponent  has  an  optimal  counterstrategy  that  is  pure. 

PROOF. Suppos e E(p,  q)  i s the expecte d payof f whe n Rut h an d Charli e em -
ploy th e strategie s [ 1 — p,p] an d [ 1 — q,q]  respectivel y i n th e gam e 

a 

c 

b 

d 

Then 

E{p,q) =  (l-p){l-q)a+{l-p)qb  +  p(l-q)c +  pqd 

= p{—a  + aq  + c — bq  — cq + dq) + (a  — aq + bq). 

If Charlie employs a  fixed strategy [ 1 — q, q] the n th e quantities a , 6 , c, d, q  are al l 
fixed an d s o E(p,q),  a s a  functio n o f p, 0  <  p  <  1 , assume s it s minimu m valu e 
at 

{ 0 i f —  a  + aq  + c — bq — cq  + dq  > 0 
1 i f —  a  + aq  + c  — bq — cq  + dq  <  0. 

In eithe r case , Ruth ha s a  pure optima l counterstrategy . Th e proo f tha t Charli e 
has pur e optima l counterstrategie s i s relegated t o Exercis e 21. 

Alternately, 

Efaq) =  ( 1 - p)(( l -  q)a  +  qb)  + p ( (l -  q)c  + qd) 

= (l-p)E(0,q)+ PE(l,q). 

Hence E(p,  q),  being a  weighted averag e of E(0,  q)  and £"(1 , </), must li e betwee n 
them. Consequentl y Ruth' s optima l respons e t o Charlie' s [ 1 — g , q] can b e ob -
tained b y settin g p  t o b e eithe r 0  i f E(Q,q)  >  E(l,q)  o r 1  if E{l,q)  >  E(0,q). 
In othe r words , Ruth ha s a  pure optima l counterstrategy . A  similar proo f work s 
for Charli e (se e Exercise 22) . q.e.d . 
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Chap te r Summar y 

We considered th e situatio n wher e one playe r ha s fixe d o n a  specific strategy . 
Under thes e circumstances , th e opponen t ca n optimiz e hi s response wit h a  pur e 
counterstrategy. I t may happen that severa l pure strategies will serve to optimiz e 
the opponent' s response , an d i n tha t cas e an y mixtur e o f thes e optima l pur e 
responses i s itsel f a  mixe d optima l counterstrategy . 

Chap te r Term s 

Optimal counterstrateg y 2 7 

E X E R C I S E S 3 

In Exercise s 1-1 8 R  denote s a  fixe d strateg y o f Ruth' s an d C  denote s a  fixe d 
strategy o f Charlie' s fo r th e give n gam e G . I n eac h cas e fin d a n optima l coun -
terstrategy fo r th e opponent . 

1. R=[ .1 , . 9 ] , G = 

3. R=[ .5 , . 5 ] , G = 

5. C  =  [.8,.2], G = 

- 1 

4 

- 1 

4 

- 1 

4 

3 

- 2 

3 

- 2 

3 

- 2 

7. R = [ . 1 , . 7 , . 2 ] , G 

8. R = [.5 , .5,0], G 

9. R = [.8 , .1,-1], G  = 

2. R=[ .8 , . 2 ] , G = 

4. C=[ .1 , . 9 ] , G = 

6. C  =  [.5,.5],G : 

1 1 
- 3 

1 ° 
1 1 

- 3 

0 

| 1 

1 ~3 

0 

0 

4 

- 1 

0 1 

4 

- 1 1 

1 o 
4 

- 1 

- 2 

2 

0 

- 2 1 

2 

0 

- 2 

1 2 

0 

3 

- 4 

1 

3 

- 4 

1 

3 

- 4 

1 1 

- 1 

4 

- 1 

4 

- 1 

4 

3 

- 2 

3 

- 2 

3 

- 2 
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10. C  =  [.1,.7,.1,.1], G 

1 

- 3 

0 

0 

4 

- 1 

- 2 

2 

0 

3 

- 4 

1 

11. C  =  [.5,0 , .5,0], G 

1 

- 3 

0 

0 

4 

- 1 

- 2 

2 

0 

3 

- 4 

1 

12. C  =  [.8,.l,0,.l] , G 

1 

- 3 

0 

0 

4 

- 1 

- 2 

2 

0 

3 

- 4 

1 

13. R = [.2,.3,.2,.2,.1], G = 

1 

0 

- 2 

3 

- 3 

- 3 

4 

0 

- 3 

5 

2 

- 4 

2 

- 1 

1 

14. R = [0 , .4,0, .6,0], G  = 

1 

0 

- 2 

3 

- 3 

- 3 

4 

0 

- 3 

5 

2 

- 4 

2 

- 1 

1 

15. R = [.4,0 , .3,0, .3], G = 

1 

0 

- 2 

3 

- 3 

- 3 

4 

0 

- 3 

5 

2 

- 4 

2 

- 1 

1 
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16. C  =  [.1,7 , .2] , G 

17. [.7,.2,.1],G = 

1 

0 

- 2 

3 

- 3 

1 

0 

- 2 

3 

- 3 

1 

0 

- 2 

3 

- 3 

- 3 

4 

0 

- 3 

5 

- 3 

4 

0 

- 3 

5 

- 3 

4 

0 

- 3 

5 

2 

- 4 

2 

- 1 

1 

2 

- 4 

2 

- 1 

1 

2 

- 4 

2 

- 1 

1 
18. C  =  [.2,.1,.7] , G 

19*. Prov e Theore m 1 . 

20*. Prov e Theore m 4 . 

21*. Usin g th e first  metho d i n th e proo f o f Theore m 5 , prov e tha t i f Rut h 
employs a  fixed strategy fo r th e 2 x 2 gam e G  then Charli e ha s a n optima l 
count erst r at egy tha t i s pure . 

22*. Usin g th e secon d metho d i n th e proo f o f Theore m 5 , prov e tha t i f Rut h 
employs a  fixed strategy fo r th e 2 x 2 gam e G  then Charli e ha s a n optima l 
count erst rat egy tha t i s pure . 
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TH E  MAXIMI N STRATEG Y 

A goo d strateg y fo r Rut h i s define d an d proposed . 

We shal l no w devis e an d justif y a  goo d strateg y fo r Rut h whe n sh e play s th e 
general 2 x 2 zero-su m gam e 

a 

c 

b 

d 

Because o f Theorem 3. 1 above , Rut h know s tha t fo r an y strateg y [ 1 — p,p] tha t 
she employ s sh e ca n expec t Charli e t o pursu e a  counterstrateg y tha t return s t o 
her the lesser of the payoffs comin g from th e two pure strategies that ar e availabl e 
for him . Le t r\{p)  an d r 2(p) b e th e expecte d payoff s tha t com e fro m Charlie' s 
pure strategie s [1,0 ] an d [0,1 ] respectively . Her e th e auxiliar y diagram s ar e 

1 0 0  1 

\-p 

P 

a 

c 

b 

d 

1-p 

p 

a 

c 

b 

d 

ri(p) r 2{p) 

and w e comput e 

r\(p) =  (1  -p) x  1  x a  + p x  1  x c  = a(l  -p)  +  cp  = ( c — a)p  + a , 

r2(p) —  ( 1 - p)  x  1  x b  + p  x  1  x d  =  6(1 - p)  +  dp = (d  - b)p  + b. 

If ER{P)  denote s th e expecte d payof f selecte d fro m r\{p)  an d r 2{p) b y Charlie , 
then, sinc e Charli e ca n b e relie d o n t o lowe r thi s payof f a s muc h a s he can , 

ER(P) =  th e lesse r o f {ri(p),r 2(p)}. (1) 

35 
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This completel y determine s Ruth' s expecte d payoff , ER(P),  a s a  functio n o f p , 
i.e., a s a function o f her strategy . W e shall use the graph o f this function i n order 
to sugges t a  strateg y fo r Ruth . 

Since the independen t variabl e p appears i n the expressions o f r\ (p) and r 2 (p) 
with degre e a t mos t 1 , the graphs of these functions ar e straight lines . Inasmuc h 
as p denotes a  probability, w e have 0  <  p  <  1 , and s o these graphs consis t o f line 
segments tha t li e over th e interva l [0,1 ] o n th e p-axis . Mor e specifically , sinc e 

n(0) =  a x ( l - 0 ) +  c x 0 =  a 

r i ( l ) =  a x ( l —  l ) +  c x l =  c , 

it follow s tha t th e grap h o f r\(jp)  i s the line segment joining the point s (0 , a) an d 
(l ,c). Similarly , sinc e 

r2(0) = 6 x ( l - 0 ) + d x 0 =  6 

r2( l) =  6 x ( l - l ) +  d x l =  d , 

it follow s tha t th e grap h o f r 2(p) consist s o f th e straigh t lin e segmen t joinin g 
(0,6) an d (l ,d) . I t wil l b e see n tha t thi s make s th e sketchin g o f th e graph s o f 
ri(p) an d r 2(p) a  ver y eas y matte r (i t i s for thi s reaso n tha t w e chose to denot e 
Ruth's genera l strategy b y [ 1 — p,p] rathe r tha n [p , 1 — p], sinc e the latte r woul d 
have reverse d th e graphs , thereb y addin g a n unnecessar y complication) . Th e 
graph o f ER(P)  i s then als o easily derived accordin g to the following observation : 

The graph  of  ER(P) consists  of  that  line  which,  for  every  permissible  value  of 
p, contains  the  lower  of  the  two  points  (p,r\(p))  and  (p , r2(p)). 

The subsequen t example s wil l demonstrate tha t muc h usefu l informatio n ca n 
be rea d fro m thi s graph . 

EXAMPLE 1 . Fo r Penny-matching , a  =  d = l , 6  = c = — 1 , and th e grap h o f 

Head Tai l 

1 

- 1 

- 1 

1 

ER(P) i s the broke n heav y lin e i n Figur e 1 . 
Since thi s grap h coincide s wit h tha t o f r 2(p) fo r 0  <  p  <  .5 , it follow s tha t i f 

Ruth employ s a  strategy [ 1 —p,p] with p <  .5 , then Charli e shoul d respon d wit h 
the pure strategy [0,1] . I n other words , i f Ruth favor s heads,  then Charli e shoul d 
respond b y showin g tails  all  the  time,  a  conclusio n tha t i s intuitivel y plausible . 
On the other hand , i f Ruth favor s tails  and employ s a  strategy wit h p >  .5 , then, 
since the graph o f ER(P)  no w coincides with tha t o f r*i(p), it follow s tha t Charli e 
should emplo y th e pur e strateg y [1,0 ] and pla y heads  all the time . Whe n p  =  .5, 
the grap h o f ER(P)  coincide s wit h bot h th e graph s o f n (p ) an d r 2(p) an d s o i t 
does no t matte r whic h strateg y i s employed b y Charlie . W e summarize thi s b y 
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FIGURE 4.1 . A  graph o f Ruth's expectation . 

saying tha t 

[0,1] i s an optimal counterstrateg y fo r Charlie whe n p < .5 , 

[1,0] i s an optimal counterstrateg y fo r Charlie whe n p > .5 . 

Moreover, sinc e th e highes t poin t o n th e grap h o f ER(P)  is the one tha t 
corresponds t o p = .5, this figure tells us that Rut h ha d bes t emplo y the strategy 
[1 — .5, .5] = [.5 , .5] since that i s the one that guarantee s her the largest expecte d 
payoff, namely , 0 . Thi s conclusion , too , fits in well with ou r intuition. 

EXAMPLE 2 . Fo r the Bombing sortie s gam e 

80% 

90% 

100% 

50% 

we have a  = 80% = .8 , b = 100% = 1 , c = 90 % = .9 , d = 50% = .5, 

r\ (p) = (.9 - .8) p + . 8 = .l p + .8, 

T2[p) = (- 5 - l) p + 1  = - .5 p + 1, 

and s o the graph o f ER(P) i s the heavy broke n lin e of Figure 2. 
As th e graph o f ER(p) coincide s wit h tha t o f ri(p) fo r small value s o f p, i t 

follows tha t whe n Rut h employ s th e strategy [ 1 — p,p] for smal l value s o f p, 
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ER 
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FIGURE 4.2 . A  graph o f Ruth' s expectation . 

Charlie shoul d counte r wit h th e pur e strateg y [1,0 ] an d whe n p  i s clos e t o 1 , 
Charlie shoul d respon d wit h [0,1] . Th e cutof f poin t i s o f cours e th e valu e o f p 
that lie s directly belo w the poin t o f intersection o f the graphs o f r\{p) an d r2(p) . 
This importan t valu e i s found b y solvin g th e equatio n 

n(p) =r 2(p) 

or 

- . 5 p + l 

2 
2 _  2  _  1 
6 ~  6  ~  3 ' 

Hence, 

[1,0] i s an optima l counterstrateg y fo r Charli e whe n p  <  1/3 , 

[0,1] i s an optima l counterstrateg y fo r Charli e whe n p  >  1/3 . 

In other words , as long Ruth place s the bomb on the suppor t plan e les s than 1/3 
of th e time , Charli e shoul d persis t i n attackin g th e bomber . Onc e th e bom b i s 
placed o n th e suppor t plan e wit h a  frequenc y greate r tha n 1/3 , Charli e shoul d 
switch to attacking thi s weaker plane consistently . Whe n p  =  1/ 3 al l of Charlie' s 
strategies will  yield th e sam e expecte d payoff . 

Since the intersectio n o f the graph s o f r\(p)  an d T2(p)  also happens t o be th e 
highest poin t o n the graph o f EpSv),  i t als o corresponds t o Ruth' s wises t choice . 
By employin g th e strateg y 

[2 1 ] 
3 ' 3 

. l p + . 8 = 

.6p = 

p = 

1 -
1 1 
3 ' 3 
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Ruth obtain s th e larges t possibl e expecte d payof f sh e ca n guarantee . Th e exac t 
value o f thi s larges t expecte d payof f ca n b e compute d b y substitutin g p  =  1/ 3 
into eithe r r\(p)  o r r2(p) : 

J =  . 1 x ^  +  . 8 = .8333.. . =  83.3% 

or 

j =  - . 5 x  ^  +  1  = .8333.. . =  83.3% . 

It i s clea r fro m th e foregoin g example s tha t th e highes t poin t o f th e grap h 
of ER(P)  i s of specia l strategi c significance . Unfortunately , thi s grap h ma y hav e 
more tha n on e highes t poin t (se e Exampl e 6  below) an d s o som e car e mus t b e 
exercised i n statin g followin g definition/theorem . 

DEFINITION/THEOREM 3 . / / (# , y) is  any  highest  point  on  the graph of ER(P) 

then 

[1 — x, x] is  a  maximin strategy  for  Ruth,  and 

y is  Ruth's  maximin  expectation. 

If Ruth  employs  the  maximin  strategy  [ 1 — x,x] then  she  can  expect  to win,  on 
the average,  at  least  y on  each  play. 

The reason fo r thi s nomenclature i s that ever y point o n this graph i s the lesse r 
(minimum) o f th e tw o choice s availabl e t o Charlie , an d Ruth , i n choosin g th e 
highest poin t o n thi s grap h i s maximizing  Charlie' s minimal  return . Speakin g 
informally, th e maximum strateg y an d expectation ar e given by the  high point on 
the low  curve.  Thus , th e maximi n strateg y i n Penny-matchin g i s [1/2,1/2 ] an d 
Ruth's maximi n expectatio n i s 0 . Similarly , th e maximi n strateg y i n Bombing -
sorties is [2/3,1/3 ] an d Ruth' s maximi n expectation i s 83.3%. Th e next exampl e 
demonstrates tha t th e maximin strateg y nee d no t correspon d t o the intersectio n 
of r i (p) an d r2(p) . 

EXAMPLE 4 . I n th e abstrac t gam e 

0 

2 

- 1 

3 

a =  0, b  = —  1, c  = 2 , d  = 3 , an d 

n(p) =  ( 2 - 0 ) p +  0  = 2p , 

r2(p) =  ( 3 - ( - l ) ) p + ( - l ) = 4 p - l . 

The grap h o f ER(P)  i s the broke n heav y lin e of Figur e 3 . 
Note tha t i n thi s figur e th e uni t o n th e expecte d payof f axi s ha s a  differen t 

length fro m th e uni t o n th e Strateg y (o r p ) axis . Thi s i s convenien t becaus e 
in mos t o f th e subsequen t game s th e payoff s will  b e integers , sometime s fairl y 
large ones . Th e resultin g distortio n wil l hav e n o effec t o n th e validit y o f th e 

r\ 

T2 
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FIGURE 4.3 . A  graph o f Ruth' s expectation . 

conclusions. T o find  th e intersectio n o f th e graph s o f r\(p)  an d T2(p)  w e se t 
ri{p) —  r2{p) an d solv e fo r p: 

2p = 4p-l 

-2p= - 1 
-1 _  1 

~-2 ~  2 " 
P 

Thus, Charli e shoul d emplo y th e pur e strateg y [1,0 ] o r [0,1 ] accordin g a s Rut h 
favors he r secon d o r he r first  option . 

In thi s cas e the highes t poin t o n the grap h o f ER(P)  i s not  th e intersectio n o f 
the graph s o f r\(p)  an d r2(p) . Rather , i t i s the poin t (1,2) . Hence , the maximi n 
strategy o f Ruth i s the pur e strateg y [ 1 — 1,1] =  [0,1] . I n retrospect , thi s make s 
good sense . Sinc e ever y entr y o f th e secon d ro w o f thi s gam e i s large r tha n th e 
entry abov e it , Rut h onl y stand s t o los e b y selectin g th e first  row , n o matte r 
what Charli e does . Thus , Rut h shoul d selec t th e secon d ro w consistently ; i.e. , 
she shoul d us e th e pur e strateg y [0,1] . 

The maximi n expectation , th e y-coordinat e o f th e highes t poin t (1,2 ) i s 2 . 
This exampl e underscore s th e fac t tha t thi s maximi n expectatio n constitute s a 
floor, o r a  lowe r bound , fo r Ruth' s expectations . I f sh e employ s th e maximi n 
strategy o f [0,1] , the n sh e ca n expec t t o wi n a t leas t 2  eac h tim e th e gam e i s 
played. However , shoul d Charli e pla y foolishl y (i.e. , shoul d h e mak e occasiona l 
use o f hi s secon d column) , the n Rut h migh t wi n more . 

EXAMPLE 5 . I n th e abstrac t gam e 

3 

- 1 

1 

- 2 
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FIGURE 4.4 . A  graph o f Ruth's expectation . 

a = 3, b  = 1 , c = —1 , d  = —  2 and 

n(p) =  ( - l - 3 ) p +  3 = - 4 p + 3, 

r2{p) =  ( - 2 - l) p + 1  = - 3 p + 1. 

In thi s case , a s is clear fro m Figur e 4 , the graph o f ER(P)  coincide s wit h the 
graph o f T2{p) for all 0 < p <  1. Thi s mean s tha t regardles s o f Ruth's specifi c 
strategy, Charli e shoul d alway s selec t hi s second column . Actually , w e didn't 
really nee d the graph t o see this. Sinc e every entr y o f the second colum n i s less 
than th e entry on its left, Charli e onl y stand s to lose by ever employin g the first 
column. 

Ruth's maximi n strategy , the one that yield s the largest guarantee d expecte d 
payoff, come s fro m th e left endpoin t o f the graph o f ER(P),  namely , th e on e 
above p  —  0. Thus , i t is the pure strateg y [ 1 — 0,0 ] =  [1,0] . Inasmuc h a s this 
strategy dictate s tha t Rut h shoul d selec t the first row exclusively, i t follows tha t 
this strategy guarantee s Rut h a n expected payof f o f 1 (this being the least entr y 
in the first row). 

In al l of the above examples Ruth's maximin strategy turned ou t to be unique. 
This nee d not always be the case. Fo r example, in the game 

0 

0 

0 

0 

it clearly does not matter wha t eithe r player does , and consequently an y strateg y 
of Ruth' s i s a maximi n strateg y guaranteein g th e value 0 . A  more interestin g 
example i s offered below . 

EXAMPLE 6 . Th e abstract gam e 
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FIGURE 4.5 . A  graph o f Ruth' s expectation . 

0 

2 

1 

1 

has a = 0 , c  = 2, 6  = d = 1  and 

ri(p) =  ( 2 - 0 ) p +  0 = 2p, 

r2(p) =  ( l - l ) p + l =  l. 

The grap h o f ER(p) i s the heavy line of Figure 5 . Rathe r tha n a peak, thi s grap h 
has a plateau consistin g o f the heavy line segment t o the right o f the intersectio n 
of the graph s o f n(p) an d r 2(p). Thi s poin t o f intersection i s again obtaine d b y 
setting n(p)  = r 2(p): 

2p = 1  o r p=  .5 . 
Hence any strategy [ l -p ,p ] with p >  .5 is a maximin strategy for Ruth, includin g 
the mixe d strateg y [.5 , .5] an d th e pur e strateg y [0,1] . An y of these strategie s 
will guarantee Rut h a n expecte d payof f o f 1 (the heigh t o f the plateau) . 

In conclusion , th e maximi n strateg y i s good i n the sens e tha t i t guarantee s 
Ruth a  certain expecte d payof f and , moreover , thi s i s the bes t expecte d payof f 
that ca n be guaranteed. Nonetheless , i t i s natura l t o ask now whethe r the 
maximin strateg y i s the bes t strategy ? Th e answe r to this question , o f course, 
depends o n one' s yardstick . I f the yardstic k i s that o f absolute guarantees , the n 
the maximi n strateg y i s definitely no t th e best . Fo r example , suppos e th e gam e 

5 - 3 

2~i 4 

is playe d 1 0 times an d Ruth employ s th e maximin strateg y o f [.2 , .8]. I f sh e 
happens t o select th e first  row on the first, fifth,  an d nint h play s only , an d if 
Charlie happen s t o select th e second colum n o n those sam e play s only , the n 
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Ruth end s u p with a  total win o f 7 • 2 + 3  • (—3) =  5 , which i s much les s than th e 
total o f 2 0 she would hav e bee n sur e t o wi n ha d sh e alway s selecte d th e secon d 
row. Wha t th e maximi n strateg y i s best at , i s guaranteeing th e expecte d payoff , 
which i n th e abov e exampl e equal s 10(. 2 • 5  + . 8 • 2) =  2 6 which i s considerabl y 
better tha n th e aforementione d absolut e guarante e o f 20 . 

Von Neuman n an d Morgenster n wer e awar e o f th e relativisti c valu e o f th e 
maximin strategy . The y viewe d i t a s defensiv e strateg y sinc e i t protecte d one' s 
expected payoff . I n thei r words : 

All thi s ma y b e summe d u p b y sayin g tha t whil e ou r goo d strategie s ar e perfec t 
from th e defensiv e poin t o f view , the y wil l (i n general ) no t ge t th e maximu m ou t o f th e 
opponent's (possible ) mistakes,—i.e . the y ar e no t calculate d fo r th e offensive . 

It shoul d b e remembered , however , tha t ou r deduction s o f 17. 8 ar e nevertheles s co -
gent; i.e . a  theor y o f th e offensive , i n thi s sense , i s no t possibl e withou t essentiall y ne w 
ideas. Th e reade r wh o i s reluctan t t o accep t this , ough t t o visualiz e th e situatio n i n 
Matching Pennie s o r Stone , Paper , Scissor s onc e more ; th e extrem e simplicit y o f thes e 
two game s make s th e decisiv e point s particularl y clear . 

Chapter Summar y 

In an y 2 x 2 zero-su m game , th e functio n ER(P)  denote s th e expecte d payof f 
that Rut h ca n loo k forwar d t o whe n sh e employ s th e strateg y [ 1 — p , p]. Th e 
graph o f this function i s easily drawn. I f (x,  y) ar e the coordinate s o f any highes t 
point o n thi s grap h the n [ 1 — x,  x] i s th e recommende d maximi n strateg y fo r 
Ruth, an d y  =  ER(X)  i s th e correspondin g payoff . O f al l th e mixe d strategie s 
available t o her , thi s maximi n strateg y [ 1 — x , x) provide s Rut h wit h th e bes t 
guarantee o n he r expected  payoff. 

Chapter Term s 

ER(P) 3 5 Maximi n expectatio n 3 9 
Maximin strateg y 3 9 

E X E R C I S E S 4 

For eac h o f th e game s i n Exercise s 1-15 , 
a) dra w th e grap h o f ER(P), 

b) determin e a  maximi n strategy , 
c) find  Ruth' s maximi n expectation , 

d*) specif y fo r whic h value s o f p Charlie' s optima l counterstrateg y i s [1,0 ] an d 
for whic h i t i s [0,1] . 
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TH E  MINIMA X STRATEG Y 

A goo d strateg y fo r Charli e i s define d an d proposed . 

We no w tur n t o Charli e an d devis e fo r hi m to o a  goo d strategy . Th e grap h o f 
Charlie's expecte d payof f i n 2  x 2  zero-sum game s i s obtained i n muc h th e sam e 
way a s Ruth' s graph , wit h som e importan t differences , an d simila r conclusion s 
can b e drawn . 

Because o f Theore m 1  o f Chapte r 3 , Charli e know s tha t fo r an y strateg y 
[1 — QIQ]  that h e employs i n th e genera l 2 x 2 gam e 

a 

c 

b 

d 

he ca n expec t Rut h t o pursu e a  counterstrateg y tha t return s t o he r th e large r 
of th e payoff s comin g fro m th e tw o pure  strategie s tha t ar e availabl e t o her . 
Let c\(q)  an d C2(q)  denote th e expecte d payoff s tha t com e fro m Ruth' s pur e 
strategies [1,0 ] an d [0,1 ] respectively . Her e the auxiliar y diagram s ar e 

1-q q  \-q  q 

a 

c 

b 

d 

a 

c 

b 

d 

ci(q) c 2(q) 

and th e expecte d payoff s ar e 

Cl(q) =  1  x ( 1 - q)  x  a  + 1  x q  x b  = a( l -  q)  + bq  = (b  - a)q  + a , 

c2(q) =  1  x ( 1 - q)  x  c  + 1  x q  x d  = c( l -  q)  + dq  = ( d - c)q  + c. 
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If Ec(q)  denote s th e expecte d payof f selecte d fro m C\{q)  an d C2(q)  by Ruth , 
then, sinc e Rut h aim s t o maximiz e he r gains , 

Ec(q) =  the large r o f {ci(q),c 2(q)} (1) 

This completel y determine s th e expected payof f Ec(q)  a s a  function o f q,  i.e., a s 
a functio n o f Charlie' s strategy . W e shal l us e the grap h o f this functio n i n orde r 
to sugges t a  goo d strateg y fo r Charlie . 

Inasmuch a s th e independen t variabl e q  appear s i n th e expression s o f c\(q) 
and C2(q)  wit h degre e a t mos t 1 , the graph s o f these function s ar e straigh t lines . 
Since q  denote s a  probability , w e hav e 0  <  q  <  1 , an d s o thes e graph s consis t 
of lin e segment s tha t li e ove r th e interva l [0,1 ] o n th e q-axis.  Mor e specifically , 
since 

ci(0) =  a x ( l - 0 ) +  6 x 0 =  a 

ci(l) =  o x ( l - l ) +  6 x 1  = 6 , 

it follow s tha t th e graph o f c\(q)  i s the lin e segment joining the point s (0 , a) an d 
(1,6). Similarly , sinc e 

c2(0) =  c x ( l - 0 ) +  d x 0 =  c 

c2(l) = c x ( l - l ) +  d x l =  d , 

it follow s tha t th e grap h o f C2(q)  consists o f th e straigh t lin e segmen t joinin g 
(0, c) an d (1 , d). Agai n thi s make s the sketchin g o f the graph s o f c\(q)  an d C2(q) 
a ver y eas y matter . Th e grap h o f Ec(q)  i s then als o easil y derive d accordin g t o 
the followin g observation : 

The graph  of  Ec(q) consists  of  that  line  which,  for  every  permissible  value  of  q, 
contains the  higher  of  the  two  points (q,c\(q))  and  (<?,C2(<?)) . 

We shall now reexamine each of the games of the previous chapter fro m Char -
lie's poin t o f view . 

EXAMPLE 1 . Fo r th e Penny-matchin g gam e a  =  d  = 1 , b  — c= —  1, an d 

1 

- 1 

- 1 

1 

the grap h o f Ec(q)  i s the broke n heav y lin e i n Figur e 1 . 
Since thi s grap h coincide s wit h tha t o f c\(q)  fo r 0  <  q  <  .5 , i t follow s tha t 

if Charli e employ s a  strateg y [ 1 — q,q]  wit h q  <  .5 , then Rut h shoul d respon d 
with th e pur e strateg y [1,0] . I n othe r words , i f Charli e favor s heads,  then Rut h 
should respon d b y showin g heads  all th e time , a  conclusio n tha t i s intuitivel y 
plausible. O n th e othe r hand , i f Charli e favor s tails  b y employin g a  strateg y 
with q  >  .5 , then , sinc e th e grap h o f Ec(q)  no w coincide s wit h tha t 02(9) , i t 
follows tha t Rut h shoul d follo w th e pur e strateg y [0,1 ] an d pla y tails  al l th e 
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Expected 
payoff 

FIGURE 5.1 . A  graph o f Charlie's expectation . 

time. Whe n q  = . 5 all of Ruth's strategie s wil l yiel d th e same expecte d payoff . 
This i s summarized as 

[1,0] is an optimal counterstrateg y fo r Ruth whe n q  < .5 , 

[0,1] i s an optimal counterstrateg y fo r Ruth whe n q  > .5 . 

Moreover, since the lowest point on the graph of Ec(q) i s the one above q = .5 , 
this figure  tell s us that Charli e had best emplo y the strategy [ 1 - .5 , .5] = [.5 , .5] 
since that i s the one that guarantee s the lowest possible expected payof f fo r Ruth , 
namely, 0 . Thi s conclusion , too , fit s i n well with our intuition. 

EXAMPLE 2 . Fo r the Bombing-sorties gam e 

80% 

90% 

100% 

50% 

we have a  = 80% = .8 , b = 100% = 1 , c = 90 % = .9 , d = 50% = .5, 

ci(<z) = ( l - . 8 ) g + . 8 =  .2 g + .8, 

c2{q) =  (.5 - .9) 9 + . 9 = -Aq  +  .9, 

and s o the graph o f Ec{q) is the heavy broke n lin e of Figure 2. 
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FIGURE 5.2 . A  graph o f Charlie' s expectation . 

Since th e grap h o f Ec{q)  coincide s wit h tha t o f c 2(q) fo r smal l value s o f q,  i t 
follows tha t whe n Charli e employ s th e strateg y [ 1 - g , q] for smal l value s o f q, 
Ruth shoul d respon d wit h th e pur e counterstrateg y [0 , lj; whe n q  i s clos e t o 1 , 
Ruth shoul d respon d wit h [1,0] . I n othe r words , i f Charlie i s observed t o hardl y 
ever attac k th e suppor t plan e (i.e. , i f q  is small) , Rut h shoul d alway s plac e th e 
bomb o n th e suppor t plane ; i f Charli e i s observe d t o mostl y attac k t o suppor t 
plane (i.e. , i f q  is close t o 1) , Ruth shoul d alway s pu t th e bom b o n th e bomber . 
The cutof f poin t i s o f cours e th e valu e o f q  that lie s directl y below  th e poin t o f 
intersection o f th e graph s o f c\{q)  an d c 2(q). Thi s valu e i s found b y solvin g th e 
equation 

ci(q) =  c 2(q) 

or 

.2<? + . 8 

.6q 

Q 

Hence, 

[0,1] i s an optima l counterstrateg y fo r Rut h whe n q  < 1/6 , 

[1,0] i s an optima l counterstrateg y fo r Rut h whe n q  > 1/6 . 

In othe r words , a s lon g a s Charli e attack s th e suppor t plan e n o mor e tha n 1/ 6 
of the time , Rut h shoul d persis t i n placing th e bom b o n thi s lighte r plane . Onc e 
the suppor t plan e i s attacke d wit h a  frequenc y greate r tha n 1/6 , Rut h shoul d 
switch t o placin g th e bom b o n th e bombe r consistently . Whe n q  =  1/ 6 al l o f 
Ruth's strategie s yiel d th e sam e expecte d payoff . 

Since th e intersectio n o f th e graph s o f ci(q)  an d c 2(q) als o happen s t o b e 
the lowes t poin t o n th e grap h o f Ec(q),  i t als o correspond s t o Charlie' s wises t 

-.4<? + . 9 
.1 
.1 _  1 

l j "  6 " 
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strategy. B y employin g th e strateg y 

l-II" 
6 ' 6 

5 1 

6 ' 6 

Charlie lower s th e expecte d payof f a s muc h a s h e can . Th e exac t valu e o f thi s 
lowest expected payof f ca n be computed b y substituting q  = 1/ 6 int o either c\{q) 
or c 2(q): 

c\ .2 x  i  +  . 8 = .8333.. . =  83.3 % 
6 

or 

C2 -Ax -  +  .9 
D 

.8333... =  83.3% . 

It i s clea r fro m th e foregoin g example s tha t th e lowes t poin t o f th e grap h 
of Ec(q)  i s o f specia l strategi c significance . A s wa s th e cas e wit h th e highes t 
points o f th e grap h o f ER(P),  th e grap h o f Ec{q)  ma y hav e mor e tha n on e o f 
these lowes t points . W e no w stat e a  definitio n tha t i s th e analo g o f th e mai n 
concepts o f the previou s chapter . 

DEFINITION/THEOREM 3 . 

then 
If ( xi y)  i s an V lowest  point on  the  graph  of  Ec{q) 

[1 — :r, x]is a  minimax strategy  for  Charlie,  and 

y is  Ruth's  minimax  expectation. 

If Charlie  employs  the  minimax  strategy  [ 1 
Ruth's average  winnings  to  no  more  that  y. 

• x,x] then  he  can  expect  to  hold 

The reason for this nomenclature i s that ever y point on this graph i s the large r 
(maximum) o f th e tw o choice s availabl e t o Ruth , an d Charlie , i n choosin g th e 
lowest poin t o n thi s grap h i s minimizin g Ruth' s maximu m return . Speakin g 
informally, th e minima x strateg y an d expectatio n ar e give n b y the  low  point on 
the high  curve.  Thus , th e minima x strateg y i n Penny-matchin g i s [1/2,1/2 ] an d 
Ruth's minima x expectatio n i s 0 . Similarly , th e minima x strateg y i n Bombin g 
sorties i s [5/6,1/6 ] an d Ruth' s minima x expectation i s 83.3%. Th e nex t exampl e 
demonstrates tha t i f Rut h i s no t careful , the n eve n i f Charli e i s employin g a 
minimax strateg y sh e ma y wi n les s than th e minima x expectation . 

EXAMPLE 4 . I n th e abstrac t gam e 

0 

2 

- 1 

3 

0, b  = - 1 , c  = 2 , d  = 3 , an d 

ci(g) (-l-0)g +  0  = -q, 

(3-2)9 + 2  = 9  +  2 . 
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FIGURE 5.3 . A  graph o f Charlie' s expectation . 

It i s clea r fro m Figur e 3  tha t her e th e grap h o f Ec(q)  coincide s wit h tha t o f 
C2{q)- Sinc e th e lo w poin t o n thi s grap h correspond s t o q  =  0 , i t follow s tha t 
Charlie's minima x strateg y i s the pur e strateg y [1,0] . B y pursuin g thi s strateg y 
all Charli e ca n accomplis h i s t o hol d Ruth' s winning s dow n t o n o mor e tha n 2 
per play , bu t tha t i s the bes t h e ca n d o unde r th e circumstances . Thi s gam e i s 
patently unfai r t o Charlie . 

The minima x expectation , th e ^/-coordinate o f (0,2 ) whic h i s the lowes t poin t 
of th e grap h o f Ec(q),  i s 2 . Thi s gam e underscore s th e fac t tha t thi s minima x 
expectation constitute s a  ceiling , o r a n uppe r bound , o n Ruth' s expectation . 
If Charli e employ s th e minima x strateg y [1,0 ] an d Rut h i s foolis h enoug h t o 
occasionally selec t th e firs t row , the she will average less than 2  per play . O n th e 
other hand , i f sh e play s wisely , the n sh e ca n wi n 2  (whic h equal s th e minima x 
expectation) i n eac h play . 

EXAMPLE 5 . I n th e abstrac t gam e 

3 

- 1 

1 

- 2 

a =  3 , b  = 1 , c  — —1, d—  —2  and 

ci(g) =  ( l - 3 ) g +  3  = -2 g +  3 , 

c2(q) =  (-2  +  l)q-l  =  -q-h 

In thi s case , a s i s clea r fro m Figur e 4 , th e grap h o f Ec(q)  coincide s wit h th e 
graph o f c\(q).  Thi s mean s tha t regardles s o f Charlie' s specifi c strategy , Rut h 
should alway s emplo y he r first  option . Again , w e didn' t reall y nee d th e grap h 
to se e this . Sinc e ever y entr y o f the first  ro w i s greater tha n th e entr y below  it , 
Ruth onl y stand s t o los e b y eve r employin g th e secon d row . 
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FIGURE 5.4 . A  graph o f Charlie' s expectation . 

Charlie's minima x strategy , th e on e tha t yield s th e smalles t expecte d payof f 
to Ruth , come s fro m th e righ t endpoin t o f the grap h o f Ec{q),  namely , th e on e 
above q  = 1 . I t i s the pur e strateg y [ 1 — 1,1 ] =  [0,1] . Sinc e the larges t entr y o f 
the corresponding secon d column i s 1 , this will result i n Charlie's holding Ruth' s 
winnings dow n t o a t mos t 1  pe r play . A s wa s th e cas e fo r Ruth' s maximi n 
strategy, Charlie' s minima x strateg y nee d no t b e unique . 

Chapter Summar y 

In an y 2 x 2 zero-su m game , th e functio n Ec(q)  denote s th e expecte d payof f 
that Rut h ca n loo k forward t o when Charli e employ s the strategy [ 1 — #, q]. Th e 
graph o f this functio n i s easily drawn . I f (x , y) ar e the coordinate s o f any lowes t 
point o f thi s graph , the n [ 1 — x , x] i s th e recommende d minima x strateg y fo r 
Ruth, an d y  —  Ec[x] i s the minima x expectation . Thi s minima x expectatio n i s 
the bes t ceilin g tha t Charli e ca n pu t o n Ruth' s expecte d winnings . 

Ec(q) 
Minimax strateg y 

Chapter Term s 

46 Minima x expectatio n 

49 
49 

E X E R C I S E S 5 

For eac h o f the game s i n Exercise s 1-15 , 
a) dra w th e grap h o f Ec{q), 
b) determin e a  minima x strategy , 
c) fin d Ruth' s minima x expectation , 

d*) specif y fo r whic h value s o f q  Ruth' s optima l counterstrateg y i s [1,0 ] an d 
for whic h i t i s [0,1] . 
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SOLUTIONS OF ZERO-SUM GAMES 

The solutio n o f a n m  x  n  zero-su m gam e i s define d an d 
a metho d fo r findin g i t i n th e 2 x 2 cas e i s provided . 

The examples of the previous two chapters contain a n apparen t coincidence . Fo r 
each o f those game s Ruth' s maximi n expectatio n (compute d i n Chapte r 4 ) an d 
her minima x expectatio n (compute d i n Chapte r 5 ) ar e equal . Fo r example , i n 
Bombing-sorties bot h expectation s tur n ou t t o be 83.3% . Tabl e 1  below list s th e 
common value v  of both type s of expectations fo r al l of these examples. Thi s i s a 
unexpected coincidenc e because these two expectations, an d thei r accompanyin g 
guarantees, hav e definitions tha t ar e diffren t i n essential ways . Th e maximi n ex -
pectation i s a floor, or minimum, tha t Rut h guarantee s fo r her expected winning s 
by using the maximin strategy , whereas the minimax expectation i s a ceiling tha t 
Charlie ca n impos e o n Ruth' s expectatio n b y employin g hi s minima x strategy . 
Since th e maximi n an d minima x strategie s ar e i n genera l different—the y ar e 
[2/3,1/3] an d [5/6,1/6 ] i n Bombing-sorties—ther e i s no obvious reaso n wh y th e 
maximin an d minima x expectation s shoul d alway s b e th e same . 

In orde r t o furthe r impres s th e reade r wit h th e surprisin g natur e o f thi s co -
incidence w e paus e t o reexamin e nonrepeate d games . Guarantee s ca n b e mad e 
for thes e game s too , bu t Ruth' s an d Charlie' s guarantee s wil l in genera l b e ver y 
different. Fo r example , i n Bombing-sorties , i f Rut h send s ou t onl y on e mis -
sion, sh e ca n guarante e a n 80 % likelihoo d o f succes s b y placin g th e bom b o n 
the bomber . Charlie , o n th e othe r hand , ca n guarante e b y attackin g tha t sam e 
bomber tha t Ruth' s likelihoo d o f succes s wil l no t excee d 90% . Similarly , i n an y 
single pla y o f th e abstrac t gam e below , Rut h ca n guarante e a  payof f o f a t leas t 

1 

4 

8 

3 
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3 b y selectin g th e secon d row , whil e Charli e ca n hol d Ruth' s winning s dow n t o 
no more than 4  by selecting the firs t column . Thus , fo r nonrepeate d games , floo r 
and ceilin g typ e guarantee s nee d no t agree . 

The coincidenc e o f the guarantee s fo r repeate d zer o sum game s i s the centra l 
theorem o f Gam e Theory . I t wil l b e firs t state d an d discusse d i n th e contex t o f 
2 x 2 game s an d reformulate d i n a  mor e genera l contex t late r i n th e chapter . 

THEOREM 1 . For  every  2 x 2 zero-sum  game  there  is  a  single number  v  such 
that 

i) the  maximin  strategy  guarantees  Ruth  an  expected  payoff of  at  least  v; 
ii) the  minimax  strategy  guarantees  Charlie  that  Ruth's  expected  payoff  will 

not exceed  v. 

The natur e o f the guarantee s i s such tha t i f both player s emplo y thei r recom -
mended strategies , the n th e expecte d payof f wil l b e exactl y v.  I n othe r words , 
when Rut h employ s th e maximi n strateg y an d Charli e employ s th e minima x 
strategy, then Rut h ca n expect t o win v  units per pla y (o n the average) . Fo r thi s 
reason the number v  is called the value  of the game. Th e value of a game togethe r 
with it s maximi n an d minima x strategie s constitut e th e solution  o f th e game . 
Thus, b y Example 1  of the previous two chapters the solution o f Penny-matchin g 
is 

value =  0 

maximin strateg y =  [.5 , .5] 

minimax strateg y =  [.5 , .5]. 

Similarly, Exampl e 2  of the previou s tw o chapter s i s summarized b y sayin g tha t 
the solutio n o f Bombing-sortie s i s 

value =  83.3% 

maximin strateg y =  [2/3,1/3 ] 

minimax strateg y =  [5/6,1/6] . 

The previou s tw o chapters detaile d method s fo r finding  th e solution o f any 2 x 2 
zero-sum game . W e now procee d t o provid e som e shortcuts . Fo r thi s purpos e i t 
is convenien t t o classif y th e 2 x 2 game s int o tw o types . 

1) Strictl y determine d 2 x 2 games —those fo r whic h Rut h ha s a  pur e 
maximin strateg y (and , a s i t turn s out , Charli e ha s a  pur e minima x strategy) . 
Graphically, thi s mean s tha t th e lin e segments correspondin g t o r\(p)  an d r2{p) 
either d o no t intersec t a t al l (Exampl e 4.5) , intersec t i n a  commo n endpoint , 
or els e thei r intersectio n poin t i s no t th e highes t poin t o n th e grap h o f ER(P) 
(Example 4.4) . Th e reaso n fo r thi s nomenclatur e i s tha t th e strategie s bein g 
pure, each player knows with complete certainty which option he will play next — 
the on e indicate d b y th e pur e strategy . 
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TABLE 6.1 . Expecte d value s of some game s 

Example v 

4.1, 5. 1 0 

4.2, 5.1 83.3 % 
4.4, 5.4 2 
4.5, 5.5 1 

2) Nonstrictl y determine d 2 x 2 games —all th e other games , for which, 
necessarily, the maximin strategie s (and , as it turns out , als o the minimax strate -
gies) ar e never pure . Graphicall y thi s mean s tha t th e line segment s correspond -
ing to r\(p) an d r2(p) intersec t internall y an d the point o f intersection i s higher 
than an y other poin t on the graph of Ept(p). I n other words , these line segment s 
form a n approximate figure  X . Such i s the case fo r both Penny-matchin g and 
Bombing-sorties. 

Strictly determine d game s hav e a convenient structura l characterizatio n tha t 
makes them eas y to recognize. 

THEOREM 2 . i  2 x 2 zero-sum  game  is  strictly determined  if  and  only  if  it 
contains an  entry s  which  is  minimal for  its  row and  maximal for  its column. 

An entr y i n a 2  x 2  game tha t i s minimal fo r its row and maximal fo r its 
column i s called a  saddle  point  Thus , the entry 2  is a saddle poin t o f the gam e 

0 

2 

- 1 

3 

of Exampl e 4  of Chapters 4 , 5. Similarly , th e entry 1  is a saddl e poin t o f the 
game 

3 

- 1 

1 

- 2 

of Exampl e 5  of Chapter s 4 , 5 . Notic e tha t thes e entrie s als o constitut e th e 
values of these games , and that i s no coincidence. 

THEOREM 3 . The  saddle point  of  a strictly determined  2 x 2 game is  also its 
value, and  its row and  column constitute  pure  maximin  and  minimax strategies. 

The followin g procedur e take s al l the guesswork and/o r graphin g ou t of the 
task o f recognizing an d solving strictl y determine d games . Give n a  game, writ e 
at th e bottom o f each colum n tha t column' s maximu m entr y an d write a t the 
right o f each row tha t row' s minimu m entr y (se e Table 2) . I f any of the colum n 
maxima equal s an y of the row minima, th e game i s strictl y determined , tha t 
common entr y i s the saddle poin t an d the value o f the game, an d its row an d 
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TABLE 6.2 . Thre e games . 

5 

4 

3 

1 

3 

1 

5 3 
value =  3 

maximin 

strategy =  [1,0 ] 

minimax 

strategy =  [0,1 ] 

2 

4 

3 

1 

4 3 
Not 
strictly 
determined 

- 2 

- 1 

0 

1 

^ 1 
value = - 1 

- 2 

- 1 

maximin 
strategy =  [0,1 ] 

minimax 

strategy =  [1,0 ] 

column constitut e th e respectiv e pur e maximi n an d minima x strategie s o f th e 
game. Thi s i s th e cas e fo r game s a  an d c  o f Tabl e 2 . Gam e b , however , i s 
nonstrictly determined . 

The 2 x 2 nonstrictl y determine d zero-su m game s ar e subjec t t o a  solutio n 
procedure tha t i s just a s simpl e a s th e on e tha t solve s th e strictl y determine d 
variety. Fo r an y suc h gam e 

a 

c 

b 

d 
(1) 

we define Ruth's  oddments  t o b e tha t on e o f the pair s 

[d — c, a — b]  o r [ c — d, b — a] 

which consists of positive numbers alone (the game being nonstrictly determined , 
one of them wil l have thi s property) . Fo r example , fo r gam e b  of Table 2  Ruth' s 
oddments ar e 

[ 4 - 1 , 3 - 2 ] - [ 3 , 1 ] 

whereas fo r th e (nonstrictl y determined ) gam e 

5 

1 

- 2 

4 

Ruth's oddment s ar e 

[ 4 - 1 , 5 - ( - 2 ) ] =  [3,7] . 
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The maximin strategy i s obtained from the oddments when they are each divided 
by thei r sum . I n gam e b  o f Tabl e 6.2 , th e maximi n strateg y i s 

1 3  1 
4 ' 4 

[.75, .25 ] 
_3 + l ' 3 + l _ 

and th e oddment s [3 , 7] of the gam e abov e yiel d th e maximi n strateg y 

10'10 
[.3, .7]. 

L3-h7 ' 3- h 7 J 

Charlie's oddments  i n gam e (1 ) consis t o f tha t on e o f th e pair s 

[d — 6 , a —  c]  o r [b  — d,  c — a] 

which consist s o f tw o positiv e numbers . Thes e oddment s ar e converte d t o th e 
minimax strateg y i n th e sam e manne r a s above . Thus , fo r gam e b  o f Tabl e 6. 2 
Charlie's oddment s ar e 

[ 3 - 1 , 4 - 2 ] =  [2,2 ] 

and hi s minima x strateg y i s 

2 +  2 ' 2 +  2 
2 2 
4 ' 4 

= [.5, .5]. 

2 3 

4 1 

The rational e fo r thi s procedur e i s give n i n Lemma s 9 , 1 0 below . Th e valu e 
of a  nonstrictl y determine d 2 x 2 zero-su m gam e ca n b e compute d fro m th e 
auxiliary diagra m tha t i s based o n maximi n an d minima x strategies . Fo r gam e 
b o f Table 6. 2 thi s diagra m i s 

.5 .5 

.75 ' " " 

.25 

and s o the valu e o f the gam e i s 

.75 x . 5 x 2  + .7 5 x . 5 x 3  + .2 5 x . 5 x 4  4- .25 x . 5 x 1 

= .75 + 1.125 + .5 + .12 5 = 2.5 . 

The following tw o examples should hel p in pulling the various methods o f thi s 
section together . 

EXAMPLE 4 . Solv e the gam e 

0 

4 

- 3 

1 

We first  chec k t o see  whether thi s gam e i s strictly determined , an d tha t indee d 
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0 

4 

- 3 

1 

0 

1 

1 

turns ou t t o b e th e case . Consequently , thi s gam e ha s valu e 1 , Ruth's maximi n 
strategy i s [0,1 ] an d Charlie' s minima x strateg y i s [0,1] . 

EXAMPLE 5 . Solv e the gam e 

0 

4 

3 

1 

The diagra m belo w show s tha t thi s gam e i s nonstrictly determined . 

lo 
1 

0 

4 

3 

1 

Consequently, Ruth' s oddments are [4—1,3—0] =  [3,3 ] and her maximin strateg y 
is [3/6,3/6 ] =  [.5 , .5]. Charlie' s oddment s ar e [ 3 - 1 , 4 - 0 ] =  [2,4 ] an d hi s 
minimax strateg y i s [2/6,4/6 ] =  [1/3,2/3] . Th e valu e o f th e gam e come s fro m 
the auxiliar y diagra m 

1/3 2/ 3 

0 

4 

3 

1 

and equal s 

.5 

.5 

1 2 1 2 
• 5 x - x 0 +  . 5 x - x 3 +  . 5 x - x 4 +  . 5 x - x l 

O O O O 

=o+i+!+H-
The calculatio n o f the valu e o f a  nonstrictl y determine d gam e ca n b e furthe r 

simplified b y observin g tha t sinc e th e pea k poin t o f th e grap h o f ER{P)  lie s o n 
both th e graph s o f r\(p)  an d T2{p)  it follow s tha t eithe r o f th e pur e strategie s 
[1,0] o r [0,1 ] ca n b e substituted fo r Charlie' s minima x strategy . I n othe r words , 
the auxiliar y diagra m o f Exampl e 5  can b e replace d b y eithe r o f the diagram s 

1 0 0  1 

.5 

0 

4 

3 

1 

.5 

.5 

0 

4 

3 

1 
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Indeed, thes e diagram s yiel d respectivel y th e values 

. 5 x 1 x 0 +  . 5 x 1 x 4 =  0 + 2 = 2 

and 
.5 x 1 x 3 + . 5 x 1 x 1  = 1. 5 + .5 = 2, 

in agreement wit h the previously derived value. Similarly , Ruth' s maximi n strat -
egy coul d hav e bee n replace d wit h eithe r [1,0 ] o r [0,1] , leadin g to the auxiliary 
diagrams 

1/3 2/ 3 1/3  2/ 3 

1 

0 

0 

4 

3 

1 

0 

1 

0 

4 

3 

1 

and agai n th e values 

1 2 
I x - x 0 + l x - x 3 0 + 2 = 2 

and 
l x - x 4 + l x - x l = - + - = 2. 

As promised above , we now give the full statement o f von Neumann's Minima x 
Theorem. 

MINIMAX THEORE M 6 . For  every  m  x  n zero-sum  game  there  is  a number v 
which has the following properties: 

a) Ruth  has  a mixed  strategy  that  guarantees  her  an  expected  payoff  of  at 
least v; 

b) Charlie  has  a mixed strategy  that  guarantees  that  (Ruth's)  expected  payoff 
will be  at most  v. 

The quantit y v  whos e existenc e i s asserted i n Theorem 6  is called th e value 
of th e game. Th e strategies mentione d i n part s a  and b of thi s theore m ar e 
called, respectively , th e maximin an d the minimax strategie s o f the game. The 
value of the game togethe r wit h it s maximin an d minimax strategie s constitut e 
its solution.  Thi s terminolog y i s of course consisten t wit h th e way these word s 
were use d abov e fo r the 2 x2 games. 

Efficient computerize d method s fo r finding  bot h th e maximin an d minimax 
strategies an d the value o f a game ar e known. These , however , fal l outsid e the 
scope of this book . Instead , th e remainder o f this chapte r an d Chapters 7- 9 are 
devoted to the solution o f some specia l cases . 

The notio n o f a strictly determine d 2 x 2 game extend s t o larger dimension s 
with n o difficulty. A n entry i n an m x  n gam e tha t i s minimal fo r its row an d 
maximal fo r its column i s called a  saddlepoint.  Thu s th e entries 2  and —1 ar e 
respective saddlepoint s o f the two games o f Tabl e 3 . Th e same bookkeepin g 
method of comparing ro w minima wit h colum n maxim a wil l locate these saddle -
points i n the larger game s jus t a s well a s it di d for the 2 x2 games . A  game 
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TABLE 6.3 . Tw o strictl y determine d games . 

9 

5 

3 

- 5 

- 2 

1 

2 

0 

- 5 

- 9 

5 

1 

- 5 

- 9 

2 

- 5 

5 

0 

9 

- 2 

- 2 

- 1 

1 

5 

0 

- 3 

0 

2 

4 

- 1 

1 

- 3 

- 2 

- 1 

with a  saddlepoin t i s sai d t o b e strictly  determined.  Th e saddlepoint' s entr y i s 
the valu e o f th e gam e an d it s ro w an d colum n constitut e Ruth' s maximi n an d 
Charlie's minima x strategies . Thus , th e solution s o f th e tw o game s o f Tabl e 3 
are 

Game 

Value 
Maximin strateg y 
Minimax strateg y 

2 
[0,0,1,0] 
[0,1,0] 

- 1 
[0,0,1] 

[0,1,0,0,0,] 

a 

c 

b 

d 

Proofs* 

The forma l proo f o f th e minima x theore m fo r 2  x 2  games i s preceded b y a n 
incomplete visua l argumen t tha t lend s suppor t t o it s validity . Le t p  an d q  b e 
replaced b y x  an d y  respectively , an d le t th e expecte d valu e o f the gam e 

G = 

when Rut h an d Charli e emplo y th e mixe d strategie s [ 1 — x,x]  an d [ 1 — y,y], 
respectively b e denote d b y E(x,y).  The n thi s expectatio n functio n ha s th e 
value 

E(x, y)  =  z  =  (a  — b  — c + d)xy +  ( c — a)x  +  (b  — a)y  +  a . 

This functio n ha s as it s graph a  surface ove r the uni t squar e 0  < x , y <  1 . Whe n 
Ruth select s a  strateg y [ 1 — p, p], this i s tantamoun t t o intersectin g th e surfac e 
of E(x,  y)  wit h th e vertica l plan e x  —  p. Th e resultin g cros s sectio n happen s t o 
be a  straigh t lin e with parametri c equation s 

x—p, y  =  t,  z  =  [( a —  b  - c  4- d)p +  (b  - a)]t  + ( c — a)p  + a . (1 ) 

The significanc e o f this cros s section i s that a s long as Ruth stick s to he r specifi c 
choice o f [ 1 — p , p], Charlie' s choic e o f an y q  yield s Rut h a n expectatio n tha t 
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FIGURE 6.1 . A n expectatio n surface . 

is equa l t o th e z-coordinat e o f th e correspondin g poin t o n th e cros s section . I n 
particular, i f this cross section happens to be horizontal, then Ruth' s expectatio n 
will remain unaltere d b y an y o f Charlie' s vacillations . Similarly , Charlie' s selec-
tion o f a  strateg y [ 1 — g , q] is tantamoun t t o intersectin g th e surfac e o f E(x,  y) 
with th e vertica l plan e y  =  q.  Thi s cros s sectio n to o i s a  straigh t lin e wit h 
parametric equation s 

x =  t,  y  =  q,  z  =  [[a-b  —  c + d)q+ (c  - a)]t  + (b  - a)q  + a . (2 ) 

This straigh t lin e ha s th e sam e significanc e fo r Charli e a s th e previou s on e ha s 
for Ruth . Fo r example , Figur e 1  displays th e expectatio n grap h fo r th e Penn y 
Matching game . A s i s customar y i n al l suc h displays , th e gri d o n th e surfac e 
consists o f cross sections o f the surfac e b y plane s paralle l t o th e x  —  z  an d y  —  z 
planes. Wha t i s particular t o thi s (an d t o al l expectation surfaces ) i s that thes e 
grid lines are in fact straigh t lines . Al l of these cross sections have varying slopes, 
but thos e correspondin g t o x  =  . 5 an d y  =  .5 , which hav e bee n designate d b y 
solid lines , ar e horizonta l an d s o the y mus t correspon d t o th e minima x an d 
maximin strategies . Th e fac t tha t thes e two cross sections (necessarily ) intersec t 
corresponds t o th e equalit y o f th e maximi n an d minima x value s o f th e players , 
and th e z-coordinat e o f the intersectio n i s this commo n value . 

That th e situation described in Figure 1  is fairly typical as long asa—b—c+d ^ 
0 follows fro m (1,2 ) an d th e fac t tha t i f a  ^  0  then an y surfac e o f th e typ e 

z =  axy  +  3x  +  jy  +  6 

can b e converted t o a  surface o f the typ e 

z =  ax'y'  4 - 8' 
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FIGURE 6.2 . A n expectatio n surfac e 

by mean s o f th e straightforwar d translatio n o f coordinate s x  —  x' —  (7/a ) an d 
y =  y f —  (/?/a). Thes e las t surface s ar e easil y see n t o hav e a  shap e tha t i s 
essentially th e sam e a s tha t o f the surfac e i n Figur e 1 . 

In those case s where a  — b — c + d = 0  the expectation surfac e ha s an equatio n 
of the typ e 

z =  (3x  +  72/ + 6 
which is the portion o f a plane that lie s over the uni t squar e as depicted in Figur e 
2. Onc e agai n th e gri d line s o f the grap h ar e straigh t line s whose significanc e i s 
the sam e a s before . Non e o f these cros s section s ar e horizontal , though , an d s o 
a differen t argumen t i s neede d t o prov e th e Minima x Theorem . I n th e generi c 
subcase w e ma y suppos e tha t th e corner s A,  B,  C , D  i n Figur e 2  ar e eac h 
lower tha n th e next . Suppos e furthe r tha t th e cros s section s tha t correspon d t o 
Ruth's fixing  o n a  strateg y [ 1 —p,p] ar e thos e tha t ar e paralle l t o AB  an d CD 
(see Exercise 63) . Th e maximi n strateg y the n dictate s tha t Rut h shoul d choos e 
that cros s section whose lower end i s as high a s possible, i.e. , CD.  B y fixing on a 
strategy Charli e choose s amon g th e cros s section s paralle l t o AC  an d BD.  Th e 
minimax strateg y dictate s tha t h e shoul d choos e a  cros s sectio n whos e highe r 
end i s a s lo w a s possible . Tha t i s AC.  Th e coincidenc e o f C  o n bot h o f thes e 
choices i s the purpor t o f the Minima x Theore m an d th e z-coordinat e o f C  i s th e 
value o f th e game . A  simila r argumen t dispose s o f al l th e othe r subcase s (se e 
Exercise 64) . I t i s clear fro m th e fac t tha t th e minima x valu e o f th e gam e (th e 
height o f C)  occur s a t th e end of both th e determining cros s sections tha t i n thi s 
case th e gam e i s strictly determined . 

The formal proo f o f the Minimax Theorem fo r 2  x 2 games is broken down int o 
a sequenc e o f lemmas . I n th e geometrica l proof s o f thes e lemma s i t i s helpful , 
when drawin g th e grap h o f E R(p) (o r Ec(q)),  als o t o dra w i n th e grap h o f th e 
line p  = 1  (or q  = 1) . 
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LEMMA 7 . Ruth  has  a pure maximin  strategy  if  and  only  if  G  has  a saddle 
point. In  that  case  the payoff of  the saddle  point  equals  the maximin value. 

PROOF. I t may be assumed withou t los s o f generality tha t a  < b. Suppos e 
first tha t Rut h ha s a pure maximi n strategy . Th e reader i s reminded tha t the 
line segments r\(p)  —  (l-p)a +  pc and r2(p) = ( 1 -p)b +  pd, 0  < p < 1, join the 
points (0 , a) to (1 , c) and (0, b) to (1 , d) respectively . Sinc e the maximin strateg y 
is given by the high poin t o f ER{P) i t follows fro m th e assumption o f its purity 
that eithe r these line segments do not intersect i n an interior poin t (Figure s 3 , 4) 
or the y bot h hav e nonnegativ e slope s (Figur e 5 ) or they bot h hav e nonpositiv e 
slopes (Figur e 6) . Keepin g i n mind tha t a  < b it is now easily verifie d tha t i n 
these fou r case s the game G  has saddle point s a t a, c, d, a respectively an d that 
these payoff s equa l the maximin valu e of the game . 

Conversely, suppos e the game G  has a saddle point . Thi s saddle poin t entail s 
inequalities on the payoffs o f G which in turn yield partia l informatio n abou t the 
graphs o f r\(p) an d r2(p). Thes e inequalitie s an d their graphica l implication s 
are displaye d i n Figures 7-10 . I t i s now easily verifie d tha t i n each cas e Rut h 
has a  pure maximi n strateg y wit h a  value tha t coincide s wit h th e payoff o f the 
saddle point . q.e.d . 

The nex t lemm a shoul d no w com e as no surprise and its proof i s relegated to 
Exercise 65. 

LEMMA 8 . Charlie  has  a  pure minimax  strategy  if  and only  if  G has  a saddle 
point. In  that  case  the payoff of  the saddle  point  equals  the minimax value. 

Between them , Lemma s 5  and 6 imply th e validity o f the Minimax Theore m 
for 2  x 2 games wit h saddl e points . 
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E 

b 
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d 

1 " 

a =  b 

b>d 

F I G . 6.8 

Saddle 
point 
at c 

E 

b 

a 

d 
c 

\ 1  " 

a < c 

c <d 

F I G . 6.9 

Saddle 
point 
at d 

E 

b 
a S 

c 
d 

1 "  1 

b<d 

d <  c 

F I G . 6.1 0 

LEMMA 9 . If  the  game  G  has  no  pure  maximin  strategies  then  it  has 

d — c a  — b 
maximin strategy 

maximin value  = 

a — b  — c + d'a —  b — c + d 

ad — be 

a — b — c + d 

P R O O F . Sinc e G  i s assumed t o no t hav e a  pur e maximi n strategy , i t follow s 
that th e graph s o f r\(p)  an d r 2{p) mus t intersec t an d hav e slope s o f opposit e 
signs. Thu s th e gam e ha s a  maximi n strateg y tha t come s fro m th e intersectio n 
of the graphs of n(p) an d r 2(p). A s ri(p) =  (l-p)aH-p c an d r 2(p) =  (l-p)b+pd 
this nonpur e maximi n strateg y i s found b y solvin g th e equatio n 

(1 - p)a  +  pc  =  ( 1 - p)b  + pd 

or 
(a-b -  c  + d)p =  a  — b 

for p.  Sinc e G  i s nonstrictly determine d a-b-c  +  dj^O (se e Exercise 62) , an d 
so p =  (a  - b)/(a  -b-c  +  d) an d 1  - p  =  (d  - c)/(a  -b-c  +  d). Th e maximi n 
value i s then obtaine d b y substitutin g thi s valu e o f p  int o eithe r r\{p)  o r r 2(p). 
q.e.d. 

Once agai n th e nex t lemm a come s as n o surprise an d it s proo f i s relegated t o 
Exercise 66 . 

LEMMA 10 . / / the  game  G  has  no  pure  minimax  strategies  then  it  has 

d — b a  — c 
minimax strategy  • 

minimax value  • 

a — b — c + d'a —  b — c + d 

ad — be 
a — b — c-\-  d 
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We are now read y to prove the Minimax Theore m fo r 2 x 2 games. 

2 x 2 MINIMA X THEORE M 11 . For every  2 x 2 zero-sum  game  there  is  a 
number v  which  has  the following properties: 

a) Ruth  has  a mixed  strategy  that  guarantees  her  an expected  payoff  of  at 
least v; 

b) Charlie  has  a mixed  strategy  that  guarantees  that  Ruth's  expected  payoff 
will be  at most  v. 

PROOF. A S note d above , i f the game ha s a saddl e poin t the n thi s theore m 
follows fro m Lemma s 7  and 8. I f the game doe s no t have a  saddl e poin t the n 
it follow s fro m Lemma s 7  and 8 tha t th e game ha s neither a  pur e maximi n 
nor a  pur e minima x strategy . Hence , b y Lemma 9  Ruth ha s a strateg y tha t 
guarantees he r an expected payof f o f (ad  — be)/(a  —  b  — c  + d)  and by Lemm a 
10 Charli e ha s a strategy tha t guarantee s tha t Ruth' s expecte d payof f wil l not 
exceed (ad  — be)/(a  —  b — c + d). Thus , v  = (ad — be)/(a —  b — c + d). q.e.d . 

Chap t e r Summar y 

Von Neumann' s Minima x Theore m state s tha t th e guarantees provide d b y 
the maximi n an d minimax strategie s fo r an y m x  n  zero-su m gam e coincid e 
numerically a t a  numbe r calle d th e value o f the game. Th e value o f the game 
together wit h it s maximin an d minimax strategie s constitut e the solution o f the 
game. Quic k method s ar e provided fo r solving 2 x 2 zero-su m games , bu t the 
solution of the general mxn gam e falls outside the scope of this book. Zero-su m 
games are classified int o two varieties: strictl y determined game s whose maximi n 
and minima x strategie s ar e pure, and nonstrictly determine d games . 

Chap t e r Term s 

Maximin strateg y 5 4 Minima x strateg y 5 4 
Minimax Theore m 54 , 59, 65 Nonstrictl y determine d gam e 5 5 

Oddments 5 6 Saddl e poin t 55 , 5 9 

Solution o f game 54 , 59 Strictl y determine d gam e 5 4 
Value of game 54 , 59 

E X E R C I S E S 6 

Solve the games in Exercises 1-40 . I.e., find th e value and both a  maximin and 
a minima x strategy . 

2 

3 

1 

1 

1 

- 2 

- 3 

1 

1. 

1 

2 

3 

1 

2 

1 

1 

3 
5. 

3 

0 

2 

2 

2 

4 

1 

6 
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7. 

10. 

13. 

16. 

19. 

22. 

25. 

28. 

31. 

1 

- 2 

3 

0 
8. 

0 

0 

- 1 

1 
9. 

2 

0 

4 

- 1 

1 

2 

1 

- 1 

2 

2 

1 

4 

33. 

5 - 1 

- 4 3 

11. 

14. 

1 

- 3 

1 

1 
12. 

- 2 

0 

1 

3 

- 1 

6 

3 

- 4 
15. 

8 

2 

2 

- 8 

3 

1 

1 

3 
17. 

- 3 

- 4 

1 

- 2 
18. 

3 

- 6 

- 3 

1 

0 

0 

1 

- 2 

8 - 2 

2~l 8 

3 

0 

- 1 

3 

20. 

23. 

26. 

- 1 

1 

- 2 

3 

2 

0 

4 

- 1 

21. 

24. 

- 1 

0 

- 2 

- 3 

2 - 2 

2 1 2 

1 

2 

0 

0 
27. 

1 

3 

- 2 

0 

29. 30. 

- 2 2 

5 I - 5 

3 

5 

1 

- 1 

2 

3 
32. 

0 

1 

- 2 

- 1 

7 

- 1 

2 

2 

0 

1 

2 

- 1 

2 

- 1 

3 

- 2 
34. 

- 5 

2 

4 

5 

- 2 

3 

0 

1 

2 

35. 

1 

- 1 

5 

- 2 

- 2 

- 4 

0 

0 

6 

- 3 

1 

- 3 
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1 

0 

- 1 

- 2 

2 

1 

0 

- 1 

3 

2 

1 

0 
37. 

0 

- 2 

4 

0 

2 

0 

2 

0 

- 4 

- 2 

0 

- 6 

0 

4 

6 

0 

- 1 

3 

2 

1 

2 

6 

- 8 

5 

- 1 

5 

- 2 

5 

3 

0 

- 2 

4 

0 

- 1 

1 

- 1 

1 

0 

- 2 

2 

0 

1 

0 

2 

0 

2 

1 

5 

1 

- 7 

7 

- 5 

2 

- 5 

2 

0 

- 1 

- 1 

1 

2 

- 1 

2 

3 

8 

- 6 

1 

3 

6 

0 

- 1 

2 

0 

0 

4 

- 3 

6 

0 

- 3 

- 2 

- 2 

- 1 

For whic h value s o f x  ar e th e game s i n Exercise s 41-5 2 strictl y determined ? 

41s* 

44* 

47* 

1 

0 

X 

1 

X 

X 

X 

2 

2 1 

0 

X 

0 

42* 

45* 

48* 

2 

0 

X 

1 

X 

X 

X 

1 

2 

X 

X 

X 

43* 

46*. 

49*. 

1 

0 

X 

1 

| 1 

7 

6 

X 

1 

X 

0 

2 

0 

5 

X 

3 

4 
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50* 

1 

7 

6 

2 

X 

5 

0 

3 

4 
51*. 

1 

7 

X 

2 

0 

5 

6 

3 

4 
52*. 

1 

7 

x 

2 

X 

5 

X 

3 

4 

53. Solv e the gam e i n Exercis e 2.12 . 
54. Solv e the gam e i n Exercis e 2.13 . 
55. Solv e the gam e i n Exercis e 2.15 . 
56. Solv e the gam e i n Exercis e 2.16 . 
57*. Prov e that i f a, 6 , c, <i, x are any numbers then the two games below have the 

same maximi n an d th e sam e minima x strategies . Wha t i s the relationshi p 
between thei r values ? 

a 

c 

b 

d 

a + x 

c + x 

6 + x 

d + x 

58. (Dixi t &  Nalebuff) Rut h i s a professional tenni s player . Sh e finds  that whe n 
she anticipates her opponent' s serv e to be aimed a t he r forehand, sh e return s 
90% o f his serve s when sh e i s correct , bu t onl y 30 % when sh e i s wrong. O n 
the othe r hand , whe n she anticipates the serve to be aimed a t he r backhand , 
she return s 60 % o f th e serve s whe n sh e i s correc t an d onl y 30 % whe n sh e 
is wrong . Wha t i s Ruth' s maximi n strategy ? Suppos e sh e i s playin g a n 
opponent wh o i s awar e o f thes e statistics ; wha t i s th e opponent' s minima x 
strategy? 

59*. I s it tru e tha t th e gam e 

a 

c 

b 

d 

game 

a 

b 

c 

d 

is strictly determine d i f and onl y i f the 

is strictly determined ? Prov e you r answer . 

if the gam e 

it the gam e 

a 

b 

c 

d 

e 

f 

a 

d 

9 

9 

h 

i 

b 

e 

h 

J is st r 

c 

f 
i 

ictlv c 

is strictly determined i f and onl y 

is strictly determined ? Prov e you r answer . 
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61*. I s it true tha t th e gam e 

0 

-b 

—c 

b 

0 

-d 

c 

d 

0 

0 

b 

c 

-b 

0 

d 

—c 

-d 

0 

is strictly determined i f and 

only i f the gam e I I  I  I  is strictly determined ? Prov e you r 
answer. 

a 

c 

b 

d 
62*. Prov e tha t i f a  —  b  — c  + d  =  0  the n th e gam e I  I I  is strictl y 

determined. 
63*. Modif y th e informa l proo f o f the 2 x 2 Minima x Theore m t o cover th e cas e 

where the cros s sections tha t correspon d t o fixing  x  =  p ar e paralle l t o AC 
and BD. 

64*. Complet e th e informa l proo f o f th e 2 x 2 Minima x Theore m whe n th e z 
coordinates o f the corner s A , B,  C,  D  i n Figur e 2  are no t al l distinct . 

65*. Prov e Lemm a 8 . 
66*. Prov e Lemm a 10 . 

A game i s said t o b e fair  i f it s valu e i s 0 . 

67*. Fo r which value s o f a,  6 , c is the gam e 
answer. 

68*. Fo r whic h value s o f a,  6  i s th e gam e 
answer. 

69*. Fo r which values of a, 6 , c is the game 

a 

0 

0 

0 

b 

0 

0 

0 

c 

1 

b 

a 

- 1 

fair? Justif y you r 

fair? Justif y you r 

a 

b 

0 

c 
fair? Justif y you r answer . 

70*. Prov e tha t i f a n m  x  n  gam e ha s mor e tha n on e saddl e point s the n thei r 
payoffs ar e al l equal . 
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VIA 

2 x n AND m x 2 GAMES 

The solutio n o f zero-su m game s i n whic h 
one o f th e player s ha s onl y tw o option s i s given . 

The graphica l metho d o f Chapte r 4  ca n b e use d t o solv e an y 2  x n  gam e tha t 
is nonstrictl y determined . I t i s onl y necessar y t o bea r i n min d tha t i n suc h 
games Charli e ha s t o selec t fro m n  availabl e pur e strategie s rathe r tha n jus t 2 . 
Accordingly, if , fo r j  =  1,2,.. . ,  n, Tj(p)  denote s the expecte d payof f whe n Rut h 
employs strateg y [ 1 — p,p], 0  <  p  <  1 , an d Charli e consistentl y select s th e j-th 
column, an d i f ER(P)  agai n denote s the payof f Rut h ca n reasonably expec t whe n 
employing strateg y [ 1 — p,p], then th e analo g o f (1 ) o f Chapte r 4  is 

ER(P) =  the minimu m o f {r i (p) , r 2 (p) , . . . ,r n(p)} 

and th e grap h o f ER(P)  coincide s fo r eac h p  with th e lowes t o f the point s o n th e 
graphs o f ri(p),T"2(p) ? • •  •  ,rn{p)> A s wa s th e cas e before , i f th e j - t h colum n o f 
the gam e i s 

9 

h 

then th e grap h o f Tj{p)  consist s o f th e lin e segmen t tha t join s th e point s (0,g) 
and (l,/i) . 

EXAMPLE 1 . Solv e the gam e 

- 2 

3 

0 

1 

- 1 

0 

2 

- 1 

71 
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Expected 

payoff 

3 

2 

1 

- 1 

- 2 

/ n 

\ , /  ^^^-^  r 2 

^ - ^ ~ / ^ ^ .  r 3 

/ ^ 1 

^^yr ^  r 4 

/> 
Strategy 

FIGURE 7.1 . A  graph o f Ruth' s expectation . 

The ro w an d colum n bookkeepin g below  testif y tha t thi s gam e i s nonstrictl y 

- 2 

3 

0 

1 

- 1 

0 

2 

- 1 

3 1 0 2 

determined. W e ma y therefor e pas s o n t o th e graphica l method . Th e grap h 
of Ruth' s expecte d payof f i s th e broke n heav y lin e o f Figur e 1 . Th e pea k o f 
Ruth's graph , whic h determine s Ruth' s maximi n strategy , i s the intersectio n o f 
the graph s o f rs(p)  an d r±(p),  an d i s circle d i n th e figure.  Th e correspondin g 
value o f p  coul d o f cours e b e extracte d fro m th e equatio n r^ip)  =  r±(p),  bu t 
a modificatio n o f th e oddments  metho d work s bette r her e too . Not e tha t th e 
graphs o f n(p ) an d r 2(p) bot h pas s abov e th e circle d pea k point . I t therefor e 
follows that thei r columns are irrelevant to Charlie's minimax strategy, since each 
of the m woul d wor k t o Ruth' s clea r benefit . Thus , Charlie' s minima x strateg y 
must hav e th e for m [0,0, 1 — g , q], for som e 0  <  q  <  1 . Sinc e column s 1  and 2 
should neve r b e used, they migh t a s well be deleted fro m th e origina l array , thu s 
resulting i n th e reduce d 2 x 2 subgam e 

- 1 

0 

2 

- 1 

This subgam e doe s no t hav e a  saddlepoin t eithe r an d s o i t ma y b e solve d b y 
the oddment s method . Her e Ruth' s oddment s ar e [1,3 ] an d s o he r maximi n 
strategy fo r bot h th e subgam e an d th e origina l gam e i s [.25 , .75]. O n th e othe r 
hand, Charlie' s oddment s fo r th e subgame ar e [3,1 ] and s o his minimax strateg y 
for th e subgam e i s [.75 , .25] an d hi s minima x strateg y fo r th e origina l gam e i s 
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Expected 

payoff 

2 

1 

- 1 

- 2 

^ n 

v ^ ^ y  r 3 

^6 1 

^T ^*  r 2 

P 
Strategy 

FIGURE 7.2 . A  graph o f Ruth' s expectation . 

[0,0, .75, .25]. Th e valu e o f th e origina l gam e i s th e sam e a s th e valu e o f th e 
subgame whos e auxiliar y diagra m 

1 0 

- 1 

0 

2 

- 1 

yields th e answe r 

.25 x 1  x (-1 ) +  .7 5 x 1  x 0  = - .25 . 

EXAMPLE 2 . Solv e the gam e 

0 

2 

1 

- 1 

- 2 

1 

As this game is easily verified no t to have a saddle point w e go on to graph ER(P) 
in Figure 2 . Inasmuc h a s the hig h poin t o f this grap h lie s on the graph s o f r2(p ) 
and rs(p)  i t follow s tha t w e may restric t ou r attentio n t o th e subgam e 

1 

- 1 

- 2 

1 

that consist s of the second and third columns of the original game. Thi s subgam e 
is nonstrictly determine d an d ha s oddments [2,3 ] fo r Rut h an d [3,2 ] for Charlie . 
The origina l gam e ha s maximi n strateg y [.4 , .6], minimax strateg y [0 , .6, .4], an d 
the auxiliar y diagra m 
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Expected 
payoff 

1/3 1/ 2 1 

FIGURE 7.3 . A n unusua l game . 

1 0 

.4 '  "~ 

.6 

yields th e valu e 

v = . 4 x l x l +  . 6 x l x (-1 ) =  . 4 - . 6 

for th e origina l game . 

Strategy 

1 

- 1 

- 2 

1 

-.2 

Surprisingly, i t i s possible fo r a  nonstr ict ly determine d 2  x n gam e to reduc e 
to a  str ict l y determine d subgame . Thi s ca n happe n onl y i f th e pea k o f th e 
graph o f ER(P)  i s actually a  platea u an d thi s exceptiona l cas e call s fo r caution . 

EXAMPLE 3 . Th e 2 x 3 gam e belo w clearl y ha s n o saddl e point . 

0 

3 

1 

1 

2 

0 

1 

For thi s game , th e grap h o f ER(J>)  appear s i n Figur e 3  an d i t ha s a  platea u 
rather tha n a  peak . I f we were to choos e t o wor k (b y analog y wit h th e previou s 
examples) wit h the intersection o f the graphs o f r\(p) an d r2(p)  w e would obtai n 
the subgam e 

3 1 

which clearl y doe s posses s a  saddlepoint . 
The give n game has the additiona l interestin g featur e tha t it s maximin strat -

egy is not unique . An y point o f the portion of the graph of r2{p) that lie s between 
its intersection s wit h th e graph s o f r\(p)  an d rs(p)  yield s a  maximi n strategy . 
These point s o f intersection ca n stil l b e obtained b y the oddment s method , eve n 

0 

3 

1 

1 
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though th e subgame s ar e strictl y determined . Thus , th e lef t endpoin t corre -
sponds t o th e subgam e abov e whic h yield s oddment s [ 3 — 1, 1 —  0] =  [2,1 ] an d 
maximin strateg y [2/3,1/3 ] fo r Ruth . Th e righ t endpoin t correspond s t o th e 
subgame 

1 

1 

2 

0 

in whic h Ruth' s oddment s ar e [ 1 — 0,2 —  1 ] = [1,1 ] yieldin g a  maximi n strateg y 
of [.5 , .5]. Thus , an y strateg y [ 1 — p,p]  wit h 1/3  <  p  <  1/ 2 wil l serv e a s th e 
maximin strategy . Th e valu e o f the gam e i s the valu e o f ER(P)  fo r thes e p , an d 
a glanc e a t Figur e 3  tells us that thi s i s the value 1  (the heigh t o f the platea u of f 
the p-axis) . Finally , th e minima x strateg y i s tha t whic h guarantee s t o Charli e 
that Ruth' s expecte d payof f wil l not excee d 1  and s o it i s the pur e strateg y tha t 
selects th e (second ) colum n tha t create d th e plateau , i.e. , [0,1,0] . 

The followin g theore m shoul d b e kep t i n min d whe n solvin g th e exercises . 

THEOREM 4 . When  solving  a  2 x n  zero-sum  game,  if  a  maximin  strategy  is 
determined by  the point of  intersection of  two of  the  rj 's,  then  the  corresponding 
value of  p can  be  determined by  the  oddments  method. 

Games o f dimensions m  x  2  are subjec t t o a  resolutio n tha t i s similar t o tha t 
of 2  x n  games , th e mai n differenc e bein g tha t no w i t i s Charlie' s poin t o f vie w 
that guide s us. Accordingly , i f for each i  =  1,2,.. . ,mci(q)  denote s the expecte d 
payoff whe n Rut h consistentl y employ s he r z-t h ro w agains t Charlie' s arbitrar y 
mixed strateg y o f [ 1 — <?, q], 0 < q  < 1 , and i f Ec{q)  denote s th e expecte d payof f 
that Rut h will  select under these circumstances, then the analog of (1) of Chapte r 
5 i s 

Ec(q) =  the maximu m o f {ci(g),c 2(g),.. . ,c m(g)}. 

The grap h o f Ec{q)  coincide s fo r eac h q  with th e highes t o f th e point s o n th e 
graphs o f ci(q),C2(q), ... ,c m(#). A s wa s th e cas e before , i f th e z-t h ro w o f th e 
game i s 

9 h 

then th e grap h o f Ci(q)  consists o f th e lin e segmen t tha t join s th e point s (0,# ) 
and (l,/i) . 

EXAMPLE 5 . Th e gam e 

3 

2 

- 1 

0 

3 

4 
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Expected «  1 ^ ^ * * ^^ / 
payoff ^ \ ^ / 

/ ^ ^ c\  q 
/ 1 / 4 \  Strateg y 

FIGURE 7.4 . A graph o f Charlie's expectation . 

is nonstrictly determine d an d the graph of Charlie's expected payof f i s the broke n 
heavy lin e o f Figur e 4 . I n thi s figur e th e graph o f d(q) ha s been labele d o n 
its righ t wit h Q  for each i  =  1,2,3 . Th e low point o f Charlie' s graph , whic h 
determines hi s minimax strateg y an d is circled i n the figure, i s the intersection 
of th e graphs o f c\(q)  an d C2(q).  Consequently , i t i s possibl e t o restric t ou r 
attention t o the subgame 

3 

2 

0 

3 

which consists of the first tw o rows of the given game. Fo r this subgame Charlie' s 
oddments ar e [3 — 0,3 — 2] = [3,1 ] which yiel d [.75 , .25] as his minimax strategy . 
Ruth's oddment s fo r the subgame ar e [ 3 — 2,3 — 0 ] =  [1,3 ] and her maximi n 
strategy i s therefore [.25 , .75,0]. Th e value of the give n gam e is the same as the 
value of the subgam e whic h is 

1 x .75 x 3 + 1  x .25 x 0 - 2 . 2 5 . 

It is possible for a nonstrictly determine d gam e to reduce to a strictly determine d 
game, as is the case when the graph of Ec(q) ha s a flat floo r rathe r tha n a  single 
low point . A s indicated b y Theorem 6  below, whe n thi s happen s th e endpoints 
of the floo r ca n still be determined b y the oddments method . 

THEOREM 6 . When  solving  anmx2  zero-sum  game,  if  a minimax strategy  is 
determined by  the point of  intersection of  two of  the Ci  's, then  the  corresponding 
value of  q can  be determined by  the oddments method. 

EXAMPLE 7 . Solv e the game 

1 

- 2 

2 

1 

2 

- 2 
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2 

Expected 
payoff 

- 1 

- 2 

\ 

\ ^ 

1/4 ? 

/ 

\ 3/ 4 

/ " 

Cl 

1 

^ c 3 

9 
Strategy 

FIGURE 7.5 . A  graph o f Charlie' s expectation . 

The grap h o f Ec(q)  i s the broke n heav y lin e i n Figur e 5 . 

The lef t endpoin t o f th e fla t botto m come s fro m Charlie' s oddment s i n th e 
subgame determine d b y th e firs t an d thir d rows : 

1 

2 

1 

- 2 

These oddment s ar e [ 1 - ( -2) , 2  - 1 ] =  [3,1 ] whic h yield s a  minima x strateg y 
[3/4,1/4], o r g = 1 / 4 . 

The righ t endpoin t o f the fla t botto m come s fro m Charlie' s oddment s i n th e 
subgame determine d b y th e firs t an d secon d rows : 

1 

- 2 

1 

2 

These oddment s ar e [ 2 — 1, 1 —  (—2) ] =  [1,3 ] whic h yield s a  minima x strateg y 
[1/4,3/4], o r g =  3/4 . 

The valu e o f th e gam e i s th e valu e o f Ec{q)  fo r an y q  between 1/ 4 an d 3/ 4 
and a  glanc e a t Figur e 5  tells u s tha t thi s i s 1  (the heigh t o f th e fla t botto m o f 
Charlie's expectatio n curv e of f th e g-axis) . Finally , th e maximi n strateg y i s any 
strategy o f Ruth' s tha t hold s Charlie' s expectatio n dow n t o 1 . Thi s Rut h ca n 
accomplish b y consistentl y choosin g th e firs t row , i.e. , wit h th e pur e maximi n 
strategy o f [1,0,0] . 

T H E JAMAICA N FISHIN G VILLAGE . This  chapter's  last  example  describes  a 
game that  was  extracted  by  the  anthropologist  W.  C.  A.  Davenport  from  his 
observations of  the  behavior  of  the  inhabitants  of  a  certain  Jamaican  fishing 
village. These  fishermen possessed  twenty  six  fishing canoes  manned  each  by  a 
captain and  two  or  three  crewmen.  The  fishing took  the  form  of  setting  pots 
(traps) and  drawing  from  them.  The  fishing grounds  were  divided  into  inside 
and outside  banks.  The  inside  banks  lay  from  5  to  1 5 miles  offshore,  whereas 
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the outside  banks  lay  beyond.  The  crucial  factor  that  distinguished  between  the 
two areas  was the  occasional  presence of  very strong  currents  in  the  latter,  which 
rendered fishing  impossible.  Accordingly,  each  captain  must  decide  on  a  trap 
setting policy.  He  could: 

(1) set  all  his  pots  inside, 
(2) set  all  the  pots  outside,  or 
(3) set  some  of  the  pots  inside  and  some  outside. 

Davenport modele d thi s situatio n a s a  3  x  2  gam e whos e player s ar e th e 
village and the environment. Eac h of the captains ' selections of a fishing strateg y 
constituted a  pla y o n th e par t o f the village . Th e environmen t "decided " o n it s 
option b y eithe r sendin g a  current o r not . Base d o n hi s observations o f the loca l 
market plac e an d th e cost s accrue d b y th e captains , Davenpor t estimate d th e 
payoffs o f th e variou s possibilitie s a s follows : 

Environment 
Current No-curren t 

Inside 

Village In-ou t 

Outside 

The monetar y uni t wa s th e Poun d an d th e reaso n fo r th e on e negativ e payof f 
was that th e Captai n mus t pa y hi s crew fo r eac h outing , regardles s o f the catch . 
Davenport wen t o n t o trea t thi s a s a  zero-su m tw o perso n game , solve d i t a s 
such, an d compare d th e game' s maximi n strateg y t o th e actua l distributio n o f 
the captains ' choices . 

Pretending tha t th e environmen t i s a  consciou s player , it s expectatio n grap h 
Ec(q) i s draw n i n Figur e 6 . Thi s figur e indicate s tha t th e requisit e subgam e 
consists o f the firs t tw o row s o f the give n gam e 

17.3 

5.2 

-4.4 

11.5 

17.0 

20.6 

17.3 

5.2 

11.5 

17.0 

The village' s oddment s ar e [17. 0 - 5.2,17. 3 -  11.5 ] =  [11.8,5.8 ] which , i n turn , 
yield th e maximi n strateg y o f 

[.67, .33,0] 

with a  correspondin g maximi n expectatio n o f 

.67 x 17. 3 + .33x5. 2 =  13.31 . 

This i s to b e understoo d a s sayin g tha t Gam e Theory' s recommendatio n t o th e 
village i s tha t 67 % of it s fishin g shoul d b e don e i n th e insid e bank s exclusively , 
33% a s a n inside-ou t side combination , an d non e o f th e fisherme n shoul d dedi -
cate themselve s t o fishin g i n th e outsid e bank s alone . Thi s wa y th e villag e ca n 
guarantee it s fisherme n a n expecte d payof f o f a t leas t 13.3 1 per outing . 
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-4.4 

Strategy 

FIGURE 7.6 . A  fishing  game . 

Davenport observe d tha t 1 8 (69% ) o f th e captain s fished  onl y i n th e insid e 
banks, 8  (31%) adopted th e inside-outside combination , an d none restricted thei r 
fishing t o th e outsid e bank s alone . A  remarkable fit  betwee n theor y an d obser -
vation. 

Two additiona l comment s ma y b e i n orde r here . Durin g hi s tw o yea r sta y 
Davenport observe d tha t a  current wa s present i n the outside bank on 25% of the 
days. Thi s can be interpreted a s a fixed strategy o f [.25 , .75] for the environment . 
In accordanc e wit h Chapte r 3 , th e village' s optima l counterstrateg y shoul d b e 
a pur e strateg y whos e specifi c valu e i s compute d o n th e basi s o f th e auxiliar y 
diagrams 

.25 .75 .25 .75 .25 .75 

17.3 

5.2 

-4.4 

11.5 

17.0 

20.6 

0 

1 

0 

17.3 

5.2 

-4.4 

11.5 

17.0 

20.6 

0 

0 

1 

17.3 

5.2 

-4.4 

11.5 

17.0 

20.6 

a 

which hav e respectiv e expecte d payoff s f a, i^ , i> c, where 

va =  1  x .2 5 x  17. 3 + 1  x .7 5 x 11. 5 = 12.9 5 

vb =  1  x .2 5 x 5. 2 + 1  x .7 5 x 17. 0 = 14.0 5 

vc =  1  x .2 5 x (-4.4 ) +  1  x .7 5 x  20. 6 = 14.35 . 

Since 14.3 5 is the larges t o f these expecte d payoffs , th e villag e a s a  whole woul d 
profit i n the lon g run b y restrictin g thei r fishing  t o the outsid e banks . Neverthe -
less, suc h ris k takin g seem s t o b e contrar y t o huma n nature . 
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Something need s t o b e sai d abou t th e minima x strateg y o f thi s game . Th e 
environment's oddment s ar e [17. 0 — 11.5,17. 3 — 5.2] =  [5.5,12.1 ] an d s o its min -
imax strateg y i s [.31 , .69]. I n othe r words , i f th e environmen t wer e a  sentien t 
being ben t o n yieldin g a s littl e a s possibl e t o th e Jamaica n fishermen,  i t woul d 
be incline d t o creat e a  curren t o n 31 % of th e days . Thi s i s no t a s excitin g a  fi t 
with the observed 25 % as we had fo r th e village's maximin strategy , bu t i t i s still 
close. Whil e thi s i s no t t o b e take n a s evidenc e fo r th e anthropomorphi c vie w 
of nature , i t shoul d b e pointe d ou t tha t th e game' s payoff s ar e dependen t o n 
many factors , includin g th e frequencie s o f th e current s an d th e village' s fishing 
strategies. I s i t possibl e tha t thi s dependenc e migh t caus e th e game' s entrie s t o 
stabilize a t value s whos e minima x strateg y agree s wit h th e actua l frequenc y o f 
the current ? 

Chapter Summar y 

The graphica l metho d o f Chapters 4 , 5 was applied t o the solution o f all zero-
sum game s i n whic h on e o f the player s ha s exactl y tw o options . A s par t o f thi s 
process i t becam e eviden t tha t ever y suc h gam e contain s a  2  x 2 subgame whos e 
solution give s th e valu e an d maximi n an d minima x strategie s o f th e origina l 
game. Thi s techniqu e wa s the n applie d t o th e gam e theoreti c analysi s o f th e 
fishing strategie s adopte d b y th e member s o f a  Jamaica n fishing  village . 

E X E R C I S E S 7 

Solve the games i n Exercises 1-23 . I.e. , find  thei r value s and som e maximin an d 
minimax strategies . 

1 

3 

5 

7 

9. 

- 1 

2 

4 

- 2 

0 

0 

3 

- 6 

2 

1 

1 

1 

- 2 

5 

- 2 

6 

- 7 

1 

3 

5 

2 

- 2 

1 

- 1 

5 

- 4 

0 

- 1 

2 

- 3 

2. 

4. 

6. 

- 4 

- 5 

4 

- 4 

4 

5 

6 

- 2 

- 3 

8 

1 

5 

5 

1 

3 

3 

2 

5 

1 

0 

3 

4 

4 

2 

5 

4 

- 1 

- 1 

- 5 

5 

4 

- 1 

0 

0 

10. 

1 

6 

7 

0 

4 

4 

2 

2 
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- 1 

1 

2 

2 

1 

- 2 
12. 

4 

- 2 

1 

- 2 

5 

- 1 
13. 

0 

2 

1 

0 

6 

- 4 

4 

6 

- 3 

5 

5 

- 2 

8 

4 
15. 

1 

2 

3 

3 

5 

6 

4 

0 
16. 

3 

- 7 

0 

4 

- 6 

1 

- 1 

- 5 

2 

3 

2 

4 

1 

5 

- 3 

- 4 
18. 

1 

7 

4 

2 

6 

0 

4 

2 
19. 

- 1 

- 5 

4 

0 

- 1 

5 

- 1 

0 

2 

1 

3 

5 

0 

4 
21. 

1 

5 

3 

4 

5 

1 

3 

2 
22. 

0 

- 2 

5 

0 

6 

- 4 

1 

1 

1 

1 

1 

1 

24. Solv e the gam e i n Exercis e 2.14 . 
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DOMINANC E 

Some m  x  n  game s ca n b e solve d b y identifyin g an d 
deleting irrelevan t row s an d columns . 

As wa s mentione d above , th e genera l solutio n o f m x n game s lie s outsid e th e 
scope o f this text . Occasionally , however , large r game s ma y b e reduce d t o mor e 
tractable dimension s b y th e deletio n o f som e row s and/o r column s whos e irrel -
evance i s easil y recognized . Thi s i s first  demonstrate d wit h a n exampl e whic h 
will b e followe d b y a  statemen t o f the genera l principl e i n question . 

EXAMPLE 1 . Conside r th e gam e 

- 5 

3 

2 

4 

- 2 

- 3 

6 

2 

1 

Observe tha t Rut h shoul d neve r choos e th e thir d ro w sinc e she coul d alway s d o 
better b y choosin g th e secon d row , n o matte r wha t Charlie' s selectio n is . 
The reason fo r thi s is that ever y entry i n the second row is greater tha n th e entr y 
directly belo w it , an d Rut h i s always lookin g t o ge t th e large r payoff . Similarly , 
Charlie shoul d neve r choos e th e thir d colum n sinc e eac h o f it s entrie s i s large r 
than th e corresponding entr y in the second column. Thi s is dictated b y Charlie' s 
goal of keeping the payof f (Ruth' s gain ) a s small as possible. Consequently , eac h 
of th e player s wil l restric t thei r attentio n t o thei r firs t tw o options , thereb y 
reducing th e give n gam e t o th e subgam e 
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- 5 4 

3 - 2 

which i s easily solve d by the oddments method . 

The underlying ide a here is that o f dominance. Give n two lists of equal lengt h 

Li =  ( a i , a 2 , . . . ,a n) an d L 2 =  (&i,6 2,... ,6n) 

we say that lis t L\  dominates  L 2 provide d 

ai >  bi fo r alH = 1 , 2 , . .. ,  n. 

Thus, the second ro w of the gam e of Example 1  dominates it s third ro w becaus e 

3 > 2, - 2 >  - 3 , 2  > 1. 

Similarly th e second colum n o f this gam e is dominated b y its third column . 
The followin g observatio n i s justified b y the fact tha t Rut h alway s look s for 

the large r payof f wherea s Charli e seek s to minimize Ruth' s gains . 

THEOREM 2 . In  any  zero-sum game  Ruth  has  a maximin strategy  that  does 
not employ  any  dominated rows,  and  Charlie has  a minimax strategy  that  does 
not employ  any  dominating columns. 

EXAMPLE 3 . Solv e the 4 x4 zero-sum gam e 

3 

1 

0 

- 1 

- 2 

- 2 

6 

5 

2 

2 

0 

0 

- 1 

0 

7 

8 

Since thi s gam e i s no t strictl y determined , w e go on to loo k fo r dominanc e 
amongst it s rows an d columns. Th e fourth colum n dominate s th e second one, 
and thi s i s in fact th e only instanc e o f dominance. Thi s i s denoted by 

A. 
3 

1 

0 

- 1 

- 2 

- 2 

6 

5 

2 

2 

0 

0 

-1 

0 

7 

8 

and th e fourth colum n i s deleted. Th e resulting 4 x 3 subgame ha s dominance 
amongst it s rows: 
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3 

1 

0 

- 1 

- 2 

- 2 

6 

5 

2 

2 

0 

0 

After th e dominate d row s ar e delete d fro m thi s subgam e th e resultin g 2 x 3 
subgame stil l ha s som e dominanc e 

3 

0 

- 2 

6 

i 
2 

0 

which finally  reduce s th e origina l gam e t o 

- 2 

6 

2 

0 

Ruth's oddment s i n this subgam e ar e [ 6 — 0,2 — (—2)] =  [6,4] . Sinc e the row s of 
this 2 x 2 gam e ar e the remnant s o f the first  an d thir d row s of the origina l game , 
this latte r gam e ha s th e maximi n strateg y o f [.6,0 , .4,0]. Similarly , Charlie' s 
oddments o f [ 2 - 0, 6 -  (-2) ] =  [2,8 ] yiel d th e minima x strateg y [0 , .2, .8,0] fo r 
the original game. Th e value of the original game equals the value of its subgame. 
Using th e auxiliar y diagra m 

0 1 

- 2 

6 

2 

0 

this commo n valu e i s computed a s . 6 x 2 +  . 4 x 0 =  1.2 . 

The followin g exampl e i s due t o J . D . Williams . 

EXAMPLE 4 . Durin g a  period o f political uncertainty , a n investo r i s weighing 
his option s o f buying governmen t bonds , armamen t stocks , o r industria l stocks . 
He see s th e nea r futur e a s bringin g eithe r actua l war , col d war , o r peace , and , 
on the basi s o f past experience , compute s th e followin g rate s o f interes t fo r eac h 
eventuality (th e percen t sign s ar e implicit) : 
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Actual 
war 

Future 
Cold 
war Peace 

2 

18 

2 

3 

6 

7 

3.2 

- 2 

12 

Government bond s 

Investor Armamen t stock s 

Industrial stock s 

Viewing thi s a s a  gam e betwee n th e investo r an d natur e w e no w calculat e th e 
investor's maximi n strategy . 

Since th e thir d ro w dominate s th e firs t one , th e latte r ca n b e discarded . Fo r 
the resultin g 2 x 3 gam e 

18 

2 

6 

7 

- 2 

12 

the grap h o f th e investor' s (i.e. , Ruth's ) strateg y i s draw n i n Figur e 1 . Thi s 
graph yield s th e subgam e 

18 

2 

6 

7 

The investor' s oddment s fo r th e final  subgam e ar e [ 7 — 2,18 — 6] = [5,12 ] givin g 
[0,5/17,12/17] a s th e maximi n strategy . I n othe r words , th e gam e theoreti c 
point o f view recommends tha t th e investo r ignor e the government bonds , inves t 
5/17 =  29.4 % o f hi s fund s i n armamen t stock s an d th e remainin g 70.6 % i n 
industrial stocks . Th e value of the game is computed fro m th e auxiliar y diagra m 

1 0 

5/17 

12/17 

18 

2 

6 

7 

5 ,  1 D 1 2 ,  n  9 0 + 2 4 11 4 Bt7 - x l x l 8 + - x l x 2 =  — = -  =  6.7 . 

Thus, th e abov e maximin strateg y guarantee s th e investo r a n expecte d retur n of 
6.7% o n hi s investments . 

We conclude wit h a  commen t abou t th e relationshi p betwee n dominanc e an d 
saddlepoints. Briefl y put , th e reductio n proces s describe d i n thi s chapte r can -
not uncove r ne w saddlepoint s (se e Exercis e 12) . I n othe r words , i f a  gam e i s 
not strictl y determine d bu t doe s hav e som e dominanc e amongs t it s row s an d 
columns, the n th e subgam e resultin g fro m th e appropriat e elimination s i s als o 
not strictl y determined . Thus , a  game need s t o b e scrutinize d fo r a  saddlepoin t 
only once . 
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18 

Expected 

payoff 

6 

- 2 

\ . /  > 3 

M* '  ^^ -  '  i 

^r ^  n 

S^ 1 
P 

Strategy 

FIGURE 8.1 . A n investmen t game . 

Chapter Summar y 

The concep t o f dominanc e ca n b e use d t o identif y option s tha t ar e clearl y 
"bad" fo r th e player . Thei r deletio n fro m a n m  x  n  gam e reduce s it s siz e an d 
sometimes lead s t o a  complet e solution . 

Chapter Term s 

Dominance 8 4 

E X E R C I S E S 8 

Solve the game s i n Exercise s 1-10 . 

1 

2 

3. 

3 

3 

0 

3 

2 

5 

2 

- 5 

8 

3 

3 

- 2 

2 

2 

4 

3 

9 

- 2 

4 

3 

1 

0 

2 

3 

2 

1 

2 

1 

2 

4 

2 

1 

2 

4 

8 

- 5 

2 

2 

5 

- 2 

2 

1 

5 

- 1 

3 
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4 

6 

3 

5 

5 

- 2 

8 

- 3 

8 

- 2 

3 

- 5 

3 

- 6 

4 

5 

8 

6 

2 

- 3 

- 3 

- 2 

- 1 

0 

- 1 

8 

5 

- 3 

2 

6 

3 

4 

1 

2 

5 

- 3 

- 2 

- 1 

0 

- 1 

_4 

- 3 

- 3 

- 2 

3 

2 

0 

- 1 

- 1 

0 

1 

0 

1 

1 

0 

0 

- 1 

1 

1 

- 1 

1 

0 

1 

2 

0 

3 

1 

0 

1 

2 

1 

2 

1 

1 

2 

2 

0 

1 

2 

3 

1 

2 

1 

1 

2 

2 

1 

2 

1 

1 

3 

2 

2 

3 

1 

3 

1 

4 

1 

2 

1 

2 

1 

2 

1 

1 

3 

2 

2 

3 

2 

3 

1 

4 

1 

2 

2 

2 

2 

2 

2 

1 

2 

1 

1 

Prove tha t a  2  x  2  zero-sum gam e ha s a  saddl e poin t i f an d onl y i f eithe r 
one o f it s row s dominate s th e other , o r els e on e o f it s column s dominate s 
the other . 
Let G  b e a  zero-su m gam e i n whic h on e ro w (column ) dominate s another , 
and le t H  b e the gam e obtaine d fro m G  b y deleting th e dominate d (domi -
nating) ro w (column) . Prov e tha t G  i s strictly determine d i f and onl y i f H 
is strictly determined . 
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SYMMETRI C  GAME S 

Many game s hav e a  buil t i n symmetr y tha t make s th e recognitio n 
of thei r solution s a n eas y matter . 

Many concrete zero-sum games are symmetric i n the sense that th e players ' role s 
are interchangeable . Suc h i s th e cas e fo r th e Rock-scissors-pape r an d Morr a 
games describe d i n th e firs t chapter . O n th e othe r hand , th e Bombing-sortie s 
and Jamaica n fishin g villag e game s ar e no t symmetri c sinc e th e player s hav e 
clearly distinc t roles . Th e property o f symmetry ca n sometime s be used to solv e 
a gam e whe n th e previou s method s ar e o f no avail . 

Since i n a  symmetri c gam e th e players ' role s ar e interchangeable , neithe r 
player ha s a n advantag e ove r th e othe r an d consequentl y neithe r playe r ha s an y 
reason t o expec t t o win in the lon g run. Moreover , an y strateg y tha t guarantee s 
to Rut h a  break-eve n expectatio n ca n als o b e use d b y Charli e fo r th e sam e 
purpose. Henc e we have the followin g theore m (se e comments a t th e en d o f thi s 
chapter). 

THEOREM 1 . Every  symmetric  zero-sum  game  has  value  0  and identical  max-
imin and  minimax  strategies. 

Games with value 0 are said to be fair. Unfortunately , a s was seen in the gam e 
of Morra, knowing that a  game is fair does not tel l us how to find the maximin an d 
minimax strategies . Nevertheless , thi s knowledg e ca n b e use d t o chec k whethe r 
any specifi c strategy , arrive d a t b y eithe r a  rando m choic e o r a  luck y guess , i s 
or i s no t a  maximi n strategy . T o wit , suppos e R  =  [pi,P2>-- - ,Pm]  i s som e 
strategy o f Ruth' s i n som e symmetri c gam e G . Suppos e tha t Charli e possesse s 
a pur e strateg y C  which , whe n employe d agains t R  yield s a  negativ e expecte d 
payoff. The n i t i s clea r tha t R  i s not  a  maximi n strateg y since , b y definition , 
the maximi n strateg y guarantees  a n expecte d payof f o f a t leas t 0  agains t any 
strategy o f Charlie's . O n th e othe r hand , i f ever y pur e respons e o f Charlie' s 
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yields a  nonnegative expecte d payoff , the n th e outcome o f every mixed strateg y 
of Charlie's , bein g a  weighte d averag e o f th e pur e payoff s (se e secon d proo f o f 
Theorem 3.5) , i s also nonnegative. Sinc e 0 is the mos t tha t Rut h ca n reasonabl y 
expect here , i t follow s tha t thi s strateg y R  i s i n fac t a  maximi n strateg y fo r 
Ruth. Thi s reasonin g i s summarized below . 

THEOREM 2 . In  a  fair game,  in  order  to verify  that  a  given strategy  of  Ruth's 
is indeed  maximin,  it  suffices  to  show  that  it  guarantees  a  nonnegative  expected 
payoff against  each  of  Charlie's  pure  responses. 

EXAMPLE 3 . W e shal l verif y tha t th e strateg y R  =  [0,4/7,3/7,0 ] i s a  max -
imin (an d therefor e als o a  minimax ) strateg y i n th e gam e o f Morra . Pro m th e 
auxiliary diagram s 

1 

0 

4/7 

3/7 

0 

0 0 0 0 1 0 0 

0 

- 2 

3 

0 
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0 

- 3 

- 3 

0 

0 

4 

0 

3 

- 4 

0 

0 

4/7 

3/7 

0 

0 

- 2 

3 

0 

2 

0 

0 

- 3 

- 3 

0 

0 

4 

0 

3 

- 4 

0 

0 

4/7 

3/7 

0 

0 

- 2 

3 

0 

2 

0 

0 

- 3 

- 3 

0 

0 

4 

0 

3 

- 4 

0 

0 

4/7 

3/7 

0 

0 

- 2 

3 

0 

2 

0 

0 

- 3 

- 3 

0 

0 

4 

0 

3 

- 4 

0 

we compute tha t 

4 „  ,  N  3  ,  o  - 8 +  9  1 
Va =  J  X  1 X (-2) +  -  X  1 X 3  = —y-  =  - , 

v6 =  - x l x 0 + - x l x 0 =  0  + 0  = 0 , 

7 7 

i;c =  - x l x 0 +  - x l x 0 =  0  + 0  = 0 , 

4 3  1 2 - 1 2 
Vd =  - x l x 3 +  - x l x (-4 ) =  —y-  =  0 . 
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Since all these expected payoffs ar e nonnegative, i t follows that the given strategy 
is indeed maximin . 

The array s associate d wit h th e symmetric game s o f Rock-scissors-paper an d 
Morra posses s a  visua l featur e tha t i s commo n t o al l symmetri c games . Al l 
the entrie s o n the diagona l fro m to p lef t t o botto m righ t ar e 0 and i f a  and b 
are entrie s i n position s tha t ar e in mirro r imag e locatio n relativ e t o thi s sam e 
diagonal, the n b  = —a . Thi s follow s fro m th e interchangeability o f the roles of 
the players and the fact tha t Ruth' s gain is Charlie's loss (and vice versa). Thes e 
properties ar e summarized a s follows . 

THEOREM 4 . The  arrays  of  symmetric games  are  characterized by  the prop-
erty 

Pi J =  ~Pj,i  i  = 1,2,.. . ,  m, j  =  1,2,.. . ,  n, 
where Pij denotes  the  payoff in  the  i-th row and j-th column. 

It follow s tha t ever y 3 x 3 symmetri c gam e has the for m 

0 

—a 

-b 

a 

0 

—c 

b 

c 

0 

where a , 6 , c , are some rea l numbers . I t so happens tha t thes e 3 x3 symmetri c 
games hav e solution s tha t ar e easily described . (Se e Exercise 12.) 

THEOREM 5 . If  the  3 x3 symmetric  game 

0 

—a 

-b 

a 

0 

—c 

b 

c 

0 

is nonstrictly  determined,  then  its  maximin  and  minimax strategies  are 

\ \c\  \b\  \a\  1 
|> | + |6| + |c|' |a | + |6| + |c|' | a| + |6| + |c|J" 

EXAMPLE 6 . Fo r Rock-scissors-paper th e array is 

0 

- 1 

1 

1 

0 

- 1 

- 1 

1 

0 

and henc e the maximin an d minimax strategie s are 

I" 1  1  1 

l l +  l  +  l ' 1  + 1  + 1 ' 1  + 1  + 1 
[1 1  1 ] 
3 ' 3 ' 3 
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just a s expected . 

EXAMPLE 7 . Th e symmetri c gam e 

0 

2 

6 

- 2 

0 

4 

- 6 

- 4 

0 

has a  saddle poin t i n it s lowe r righ t han d entry . Consequentl y it s value i s 0 an d 
both it s maximi n an d minima x strategie s ar e [0,0,1] . 

EXAMPLE 8 . Th e symmetri c gam e 

0 

2 

- 6 

- 2 

0 

4 

6 

- 4 

0 

is nonstrictl y determined . I t ha s valu e 0  an d bot h it s maximi n an d minima x 
strategies ar e 

[ 4 6 2 
[2 + 6 + 4' 2 + 6 + 4' 2 + 6 + 4 

EXAMPLE 9* . Th e symmetr y o f th e gam e o f Two-finge r Morr a ca n b e use d 
to deriv e al l it s maximi n strategies . I f R  =  [x,y,z,w]  an d C  =  [s , £, u, v] denote 
arbitrary strategie s fo r Rut h an d Charlie , the n th e auxiliar y diagra m 

S t  U  V 

0 

- 2 

3 

0 

2 

0 

0 

- 3 

- 3 

0 

0 

4 

0 

3 

- 4 

0 

yields th e expecte d payof f 

E =  (-2y  +  3z)s  +  (2x  -  3w)t  +  (-3x  +  4w)u  +  (3y  -  4z)v. 

If R  i s a  maximi n strategy , the n th e symmetr y o f th e gam e implie s tha t 
regardless o f th e value s o f s,t,u,v  (a s lon g a s the y ar e kep t nonnegative) , th e 
value o f E  i s nonnegative . Thi s i s logicall y equivalen t t o th e followin g fou r 
inequalities: 

-2y +  3z  >  0, 2x  -  3w  >  0 , -3x  +  4w  >  0, 3y  -  4 z >  0 

4 
12' 

6 
12' 

2 
12 

1 1  1 
3 ' 2 ' 6 
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or 
3z >  2y  ,  2x  >  Sw 
n ~  /  an d A  ~  o  (1 ) 
3y>Az Aw  > 3x  w 

The tw o inequalitie s o n th e righ t ca n b e combine d int o 

Sx >  12w  >  9x, 

and sinc e x  an d w  ar e nonnegativ e i t follow s tha t x  —  w =  0 . Th e constrain t 
x + y + z-\-w =  l  yield s z  —  1 — y.  Substitutio n int o th e lef t han d inequalitie s 
of (1 ) the n result s i n 

3(1-7/) >  22/ 
3y >  4(1 - y) 

or 

Hence an y strateg y o f th e for m [0 , y, 1 — y,  0] i s a  maximi n (an d minimax ) 
strategy for this game, as long as y is constrained b y (2) . Fo r example, [0 , .6, .4,0] 
and [0 , |, |  ,0 ] ar e two such strategies . 

We conclude wit h some remarks abou t Theore m 1 . I t ha s already bee n note d 
that th e ide a o f modelin g a  gam e b y mean s o f a  rectangula r arra y goe s bac k 
to Borel' s paper s o f th e earl y 1920's . Th e sam e paper s als o too k th e firs t step s 
towards the identification o f the notion of a strategy with a  sequence of probabil-
ities and eve n a  formulation o f the notio n o f the maximi n valu e o f a  game. Thi s 
was al l don e i n referenc e t o symmetri c game s only . Suc h a  restricte d contex t i s 
not surprisin g i n view of the fac t tha t th e firs t game s tha t com e to min d usuall y 
possess a  fai r amoun t o f symmetry . 

It wa s take n fo r grante d bot h a t th e beginnin g o f thi s chapte r an d i n th e 
initial discussio n o f Penny-matching an d Two-finge r Morr a tha t suc h symmetri c 
games hav e strategie s tha t guarante e th e player s a n expecte d payof f o f a t leas t 
0. Thi s wa s no t a t al l obviou s t o Bore l a t th e tim e h e initiate d thi s study . I n 
fact, a t leas t fo r a  while , h e believe d i n th e existenc e o f symmetri c game s i n 
which knowledg e o f th e opponent s strategy , n o matte r whic h on e i t migh t be , 
could alway s b e turned t o one' s advantage . I n othe r words , h e did no t believ e in 
the existenc e o f minima x an d maximi n strategie s fo r thes e games . A  surprisin g 
mistake tha t wa s shortl y se t straigh t b y vo n Neumann' s proo f o f th e Minima x 
Theorem i n 1928 . 

Chap te r Summar y 

While the solution of symmetric zero-sum game s is no easier than th e solutio n 
of th e genera l m  x  n  zero-su m games , i t i s a  simpl e matte r t o verif y whethe r a 
proposed strateg y fo r a  given symmetric game is in fact a  maximin (o r minimax ) 
strategy o r not . A  formula i s given for th e solution o f any symmetri c nonstrictl y 
determined 3 x 3 zero-su m game . 

Chap te r Term s 

Fair gam e 8 9 Symmetri c gam e 8 9 



94 9. SYMMETRI C GAME S 

E X E R C I S E S 9 

In eac h o f Exercise s 1- 5 decid e whic h o f the give n strategie s R i , R2 , R3 , i f any , 
is a  maximi n strateg y fo r th e give n symmetri c gam e G . 

1. R i =  [4/7,0,1/7,2/7] , R 2 =  [2/7,4/7,0,1/7] , R 3 =  [0,1/7,2/7,4/7] , 

0 

- 2 

2 

- 1 

2 

0 

- 1 

- 2 

- 2 

1 

0 

4 

1 

2 

- 4 

0 
G 

2. R x =  [3/8,3/8,0,1/4] , R 2 =  [1/4,3/8,3/8,0] , R 3 =  [3/8,0,3/8,1/4] , 

0 

- 1 

- 2 

3 

1 

0 

1 

- 2 

2 

- 1 

0 

- 3 

- 3 

2 

3 

0 
G = 

3. R x =  [1/4,1/4,1/4,1/4] , R 2 =  [3/7,1/7,0,3/7] , R 3 =  [4/7,0,0,3/7] , 

0 

- 3 

2 

1 

3 

0 

0 

- 3 

- 2 

0 

0 

4 

- 1 

3 

- 4 

0 
G 

4. R x =  [1/3,0,1/3,1/3] , R 2 =  [1/3,1/3,1/3,0] , R 3 =  [0,1/3,1/3,1/3] , 

0 

- 1 

1 

1 

1 

0 

- 1 

1 

- 1 

1 

0 

- 1 

- 1 

- 1 

1 

0 
G 

5. R i =  [.25 , .5, .25,0], R 2 =  [.5 , .25, .25,0], R 3 =  [.25 , .25, .25, .25], 

G = 

0 

- 1 

2 

- 3 

1 

0 

- 1 

2 

- 2 

1 

0 

- 1 

3 

- 2 

1 

0 
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Solve the game s i n Exercise s 6 - 1 0 . 

95 

10. 

0 

- 1 

2 

0 

1 

2 

0 

- 3 

2 

1 

0 

3 

- 1 

0 

- 3 

3 

0 

- 2 

- 2 

- 3 

0 

- 2 

3 

0 

- 2 

2 

0 

7. 

9. 

0 

- 1 

- 2 

0 

2 

- 2 

1 

0 

3 

- 2 

0 

3 

2 

- 3 

0 

2 

- 3 

0 

11*. Prov e tha t th e symmetri c 3 x 3 gam e 

0 

—a 

-b 

a 

0 

—c 

b 

c 

0 

is strictly determined i f and onl y if one of the following thre e conditions holds : 
i) a  >  0  and b  > 0, 

ii) a  <  0  and c  > 0, 
iii) b  < 0 and c  <  0. 

12*. Prov e Theore m 5 . 

13*. Le t a , 6, c > 0 . Th e gam e belo w i s an obviou s generalizatio n o f the gam e of 
Morra. 

0 

—a 

b 

0 

a 

0 

0 

- 6 

- 6 

0 

0 

c 

0 

6 

—c 

0 

i) Fin d thi s game' s maximi n strateg y whe n a  =  3 , 6  = 4 , c  = 5 ; 
ii) Fin d thi s game' s maximi n strateg y whe n a  =  4 , 6  = 3 , c  = 5 ; 

iii) Fin d thi s game' s maximi n strateg y whe n a  =  2 , 6  = 4 , c  = 8 . 
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14*. Le t a,b,c>  0 . Th e gam e below  i s an obviou s generalization o f the gam e of 
Morra. 

0 

—a 

b 

0 

a 

0 

0 

-b 

-b 

0 

0 

c 

0 

b 

—c 

0 

i) Sho w that i f b2 = ac,  r =  |  =  | , an d a  an d /3  are two nonnegative number s 
such tha t a  +  j3  = ^ ^ , the n [r/3 , ra, a,/?] i s a  maximi n strateg y fo r thi s 
game, 

ii) Sho w tha t i f b 2 =  ac  the n ever y maximi n strateg y ha s th e for m specifie d 
in par t i. 

hi) Sho w tha t i f b 2 >  ac  an d ^  >  r  >  | , the n [0 , -^—, -^— ,0] i s a  maximi n 
strategy fo r thi s game . 

iv) Sho w tha t i f b 2 >  ac  the n ever y maximi n strateg y ha s th e for m specifie d 
in par t hi . 

-j— o 0 — 
1 + r 1 + r is a  maximi n v) Sho w tha t i f b 2 <  ac  an d |  <  r  <  f , the n 

strategy fo r thi s game . 
vi) Sho w tha t i f b 2 <  ac  then ever y maximi n strateg y ha s th e for m specifie d 

in par t v . 

15*. I s Penny-matchin g a  symmetri c game ? 

16*. Prov e tha t ever y symmetri c 2 x 2 gam e i s strictly determined . 

17*. Fo r wha t valu e o f a  i s th e gam e 
corresponding maximi n an d minima x strategies . 

1 

0 

0 

0 

1 

0 

a 

0 

1 
fair? Fin d th e 

18*. Fo r wha t value s o f a,  b is the gam e 
corresponding maximi n an d minima x strategies . 

1 

0 

-b 

0 

1 

0 

—a 

0 

1 
fair? Fin d th e 
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POKER-LIKE GAMES 

Some ver y simpl e poker-lik e game s ar e modele d 
and solve d a s zero-su m games . 

At firs t glance , man y popula r games , suc h a s Poke r an d Monopoly , eve n whe n 
they ar e playe d b y onl y tw o players , see m ver y differen t fro m th e game s tha t 
have bee n discusse d s o far . Whil e thes e forme r game s d o constitut e situation s 
of conflict , an d the y ar e zero-sum i n tha t on e player's gai n constitute s th e othe r 
player's loss , the natur e o f their move s does not appea r t o conform t o the forma t 
posited by the mathematical theory of games. Th e latter requires that th e players 
exercise thei r option s simultaneousl y an d independentl y o f eac h other , wherea s 
the player s o f Poke r an d Monopol y alternat e thei r move s an d ar e full y awar e of 
each other' s actions . 

This apparen t shortcomin g o f the theor y ca n b e remedie d b y a  carefu l inter -
pretation o f the meaning of a player's options, in other words , his pure strategies . 
Here w e retur n t o th e original , nonmathematical , sens e o f th e wor d strategy  a s 
a guidin g principl e fo r makin g specifi c decisions . However , a n accurat e mathe -
matical analysi s require s mor e precis e an d detaile d guideline s tha n suc h vagu e 
prescriptions a s "Cal l i f you r opponen t i s holdin g hi s breath " o r "Bluf f i f th e 
moon i s full. " Fo r u s her e a  pur e strateg y i s a  se t o f unequivoca l instruction s 
which tell s th e playe r exactl y wha t t o d o i n an y se t o f circumstances . W e shal l 
assume tha t eac h playe r begin s eac h pla y b y firs t settlin g i n hi s min d o n som e 
such strategy fo r tha t play . H e will of course give his opponent n o hint abou t hi s 
mindset, an d h e ma y (an d probabl y should ) chang e hi s strateg y fro m on e pla y 
to another . Thi s changin g o f strategie s i s o f cours e tantamoun t t o th e us e o f a 
mixed strateg y i n th e sens e o f the previou s chapters . 

In Poke r (o r Monopoly ) a  singl e suc h detaile d se t o f instruction s woul d fil l 
many pages , an d th e numbe r o f suc h instructio n booklet s (i.e. , th e numbe r o f 
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pure strategies ) tha t th e theor y woul d hav e t o tak e int o accoun t i s literall y 
unimaginable. Fo r thes e reason s game s lik e Poke r an d Monopol y hav e s o fa r 
defied mathematica l analysis . Nevertheless , i t i s possibl e t o describ e an d solv e 
some highly simplified version s of Poker where the pure strategies are completel y 
specifiable an d wher e th e mathematica l solutio n doe s provid e som e foo d fo r 
thought. 

EXAMPLE 1 . Tw o card s marke d H  (fo r high ) an d L  (fo r low ) ar e place d i n 
a hat . Rut h draw s a  car d an d inspect s it . Sh e ma y the n fold  i n whic h cas e sh e 
pays Charli e amoun t a , o r sh e ma y bet  in whic h cas e Charli e ma y eithe r fold, 
paying amoun t a  t o Ruth , o r call.  I f Charli e calls  he receive s fro m o r pay s t o 
Ruth amoun t b  according a s Ruth' s car d i s marked H  o r L. 

Figure 1  contains a  diagram illustratin g th e players ' options afte r Rut h draw s 
her card . A s suc h diagram s describ e a  branchin g proces s the y ar e calle d game 
trees. 

Since Charlie does not kno w which card i s drawn, when i t comes to his turn h e 
has only two options which ar e in fact als o his pure strategies . H e can either fol d 
or call . Ruth , o n th e othe r hand , ca n tak e he r car d int o accoun t whe n decidin g 
what t o do . I n principl e sh e therefore ha s fou r pur e strategies : 

Fold .  Fo/difcar d =H 
i.e. 

Fold '  '  Fold  i f card =  L 

Fold 
Bet 

Bet 
Fold 

Bet 
Bet 

i.e. 

i.e. 

i.e. 

Fold i f car d 
Bet i f car d 

Bet i f car d 
Fold i f car d 

Bet i f card = 
Bet i f card : 

= H 
= L 

= H 
= L 

= H 
= L 

The actua l payoff s o f cours e depen d o n th e natur e o f Ruth' s card . The y ar e 
exhibited, a s Ruth' s gain s an d losses , first  i n Figur e 2  a s tw o modification s o f 
Figure 1 , and the n i n Tabl e 1 , in th e usua l arra y form . I n thes e arrays , Ruth' s 
actual actio n (whic h depend s o n th e car d i n he r hand ) i s underlined . Som e o f 
these entrie s als o cal l fo r clarification . Fo r instance , i t coul d b e argue d tha t 
since Ruth' s foldin g terminate s th e play , i t doe s no t mak e an y sens e t o inser t 
any entr y int o th e to p ro w o f eithe r o f thes e arrays . Afte r all , whe n Rut h fold s 
Charlie neve r get s a  chanc e t o eithe r fold  o r call.  We counter thi s b y reiteratin g 
that Ruth' s ^°^ d

d and Charlie' s Fold  do no t denot e actua l actions . Instead , the y 
denote strategie s tha t th e player s ca n decid e (befor e th e play ) t o adopt . Thus , 
the — a in th e uppe r lef t han d o f eac h o f th e array s o f Tabl e 1  denotes th e fac t 
that i f Ruth adopt s th e pur e strateg y o f folding (n o matter what ) an d i f Charli e 
adopts the pure strategy o f folding o n his turn, the n each play will result i n Rut h 
losing amoun t a , eve n thoug h Charli e wil l neve r ge t a  chanc e t o actuall y fold . 
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Ruth's turn 

Fold and lose a 

Charlie's turn 

Fold and lose a 

Call and win(lose) b  i f card = L(Hi 

FIGURE 10.1 . A  Simplified Poker . 

Ruth's Charlie' s 
turn tur n 
Fold 
payoff -  -  a 

Fold„ 
^ ^ pa y off =  a 

B e t < ^ 

payoff =  b 

RUTH'S CARD IS H 

Ruth's Charlie' s 
turn tur n 
Fold., 
payoff =  -  a 

.Fold„ 
^s payof f =  a 

B e t < ^ 

\ C a l l f f u payoff =  -  b 

RUTH'S CARD IS L 
FIGURE 10.2 . A  simplified Poker . 

TABLE 10.1 . Array s fo r a  Simplifie d Poker . 

Fold Cal l Fold Cal l 
Fold 
Fold 
Fold 
Bet 
Bet 
Fold 
Bet 
Bet 

—a 

—a 

a 

a 

—a 

—a 

b 

b 

Fold 
Fold 

Fold 
Bet 

Bet 
Fold 

Bet 
Bet 

—a 

a 

—a 

a 

—a 

-b 

—a 

-b 

RUTH'S CAR D I S H RUTH'S CAR D I S L 



100 10. POKER-LIK E GAME S 

Inasmuch a s Ruth's chance s of getting th e H  car d ar e 50 % and th e same goe s 
for th e L  card , i t follow s tha t Rut h ca n expect th e payof f fro m eac h of the array s 
of Table 1  50% of the time . Consequentl y thes e tw o table s ar e summarize d int o 
one (Tabl e 2 ) by averaging th e correspondin g payoffs . Th e indicate d dominanc e 
patterns ar e a  consequence of the fac t tha t a  and b  are understood t o be positiv e 
numbers. Takin g thes e dominance s int o accoun t w e obtain th e subgam e below . 

TABLE 10.2 . Simplifie d Poke r a s a  zero-su m game . 

Fold 
Bet 

Set 
3et 

Bet 
Fold 
Bet 
Bet 

-a 

0 

0 

a 

-a 

{-a-b)/2 

(b-a)l2 

0 

«•— -

Fold Cal l 

0 

a 

b—a 
2 

0 

The solutio n o f thi s subgam e call s fo r distinguishin g tw o cases . 

CASE 1 . b  < a . I n thi s cas e the entr y ^ ^ i s either negativ e o r 0 , an d s o th e 
lower righ t han d entr y i s a  saddl e point . Th e valu e o f thi s gam e i s 0 , Ruth' s 
pure maximi n strateg y i s B ^t (i.e. , bet o n any card ) an d Charlie' s pure minima x 
strategy i s always Call  on hi s turn . 

CASE 2 . b  >  a.  Thi s gam e i s no t strictl y determined . Consequently , th e 
maximin an d minima x strategie s ar e mixed . I n othe r word s thes e strategie s 
dictate tha t i n contras t wit h Cas e 1 , Ruth shoul d sometime s fol d whe n holdin g 
an L  an d tha t occasionall y Charli e should fol d o n his turn. Fo r example, i f a = 4 
and 6  = 6 , then th e subgam e i s 

Fold Call 

0 

4 

1 

0 

Bet 
Fold 
Bet 
Bet 

Here Ruth' s oddment s ar e [4,1 ] an d he r maximi n strateg y i s [.8,.2] , i.e. , sh e 
should bluf f (be t o n a  lo w card) 20 % of the time . Charlie' s oddment s ar e [1 , 4] , 
resulting in a minimax strategy of [.2,.8] . Th e value of the game is . 8x0+ .2x4 = 
.8. Th e genera l solutio n o f Cas e 2  is relegated t o Exercis e 1 . 

EXAMPLE 2 . Eac h playe r place s a n amoun t a  in the pot . I n each o f two hat s 
two card s marke d H  an d L  ar e place d (s o tha t ther e i s a  tota l o f fou r cards) . 
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pot = 

Ruth's turn 

See and win/lose/split ; 

2a 

Raise; pot =  2a+b( 

Charlie's turn 

pot = 2a 

/Fold and lose; pot = 2a+b 

^Call and win/lose/split; pot = 2a+2b 

FIGURE 10.3 . A  simplified Poker . 

Each playe r draw s a  car d a t rando m fro m hi s designate d hat . Rut h ha s tw o 
alternatives now : sh e can see  (i.e. , challenge Charlie ) o r sh e can raise  by addin g 
amount b  to th e pot . I f sh e sees , the highe r han d win s th e po t an d equa l hand s 
split it . I f sh e raises , Charli e ha s tw o options : h e ca n fold  o r h e ca n als o ad d 
amount b  to th e po t an d call  I f h e folds , Rut h win s th e pot . I f h e call s the n 
again the higher han d win s and equa l hands spli t th e pot . Thes e are al l the rule s 
and the y ar e summarize d i n Figur e 3 . 

Ruth ha s th e followin g fou r pur e strategie s availabl e t o he r 

See Se e Rais e Rais e 

See Rais e Se e Rais e 

where th e to p entr y refer s t o th e preferre d actio n i f Rut h draw s a n H  an d th e 
bottom entr y t o th e preferre d actio n i f she draw s a n L.  Thus , th e first  o f thes e 
calls fo r he r seein g regardles s o f the natur e o f th e car d i n he r han d wherea s th e 
third strateg y R £He describe s a  decisio n t o rais e i f th e car d i s H  an d see  i f th e 
card i s L. 

Charlie als o ha s fou r pur e strategie s availabl e whic h w e denote as : 

Fold Fol d Rais e Rais e 

Fold Rais e Fol d Rais e 

As before, th e to p (bottom) entr y describe s th e actio n t o b e taken i f Charlie' s 
card i s H(L). 

The payoffs depen d o n the cards that ar e drawn. Ther e ar e four possibl e ways 
the card s ca n b e draw n an d th e fou r correspondin g payof f array s ar e describe d 
in Figure s 4-7 . I n eac h o f th e pur e strategie s th e actio n take n b y th e playe r i s 
underlined. 
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pot = 

Ruths turn 
See; payoff =  0 

2a 

Raise; pot = ( 2 a + b)<^ 

Charlie's turn 

s Fold; payoff =  a 

^Call; payoffs 0 

RUTH'S CARD IS H 

CHARLIE'S CARD IS H 

See 
See 
See 
Raise 
Raise 
See 
Raise 
Raise 

Fold 
Fold 

0 

0 

a 

a 

Fold 
Call 

0 

0 

a 

a 

Call 
Fold 

0 

0 

0 

0 

Call 
Call 

0 

0 

0 

0 

FIGURE 10.4 . A  simplified Poker . 
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Ruth's turn Charlie' s turn 
See; payoff =  a 

<Fold; payoff =  a 

Call; payoff =  (a  + I 

RUTH'S CARD IS H 

CHARLIE'S CARD IS L 

Fold Fol d Cal l Cal l 
Fold Cal l Fol d Cal l 

See i  ,  ,  , 
See 
See 
Raise 
Raise 
See 
Raise 
Raise 

a 

a 

a 

a + b 

a + b 

a 

a 

a 

a + b 

a + b 

FIGURE 10.5 . A  simplified Poker . 
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pot = 

Kuths turn 
See; payoff -  -a 

2a 

Raise; pot = ( 2 a + b)<f 

Charlie's turn 

/Fold ; payof f =  a 

^Call; payoff =  (-a-b) 

RUTH'S CARD IS L 

CHARLIE'S CARD IS H 

Fold Fol d Cal l Cal l 
Fold Cal l Fol d Cal l 

See 
See 
See 
Raise 
Raise 
See 
Raise 
Raise 

— a 

a 

—a 

a 

— a 

a 

—a 

a 

—a 

—a —  b 

—a 

—a — b 

—a 

—a — b 

—a 

—a — b 

FIGURE 10.6 . A  simplified Poker . 
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Ruth's turn Charlie' s turn 
See; payoff =  0 

<Fold; payoff =  a 

Call; payoff =  0 

RUTH'S CARD IS L 
CHARLIE'S CARD IS L 

Fold Fol d Cal l Cal l 
Fold Cal l Fol d Cal l 

Raise 
Raise 
See 
Raise 
Raise 

0 

0 

0 0 

a I  0 

0 0 

a T  0 

FIGURE 10.7 . A  simplified Poker . 
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Since the four possibl e card distributions occur with equal probability, th e fou r 
arrays o f Figures 4-7 ar e combined int o a single zero-sum gam e by averaging th e 
corresponding entrie s (Tabl e 3) . 

The dominanc e pattern s indicate d i n Tabl e 3  ar e a  consequenc e o f th e fac t 
that a  an d b  ar e positiv e quantities . Th e resultin g subgam e i s depicte d i n 
Table 4 . 

TABLE 10.3 . A  Simplified Poke r a s a  Zero-su m Game . 

Fold 
Fold 

Fold 
Call 

Call 
Fold 

Call 
Call 

See 
See 

See 
Raise 

Raise 
See 
Raise 
Raise 

0 

3a/4 

a/4 

a 

0 

a/2 

{a+b)/4 

(3a+b)/4 

0 

(a-b)/4 

0 

{a-b)l4 

0 

-b/4 

b/4 

0 

*+ 

4-

IT 
TABLE 10.4 . A  Simplifie d Poke r a s a  Reduce d Zero-su m Ggame . 

Raise 
See 
Raise 
Raise 

Call 
Fold 

Call 
Call 

0 

a — b 
4 

b 
4 

0 

Observe tha t ou r analysi s so far indicate s tha t Rut h shoul d alway s raise if her 
card i s H  an d Charli e shoul d alway s cal l i f hi s car d i s H.  Th e solutio n o f th e 
subgame depend s o n th e value s o f a  an d b  in a  somewha t complicate d manne r 
and w e discus s onl y tw o specia l cases , leavin g th e remainde r t o Exercise s 6 , 7 . 
Note that th e two strategies ^ * e (fo r Ruth ) an d ^\ l

d (fo r Charlie ) sugges t tha t 
the respectiv e playe r ac t cautiousl y i f hi s car d i s L , wherea s th e tw o remainin g 
strategies ^ is e ^ o r R ^ h ) a n d £%[[  (fo r Charlie ) dictat e a n aggressiv e reactio n 
to that card . Accordingly , th e first  two will be described a s conservative  wherea s 
the las t tw o a s bluffing. 

If a  = 4  and b  = 8  the subgam e become s 

Call 
Fold 

Call 
Call 

Raise 
See 
Raise 
Raise 

Conservative Bluffin g 

Conservative 

Bluffing 

0 

- 1 

2 

0 
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Ruth's Charlie' s 
turn tur n 

Pass 

Ruth's 
turn 

Fold and lose a 

Call and lose(win) if card = H(L) 

Pass (payoff =  0) 
Fold and lose a 

Call and win(lose) if card = H(L) 

FIGURE 10.8 . A  simplified Poker . 

which ha s a saddle poin t wit h valu e 0  in the upper lef t han d corne r an d which 
suggests tha t bot h player s consistentl y pla y conservatively . 

If a  = 8 and 6 = 4 the subgame become s 

Call 
Fold 

Call 
Call 

Raise 
See 

Conservative Bluffin g 

Conservative 0 

1 

1 

0 I S Bluffin g 

This game is not strictly determined . Th e subgame' s maximi n strateg y of [.5, .5] 
suggests tha t upo n drawin g a n L Rut h shoul d bluf f 50 % of the time. A  similar 
bluffing polic y i s suggested b y the minimax strateg y o f [.5, .5]. Th e value of the 
game i s .5 . 

EXAMPLE 3 . Tw o cards marke d H  an d L ar e placed i n a hat . Rut h pick s 
a car d a t rando m an d inspects it . Sh e then ma y either bet  or pass.  I f Rut h 
bets, Charli e ma y either fold  an d pay a, o r else h e can call  and either los e or 
win amoun t b  according a s Ruth's car d i s H o r L. I f Ruth passes , Charli e may 
decide t o pass,  i n which cas e th e payoff t o eac h playe r i s 0, or he may bet, i n 
which cas e th e play revert s t o Ruth again . Thi s tim e sh e may fold  an d lose a, 
or she may call winning or losing amoun t b  according a s her card i s or is not H. 

The rule s of this gam e are summarized i n Figure 8. 
Given an y card i n her hand, Rut h ma y decide t o either be t or pass . I f she 

passes sh e has to be ready t o face th e contingency tha t Charli e wil l choos e to 
bet an d then she will have to either fol d o r call. Thus , Rut h need s to take thre e 
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move sequence s int o accoun t whe n plannin g he r strategy : 

B -  Bet . 

PF -  Pas s an d fol d i f Charli e bets . 

PC —  Pass an d cal l i f Charli e bets . 

Consequently, Rut h ha s 9  pure strategies : 

B B B PF PF PF PC PC PC 
B PF PC B PF PC B PF PC 

In thes e strategie s th e to p entr y specifie s th e mov e sequenc e t o b e take n i f 
Ruth get s car d if , an d th e botto m entr y specifie s th e actio n t o b e take n i f sh e 
gets car d L. 

On th e othe r hand , Charli e ha s fou r pur e strategies : 

F Fol d i f Ruth bet s 
i.e. 

P Pas s i f Ruth passe s 

F Fol d i f Ruth bet s 
i.e. 

B Be t i f Ruth passe s 

C Cal l i f Ruth bet s 
I.e. 

P Pas s i f Ruth passe s 

C Cal l i f Ruth bet s 
i.e. 

B Be t i f Ruth passe s 

The game trees and payoff array s that correspon d to cards H  an d L  ar e displayed 
in Figure s 9  and 1 0 respectively . 



A G E N T L E INTRODUCTIO N T O GAM E THEOR Y 109 

Ruth's 
turn 

Pass-

Charlie's 
turn 

-Fold; payoff =  a 

-Call; payoff =  b 

-Pass; payoff =  0 

•Bet-

Ruth's 
turn 

-Fold; payoff =  -a 

-Call; payoff =  b 

RUTH'S CARD IS H 

B 
B 
B 
PF 
B 
PC 
PF 
B 
PF 
PF 
PF 
PC 
PC 
B 
PC 
PF 
PC 
PC 

F 
P 

a 

a 

a 

0 

0 

0 

0 

0 

0 

F 
B 

a 

a 

a 

—a 

—a 

—a 

b 

b 

b 

C 
P 

b 

b 

b 

0 

0 

0 

0 

0 

0 

C 
B 

b 

b 

b 

—a 

—a 

—a 

b 

b 

b 

FIGURE 10.9 . A  simplified Poker . 
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Ruth's 
turn 

Pass-

Charlie's 
turn 

- Fold; payoff =  a 

-Call; payoff =  -b 

-Pass; payoff =  0 

-Bet-

Ruth's 
turn 

-Fold; payoff -  -a 

-Call; payoff =  -b 

RUTH'S CARD IS L 

B 
B 
B 
PF 
B 
PC 
PF 
B 
PF 
PF 
PF 
PC 
PC 
B 
PC 
PF 
PC 
PC 

F 
P 

a 

0 

0 

a 

0 

0 

a 

0 

0 

F 
B 

a 

—a 

-b 

a 

—a 

-b 

a 

—a 

-b 

C 
P 

-b 

0 

0 

-b 

0 

0 

-b 

0 

0 

C 
B 

-b 

—a 

-b 

-b 

—a 

-b 

-b 

—a 

-b 

FIGURE 10.10 . A  simplifie d Poker . 
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Since the probabilit y o f Ruth gettin g an y specifi c car d i s 50%, the tw o table s 
of Figure s 9  an d 1 0 ar e summarize d b y averagin g thei r respectiv e entries . Th e 
resulting arra y i s displayed i n Tabl e 5 . 

While th e genera l solutio n o f thi s gam e lie s beyon d th e scop e o f thi s text , 
enough tool s wer e provide d i n the previou s chapter s t o enabl e u s t o dra w inter -
esting conclusion s i n som e specia l cases . 

If a  >  b  then th e gam e o f Tabl e 5  has a  saddlepoin t i n it s uppe r righ t han d 
entry. Thus , thi s gam e i s strictly determined . Ruth' s maximi n strateg y call s fo r 
consistent betting , regardles s o f he r card , an d Charli e minima x respons e i s t o 
consistently cal l he r bets . Th e valu e o f this gam e i s 0 . 

TABLE 10.5 . A  Simplified Poke r a s a 
Zero-sum Gam e 

B 
B 
B 
PF 
B 
PC 
PF 
B 
PF 
PF 
PF 
PC 
PC 
B 
PC 
PF 
PC 
PC 

F 
P 

a 

a 
2 

a 
2 

a 
2 

0 

0 

a 
2 

0 

0 

F 
B 

a 

0 

a — b 
2 

0 

—a 

— a — b 
2 

a+b 
2 

b—a 
2 

0 

c 
p 

0 

b 
2 

b 
2 

-b 
2 

0 

0 

-b 
2 

0 

0 

c 
B 
0 

b—a 
2 

0 

— a — b 
2 

—a 

— a — b 
2 

0 

b—a 
2 

0 

Suppose, o n th e othe r hand , tha t a  =  2  and b  = 4 , i n whic h cas e th e gam e 
reduces t o 

TABLE 10.6 . A  Reduced Simplifie d Poker . 

B 
B 
B 
PF 
PC 
B 
PC 
PF 

F 
P 

F 
B 

C 
P c 

B 
2 

1 

1 

0 

2 

0 

3 

1 

0 

2 

- 2 

0 

0 

1 

0 

1 



112 10. POKER-LIK E GAME S 

Techniques tha t li e outsid e th e scop e o f thi s tex t ca n b e use d t o deriv e th e 
following solutio n t o thi s gam e (se e Exercise s 20 , 21 , 22, though) . 

value =  . 8 

maximin strateg y =  [.2 , .4,0, .4] 

minimax strateg y =  [.2 , .2,0, .6]. 

It i s noteworthy tha t thi s maximin strateg y suggest s tha t eve n when Rut h hold s 
a hig h car d sh e shoul d pas s 40 % of th e time , rathe r tha n cas h th e hig h car d i n 
immediately. I t i s als o interestin g tha t whil e th e pur e strateg y c

p look s a t firs t 
very promisin g fo r Charli e sinc e onl y on e o f it s entrie s i s positive an d th e su m 
of it s entrie s i s 0 , th e minima x strateg y specifie s tha t thi s pur e strateg y shoul d 
never b e use d b y Charlie . 

Chap te r Summar y 

Three ver y simpl e variation s o n th e gam e o f poke r ar e modele d a s zero-su m 
games an d the n solved . 

Game tre e 

Chap te r Term s 

98 Strateg y 97 

E x e r c i s e s 1 0 

In all  the following exercises  the  quantities  a,  b,  c , . .. are  assumed to  be  positive. 

1. Sho w tha t th e genera l solutio n t o th e subgam e o f Tabl e 10. 2 whe n b  >  a 

is valu e =  a ^ ,  ^, maximi n strateg y 2a b—a 
a + 6 ' a-\-b , minima x strateg y = 

b—a 2a 
a + 6 ' a+ 6 

2. Suppos e tha t i n th e gam e o f Exampl e 1 , Charli e pay s amoun t b  (rather tha n 
a) whe n h e folds . Sho w tha t thi s lead s t o th e subgam e 

b—a 
2 

b 

b—a 
2 

0 

and solv e thi s subgame . (Hint : conside r th e tw o case s b  <  a  an d b  >  a 
separately.) 
Suppose tha t i n the gam e o f Example 1 , Ruth lose s amount b  (rather tha n a) 
when sh e folds . Sho w tha t thi s gam e i s strictly determine d an d solv e it . 
Suppose tha t i n th e gam e o f Exampl e 1  Charlie lose s amoun t c  (rathe r tha n 
a) whe n h e folds . Sho w tha t thi s lead s t o th e subgam e 

c—a 
2 

C 

b—a 
2 

0 

and solv e thi s subgame . 
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5. Suppos e tha t i n th e gam e o f Exampl e 1  Charlie lose s amoun t a  (rathe r tha n 
6) i f h e call s an d Rut h turn s ou t t o b e holdin g H.  Sho w tha t thi s gam e i s 
strictly determine d an d solv e it . 

6. Sho w tha t i f a  >  b  then th e gam e o f Tabl e 10. 3 i s no t strictl y determined . 
Show that i n this case the game has value ^ ~ ^  and its maximin and minima x 
strategies ar e [0,0 , ^, £ ] an d [0,0 , £, 9^k] respectively . 

7. Sho w tha t i f a  <  b  then th e gam e o f Tabl e 10. 3 i s strictl y determine d an d 
solve it . 

8. Suppos e tha t i n th e gam e o f Exampl e 2  Charlie add s amoun t a  (rathe r tha n 
b) to th e pot . Sho w tha t th e resultin g gam e ca n b e reduce d t o th e subgam e 

0 0 
a—b a—3b 

4 |  8 

a—b 3a—b 
8 8 

3a—36 a—b 
8 2 

9. Solv e the gam e o f Exercis e 8  if a  =  1 6 and 6  = 8 . 
10. Solv e the gam e o f Exercis e 8  if a  =  8  and b  = 16 . 
11. Solv e the gam e o f Exercise 8  for an y positiv e a  and b. 
12. Suppos e tha t i n th e gam e o f Exampl e 2  Ruth add s amoun t a  (rathe r tha n 

b) to th e po t whe n sh e raises . Sho w tha t th e resultin g gam e ca n b e reduce d 
to th e subgam e 

0 

3a 
4 

a 
4 

a 

0 

0 

b—a 
8 

b—a 
8 

0 

6—3a 
8 

36—a 
8 

b—a 
2 

13. Solv e the gam e o f Exercis e 1 2 if a  —  8  and b  — 16 . 
14. Solv e the gam e o f Exercis e 1 2 if a  =  1 6 and 6  = 8 . 
15. Solv e the gam e o f Exercis e 1 2 if a  > b. 
16. Solv e the gam e o f Exercis e 1 2 if b  > 3a . 
17. Sho w tha t i f a  >  b  i n th e gam e o f Exampl e 3 , the n th e gam e i s strictl y 

determined an d solv e it . 
18. Suppos e tha t i n th e gam e o f Exampl e 3 , Rut h lose s amoun t b  (rather tha n 

a) wheneve r sh e folds . Sho w tha t th e resultin g gam e i s strictl y determine d 
and solv e it . 

19. Suppos e tha t i n the game of Example 3 , Charlie lose s amount b  (rather tha n 
a) wheneve r h e folds . Sho w tha t th e resultin g gam e i s strictl y determine d 
and solv e it . 
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20. Sho w that i f Ruth employ s strategy [.2 , .4, 0, .4] in the subgam e o f Table 10. 6 
and Charli e employ s an y pur e strategy , the n th e resultin g payof f i s n o les s 
than .8 . 
Show tha t i f Charli e employ s strateg y [.2 , .2, 0, .6] i n th e subgam e o f Tabl e 
10.6 an d Rut h employ s an y pur e strategy , the n th e expecte d payof f i s n o 
greater tha n .8 . 
Use Exercises 21 , 22 to argue that valu e = .8 , maximin strategy =  [.2 , .4, 0, .4] 
and minima x strateg y =  [.2 , .2, 0, .6] constitute a  solutio n t o th e subgam e o f 
Table 10.6 . 

23. Sho w tha t i f b  > a  then Exampl e 3  reduces t o th e subgam e 

21 

22 

F 
P 

F 
B 

C 
P 

C 
B 

B 
B 
B 
PF 
PC 
B 
PC 
PF 

a 

a 
2 

a 
2 

0 

a 

0 

a+b 
2 

b — a 
2 

0 

b 
2 

-b 
2 

0 

0 

b—a 
2 

0 

b—a 
2 

Show tha t 

value 
ab(b — a) 
b2+a2 

maximin strateg y 

minimax strateg y 

(b -a)2 2a(b-a) 

b2 +  a 2 '  b 2 + a 2 

(b -a)2 a(b-a) 

,0, 
2a2 

b2 ,0, 

6 2 + a 2 

a(6 + a ) 
b2 +  a 2 '  '  b 2 + a 2 

constitutes a  solutio n t o thi s subgame . 
24. Solv e th e followin g variatio n o n th e gam e o f Exampl e 2 . Eac h playe r place s 

an amoun t a  i n th e pot . I n eac h o f tw o hat s a n Ace , a  Kin g an d a  Quee n 
are placed (s o that ther e i s a tota l o f six cards). Eac h playe r draw s a  card a t 
random fro m hi s designated hat . Rut h ha s two alternatives now : sh e can see 
(i.e., challeng e Charlie ) o r sh e ca n raise  b y addin g amoun t b  to th e pot . I f 
she sees , the highe r han d win s the po t an d equa l hand s spli t it . I f she raises , 
Charlie ha s tw o options : h e ca n fold  o r h e can als o ad d amoun t b  to th e po t 
and call.  I f Charlie folds , Rut h win s the pot. I f he calls then agai n the highe r 
hand win s an d equa l hand s spli t th e pot . (Hint : I t clearl y doesn' t mak e an y 
sense to adopt a  strategy tha t simultaneousl y call s for a n aggressive move on 
one card and a  conservative move on a higher card . Consequentl y eac h player 
needs conside r onl y thre e strategy : aggressiv e o n al l thre e cards , aggressiv e 
on th e Ac e an d Kin g only , o r aggressiv e o n th e Ac e only. ) 



PUR E  MAXIMI N AN D 
MINIMA X STRATEGIE S 

What t o d o whe n a  zero-su m gam e i s playe d onl y once . 

Sometimes a  gam e suc h a s Bombing-sortie s i s played onl y on e time , s o tha t 

Attack 
Bomber Suppor t 

Bomber I 
Bomb 

placement 
Support 

80% 

90% 

100% 

50% 

the vo n Neuman n Theore m i s no t applicable . Nevertheless , th e basi c ide a o f 
the maximi n an d minima x strategie s ca n stil l b e use d t o mak e decision s i n a 
manner tha t seem s t o correspon d quit e realisticall y t o th e manne r i n whic h 
people actuall y think . Not e tha t i n thi s game , i f Genera l Rut h place s th e bom b 
on the bombe r sh e i s guaranteed a  payoff o f an 80 % chance o f the missio n bein g 
successful. O n the other hand , the alternative of placing the bomb on the suppor t 
plane ca n onl y guarante e a  50 % chance o f success . Th e U . S . military directive s 
are quit e explici t o n this subject . A  commander  is  enjoined  to  select  that  course 
of action  which  offers  the  greatest  promise  of  success  in  view  of  all  the  enemy 
capabilities. I n othe r words , tha t cours e o f actio n i s t o b e pursue d whic h ca n 
guarantee, regardles s o f enemy actions, the best possibl e results . I n this case, th e 
directive calls for placing the bomb on the bomber, sinc e that guarantee s a  payof f 
of 80%, regardless o f the fac t tha t placin g th e bom b o n th e suppor t plan e might 
result i n th e highe r 90 % i f Charli e attack s th e bombe r (a s h e mos t likel y will) . 
This conservativ e searc h fo r guarantee s i s applicable t o any zero-su m game . Fo r 
Ruth thi s is called the pure maximin  strategy  an d i t dictate s the selection o f tha t 
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row whos e minimu m entr y i s the largest (amongs t al l the rows). Tha t larges t 
minimum entr y i s called the pure maximin  value  o f the game . 

EXAMPLE 1 . Fin d th e pure maximi n strateg y an d value of the gam e 

3 

5 

1 

2 

4 

2 

6 

3 

3 

2 

4 

1 

Each row' s minimu m entr y i s tallied on the right an d the largest o f these i s 3 . 

3 

5 

1 

2 

4 

2 

6 

3 

3 

2 

4 

1 

Consequently, thi s game's pure maximin strategy i s [0, 1, 0] and its pure maximi n 
value i s 3 . 

In Bombing-sorties , Charlie' s militar y directive s impl y tha t h e should attac k 
the bomber , sinc e tha t reduce s th e mission' s chanc e o f succes s t o 80% . H e 
would b e foolis h t o attac k th e suppor t plan e o n the offchance tha t i t migh t 
hold the bomb, sinc e tha t migh t allo w for a 100 % chance of success if the bom b 
is o n the other plane . I n fact , Genera l Charli e mus t choos e th e column tha t 
guarantees the least chanc e of success for Ruth, no  matter what  Ruth  does!  Thi s 
is formalized a s the pure minimax  strategy  o f an arbitrar y zero-su m game , whic h 
calls for Charlie's selectio n of that colum n whos e maximum entr y is the smallest 
(amongst al l the columns). Tha t smalles t maximu m entr y i s the pure minimax 
value o f the game . 

EXAMPLE 2 . T o find a pure minima x strateg y an d the value of the gam e of 
the previou s example , eac h column' s maximu m entr y i s tallied a t the bottom. 

3 

5 

1 

2 

4 

2 

6 

3 

3 

2 

4 

1 

5 4  6  4 

Since the smallest o f these maxim a i s 4, it follow s tha t bot h [0 , 1, 0, 0] and [0 , 
0, 0, 1] constitute pur e minima x strategie s an d the pure minima x valu e is 4 . 

For an y single instanc e o f the game o f Examples 1 , 2, Ruth ca n guarantee, 
by selectin g th e second row , tha t sh e will gai n a t leas t 3 . Charlie , on the other 
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hand, ca n guarantee, b y selecting th e second column , tha t Rut h wil l gai n no 
more tha n 4 . Sinc e thi s i s tru e fo r an y single instanc e eve n whe n th e gam e 
is playe d man y times , i t follow s tha t th e (mixed ) valu e o f the game mus t li e 
between thes e guarantees . I n general the following holds . 

THEOREM 3 . For  any m  x  n zero-sum  game 

pure maximin  value  <  mixed  value  <  pure minimax  value. 

EXAMPLE 4 . I n the game of Examples 1, 2 the third ro w is dominated b y the 
first on e and may consequentl y b e deleted. I n the resulting 2 x 4 game the first 
and th e last column s bot h dominat e th e second on e and can be deleted. Th e 
resulting subgam e 

2 

4 

6 

3 

is not strictly determined . Rut h ha s oddments [ 4 - 3 , 6 - 2 ] =  [1,4 ] an d so her 
maximin strateg y i s [.2 , .8] . Th e value o f both th e subgame an d the origina l 
game is 

.2 x 1 x 2 + . 8 x 1 x 4 = A + 3.2 = 3.6 
which does indeed lie between the pure maximin value of 3 and the pure minima x 
value of 4. 

Chapter Summar y 
When a  zero-sum gam e is played onl y onc e the mixed minima x an d maximin 

strategies ar e of no avail. Instea d pur e maximi n an d minimax strategie s (and 
values) ar e recommended. Th e relation betwee n th e pure an d mixed solution s 
of a game i s displayed i n Theorem 3. 

Chapter Term s 

Pure minima x strateg y 11 6 Pur e minima x valu e 11 6 

Pure maximi n strateg y 11 5 Pur e maximi n valu e 11 6 

E X E R C I S E S 1 1 

Find th e pure maximi n an d minima x strategie s an d values fo r the games i n 
Exercises 1-8. 

2 

0 

- 1 

2 

0 

- 1 

2 

0 

- 1 

2 

1 

4 

7 

2 

5 

8 

3 

6 

9 

o 
1 

- 1 

- 3 

2 

5 
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0 

- 2 

4 

- 1 

1 

- 2 

- 2 

0 

2 

3 

5 

1 
6. 

1 

6 

5 

8 

9 

2 

7 

4 

1 

6 

3 

3 

5 

0 

2 

4 

7. 

- 2 

4 

5 

5 

- 9 

4 

7 

1 

- 1 

3 

- 9 

- 5 

3 

1 

- 8 

0 

- 2 

4 

- 1 

- 5 

6 

1 

2 

5 

- 7 

3 

5 

- 4 

0 

- 6 

2 

3 

- 3 

0 

- 6 

6 

9 

2 

0 

4 

- 4 

6 

8 

3 

- 5 

Verify th e statemen t o f Theorem 3  for eac h o f th e game s i n Exercise s 9-14 . 

12. 

2 

0 

- 1 

2 

2 

0 

3 

9 

10. 

13. 

- 1 

0 

5 

- 2 

5 

- 2 

- 1 

3 

11. 

14. 

3 

0 

4 

- 5 

2 

- 1 

0 

2 

15*. Prov e tha t fo r an y 2 x 2 game , i f an y tw o o f th e followin g thre e quantitie s 
are equa l t o eac h othe r the n al l thre e ar e equa l t o eac h other : the  value  of 
the game,  the  pure  maximin  value  of  the  game,  the  pure  minimax  value  of 
the game.  Fin d a  2  x 3  game fo r whic h thi s i s false . 

16. Th e payoff s i n th e gam e below  denot e dollars . Rut h an d Charli e ar e abou t 
to pla y thi s gam e 10 0 times . 

3 

1 

- 1 

2 
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a) Doe s Ruth hav e a  strategy tha t guarantee s he r winnin g somethin g eac h 
time th e gam e i s played ? 

b) Doe s Rut h hav e a  strateg y tha t guarantee s he r winnin g a  tota l o f $8 0 
or more ? 

c) Doe s Rut h hav e a  strateg y tha t guarantee s he r winnin g a  tota l o f $12 0 
or more ? 

d) Rut h i s playin g thi s gam e i n orde r t o rais e $12 0 whic h sh e need s ver y 
badly (sh e owes this mone y t o a  loa n shark) . Wha t strateg y shoul d sh e 
use? 

e) Doe s Charlie have a  strategy tha t i s guaranteed t o hold Ruth' s winning s 
to les s than $90 ? 

f) Doe s Charlie have a strategy tha t i s guaranteed t o hold Ruth' s winning s 
to les s than $120 ? 

g) I t s o happen s tha t Charli e onl y ha s $125 . Shoul d h e los e more , h e wil l 
have to ask his parents again for some money, something he is not willin g 
to d o anymore . I f he stil l want s t o play , wha t shoul d hi s strateg y be ? 

17. Th e payoff s i n th e gam e below  denot e dollars . Rut h an d Charli e ar e abou t 
to pla y thi s gam e 10 0 times. 

3 

- 1 

- 2 

2 

a) Doe s Ruth hav e a  strategy tha t guarantee s he r winnin g somethin g eac h 
time th e gam e i s played ? 

b) Doe s Ruth have a strategy tha t guarantee s that he r losses will not excee d 
$120? 

c) Doe s Ruth have a strategy tha t guarantee s that he r losses will not excee d 
$80? 

d) Rut h i s playin g thi s gam e i n orde r t o rais e $3 0 whic h sh e need s ver y 
badly (sh e owes this mone y t o a  loa n shark) . Wha t strateg y shoul d sh e 
use? 

e) Doe s Charlie have a  strategy tha t i s guaranteed t o hold Ruth' s winning s 
to les s than $90 ? 

f) Doe s Charlie have a  strategy tha t i s guaranteed t o hold Ruth' s winning s 
to les s tha n $120 ? 

g) I t s o happen s tha t Charli e onl y ha s $60 . Shoul d h e los e more , h e wil l 
have to ask his parents again for some money, something he is not willin g 
to d o anymore . I f h e stil l want s t o play , wha t shoul d hi s strateg y be ? 

18. Th e payoff s i n th e gam e belo w denot e dollars . Rut h an d Charli e ar e abou t 
to pla y thi s gam e 10 0 times. 

3 

- 1 

2 

2 
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a) Doe s Rut h hav e a  strategy tha t guarantee s he r winnin g somethin g eac h 
time th e gam e i s played ? 

b) Doe s Rut h hav e a  strateg y tha t guarantee s he r winnin g a  tota l o f $20 0 
or mor e ? 

c) Doe s Rut h hav e a  strateg y tha t guarantee s he r winnin g a  tota l o f $30 0 
or more ? 

d) Rut h i s playin g thi s gam e i n orde r t o rais e $3 0 whic h sh e need s ver y 
badly (sh e owes this mone y t o a  loa n shark) . Wha t strateg y shoul d sh e 
use? 

e) Doe s Charlie have a  strategy tha t i s guaranteed t o hold Ruth' s winning s 
to les s than $90 ? 

f) Doe s Charlie have a  strategy tha t i s guaranteed t o hold Ruth' s winning s 
to les s than $250 ? 

g) I t s o happens tha t Charli e onl y ha s $250 . Shoul d h e los e more , h e wil l 
have to ask his parents again for some money, something he is not willin g 
to d o anymore . I f he stil l want s t o play , wha t shoul d hi s strateg y be ? 

19. Th e payoff s i n th e gam e belo w denot e dollars . Rut h an d Charli e ar e abou t 
to pla y thi s gam e 10 0 times. 

I 3 I "3 I 
- 4 2~1 

a) Doe s Ruth hav e a  strategy tha t guarantee s he r winnin g somethin g eac h 
time th e gam e i s played ? 

b) Doe s Ruth have a strategy that guarantee s that he r losses will not exceed 
$120? 

c) Doe s Ruth have a strategy tha t guarantee s that he r losses will not excee d 
$300? 

d) Charli e i s playin g thi s gam e i n orde r t o rais e $3 0 whic h h e need s ver y 
badly (h e owe s thi s mone y t o a  loa n shark) . Wha t strateg y shoul d h e 
use? 

e) Doe s Charlie have a strategy tha t i s guaranteed t o hold Ruth' s winning s 
to les s than $180 ? 

f) Doe s Charlie have a  strategy tha t i s guaranteed t o hold Ruth' s winning s 
to les s than $250 ? 

g) I t so happens that Rut h only has $35. Shoul d she lose more, she will have 
to as k he r parent s agai n fo r som e money , somethin g sh e i s no t willin g 
to d o anymore . I f sh e stil l want s t o play , wha t shoul d he r strateg y be ? 

20*. Prov e Theore m 3 . 
21*. Suppos e th e rule s o f gam e playin g ar e change d s o tha t Charli e i s allowe d 

to mak e hi s mov e afte r Rut h ha s mad e he r mov e an d i n ful l knowledg e o f 
her actions . Identif y Ruth' s optima l strategy . 

22*. Suppos e th e rule s o f gam e playin g ar e change d s o tha t Rut h i s allowe d t o 
make he r mov e afte r Charli e ha s mad e hi s mov e an d i n ful l knowledg e o f 
his actions . Identif y Charlie' s optima l strategy . 



hl2H 
I i  I 

PUR E  NONZERO-SU M GAME S 

Some wel l know n concret e nonzero-su m game s ar e discussed . 
Solutions ar e offere d fo r th e unrepeate d game s an d 

their characteristic s ar e appraised . 

A considerable amount o f scholarly effort ha s been expended on attempts to carry 
over parts of the theory of zero-sum games to other, les s restrictive, games. Thes e 
are game s wherei n on e player' s gai n i s no t necessaril y th e othe r player' s loss , 
where th e payof f ma y b e unquantifiable , an d wher e th e players ' decision s ma y 
not b e independen t o f each other . Sometime s th e payof f ma y b e oneupmanshi p 
or los s o f face , an d i n som e situation s reasonabl e behavio r o n th e par t o f th e 
players will lead to greater payoff s fo r bot h o f them. O f the many generalization s 
of zero-sum games , th e remainde r o f this tex t i s confined t o a  discussion o f two-
person noncooperative  nonzero-sum  games.  Th e term noncooperative  refers to th e 
assumption tha t th e player s d o no t consul t eac h othe r abou t way s an d mean s 
for improvin g thei r payoffs . I n th e interes t o f brevit y thes e game s ar e referre d 
to a s simpl y nonzero-sum  games  i n th e sequel . 

Nonzero-sum game s are also modeled by having Ruth selec t a  row and Charli e 
select a  column fro m a  suitable rectangula r array . However , sinc e a  player's gai n 
is no t necessaril y hi s opponent' s los s anymore , th e payof f o f eac h outcom e ca n 
no longe r b e describe d b y a  singl e number . Th e resul t o f Rut h choosin g ro w i 
and Charli e choosin g colum n j  i s the payoff  pair 

where ai denotes Ruth's payof f an d b 3 denotes Charlie' s payoff. Thus , the genera l 
2 x 2 nonzero-su m gam e ha s th e arra y 
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Charlie 

Ruth 
(a i ,&i ) 

(03,63) 

(02,62) 

(04,64) 
(1) 

With som e care , th e zero-su m gam e strategie s ca n b e applie d her e a s well . 
First, however , i t i s necessar y t o formaliz e a  guidin g principl e tha t presumabl y 
motivates th e player s decisions . I n th e zero-su m cas e Rut h looke d t o maximiz e 
her payoff , and , sinc e Ruth' s gai n wa s hi s loss , Charli e sough t t o minimiz e th e 
same payoff . Now , sinc e th e tw o players ' payoff s ar e independen t o f each other , 
it wil l be assume d tha t eac h playe r base s hi s own decision s o n hi s payoff s alone . 
This i s commonly formalize d a s follows . 

T H E PRINCIPL E O F RATIONALITY . Every  player  wishes  to  come  out  as  well 
off as  possible. 

In othe r words , cuttin g of f one' s nos e i n orde r t o spit e one' s spous e i s no t 
rational behavior , an d suc h impulse s wil l be give n n o consideratio n i n thi s text . 
A consequence o f the Principl e o f Rationality i s that eac h playe r will  ignore th e 
other player' s payoff s i n formin g hi s decision . Thus , w e ma y thin k o f Rut h a s 
facing th e (zero-sum ) gam e 

Ruth 
0 1 

0 3 

0 2 

a± 

against a n irrelevant opponen t an d o f Charli e a s facin g th e (zero-sum ) gam e 

Charlie 

h 

h 

b2 

b4 

wherein hi s object, jus t lik e Ruth's i s to maximize  hi s payoff. Consequently , bot h 
players hav e maximin  strategies . Th e payof f pai r i n th e outcom e determine d b y 
the tw o pur e maximi n solution s i s calle d th e pure  value  pair  o f th e game . Th e 
pure maximin strategie s and pur e value pairs of any nonzero-sum gam e are easily 
derived. 

EXAMPLE 1 . Fin d th e pur e maximi n strategie s an d pur e valu e pair s o f th e 
game 

(2,3) 

(2,2) 

(3,5) 

(1,3) 
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By th e Principl e o f Rationality , Ruth' s consideration s ar e confine d t o th e 
array 

Ruth 
2 

2 

3 

1 

and s o he r pur e maximi n strateg y i s [1 , 0] with a  correspondin g maximi n valu e 
of 2 . O n th e othe r hand , Charlie' s analysi s i s confined t o th e arra y 

Charlie 

3 5 

2 I  3 

and s o hi s maximi n strateg y i s [0 , 1 ] wit h a  correspondin g maximi n valu e o f 
3. Not e tha t th e entr y a t th e botto m o f eac h colum n i s th e minimum  fo r tha t 
column an d tha t Charli e wil l choos e th e larges t o f thes e minima , i n contras t 
with th e pur e minima x stratetgy , whic h call s fo r recordin g th e maxim a o f eac h 
column an d choosin g th e smalles t amongs t them . 

The pur e valu e pai r i s therefore th e entr y o f the first  ro w and secon d column , 
(3, 5) . Notic e tha t thi s pure value pai r doe s not  consis t o f the two pure maximi n 
values. I n subsequen t example s Ruth' s an d Charlie' s payoff s wil l no t b e sepa -
rated an d th e tallie s wil l b e kep t nex t t o th e arra y o f th e origina l game . Thus , 
this example' s tw o separate array s fo r Rut h an d Charli e wil l be replace d b y th e 
single diagra m belo w whic h stil l contain s al l th e require d information . 

(2,3) 

(2,2) 

(3,5) 

(1,3) 

EXAMPLE 2 . Fin d th e pur e maximi n strategie s an d pur e valu e pair s o f th e 

game 

(-1,0) 

(2,2) 

(1,3) 

(0,1) 

The ro w minim a o f Ruth' s an d Charlie' s array s ar e bot h tallie d below . 
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(-1,0) 

(2,2) 

(1,3) 

(0,1) 

0 1 

Since Ruth' s pur e maximi n valu e i s 0 it follow s tha t Ruth' s pur e maximi n strat -
egy i s t o selec t th e secon d row . Charlie' s pur e maximi n valu e i s 1  and s o hi s 
pure maximi n strateg y i s als o t o selec t th e secon d ro w o f th e 6-array , i.e. , th e 
second colum n o f the give n game . Th e pur e valu e pai r i s (0 , 1) . 

PRISONER'S DILEMMA . TWO  people  are  arrested  and  held  in  connection  with 
a certain  robbery.  The  prosecution  only  has  enough  evidence  to  convict  them 
of the  robbery  itself,  but  it  is  believed  that  the  robbers  were  actually  carrying 
guns at  the  time,  making  them  liable  to the  more  severe  charge  of armed robbery. 
The prisoners are  held in separate  cells  and cannot  communicate  with  each  other. 
Each of  them is  offered  the same  deal:  If  you  testify  that  your  partner  was  armed 
but he  does  not testify  against  you,  your  sentence  will  be  suspended while  he  will 
spend 1 5 years  in  jail.  If  both  of  you  testify  against  each  other,  you  will  both 
get 1 0 years,  and  if  neither  of  you  does  so,  you  both  get  5  years  in  jail.  Both 
prisoners are  fully aware  that  both  have  been  offered  the  same  deal.  They  are 
given some  time  to  think  the  deal  over,  but  neither  is  aware  of  his  expartner's 
decision. 

This gam e i s clearly nonzero-su m an d ca n b e describe d a s 

Refuse 
the dea l 
Accept 

the dea l 

where th e payof f —  x denote s a  jail ter m o f x  years . Eac h player' s pur e maximi n 
strategy i s easily derived . 

Refuse 
the dea l 

( - 5 , - 5 ) 

(0,-15) 

Accept 
the dea l 

(-15,0) 

( -10 , -10) 

( - 5 , - 5 ) 

(0,-15) 

(-15,0) 

( -10 , -10) 

-15 -10 

-15 

-10 

The pure maximin strategy i s [0 , 1] for both players . Thus , the maximin strat -
egy recommend s tha t bot h prisoner s accep t th e dea l offere d b y th e prosecution , 
thereby guaranteein g tha t eac h wil l receive a  1 0 year jai l term. Bot h experienc e 
and experimentatio n testif y t o th e fac t tha t thi s i s frequently th e decisio n mad e 
by people in such circumstances. Thi s is unsettling because if both o f the player s 
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had refuse d th e deal , they would hav e each received th e 5  year term , a  distinctl y 
better sentenc e fo r both . 

Let u s digres s i n orde r t o formaliz e thi s vagu e notio n o f "unsettling. " I n an y 
nonzero-sum game , a  payoff pai r (a , b) is said t o b e better  than  th e payof f (a' , b') 
if either o f the followin g condition s hold : 

a >  a  an d b  > bf o r a  > a'  an d b  > b''. 

Equivalently, (a , b) is better tha n (a' , b') if it dominates i t i n the sense of Chapte r 
8 and they ar e also distinct. Thus , (3 , 2) i s better tha n eac h of the payoffs (1 , 2), 
(3, 1 ) and (2 , 2) . A n outcom e o f a game i s Pareto  optimal  i f the gam e possesse s 
no outcome wit h a  bette r payoff . I n gam e (1 ) below , th e outcome s wit h payoff s 
(2, 3 ) an d (1,5 ) ar e bot h Paret o optimal . 

(2,3) 

(2,2) 

(1,5) 

(0,3) 

On th e othe r hand , i n th e gam e o f Exampl e 1  above, th e outcom e wit h payof f 
(3, 5 ) i s the onl y Paret o optima l outcome . 

It i s clear that whe n the players of a game are treated a s a group, Pareto opti -
mal outcomes ar e desirable . Th e unfortunat e an d tragi c aspec t o f the Prisoners ' 
dilemma gam e i s tha t bot h th e strateg y recommende d b y gam e theor y an d th e 
observed behavio r o f people resul t i n the outcome with payof f (—10 , —10), which 
is dominated b y (—5,-5 ) an d henc e i s not  Paret o optimal . 

CHICKEN. Thi s gam e describe s a  ver y commo n situation . Two  adversaries 
are set  on  a  collision  course.  If  both  persist, then  a  very  unpleasant  outcome, 
sometimes mutual  annihilation,  is  guaranteed. If  only  one  of  the players swerves 
away (chickens)  he  loses  the  game.  If  both  swerve, the  result  is  a  draw. 

Usually, the reward fo r winning this game is merely a  sense of dominance, an d 
swerving only entail s los s of face, both equall y unquantihable . Th e possibilit y o f 
mutual annihilatio n whe n both player s persis t i s what make s this a  nonzero-su m 
situation. I n tha t cas e neithe r playe r gain s anything ; i n fact , quit e frequentl y 
both stan d t o los e thei r lives . W e shal l offe r n o solutio n an d wis h t o discus s 
only som e paradoxica l aspect s o f th e game . Fo r thi s purpose , th e gam e wil l 
be mad e concret e b y transferrin g ou r attentio n t o th e Cuba n missil e crisi s o f 
October 1962 , certainly on e o f bes t know n an d mos t frightenin g Chicke n game s 
ever played . 

In tha t mont h th e Unite d State s discovere d tha t th e USS R wa s buildin g a 
missile bas e i n Cuba . A s a  smal l Sovie t flee t wa s o n it s wa y t o th e islan d t o 
bring i n supplies, th e American s se t u p a  naval blockade . I t i s quite likely that i f 
these two fleets had met , the conflict woul d have escalated int o a full fledged,  an d 
probably nuclear , war . I n th e event , th e Soviet s blinked , thei r ship s withdrew , 
and th e Unite d State s "won" . I t i s our purpos e her e to discus s a  curious wrinkl e 
on thi s confrontation . 
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While i t i s impossibl e t o realisticall y quantif y th e variou s outcome s o f thi s 
game, i t i s possible t o introduc e som e number s int o i t b y a  preferentia l rankin g 
of the various outcomes. Ther e were four possible outcomes for the Cuban missil e 
crisis: 

(US swerves , USS R swerves) , 
(US swerves , USS R persists) , 

(US persists , USS R swerves ) 
(US persists , USS R persists) . 

The player s woul d ran k thes e outcome s preferentiall y a s follow s ( 1 denotin g 
the leas t desirabl e an d 4  the mos t desirabl e outcomes) : 

US 
(US persists , USS R swerves ) 4 
(US swerves , USS R swerves ) 3 
(US swerves , USS R persists ) 2 
(US persists , USS R persists ) 1 

USSR 
(US swerves , USS R persists ) 
(US swerves , USS R swerves ) 
(US persists , USS R swerves ) 
(US persists , USS R persists) . 

These preference s ar e summarize d a s the nonzero-su m game : 

USSR 
Swerve Persis t 

Swerve 
US 

Persist 

(3,3) 

(4,2) 

(2,4) 

(1,1) 

Here the "payoff " (i,j)  associate d wit h an y outcome denotes the fac t tha t th e 
US assign s thi s outcom e th e rankin g i  i n it s preferenc e list , wherea s th e USS R 
assigns i t th e rankin g j . Th e maximi n solutio n o f thi s gam e recommend s tha t 
both player s swerv e an d ha s payof f (3 , 3). 

Suppose no w tha t o n Octobe r 27 , th e da y before  th e crisi s ended , Presiden t 
Kennedy ha d bee n notifie d tha t hi s staf f wa s infiltrated b y Sovie t spie s an d tha t 
whatever decisio n he would mak e would immediately b e made known t o Premie r 
Khrushchov. On e would thin k thi s t o b e a  cause fo r muc h consternatio n fo r th e 
Americans. W e wil l argu e tha t th e opposit e i s the cas e an d tha t i n fact : 

In the  game  of  Chicken,  a  player's foreknowledge  of  his  opponent's  decision 
works to  that  player's  disadvantage,  provided  that  the  opponent  is  aware  of  the 
player's foreknowledge. 

This conclusio n wil l b e draw n o n th e basi s o f th e Principl e o f Rationality . 
Taking th e infiltratio n int o account , Presiden t Kenned y woul d hav e reasone d a s 
follows: 

if I decide  to swerve, Khrushchov  will  know it  and,  choosing  between  (3 , 3) 
and (2,4) , he  will  decide  to  persist,  an  outcome  with  payoff  (2,4) ; 

if I decide  to persist, Khrushchov  will  know it  and,  choosing  between  (4 , 2) 
and (1,1) , he  will  decide  to  swerve,  an  outcome  with  payoff  (4,2) . 
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Thus, i f Kenned y swerve s th e outcom e wil l b e (2 , 4) , wherea s i f h e persist s 
the outcome wil l be (4 , 2). H e would therefore choos e to persist , resultin g in th e 
payoff pai r (4 , 2 ) wherei n th e Soviet s swerve . 

This is , o f course , exactl y wha t transpired . I t coul d b e argue d tha t whil e 
the USS R ha d i n al l likelihood no t bee n priv y t o th e America n decisio n makin g 
process, it s leader s wer e wise r an d mor e cognizan t o f th e possibl e disastrou s 
consequences o f politica l game s o f Chicken . After  all , onl y 1 7 years ha d passe d 
since the conclusio n o f World Wa r I I in which 2 0 million Russian s ar e estimate d 
to hav e perishe d an d majo r portion s o f their lan d wer e devastated wherea s onl y 
one o f tha t war' s battle s wa s fough t o n America n soil . 

The essentia l featur e o f th e infiltratio n tha t wa s hypothesize d i n th e Cuba n 
Missile Crisi s i s tha t th e USS R di d no t selec t it s optio n unti l afte r th e U S ha d 
done so . I n genera l thi s prerogativ e ma y o r ma y no t b e beneficia l t o th e playe r 
who possesse s it . 

EXAMPLE 3 . Conside r th e gam e 

(5,2) 

(6,3) 

(7,5) 

(3,0) 

(5,4) 

(4,6) 

(8,1) 

(7,4) 

(6,8) 

(2,3) 

(1,1) 

(0,2) 

Suppose firs t tha t Charli e i s informed o f Ruth's decisio n when h e makes his own, 
and tha t Rut h i s aware o f this fact . The n Rut h wil l reaso n a s follows : 

If I  selec t ro w 1 , Charli e wil l op t fo r th e payof f pai r (2 , 3); 

If I  selec t ro w 2 , Charli e wil l op t fo r on e o f the payof f pair s (5 , 4) an d (7 , 4); 
If I  selec t ro w 3 , Charli e wil l op t fo r th e payof f pai r (6 , 8) . 

The Principl e o f Rationality the n wil l direct Rut h t o selec t ro w 3 and Charli e 
to choos e colum n 3  resulting i n a n outcom e wit h payof f pai r (6 , 8). 

On th e othe r hand , i f Rut h i s th e on e wh o i s informe d o f Charlie' s decisio n 
when sh e makes he r own , an d i f Charlie i s aware o f this fact , the n h e will reaso n 
as follows : 

If I  selec t colum n 1 , Rut h wil l op t fo r payof f pai r (7 , 5); 
If I  select colum n 2 , Rut h wil l op t fo r payof f pai r (5 , 4); 
If I  selec t colum n 3 , Rut h wil l op t fo r payof f pai r (8 , 1) ; 
If I  selec t colum n 4 , Rut h wil l op t fo r payof f pai r (2 , 3). 

The Principl e o f Rationalit y the n wil l direc t Charli e t o choos e colum n 1  an d 
Ruth t o choos e ro w 3  for a  payof f pai r o f (7 , 5) . 

If neithe r playe r i s informe d o f thei r opponent' s decisions , the n Ruth' s max -
imin strateg y call s for th e selection o f row 1  for a  guaranteed payof f o f at leas t 2 . 
Charlie's maximi n strateg y call s fo r th e selectio n o f colum n 1  for a  guarantee d 
payoff o f a t leas t 2 . Th e actua l outcom e wil l then hav e payof f pai r (5 , 2). Thus , 
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in this game, information abou t th e opponent's decision s is advantageous to each 
player. 

It wa s see n i n th e discussio n o f the Chicke n gam e tha t th e maximi n analysi s 
can fai l t o properl y describ e huma n behavio r i n som e gamelik e situations . I n 
retrospect, i n tha t particula r case , th e failur e wa s du e t o th e oversimplificatio n 
that occurre d when i t was assumed tha t th e players made their decision indepen -
dently an d simultaneously . I n mos t instance s o f thi s game however , th e players ' 
behaviors very much affect eac h other. The y continuously observe each other an d 
when on e swerve s th e othe r wil l mos t certainl y persis t t o th e end . Rathe r tha n 
completely disqualif y th e maximi n strateg y fo r suc h games , a  way wa s foun d t o 
adapt i t s o as t o continu e t o suppl y researcher s wit h satisfactor y solutions . 

Both the pure and the mixed maximin solution s of the zero-sum games posses s 
a qualitativ e trai t tha t ca n b e transferre d t o th e nonzero-su m contex t a s well . 
Recall tha t bot h yiel d a  maxima l guarantee d payoff ; a n expected  payoff i n th e 
mixed case , bu t stil l guaranteed . I n othe r words , i f th e playe r i s lookin g fo r 
guarantees, the n h e onl y stand s t o los e (i.e. , hav e hi s guarante e diminished ) b y 
switching t o a  nonmaximi n strategy . Consider , fo r example , th e zero-su m gam e 
below i n whic h th e underline d 1  is a  saddlepoint . 

4 

1 

4 

0 

1 

0 

4 

1 

4 

The maximi n strateg y call s fo r Rut h t o selec t th e secon d row . Not e tha t i f sh e 
selected eithe r o f the othe r rows , she might  possibl y gai n 4 , but he r guarantee  o f 
always winnin g a t leas t 1  would b e gone . Experienc e indicate s tha t thi s searc h 
for guarantee s i s a  ver y stron g motivato r o f human behavior . Whil e i t ma y no t 
lead t o the bes t o f al l possible payoffs , i t doe s offer th e player s the consolatio n o f 
having eliminate d th e possibilit y o f thei r regrettin g thei r decisions . Eac h playe r 
knows tha t h e has playe d s o as to obtai n th e bes t possibl e guarantee , regardles s 
of what th e opponent did . Thi s No  Regrets  polic y can be applied to nonzero-su m 
games a s well . 

In a  nonzero-su m game , a n outcom e i s sai d t o b e a  Nash  equilibrium  point 
if it s payof f pai r (a^bj)  i s suc h tha t a * i s maximu m fo r it s column , an d bj  i s 
maximum fo r it s row. Suc h a  Nash equilibriu m poin t ha s the desired No  Regrets 
property since , give n tha t Charli e selecte d colum n j , Rut h ha s n o reaso n t o 
regret havin g selecte d ro w i —no othe r selectio n o f Ruth' s woul d hav e yielde d 
her a  bette r payoff . Similarly , give n tha t Rut h selecte d ro w i , Charli e ha s n o 
reason t o regre t havin g selecte d colum n j —no othe r selectio n o f hi s woul d hav e 
yielded hi m a  bette r payoff . Not e tha t i n thi s definitio n o f the Nas h equilibriu m 
each playe r i s assume d t o b e concerne d wit h regret s onl y ove r he r o r hi s ow n 
actions. An y feeling s tha t the y migh t hav e regardin g th e othe r players ' choice s 
are ignored . Th e reaso n fo r thi s limitatio n i s tha t th e incorporatio n o f suc h 
feelings woul d resul t i n to o man y complications . 
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EXAMPLE 4 . Fin d th e Nash equilibriu m point s o f the gam e 

(5,2) 

(6,3) 

(7,5) 

(3,0) 

(5,4) 

(4,6) 

(8,1) 

(7,4) 

(6,8) 

(2,3) 

(1.1) 

(0,2) 

One metho d fo r finding  these point s is to examine al l the payoff pair s (a* , bj) in 
succession an d to star bot h eac h a{  that i s a maximum fo r its column an d each 
b3 tha t i s a maximum fo r its row. Th e Nash equilibriu m point s ar e those 

(5,2) 

(6,3) 

(7*, 5) 

(3,0) 

(5*,4*) 

(4,6) 

(8M) 

(7,4*) 

(6,8*) 

(2*,3*) 

(1,1) 

(0,2) 

whose payof f pair s hav e both  entries starred . Thus , the Nash equilibriu m point s 
of the given game are those with payoff s (5 , 4) and (2, 3). Not e tha t on e of these 
payoff pairs , namel y (5 , 4), is clearly preferabl e t o the other. Nevertheless , thi s 
does not necessarily mea n tha t eithe r Rut h o r Charlie wil l aim for this "better " 
payoff pair . After  all , by selecting the second ro w (tha t o f the pai r (5 , 4)), Rut h 
opens herself u p to the possibility of obtaining a payoff o f only 1  if Charlie select s 
column 4 . Similarly , i f Charlie were to select the second colum n (tha t o f the pai r 
(5, 4)) he would be opening himsel f u p to the possibility o f gain 0 if Ruth select s 
row 1. 

The nex t exampl e show s tha t pur e Nas h equilibriu m point s nee d no t exist. 

EXAMPLE 5 . Fin d th e Nash equilibriu m point s o f the gam e 

(2,1) 

(1,2) 

(1,2) 

(2,1) 

When th e row maximum o f the firs t entr y an d the colum n maximu m o f the 
second entr y o f each payof f pai r ar e starred w e obtain th e pattern 

(2M) 

(1,2*) 

(1,2*) 

(2*,1) 

Since no payoff pai r ha s both o f its entries starre d i t follows tha t thi s gam e has 
no pur e Nas h equilibriu m points . 

The logi c tha t underlie s th e Nash equilibriu m i s the expectation tha t a s the 
players watch each other maneuver , th e situation wil l naturally gravitat e toward s 
a Nas h equilibriu m outcome . Suc h was the case in the Cuban Missile  Crisis . As 



130 12. P U R E NONZERO-SU M GAME S 

those Octobe r day s passe d th e Russians becam e convince d o f the Americans ' 
determination t o persist an d so they swerved . Th e diagram belo w demonstrate s 
that thi s actua l outcome is indeed one of the two Nash equilibrium point s of that 
confrontation. 

USSR 
Swerve Persis t 

US 
Swerve 

Persist 

(3,3) 

(4*,2*) 

(2*,4*) 

(1,1) 

Refuse 
the deal 

(-5,-5) 

(0*,-15) 

Accept 
the deal 

(-15,0*) 

(-10*,-10*) 

Prisoner's Dilemm a ha s only one Nash equilibriu m poin t wit h 

Refuse 
the dea l 
Accept 

the dea l 

payoff pai r (  — 10, —10 ) whic h i s consistent bot h wit h it s maximin strateg y and 
many observe d solutions . Here , o f course, th e players canno t watc h eac h othe r 
reach thei r decisions . Nevertheless , th e oft reached outcom e wherei n bot h pris -
oners accep t th e deal doe s turn ou t to be a Nash equilibriu m point . 

The Nash equilibrium point s have become a popular too l for theoretical econo-
mists. Th e next exampl e shoul d giv e the reader som e fee l fo r how this concep t 
is used b y them. 

T H E J O B APPLICANTS . Firms  1  and 2  have  one  opening each  for which they 
offer salaries  2a  and  2b, respectively  (the  2 is  only  used  in  order  to  prevent 
fractions from  appearing  later).  Each  of  Ruth and  Charlie can  apply to only one 
of the  positions and  they must  simultaneously  decide  whether  to  apply to  firm 1 
or to  firm 2.  If  only  one  of them applies  for a  job, he  gets it;  if both  apply  for 
the same  position,  the  firm hires  one  of them at  random. 

This situatio n i s modeled a s the 2 x2 nonzero-sum gam e 

Charlie 
applies t o 

firm 1  fir m 2 

Ruth applie s t o 
firm 1 

firm 2 

{a, a) 

{2b, 2a) 

(2a, 26) 

(6,6) 

In thi s arra y th e entries (2a , 26) an d (26, 2a) ar e self-explanatory. Th e entry 
(a, a) is obtained b y reasoning a s follows. I f both Rut h an d Charlie appl y to the 
same firm , then , becaus e i t was stipulate d tha t th e firm wil l selec t a n applican t 
at random , eac h ca n expect a  payoff o f half th e salary, i.e. , a. A  similar lin e of 
thought justifie s th e entry (6,6) . 
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Not surprisingly , th e analysis of the game depends on the relationship betwee n 
a an d 6 . Suppos e firs t tha t 

a <  2 6 an d b  < 2a. 

In othe r words , suppos e first  tha t th e tw o salarie s ar e no t to o fa r ou t o f lin e 
with eac h othe r i n tha t neithe r exceed s doubl e th e other . The n th e tw o entrie s 
(2a, 26) an d (26 , 2a) ar e bot h pur e Nas h equilibria . Such , fo r exampl e migh t b e 
the outcom e i f Rut h an d Charli e becam e awar e o f eac h other' s existenc e an d 
came t o som e mutua l agreement . 

On th e othe r hand , i f the salarie s ar e ou t o f line with eac h other , sa y 

6 > 2a . 

then i t i s the entry (6 , 6) that constitute s the unique pure Nash equilibrium point . 
This corresponds to both Rut h an d Charli e applying fo r the better job. Th e cas e 
where 6  = 2 a is intermediary an d ha s al l of the above three outcomes a s its Nas h 
equilibria. 

Thus, thi s highl y simplifie d mode l predict s tha t i f th e disparit y betwee n th e 
salaries i s no t to o grea t the n som e reasonabl e distributio n o f the position s ma y 
happen. I f on e jo b i s muc h bette r tha n th e other , the n bot h wil l appl y fo r i t 
resulting i n a  situatio n wher e on e o f the m remain s unemployed . 

This mode l wil l be discusse d agai n i n greater dept h i n the nex t tw o chapters . 
We mentio n i n closin g thi s chapte r tha t th e 2 x 2 nonzero-su m game s hav e 

been classifie d i n Rapoport , Guyer , an d Gordo n (1976 ) int o 7 8 differen t types . 
This classification depend s on the distribution o f Pareto optimal outcomes , Nas h 
equilibrium points , an d thei r relationshi p t o th e maximi n strategies . 

Chapter Summar y 

Nonzero-sum games , wher e on e player' s gai n i s no t necessaril y th e othe r 
player's los s ar e modele d a s rectangula r array s o f pair s o f numbers . Th e pur e 
maximin strateg y ca n be used a s a guideline i n such games when they ar e playe d 
a singl e time . Tw o concret e games , Prisoner' s Dilemm a an d Chicke n wer e dis -
cussed i n detail . Thei r analyse s le d to the definitio n o f Pareto optima l an d Nas h 
equilibrium outcomes . 

Better tha n 
Nash equilibriu m 

Pareto optima l outcom e 
Principle o f Rationalit y 

Pure maximi n strateg y 

125 
128 
125 
122 
122 

Chicken 
Nonzero-sum gam e 
Payoff pai r 

Prisoner's dilemm a 
Pure valu e pai r 

E X E R C I S E S 1 2 

For eac h o f the nonzero-su m game s i n Exercise s 1-1 0 find  th e following : 
a) al l the pur e maximi n strategies , 

125 

121 

121 

124 

122 
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b) th e pur e maximi n values , 
c) al l the pur e valu e pairs , 
d) al l the Paret o optima l payoffs , 
e) al l the pur e Nas h equilibriu m points , 
f) th e outcom e o f th e gam e i f Charli e i s awar e o f Ruth' s decisio n whe n h e 

makes his , an d Rut h know s of this , 
g) th e outcom e o f th e gam e i f Rut h i s awar e o f Charlie' s decisio n whe n sh e 

makes hers , an d Charli e know s o f this . 

(2,3) 

(0,5) 

(1,4) 

(4,1) 
1 I v ' ' I v ' y I 2. 

(0,5) 

(4,1) 

(2,3) 

(1,4) 

(1,3) 

(2,2) 

(3,1) 

(2,5) 

4. 

(3,1) 

(1,1) 

(2,5) 

(2,2) 
5. 

(5,4) 

(1,4) 

(1,1) 

(4,1) 

(3,2) 

5,5) 
6. 

(1,2) 

(5,6) 

(7,6) 

(3,4) 

(7,8) 

(5,5) 

7. 

(9,0) 

(6,3) 

(3,6) 

(8,1) 

(5,4) 

(2,7) 

(7,2) 

(4,5) 

(1,9) 

(9,0) 

(6 , -3) 

(3 , -6) 

(8 , -1) 

(5 , -4) 

(2 , -7) 

(7 , -2) 

(4 , -5) 

(1 , -9) 

9 

10. 

(1,2) 

(2,1) 

(3 , -1) 

(2,1) 

(-1,2) 

(1,1) 

(1 , -2) 

(3,0) 

(1 , -2) 

(0,0) 

(-2,1) 

(2,2) 

(-2,1) 

(3,0) 

(3,0) 

(2,2) 

(1,1) 

(-3,0) 

(2,1) 

(1 , -1) 

(2,0) 

(0 , -3) 

(1,2) 

(-1,1) 

(0,3) 

(1 , -2) 

(2,2) 

(-1,1) 

(1,2) 

(-2,1) 

(0,3) 

(-1,1) 

Describe th e followin g situation s a s nonzero su m games , 

11. Leade r (A . Coleman ) Tw o motorist s ar e waitin g t o ente r a  heav y strea m 
of traffi c fro m opposit e end s o f a n intersection , an d bot h ar e i n a  hurr y t o 
get t o thei r destinations . Whe n a  gap i n the traffi c occurs , eac h mus t decid e 
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whether t o conced e th e righ t o f wa y t o th e othe r o r t o driv e int o th e gap . 
(Use th e preferentia l rankin g o f th e gam e o f Chicke n t o assig n numerica l 
values t o th e payoffs) . 

12. Battl e o f th e sexe s (Luc e an d Raiffa ) Rut h an d Charlie , wh o ar e happil y 
married, ar e plannin g a n evening' s entertainment . Rut h woul d lik e to g o t o 
the concert a t the Arts Center, and Charlie would rather stay home and watc h 
the bal l game on TV. Still , both woul d rathe r spen d thei r tim e together tha n 
separately. (Us e th e preferentia l rankin g o f th e gam e o f Chicke n t o assig n 
numerical value s t o th e payofTs) . 

13. Tw o league s (Dixi t &  Nalebuff) Tw o footbal l leagues , USFL an d NFL , ar e 
deciding whethe r t o schedul e thei r game s i n th e fal l o r i n th e spring . The y 
estimate tha t 1 0 millio n viewer s wil l watc h footbal l i n th e fall , bu t onl y 5 
million wil l watc h i n th e spring . I f on e leagu e ha s a  monopol y durin g a 
season, i t get s th e entir e market . I f bot h league s schedul e thei r game s fo r 
the sam e season , th e NF L get s 70 % and th e USF L get s 30 % of the market . 

14. Oi l Carte l (Dixi t &  Nalebuff) Rut h an d Charli e ar e the ruler s o f two coun -
tries tha t hav e forme d a n oi l cartel . I n orde r t o kee p th e pric e o f oi l up , 
they hav e agree d t o limi t thei r production s respectivel y t o 4  millio n an d 1 
million barrel s pe r day . Fo r each , cheatin g mean s producin g a n extr a 1  mil-
lion barrels eac h day. Dependin g o n thei r decisions , thei r tota l outpu t woul d 
therefore b e 5 , o r 6 , o r 7  million barrels , wit h correspondin g profi t margin s 
of $16 , $12 , and $ 8 per barrel . 

15. Robber y (Dixi t &  Nalebuff ) Rut h i s typica l homeowner , an d Charli e a n 
average burglar . Rut h i s trying t o decide whether t o keep a gun i n he r hom e 
and Charli e face s th e option s o f whethe r o r no t t o brin g a  gu n t o hi s nex t 
break-in. (Us e preferentia l ranking) . 

16. Altruist' s dilemm a (Heckathorn ) Rut h an d Charlie , wh o ar e married , ar e 
considering thei r Christma s gif t strategy . T o simplify matters , suppos e the y 
can eac h eithe r spen d a  lo t o r a  reasonabl e amoun t o n each other' s presents . 
Use preferentia l rankin g t o displa y thi s a s a  nonzero-su m game . 

17. Assuranc e gam e (Heckathorn ) Ruth an d Charlie are the employees of a firm 
that ha s been remarkably successfu l ove r the las t tw o years. The y kno w tha t 
their bos s ha s mor e tha n enoug h mone y t o giv e them bot h a  raise . Suppos e 
each ha s th e option s o f eithe r no t doin g anythin g a t al l o r els e presentin g 
their bos s wit h th e ultimatum : "I f yo u don' t giv e m e a  rais e I  quit! " Us e 
preferential rankin g t o presen t thi s situatio n a s a  nonzero-su m game . 

18. Privilege d gam e (Heckathorn ) Thi s i s essentially th e sam e a s Ex . 1 7 with 
the additiona l wrinkl e tha t Rut h an d Charli e ar e awar e tha t whe n th e bos s 
caves i n t o on e employee' s ultimatu m h e wil l automaticall y giv e th e othe r 
employee a  smalle r raise . 

19. Doe s every nonzero-su m gam e hav e t o hav e a t leas t on e Pareto optima l out -
come? Justif y you r answer . 

20. Giv e an exampl e o f a  nonzero-sum gam e i n which al l the payoff s ar e distinc t 
and eac h outcom e i s Pareto optimal . 
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MIXE D STRATEGIE S FO R 
NONZERO-SU M GAME S 

Mixed analog s o f th e Nas h equilibriu m an d th e maximi n solution s 
of 2  x  2  nonzero-su m game s ar e offered . Example s fro m 

economics an d biolog y ar e discusse d i n detail . 

Just lik e thei r zero-su m kin , nonzero-su m game s ma y b e repeate d an d thei r 
strategies ma y b e mixed . I n analog y wit h th e content s o f th e previou s chapte r 
we shall discus s bot h mixe d maximi n strategie s an d mixe d Nas h equilibria . 

As was done in the discussion o f zero-sum games , we begin with 2 x2 nonzero -
sum games . A  mixed strateg y fo r th e genera l 2 x 2 gam e 

Charlie 

(ai,fei) 

(03,63) 

(d2,b2) 

(04,64) 

consists o f a  pai r [s,£ ] where s  an d t  ar e nonnegativ e number s suc h tha t 

s + t =  l. 

Ruth's and Charlie' s general mixed strategies will again be denoted by [1—p,p ] 
and [ 1 — q,q],  respectively . I t wil l prov e convenien t t o refe r t o suc h a  pai r o f 
strategies a s a  mixed  strategy  pair.  Whe n Rut h an d Charli e emplo y thes e mixe d 
strategies i n a  nonzero-su m gam e th e expecte d payof f pai r i s computed i n muc h 
the sam e manne r a s i t wa s fo r th e zero-su m games , excep t tha t eac h playe r 
focuses on his own payoffs. Whe n the mixed strategies pair i s ([l-_p,_p], [ 1 —g, q\), 
Ruth's expecte d payof f i s denote d b y e#(p , q) an d Charlie' s expecte d payof f i s 
denoted b y ec(p,q)-
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EXAMPLE 1 . Comput e th e expected payoff s whe n Rut h an d Charlie emplo y 
the mixe d strateg y pai r ([.3 , .7], [.6, .4]) in the game 

(1,2) 

(-1,0) 

(3 , -2) 

(0,4) 

The auxiliar y diagra m 

.6 .4 

(1,2) 

(-1,0) 

(3 , -2) 

(0,4) 

yields 

eR(.7, A)  = . 3 x .6 x 1  + .3 x .4 x 3 + .7 x .6 x (-1) + .7 x .4 x 0 

= .18 + .36 - .4 2 +  0 = .12 

and 

ec(.7, .4) = . 3 x .6 x 2 + .3 x .4 x (-2) + .7 x .6 x 0 + .7 x .4 x 4 

= . 36 - .2 4 + 0 + 1.12-1.24 . 

In the previous chapte r the pure maximin strateg y of either playe r of the gen -
eral 2 x2 nonzero-sum gam e was obtained by each player confinin g hi s attentio n 
to hi s own portion o f the payoff array , an d such als o i s the case fo r the mixed 
maximin strategy.  Eac h playe r wil l b e assume d t o be playin g hi s array a s a 
zero-sum gam e agains t a n irrelevan t opponent , an d the mixed maximi n strat -
egy is that on e which guarantee s th e best possibl e expecte d payoff . Thi s payof f 
constitutes tha t player' s mixed  maximin  value  fo r that game . 

EXAMPLE 2 . Fin d th e mixed maximi n strategie s an d values for the game 

(5,4) 

(4,1) 

(2,2) 

(1,3) 

In thi s game , Ruth' s payoff s are 

5 

4 

2 

1 

which array , whe n viewe d a s a zero-sum gam e playe d by Ruth agains t a n irrele-
vant opponent , ha s a saddle poin t i n its upper righ t han d entry . Consequently , 
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Ruth's mixed maximin strategy i s the pure strategy [1,0 ] and the mixed maximi n 
value is 2. On the other hand , Charlie' s payoff s constitut e th e array 

Charl ie 

4 2 

1 3 

which i s not strictly determined . Sinc e hi s oddments ar e [3 — 2,4 — 1 ] = [1,3] , 
it follow s tha t hi s mixed maximi n strateg y i s [.25 , .75] an d his mixed maximi n 
value is 

. 2 5 x 4 +.7 5 x  2 = 2.5 . 

Since Ruth's and Charlie's portions of the payof f arra y of any nonzero-sum gam e 
are independen t o f each other , ther e wil l be in general n o relationship betwee n 
Ruth an d Charlie's mixe d maximi n values . This , o f course, stand s i n marke d 
contrast t o the state o f affairs i n zero-sum game s wher e th e player's mixe d val -
ues ar e identical (o r each other' s negatives , dependin g o n one's poin t o f view). 
Thus, n o analog o f von Neumann' s Theore m 6. 6 exists fo r the mixed maximi n 
strategies. 

However, in 1950, John Nas h succeede d in transferring th e No Regrets aspec t 
of von Neumann's Theore m to the nonzero-sum context . Th e significance o f this 
achievement wa s underscore d i n 1994 when he was awarde d th e Nobel Priz e for 
economics, i n which disciplin e th e concept o f an equilibrium poin t ha s become 
an indispensabl e theoretica l tool . Th e remainder o f this chapte r i s devoted t o a 
discussion o f Nash's poin t o f view togethe r wit h severa l example s an d applica-
tions. T o formulate thi s ne w version i t wil l agai n b e assumed tha t th e players 
are guided by the No Regrets policy enunciated in the previous chapter . I n other 
words, afte r th e repeated gam e i s done, eac h playe r woul d lik e t o rest assure d 
that n o other behavio r on his part woul d have resulted in a better expecte d pay -
off. Fo r the sake of completeness Nash' s theore m i s stated i n its full generalit y 
even thoug h it s terms canno t b e fully define d here . Thi s genera l statemen t wil l 
be followe d b y a working restricte d version . 

NASH'S THEORE M 3 . Every  n-person  finite  nonzero-sum  game  has  an equi-
librium point. 

The ensuin g discussio n and examples are confined mostl y to two-person 2 x2 
nonzero-sum games . Ou r limited versio n o f Nash's Theore m ca n now be stated 
as follows . 

THEOREM 4 . In  any  2 x2 nonzero-sum  game,  there  is  a mixed strategy  pair 

([1 — p,p], [ 1 — q,q})  such  that 

efl(p, q) > eR(p, q) fo r all p, 0  < p < 1 (1 ) 

and 
ec(P, q)  > ec{P, q) for  al l q, 0  < q < 1. (2 ) 
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Inequality (1 ) of this theore m say s tha t i f both player s adop t th e stipulated 
strategies the n Rut h woul d hav e gaine d naugh t b y adopting an y other strategy . 
In othe r words , havin g employe d th e recommende d strateg y [ 1 — p,p] , Rut h 
has n o cause fo r regret s a s long a s Charli e stick s t o [ 1 — g , q]. Inequalit y (2 ) 
makes a similar assertio n abou t he r opponent: Charli e ha s no cause to regret his 
employment o f [1 — g, q] a s long as Ruth stick s to [1 — p,p]. Th e pai r of strategies 
[1 — p,p], [ 1 — q, q] describe d by this theorem constitut e a  mixed Nash  equilibrium. 
The number s en(p,q)  an d ec(p,q) ar e the game's mixed  value  pair.  Together , 
the mixe d Nas h equilibriu m an d the mixed valu e pai r ar e a Nash  equilibrium 
solution o f the game . 

All know n proof s o f Nash' s Theore m ar e nonconstructive. I n othe r words , 
while the y asser t th e existence o f the mixe d Nas h equilibrium , the y provid e 
no metho d fo r actuall y derivin g it s constituent mixe d strategies . Chapte r 1 4 
describes a  method fo r finding  the mixed Nas h equilibri a o f 2 x 2 nonzero-sum 
games. Th e present chapte r is confined to a description of a method for recogniz-
ing Nas h equilibriu m pairs . Thi s topi c i s very simila r to the issue of recognition 
of maximi n an d minimax strategie s fo r symmetric zero-su m game s discusse d in 
Chapter 9. 

First i t is necessary t o reconsider th e optimal counterstrategie s o f Chapter 3 
in the context o f nonzero-sum games . Sinc e eac h playe r i s concerned onl y wit h 
his own payoffs , i t follows tha t a n optimal counter  strategy i s one tha t maximize s 
a player' s payoff . Consequently , Theore m 3. 1 holds fo r nonzero-sum game s as 
well (se e Exercis e 29) : 

THEOREM 5 . / / one  player  of  a nonzero-sum game  employs  a  fixed strategy, 
then the  opponent has  an optimal counter  strategy that  is  pure. 

EXAMPLE 6 . Suppos e Rut h employ s the strategy [.2 , .8] in the game 

(3,2) 

(0,3) 

(2,D 

(4,4) 

Find a n optimal respons e fo r Charlie. 
We know tha t Charli e has an optimal counterstrateg y tha t i s pure and so we 

compute th e expected payoff s tha t correspon d t o the two pure strategie s tha t 
are availabl e to him. Th e auxiliary diagram s below  contai n Charlie' s 

1 0 0  1 

2 

3 

1 

4 

2 

3 

1 

4 

payoffs onl y and they yiel d 
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. 2 x 2 +  . 8 x3 =  2.8 fo r [1,0] , 

. 2 x l +  . 8 x4 = 3.4 fo r [0,1] . 

Since Charli e i s intereste d i n maximizin g hi s payoff, i t follow s tha t th e pur e 
strategy [0 , 1] , which yield s him a payoff o f 3.4, is an optimal respons e for him. 

EXAMPLE 7 . Suppos e Charli e employ s the strategy [.7 , .3] in the game 

(3,2) 

(0,3) 

(2,1) 

(4,4) 

Find a n optimal respons e fo r Ruth. 
Since Rut h ha s an optima l counterstrateg y tha t i s pure , w e compute th e 

expected payoff s tha t correspon d to the two pure strategie s tha t ar e available to 
her. Th e auxiliary diagram s belo w contai n Ruth' s 

.7 .3 .7 .3 

3 

0 

2 

4 

3 

0 

2 

4 

payoffs onl y and they yiel d 

. 7 x 3 +  . 3 x2 = 2.7 fo r [1,0] , 

. 7 x 0 +  . 3 x4 = 1. 2 fo r [0,1] . 

Since Ruth i s interested i n maximizing her payoff, i t follows tha t th e pure strat -
egy [1,0 ] ,  which yield s her a payoff o f 2.7, is an optimal respons e fo r her. 

We now turn to the issue of recognizing Nas h equilibiria . Suppos e your math -
ematical consultan t ha s provided you , at cost , wit h a  mixe d Nas h equilibriu m 
pair fo r a game tha t i s of interest t o you. Ho w can you be sure tha t th e mathe-
matician ha s not made a  mistake and that yo u are indeed gettin g you r money' s 
worth? Theore m 5  above provide s us with a  straightforward metho d fo r check-
ing on the proposed strateg y pair . On e need merel y verif y tha t non e of the pur e 
strategies a t each player' s disposa l provid e tha t playe r wit h a  better payof f tha n 
that resultin g fro m th e proposed Nas h equilibriu m pair . 

EXAMPLE 8 . Verif y tha t th e mixed strateg y pai r ([.5 , .5] , [.4, .6]) constitute s 
a mixe d Nas h equilibriu m fo r the game 

(3,2) 

(0,3) 

(2,1) 

(4,4) 
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Ruth's an d Charlie' s payoff s fo r th e propose d Nas h equilibriu m pai r ar e respec -
tively, 

.4 . 6 

.5 

.5 

(3,2) 

(0,3) 

(2,D 

(4,4) 

e/j(.5, .6 ) =  . 5 x . 4 x 3  + . 5 x . 6 x 2  + . 5 x . 4 x 0  + . 5 x . 6 x 4 

= .6 + .6 + 1. 2 =  2.4 , 

and 

ec( .5, .6) =  . 5 x . 4 x  2  + . 5 x . 6 x 1  + . 5 x . 4 x 3  + . 5 x . 6 x 4 

= .4 + .3 + .6 + 1. 2 =  2.5 . 

Is it possible for Ruth to improve her payoff by switching to an alternate strategy ? 
If so, then ther e mus t b e a  pure alternat e strateg y tha t allow s her t o accomplis h 
this. However , th e auxiliar y diagram s below  bot h yiel d payoff s o f 

.6 

(3,2) 

(0,3) 

(2,1) 

(4,4) 

0 

1 

.4 

(3,2) 

(0,3) 

.6 

(2,1) 

(4,4) 

. 4 x 3 +  . 6 x 2 =  2. 4 fo r [1,0] , 

. 4 x 0 + . 6 x 4 =  2. 4 fo r [0,1] , 

both o f which equa l th e valu e o f e#(.5 , .6) compute d above . Thi s demonstrate s 
that Rut h stand s t o gai n nothin g b y switching t o an y alternat e pur e (o r mixed ) 
strategy. Thus , th e propose d Nas h equilibriu m pai r ca n caus e Rut h n o regrets . 

Does Charli e hav e an y caus e fo r regrets ? Th e auxiliar y diagram s belo w yiel d 
payoffs 

1 0 0  1 

(3,2) 

(0,3) 

(2,1) 

(4,4) 

(3,2) 

(0,3) 

(2,1) 

(4,4) 

. 5 x 2 +  . 5 x 3 =  2. 5 fo r [1,0] , 

.5x 1 + . 5 x 4 =  2. 5 fo r [0,1] , 
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both o f whic h equa l th e valu e o f ec(-5 , .6) compute d above . Thus , Charli e ha s 
no cause fo r regret s either . 

The conclusio n i s tha t th e strateg y pai r ([.5 , .5], [.4, .6]) constitute s a  Nas h 
equilibrium pai r fo r th e give n game . 

The sam e metho d ca n als o b e use d t o recogniz e strateg y pair s tha t ar e no t 
Nash equilibria . 

EXAMPLE 9 . Decid e whethe r ([!>§ ] >[|>§] ) constitute s a  Nas h equilibriu m 
pair fo r th e gam e 

(5,1) 

(0,0) 

(0,0) 

(1,5) 

The expecte d payoff s correspondin g t o th e propose d strateg y pai r ar e 

1/6 5/ 6 

1/3 " ~ 

2/3 

(5,1) 

(0,0) 

(0,0) 

(1,5) 

1 1  r  2  5  ,  5 + 1 0 
H\316J 3  6  3  6  1 8 

ec 

2 5 
3 ' 6 
2 5 
3 ' 6 

1 1  i  2  5  t - x - x l +  - x - x 5 : 
3 6  3  6 

15 _  5 
18 ~  6 ' 

14-50 _ _ 51 _  1 7 
18 ~ ~ 18 ~  ~6~ ' 

To see whether Rut h ha s an y caus e fo r regret s w e compute th e payoff s o f th e 
auxiliary diagram s belo w a s 

1/6 

(5,1) 

(0,0) 

5/6 

(0,0) 

(1,5) 

1/6 

(5,1) 

(0,0) 

5/6 

(0,0) 

(1,5) 

^ x 5 = 5 fo r [1,0] , 

X 1 for [0,1] . 

As thes e alternat e payoff s equa l th e valu e o f e # ( | , | ) , Rut h stand s t o gai n 
nothing b y relinquishin g th e give n strateg y [| , §] • Passin g o n t o Charlie , th e 
auxiliary diagram s fo r th e alternat e pur e strategie s yiel d payoff s 
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1/3 

2/3 

(5,1) 

(0,0) 

(0,0) 

(1,5) 

1 
- X 
3 H 

1/3 

2/3 

for [1,0] , 

(5,1) 

(0,0) 

(0,0) 

(1,5) 

x 5 for [0,1] . 
10 

3 ~  3 

Since th e secon d o f these , ^  =  3.3 , exceeds th e valu e ^  =  2.1 6 o f ec  (§?§) > 
it follow s tha t Charli e coul d improv e hi s payof f b y abandonin g th e propose d 
strategy o f [| , | ] i n favo r o f th e pur e strateg y [0 , 1] . Hence , th e give n mixe d 
strategy pai r doe s no t constitut e a  Nas h equilibrium . 

We offe r th e reade r a n alternat e wa y o f visualizin g th e definin g propertie s 
of th e Nas h equilibrium . Suppos e th e value s o f e#(p , q) an d ec(p , <?), p  = 
0, .2 , .4 , .6 , .8 , 1 , q  = 0 , .2 , .4 , .6 , .8 , 1  are tabulate d fo r th e gam e 

(3,1) 

(1,2) 

(1,5) 

(4,1) 

in th e for m 

0 

0.2 

0.4 

0.6 

0.8 

1 

0 

(3,1) 

(2.6,1.2) 

(2.2,1.4) 

(1.8,1.6) 

I (1.4,1.8 ) 

(1,2) 

0.2 

(2.6,1.8) 

(2.4,1.8) I 

(2.2,1.8) 1 

(2,1.8) J 

(1-8,1.8) I 

(1.6,1.8) 

0.4 

J (2.2,2.6) ; 

I (2.2,2.4 ) ! 

(2.2,2.2) i 

(2.2,2) 

: (2.2,1.8 ) : 

! (2.2,1.6 ) 1 
L _ J 

1 0. 6 

| (1.8,3.4 ) 

(2,3) 

1 (2.2,2.6 ) 

1 (2.4,2.2 ) 

[ (2.6,18 ) 

1 (2.8,1.4 ) 

0.8 

(1.4,4.2) 

(1.8,3.6) 

(2.2,3) 

(2.6,2.4) 

(3,1.8) 

(3.4,1.2) 

1 

(1,5) 

(1.6,4.2) 

(2.2,3.4) 

(2.8,2.6) 

(3.4,1.8) ! 

(4,1) 

Observe tha t i n the q  = . 4 column, th e first  entr y o f all of the payof f pair s ha s 
the constan t valu e o f 2.2 , an d tha t i n th e p  =  . 8 row, th e secon d entr y ha s th e 
constant valu e o f 1.8 . Consequentl y th e mixe d strateg y pai r ([.2 , .8] , [.6 , .4] ) i s 
a Nas h equilibriu m sinc e neither playe r stand s t o gai n anythin g b y changing hi s 
mixed strategy . 

While such a  tabl e ca n be a  usefu l pedagogica l tool , it s construction i s rathe r 
laborious an d th e detail s ar e greatly dependen t o n th e exac t numerica l value s of 
the constituent mixe d strategie s o f the equilibrium. N o more space will therefor e 
be devote d t o suc h table s i n thi s text . 
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The nex t tw o example s ar e mean t t o demonstrat e th e wid e rang e o f applica -
bility of the notion o f a mixed Nash equilibrium. The y com e from th e discipline s 
of economics an d biology , respectively . 

T H E J O B APPLICANTS . I n th e previou s chapte r w e modele d a  situatio n 
wherein Rut h an d Charli e wer e allowed t o appl y t o on e of two positions offerin g 
salaries 2 a an d 2 6 respectively, a s the gam e 

app 
firm 1 

Charlie 
plies to 

firm 2 

Ruth applie s t o 
firm 1 

firm 2 

(a, a) 

(26,2a) 

(2a, 26) 

(6,6) 

It wa s note d abov e tha t thi s gam e alway s ha s pur e Nas h equilibri a whos e exac t 
values depen d o n th e relativ e size s o f a  an d 6 . Specifically , i f neithe r salar y 
exceeds doubl e th e other , i.e. , i f 

b <2a an d a  <  26, 

then th e outcome s correspondin g t o th e payoff s (2a , 26) an d (26,2a ) constitut e 
pure Nas h equilibria . I n tha t case , however , th e gam e als o possesse s a  mixe d 
Nash equilibriu m (se e Ex. 18 ) eac h o f whose strategie s i s 

2 a - 6 2 6 - a 
a +  6  '  a  -f 6 

The components o f this common strateg y ca n be interpreted a s this model's pre -
dictions fo r th e probabilitie s o f Ruth (o r Charlie ) applyin g t o the correspondin g 
firm. I.e. , i f a  <  26 and 6  < 2a , the n 

2 a - 6 

a +  6 
2b-a 
a + b 

is the predicte d probabilit y o f Ruth applyin g t o fir m 1 

is the predicte d probabilit y o f Rut h applyin g t o fir m 2 . 

For example, i f firms 1  and 2  offer salarie s of $20,000 and $30,00 0 respectively , 
then a  = $10,000 , 6  = $15,000 , an d thi s mode l predict s tha t th e probabilit y o f 
a playe r applyin g fo r fir m 2' s positio n i s 

2 x 15,000-10,00 0 _  20,00 0 
10,000+15,000 ~  25,00 0 " " " 

On th e othe r hand , i f eithe r a  >  2 6 or 6  > 2a , or , i n othe r words , i f on e o f th e 
salaries i s more tha n doubl e th e other , the n al l th e Nas h equilibri a ar e th e pur e 
ones tha t wer e alread y discusse d i n Chapte r 1 2 . 

This analysi s provide s economist s wit h a  startin g poin t fo r a n investigatio n 
of th e questio n o f wha t effec t wag e differential s hav e o n th e poo l o f applicants . 
The detail s o f thi s investigatio n fal l outsid e th e scop e o f this book . 
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AN EVOLUTIONAR Y GAME . I n recent year s biologica l evolutio n ha s offere d 
some applications of Nash equilibria as well. I n many specie s mating is preceded 
by a duel between the males. Stag s shove each other with their antlers and snake s 
have wrestlin g matches . Th e winner get s to mate. Simila r intraspecie s contest s 
result fro m territoria l disagreements . A  surprisin g aspec t o f these contest s i s 
that natur e seem s to be pulling it s punches. Som e individual s ru n rather tha n 
fight. Stag s do not gore each other' s vulnerabl e side s and in some species snake s 
do not bite each other . Thi s is , of course, quit e sensible behavior for the species, 
and th e biologists Maynar d Smit h an d Price hav e constructe d a  game theoreti c 
model for these contest s in which thi s moderate d ferocit y i s explained a s a Nash 
equilibrium. A n unusual feature of this game is that i t pits the species in question 
against itself . 

To defin e th e game, w e stipulate a  specie s whos e individual s engag e i n in-
traspecies duels . Eac h suc h confrontatio n constitute s a  pla y o f the game. Th e 
individual member s o f the species ar e classified a s either Hawks  o r Doves.  A 
Hawk alway s attacks in a confrontation an d a Dove always runs away . Th e win -
ner o f a confrontatio n get s t o mate , o r get s th e better territory , an d so he is 
in a  bette r positio n t o propagate hi s genes. I n the event o f an actual physica l 
struggle, th e loser sustain s a n injury. Th e payoff t o the species of a single pla y 
consists o f the effect th e duel ha s on the individual's abilit y t o reproduce , a n 
elusive quantit y calle d hi s fitness.  I t wil l b e assumed tha t th e confrontation' s 
winner's fitness  i s augmented b y amount 2a , and that a  fight's  loser' s fitness  i s 
reduced b y amount 2 6 (the 2 is introduced her e int o th e payoffs jus t i n orde r 
to simplif y th e subsequent calculations) . Th e precise payoff s ar e computed a s 
follows: 
Hawk vs . Hawk : Th e two contestants continu e fighting  unti l on e is injured . 
Inasmuch a s each has a 50% chance o f winning (an d gaining 2a ) or losing (and 
losing 26) , each of them i s assigned th e payoff 

50% x 2a + 50% x (-26) = a  - 6 . 

Hawk vs . Dove : Sinc e the Dove run s away , n o physical struggl e take s place ; 
Hawk gain s 2a and Dove neithe r gain s nor loses anything . 
Dove vs . Dove : Agai n eac h contestan t ha s a 50 % chance o f adding 2 a to his 
fitness, bu t a s there i s no physical fight,  ther e i s no question o f injury. Thus , 
each playe r i s assigned th e payoff 

50% x 2a = a. 

The resultin g nonzero-su m gam e has the array 

Hawk Dov e 

(a — b, a — b) 

(0,2a) 

(2a, 0) 

(a, a) 

In thi s gam e bot h Rut h an d Charlie represen t th e same species , and each pla y 
consists o f a confrontatio n betwee n som e individuals . Th e pure strateg y [1 , 0] 
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calls fo r th e specie s t o evolv e Hawk s only . Th e pur e strateg y [0 , 1 ] calls fo r th e 
species to evolv e Doves only. A  mixed strateg y consist s o f evolving a  mixtur e of 
both Hawk s an d Dove s withi n th e species . Suc h a  strateg y woul d presumabl y 
be encode d int o th e species ' genes . However , mutation s d o occu r wit h hig h 
frequency, an d i t i s reasonable t o assum e tha t whateve r strateg y i s now in effec t 
could no t b e improve d upo n b y an y mutations . After  all , i f a  chang e (tha t 
is interna l t o th e species ) coul d improv e o n it s overal l fitness , then , give n th e 
amount o f tim e mos t specie s hav e bee n i n existence , suc h a  chang e woul d hav e 
in al l likelihoo d take n plac e a  lon g tim e ago . Thus , i t i s reasonable t o conclud e 
that th e curren t rati o o f Hawk s t o Dove s i n thi s specie s i s a  stabl e quantit y 
that maximize s it s overal l fitness . I t wil l no w b e argue d tha t th e optimalit y o f 
this rati o implie s tha t i t actuall y come s fro m a  mixe d Nas h equilibriu m o f th e 
nonzero-sum gam e (3) . 

Let us consider the mathematical analog of this optimality argument . Suppos e 
the species is currently using the mixed strategy [1—p,p] , i.e., its Hawks-to-Dove s 
ratio is now ( 1 — p) :  p. Eac h individual' s confrontatio n the n augment s hi s fitnes s 
by th e expecte d payof f compute d fro m th e auxiliar y diagra m 

l-p 

P 

l - p 

(a — b, a — b) 

(0,2a) 

P 

(2a, 0) 

(a, a) 

This valu e i s 

efl(p,p) =  e c(p,p) =  ( 1 -pf{a -  b)  + p( l -  p)2a  +  p 2a 

= p 2(a -  b  - 2a  + a)  +  p(-2(a  -  b)  + 2a ) + l( a -  6 ) 

= -p 2 6 +  2p 6 + o - 6 . 

The reaso n e#(p,p ) an d ec{p,p)  ar e equa l i s tha t bot h Rut h an d Charli e rep -
resent th e same  species . Th e actua l commo n valu e o f thes e tw o expression s 
is i n fac t immateria l a t thi s point . I t i s onl y necessar y t o kee p i n min d tha t 
e/*(p,p) =  ec(p,p) . 

Suppose now that a  comparatively smal l subpopulation o f this species mutate s 
and begin s breeding Hawks and Doves  with a  mixed strategy o f [ 1 —p,p] for som e 
p jz  p.  Sinc e thi s subpopulatio n i s presume d small , it s individual s will  mostl y 
be confrontin g norma l individuals , an d henc e th e expecte d incremen t t o th e 
mutated individual' s fitnes s fro m eac h battl e i s th e commo n valu e o f e#(p,p ) 
and ec(PiP)  tha t correspon d t o th e auxiliar y diagram s 

Normal populatio n 
l-p p 

Mutated 
population 

l-p (a — b,a —  b) 

(0,2a) 

(2a, 0) 

(a, a) 
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or 
Mutated populatio n 

1 - p p 

Normal 
population 

(a — b, a — b) 

(0,2a) 

(2a, 0) 

(a, a) 

The norma l individual , however , stil l confront s mostl y othe r norma l individual s 
and henc e hi s fitnes s i s augmented b y th e sam e quantit y a s before , namely , 

e/e(p,p) =  ec(p,p) . 

The abov e Panglossia n argumen t tha t mutate d strategie s wil l not improv e upo n 
the existin g strateg y entails , amongs t others , th e inequalitie s 

en (p, p) >  eR (p, p) an d e c (p , p) >  e c (p , p). 

These inequalities , however , ar e tantamoun t t o th e N o Regret s guidelin e since , 
if w e interpre t gam e (3 ) a s a  gam e betwee n th e distinc t opponent s Rut h an d 
Charlie, these inequalities say that neithe r Ruth no r Charli e could have improved 
their expecte d payoff s b y changin g fro m th e strateg y [ 1 — p,p ] t o an y othe r 
strategy [1—p,p] . Thus , the existing Hawks and Doves breeding strategy [1—p,p ] 
constitutes a  mixe d Nas h equilibriu m strateg y o f game (3) . Le t u s examin e th e 
Nash equilibri a o f thi s game . 

If a  >  6, then a  — b > 0  and th e outcom e wit h payof f (a  — 6, a — b) constitute s 
the onl y (pur e o r mixed ) Nas h equilibriu m (Exercis e 14.31) . Th e associate d 
pure strateg y i s [1 , 0]. Thi s ca n b e interprete d a s sayin g tha t i f th e advantag e 
of winnin g outweigh s th e injurie s tha t accompan y a  loss , the n th e specie s wil l 
breed onl y Hawks . 

If a  <  6 , the n (Exercis e 14.32 ) ther e ar e tw o pur e Nas h equilibri a wit h re -
spective payoff s (2a , 0) an d (0,2a ) an d anothe r mixe d Nas h equilibriu m wit h 
strategies 

[1-PSP] =  [l-&£] = a a 
Lb' b 

The pur e Nas h equilibri a ca n b e ignored sinc e each ha s [1 , 0] as the strateg y fo r 
one player an d [0 , 1] as the other player' s strategy -  an impossible situation give n 
that bot h player s stan d fo r on e an d th e sam e species . Thi s leave s u s wit h th e 
mixed Nas h equilibriu m a s th e on e tha t describe s th e species ' Hawks-to-Dove s 
ratio. Not e tha t a s a  diminishe s i n compariso n t o 6 , thi s mode l predict s tha t 
the specie s wil l bree d fewe r an d fewe r Hawks . I n particular , i f a  =  1  and 6  = 3 
i.e., i f the effec t o f a n injur y fro m a  due l outweigh s th e benefit s o f winning b y a 
factor o f 3-to-l , the n thi s mode l predict s tha t onl y 

a 

b 

of the individual s o f the specie s wil l be Hawks . 
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Given th e inherentl y inaccurat e natur e o f the payoffs , th e final  case , a  =  6, 
because of the exact equalit y i t demands, i s of course unlikely to occur in reality. 
Exercise 14.3 4 asserts tha t i n this cas e Hawk s alon e wil l be bred. 

An alternat e interpretatio n o f the Nash-equilibrium strateg y [ 1 — p,p] i n thi s 
evolutionary gam e is that i t constitutes a  ferocity index . O n a scale of 0 (Hawk ) 
to 1  (Dove) , th e quantity 5  denotes th e willingness t o fight  tha t evolutio n ha s 
encoded int o th e genes o f that species . Thi s coul d explai n why , when fighting 
each other , th e aforementioned snake s wrestl e rathe r tha n bite . 

m x  n  nonzero-su m games . Al l the concepts developed here for 2x2 nonzero-
sum game s appl y t o large r game s a s well . A n m  x  n  nonzero-su m gam e i s a 
rectangular arra y of m rows and n columns in which each entry is a pair o f num-
bers. Th e entry i n the ith row and j th colum n i s denoted b y (a>ij,bij).  Give n 
two mixe d strateg y pai r ([pi,P2,-- - ,Pm],  [QI,Q2, •  • • ,Qn])i Rut h an d Charlie' s 
expected payoffs , denote d b y e# and ec respectivel y ar e computed a s 

eR =  sum of all Pi x qj  x  aij i  —  1,2,... ,  m, j =  1 , 2 , . .. ,  n, 

ec =  sum of all pi x  qj x  bij 2  =  1,2,.. . ,  m, j =  1,2,.. . ,  n. 

EXAMPLE 10 . Comput e the expected payoff s whe n Rut h an d Charlie use the 
mixed strateg y pai r ([.5 , .2, .3], [.1, .2, .3, .4]) in the nonzero-sum gam e 

(1.2) 

(1 . -3) 

(3,2) 

(o,-i) 
(0,0) 

(1,1) 

(3,1) 

(2,1) 

(-1,1) 

(-2,0) 

(-1,1) 

(3 , -1) 

The auxiliar y diagra m 

.1 . 2 . 3 . 4 

(1,2) 

(1 , -3) 

(3,2) 

(o,-i) 

(0,0) 

(1,1) 

(3,1) 

(2,1) 

(-1,1) 

(-2,0) 

(-1,1) 

(3 , -1) 

yields the expected payoff s 

eR =  .5 x .1 x 1  + . 5 x . 2 x 0 4- .5 x . 3 x 3 + . 5 x .4 x (-2 ) 

+ . 2 x . 1 x 1  -h .2 x . 2 x 0 + . 2 x . 3 x 2  + . 2 x . 4 x (-1 ) 

+ . 3 x . 1 x 3 + . 3 x . 2 x 1  + . 3 x . 3 x (-1 ) + . 3 x . 4 x 3 

= .0 5 4- .45 - . 4 4 .0 2 4 .1 2 - .0 8 4 .0 9 4 .0 6 - .0 9 4 .3 6 = .58, 



148 13. MIXE D STRATEGIE S FO R NONZERO-SU M GAME S 

ec =  . 5 x . 1 x 2  + . 5 x . 2 x (-1 ) +  . 5 x . 3 x 1  + . 5 x . 4 x 0 

+ . 2 x . 1 x (-3 ) +  . 2 x . 2 x 0  + . 2 x . 3 x 1  + . 2 x . 4 x 1 

-f . 3 x . 1 x 2  + . 3 x . 2 x 1  -h .3 x . 3 x 1  + . 3 x . 4 x  (-1 ) 

= . 1 - . 1 + .1 5 - .0 6 4- .06 4- .08 + .0 6 4- .06 + .0 9 - .1 2 = .32 . 

Theorem 5  offers th e sam e guidance i n the searc h fo r optimalit y i n thi s wide r 
context a s well . 

EXAMPLE 11 . I f Ruth employs the strategy [.5 , .2 , .3] in the game of Example 
10, find  a n optima l counterstrateg y fo r Charlie . 

The auxiliar y diagram s 

1 0 0  0 

(1,2) 

(1 , -3) 

(3,2) 

(o,-i) 
(0,0) 

(1,1) 

(3,1) 

(2,1) 

(-1,1) 

(-2,0) 

(-1,1) 

(3 , -1) 

0 1 0 0 

(1,2) 

(1 , -3) 

(3,2) 

(o,-i) 
(0,0) 

(1,1) 

(3,1) 

(2,1) 

(-1,1) 

(-2,0) 

(-1,1) 

(3 , -1) 

0 0  1 0 

(1,2) 

(1 , -3) 

(3,2) 

(o,-i) 
(0,0) 

(1,1) 

(3,1) 

(2,1) 

(-1,1) 

(-2,0) 

(-1,1) 

(3 , -1) 

0 0  0  1 

(1,2) 

(1 , -3) 

(3,2) 

(o,-i) 
(0,0) 

(1,1) 

(3,1) 

(2,1) 

(-1,1) 

(-2,0) 

(-1,1) 

(3 , -1) 

yield th e followin g payoff s fo r Charlie : 
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e c =  . 5 x 2 +  .2 x (-3 ) +  . 3 x 2 =  1  - . 6 4- .6 = 1  fo r [1,0,0,0] , 

ec =  . 5 x (-1 ) +  . 2 x 0  + . 3 x 1  = - . 5 4 - .3 = - . 2 fo r [0,1,0,0] , 

e c =  . 5 x 1  + . 2 x 1  + . 3 x 1  = . 5 + . 2 + . 3 = 1  fo r [0,0,1,0] , 

ec =  . 5 x 0  4- .2 x 1  + . 3 x (-1 ) =  . 2 - . 3 = - . 1 fo r [0,0,0,1] . 

Since 1  is the larges t o f thes e payoffs , i t follow s tha t bot h [1 , 0, 0 , 0 ] an d [0 , 0 , 
1, 0] are optima l counte r strategies fo r Charlie . 

The procedur e use d t o chec k o n propose d Nas h equilibriu m pair s fo r 2  x  2 
games ca n b e applie d i n th e mor e genera l contex t o f m  x  n  game s a s well . 

EXAMPLE 12 . Sho w that ([.4 , .4, .2], [.2, .6,0, .2]) is a Nash equilibrium fo r th e 
nonzero-sum gam e 

(0,1) 

(1,0) 

(1,0) 

(1,0) 

(0,1) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(0,1) 

(2 , -1) 

(-1,2) 

.2 

(0,1) 

(1,0) 

(1,0) 

.6 

(1,0) 

(0,1) 

(1,0) 

0 

(1,0) 

(1,0) 

(1,0) 

.2 

(0,1) 

(2,-1) 

(-1,2) 

The auxiliar y diagra m 

.4 

.4 

.2 

yields th e expecte d payoff s 

eR =  . 4 x  . 6 x 1  - f . 4 x . 2 x  1  + . 4 x . 2 x 2  4- .2 x . 2 x 1  4 . 2 x . 6 x  1 

+ . 2 x  . 2 x  (-1 ) =  .2 4 + .0 8 4- .16 4- .04 4- .12 - .0 4 = .6 , 

e c =  . 4 x . 2 x 1  4 . 4 x . 2 x  1  + . 4 x . 6 x 1  4- .4 x . 2 x  (-1 ) 4 - .2 x . 2 x 2 

= .0 8 + .0 8 + .2 4 - .0 8 + .0 8 = .4 . 

On th e othe r hand , i f Charli e stick s t o hi s [.2 , .6 , 0 , .2 ] an d Rut h experiment s 
with he r pur e strategies , sh e get s th e payoff s 

.6 x 1  = . 6 fo r [1,0,0] , 

.2 x 1 4 . 2 x  2  = .6 , fo r [0,1,0] , 

.2 x 1  4 . 6 x  1  + . 2 x (-1 ) =  . 6 fo r [0,0,1] , 
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all of which equal the value of 6R.  Thus , Ruth has no reason to abandon her given 
strategy. I f Rut h stick s t o he r strateg y o f [.4 , .4 , .2 ] an d Charli e experiment s 
with hi s pure strategies , h e get s th e payoff s 

.4 x 1  = . 4 

.4 x 1  = . 4 

0 

Ax l  +  .4 x (~l ) +  . 2 x 2 

for [1,0,0,0] , 

for [0,1,0,0] , 

for [0,0,1,0] , 

.4 fo r [0,0,0,1] , 

none o f whic h i s bette r tha n th e valu e o f ec  (not e tha t on e i s actuall y worse) . 
Thus, Charli e has no reason t o regret stayin g with the give n strategy either , an d 
so the give n strateg y pai r i s indeed a  Nas h equilibrium . 

Chapter Summar y 

The notio n o f a  mixe d Nas h equilibriu m poin t o f a  nonzero-su m gam e wa s 
defined. Nash' s existenc e theore m wa s state d fo r 2  x  2  game s an d a  metho d 
for th e verificatio n o f Nash equilibiri a wa s provided. Application s t o theoretica l 
economics an d biolog y wer e discussed . 

Dove 

ec(p,q) 
ZR 

Evolutionary gam e 

Job applicant s 
Mixed strateg y pai r 

Chapt< 
144 

135 
147 
144 

143 
135 

er Term s 

ec 
Equilibrium solutio n 

eRfaq) 
Hawk 

Mixed Nas h equilibriu m 

147 

138 
135 
144 

138 

E X E R C I S E S 1 3 

Compute th e expecte d payof f whe n th e game s o f Exercise s 1- 6 ar e playe d wit h 
the specifie d mixe d strateg y pairs . 

1. 

3. 

(4,4) 

(1,0) 

(4,1) 

(1,1) 

(4,0) 

(1,2) 

(0,1) 

(1,1) 

(0,2) 

(1,0) 

(0,1) 

(1,-5) 

([•7, .3], [.2, .8]) 

([•2, -8] , [.5, .5]; 

([.3, .7], [.8, .2]) 
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4 

5 

6. 

(4,3) 

(1,0) 

(4,2) 

(1,2) 

(1,4) 

(2,0) 

(0,2) 

(1,1) 

(0,1) 

(1,0) 

(1,1) 

(0,1) 

([.7, .3] , [0, 1]) 

([1, 0] , [0 , 1]) 

([•I, -9] , [-5, .5] ) 

For eac h o f the game s i n Exercise s 7-12 : 
a) Determin e th e mixe d maximi n strategie s an d values ; 
b) Decid e whethe r th e specifie d mixe d strategie s pai r constitute s a  Nas h 

equilibrium. 

7 

8 

9 

in 

ii 

12. 

(3,2) 

(2,3) 

(3,2) 

(2,3) 

(3,2) 

(2,3) 

(2 , -3) 

(0,1) 

(2 , -3) 

(0,1) 

(2 , -3) 

(0,1) 

(2,4) 

(4 , -3) 

(2,4) 

(4 , -3) 

(2,4) 

(4 , -3) 

(-1,3) 

(1 , -2) 

(-1,3) 

(1 , -2) 

(-1,3) 

(1 , -2) 

U 2 ' 2 1 >  L 3 ' 3 1 / 

V L 4 ' 4 1 ' L 2 ' 2 1 / 

U 4 > 4 J '  L 3 ' 3 1 / 

\ L 3 ' 3 1 ' L3 ' 3 1 / 

U 3 ? 3 1 ' L 2 ' 2 1 / 

([UHUD 
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13. Decid e whethe r th e strateg y pai r ( [ | ? 0 , | , | ] ,  [|?f?0]) constitute s a  Nas h 
equilibrium fo r th e nonzero-su m gam e 

(1,1) 

(0,2) 

(1,1) 

(-1,3) 

(0,2) 

(-1,3) 

(0,2) 

(2,0) 

(-1,3) 

(2,0) 

(1,1) 

(0,2) 

14. Decid e whether the strategy pai r ( [ | , | , 0 , |] ,  [|, 0 , |, | ] ) constitute s a  Nash 
equilibrium fo r th e nonzero-su m gam e 

(1,0) 

(1,0) 

(-1,2) 

(0,1) 

(0,1) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(-1,2) 

(1,0) 

(1,0) 

(-1,2) 

(1,0) 

(1,0) 

(1,0) 

15. Decid e whether the strategy pai r ([0 , f, f , f  ] , [f > f > f  > 0]) constitute s a  Nash 
equilibrium fo r th e nonzero-su m gam e 

(-1,2) 

(1,0) 

(0,1) 

(1,0) 

(1,0) 

(-1,2) 

(1,0) 

(-1,2) 

(0,1) 

(1,0) 

(-1,2) 

(1,0) 

(1,0) 

(0,1) 

(1,0) 

(-1,2) 

16. Decid e whether th e strategy pai r ([§ ? 05 §5 §] ?  [P » f> f > f  ]) constitute s a  Nash 
equilibrium fo r th e nonzero-su m gam e 

(-1,2) 

(1,0) 

(0,1) 

(1,0) 

(1,0) 

(-1,2) 

(1,0) 

(-1,2) 

(0,1) 

(1,0) 

(-1,2) 

(1,0) 

(10) 

(0 1 ) 

(10) 

(-1,2) 

17. Decid e whether the strategy pai r ([f , 0 , |, | ] ,  [|, f , | , 0] ) constitute s a  Nash 
equilibrium fo r th e nonzero-su m gam e 
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(-1,2) 

(1,0) 

(0,1) 

(1,0) 

(1,0) 

(-1,2) 

(1,0) 

(-1,2) 

(0,1) 

(1,0) 

(-1,2) 

(1,0) 

(1,0) 

(0,1) 

(1,0) 

(-1,2) 

18*. Sho w that the strategy pai r 

Nash equilibriu m fo r th e Jo b Applicant s gam e wheneve r neithe r salar y ex -
ceeds doubl e th e other . 

19. Suppos e a  =  $12,00 0 an d b  = $25,00 0 i n th e Jo b Applicant s game . Wha t i s 
the predicte d probabilit y o f Ruth applyin g t o th e positio n offere d b y 

a) Fir m 1 ? b)  Fir m 2 ? 
20. Suppos e a  =  $24,00 0 an d 6  = $20,00 0 i n th e Jo b Applicant s game . Wha t i s 

the predicte d probabilit y o f Ruth applyin g t o th e positio n offere d b y 
a) Fir m 1 ? b)  Fir m 2 ? 

21. Suppos e a  =  $10,00 0 an d b  = $12,00 0 i n the Jo b Applicant s game . Wha t i s 
the predicte d probabilit y o f Ruth applyin g t o th e positio n offere d b y 

a) Fir m 1 ? b)  Fir m 2 ? 
22. Suppos e a  =  $50,00 0 an d b  = $20,000 i n th e Jo b Applicant s game . Wha t i s 

the predicte d probabilit y o f Ruth applyin g t o th e positio n offere d b y 
a) Fir m 1 ? 6 ) Fir m 2 ? 

23. Suppos e a  =  $12,00 0 an d b  = $18,00 0 i n th e Jo b Applicant s game . Wha t i s 
the predicte d probabilit y o f Ruth applyin g t o th e positio n offere d b y 

a) Fir m 1 ? b)  Fir m 2 ? 
24. Suppos e a  =  $11,00 0 an d b  = $26,000 i n the Jo b Applicant s game . Wha t i s 

the predicte d probabilit y o f Ruth applyin g t o th e positio n offere d b y 
a) Fir m 1 ? b)  Fir m 2 ? 

25. Suppos e a  =  2  and b  = 3  in the Maynard-Smith &  Price Evolutionary Game . 
What i s the predicte d proportio n o f 

a) Hawks ? 6 ) Doves ? 
26. Suppos e a  =  3  and b  = 2  in the Maynard-Smit h &  Price Evolutionary Game . 

What i s the predicte d proportio n o f 
a) Hawks ? b)  Doves ? 

27. Suppos e a  =  1 5 an d b  =  9  i n th e Maynard-Smit h &  Pric e Evolutionar y 
Game. Wha t i s the predicte d proportio n o f 
a) Hawks ? 6 ) Doves ? 

28. Suppos e a  =  6  an d b  =  1 5 i n th e Maynard-Smit h &  Pric e Evolutionar y 
Game. Wha t i s the predicte d proportio n o f 
a) Hawks ? 6 ) Doves ? 

29*. Prov e Theore m 5 . 

2a-b 2b-a 
; o+ 6 ? o+ 6 

2a-b 26- a 
a+6 '  a+ 6 constitutes a mixed 
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FINDIN G  MIXE D NAS H EQUILIBRI A 
FO R 2 x 2 NONZERO-SU M GAME S 

A graphica l metho d fo r finding  th e mixe d Nas h equilibri a o f 
2 x 2 nonzero-su m game s i s described . 

All known proof s o f Nash' s Theore m ar e nonconstructive . I n othe r words , whil e 
they asser t th e existence of the mixed Nash equilibrium, the y provide no metho d 
for actuall y derivin g it s constituen t mixe d strategies . However , a  graphica l 
method fo r finding  thes e equilibri a fo r 2  x  2  game s i s know n an d wil l no w b e 
presented. Fo r thi s purpos e i t i s convenien t t o hav e a n explici t formul a fo r th e 
expected payof f whe n a  give n mixe d strateg y pai r i s used . Th e subsequen t dis -
cussion an d eventua l proo f pertai n t o th e gam e 

Charlie 

Ruth 

The followin g statemen t i s easily verifie d b y a  referenc e t o th e appropriat e aux -
iliary diagra m (Exercis e 28) . 

/ / Ruth  and  Charlie  are  employing  mixed  strategy  pairs  ([ 1 — p,p], [1 — q,q]) 
in the  general  2 x 2 nonzero-sum  game  of,  then 

e«(p, q) =  (« i -a 2-as+ a 4)pq +  (a 3 -  a x)p +  (a 2 -  a x)q +  o i 

and (1 ) 

ecO, q)  = O i -  h  -  6 3 + b 4)pq + (6 3 - h)p  +  (b 2 -  h)q  +  b\. 

155 

( a i , 6 i ) 

(03,63) 

(0.2M) 

(a4,64) 

http://dx.doi.org/10.1090/mawrld/013/14
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m< 0 m=0 m> 0 

0\ 0\ 01 

FIGURE 14.1 . Lookin g for a Maximum . 

The solutio n w e are about t o describ e i s based o n the following observation s 
regarding maximu m values . 

LEMMA 1 . For  any fixed m,c, and  any variable x,  0  < x  <  1, the  value of 
mx 4 - c is maximized by 

only 

any 

only 

x =  0 

0<x <  1 

x =  l 

if 
if 
if 

m <  0, 

m —  0, 

ra > 0. 

Figure 1  contains typica l graph s of the straigh t lin e segment y  = mx  + c, 0 < 
x <  1, in each of the thre e case s describe d i n Lemma 1 , and the justification of 
this assertion follows from the fact tha t th e maximum value of mx-\-c correspond s 
to the highest poin t o n the graph o f y = mx  4 - c. 

The Nas h equilibriu m point s of 2 x 2 nonzero-sum game s will be found a s the 
intersections of two graphs. On e of these graphs describe s all the mixed strateg y 
pairs whic h wil l brin g no regrets to Ruth, an d the other grap h describe s al l the 
mixed strateg y pair s whic h brin g no regrets to Charlie. 

RUTH'S N O REGRET S GRAPH . Which  mixed  strategy  pairs  ([ 1 —  p,/>], [1 —  q,  q]) 
result in  no  regrets  for Ruth?  He r expectation whe n a n arbitrar y pai r ([ 1 — 
p,p], [ 1 —  q,q]) i s employed i n the general gam e is 

e/i(p, q) = (a i - a 2 - a 3 + a4)pq +  (a3 - a{)p  +  (a2 - a{)q  + ax. 

Since the effect o n the value of e#(p, q) of changing p depends on the coefficients 
of p, it makes sens e to factor ou t the variable p wherever possibl e and write 

eR{p,q) =  mp + c 

where 
m =  (ai - a 2 - a 3 4- a4)q + (a3 - o i ) , c = (a 2 - ai)q  + a\. 
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It no w follow s fro m Lemm a 1  tha t Rut h wil l hav e n o regret s i n th e followin g 
three cases : 

p =  0  if m <  0  I  0 < p < l i f r a =  0  I  p  =  1  if m >  0 . (2) 

The correspondin g strateg y pair s ([ 1 — p,p], [1 — g, q]) can no w b e plotte d i n 
a Cartesia n coordinat e syste m wit h a  horizonta l p-axi s an d a  vertica l g-axis . 

EXAMPLE 2 . Dra w Ruth' s N o Regrets grap h fo r th e gam e 

(3,2) 

(2,3) 

(2,4) 

(4,-3) 

Here 

m =  (a i -  a 2 -  a 3 - f a 4)g + (a 3 -  ai ) 

= ( 3 - 2 - 2 +  4 ) g + ( 2 - 3 ) 

= 3 g - 1 . 

Here th e thre e case s o f (2 ) becom e 

p =  0  I  0 < p < 1  I  p=  1 
if m <  0  i f m =  0  i f m > 0 
if 3g - 1 < 0  i f 3q  - 1  = 0  i f 3g - 1  > 0 
if 3g <  1  i f 3g = 1  i f 3g > 1 
if g < 1/ 3 J  i f g = 1/ 3 |  i f q > 1/ 3 

Keeping i n min d tha t 0  <  q  <  1 , Ruth' s N o Regrets grap h consist s o f th e thre e 
line segment s containing , respectively , al l thos e point s (p , q) suc h tha t 

p = 0 
0 <  q  < 1/3 

0 < p < 1 
9 = 1/ 3 

p = l 
1/3 <  q  < 1 

A drawing o f Ruth' s N o Regret s grap h appear s i n Figur e 2 . 
Ruth's N o Regret s grap h o f Figur e 2  shoul d b e interprete d a s follows . Th e 

vertical segment alon g the y-axis tells us that Rut h should employ the pure strat -
egy [1 , 0] whenever Charli e use s q  < 1/3 . Th e horizonta l portio n correspond s t o 
the observation tha t i f Charlie employs the mixed strategy [2/3 , 1/3] the n Ruth' s 
expected payof f doe s not depen d o n her strategy ; sh e can expec t th e same payof f 
of 

1 2 
c=(a2- ai)q  +  a t =  ( 2 - 3 ) x  -  +  3  = 2 -

regardless o f how sh e behaves . Finally , th e vertica l portio n abov e p =  1  tells u s 
that Rut h shoul d emplo y th e pure strategy [0 , 1] whenever Charli e uses q  > 1/3 . 

CHARLIE'S N o REGRET S GRAPH . Which  mixed  strategy  pairs  ([ 1 ~p,p), [ 1 -
q,q]) result  in  no  regrets  for Charlie?  Hi s expectatio n whe n a n arbitrar y pai r 
([1 — p,p], [1 — g, q]) is employed i n th e genera l gam e i s 

ecfaq) =  (h  -b 2 -b 3 +  b4)pq+ (6 3 -&i)p+(&2 -&i) g +  &i . 
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i 

<7 

l/3i 

p=0 \ 
0<q<l/l 

0<p< 1 
q= 1/3 

p = l 
1/3 <q  < 1 

P 

1 

14.2. Locatin g a  Nas h Equilibrium . 

Since the effec t o n the value of ec  (p, q) of changing q  depends on the coefficient s 
of q 1 it make s sens e t o facto r ou t th e variabl e q  wherever possibl e an d writ e 

ecfaq) =  m'q  +  c' 

where 

rri =  (& i - b 2 - h  +  b 4)p 4 - (b2 -  &i) , 

cf =  (6 3 - 6i) p + fti. 

It no w follow s fro m Lemm a 1  that Charli e wil l hav e n o regret s i n th e followin g 
three cases : 

q = 0  i f m'  <  0 |  0  <  q  < 1  if rri  =  0  |  g  = 1  if mf >  0. (3 ) 

The mixe d strateg y pair s tha t caus e Charli e n o regret s ca n no w b e graphe d i n 
the sam e p  —  q  coordinate syste m tha t wa s used fo r Ruth' s N o Regret s graph . 

EXAMPLE 3 . Dra w Charlie' s N o Regret s grap h fo r th e gam e 

(3,2) 

(2,3) 

(2,4) 

(4,-3) 

Here 

m! =  (fe i -  b 2 - h  +  b4)p +  (b 2 

= ( 2 - 4 - 3 +  ( - 3 ) ) p + ( 4 

= -8p  +  2 . 

The thre e case s o f (3 ) no w become : 

- 2 ) 
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1/4 < p < 1 

1 

FIGURE 14.3 . A  No Regret s Grap h fo r Charlie. 

g = 0 
if w! < 0 
if - 8p - 2  < 0 
if -Sp  <  -2 
i f p > 1/ 4 

0 < g < 1 
if m' =  0 
if - 8 p + 2 = 0 
if -Sp  =  -2 
i f p = l / 4 

9 = 1 
if m' >  0 
if - 8 p +  2 > 0 
if - 8p > - 2 
if p < 1/4 

Keeping in mind tha t 0  < p < 1, Charlie's No Regrets graph consist s of the thre e 
line segment s containing , respectively , al l those point s (p , q) suc h tha t 

1/4 < p < 1 
<7 = 0 

p = l / 4 
0 < g < 1 

0 < p < 1/4 
c/ = l 

A drawing of Charlie's N o Regrets grap h appear s i n Figure 3. 
Charlie's N o Regrets grap h o f Figure 3  should b e interpreted a s follows. Th e 
short horizonta l segment to the immediate right of the q axis tells us that Charli e 
should emplo y the pure strategy [0 , 1] whenever Rut h use s p < 1/4 . Th e vertica l 
portion correspond s to the observation tha t i f Ruth employ s the mixed strateg y 
[3/4, 1/4] then Charlie' s expected payof f doe s not depend on his strategy; he can 
expect th e same payof f o f 

J =  (b 3-b1)p +  b1 = (3- 2)x 1  + 2 = 2^ . 
4 4 

regardless o f how h e behaves. Finally , th e horizontal portio n alon g th e p-axis 
tells us that Charli e shoul d emplo y the pure strateg y [1 , 0] whenever Rut h use s 
p > 1/4. 

Each player' s N o Regrets grap h consist s o f those mixe d strateg y pair s ([ 1 — 
PJP]J [1 — g , q]) that pu t that playe r i n the position o f not having t o regret his 
or her own decision . Sinc e the Nash equilibriu m point s consis t o f those strateg y 
pairs ([ 1 — p,p], [1 — q,q])  tha t caus e regret s t o neither player , the y constitut e 
the intersection s o f Ruth's an d Charlie's N o Regrets graphs . 
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I 
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1/4 
P 

I 

FIGURE 14.4 . Locatin g a  Nash Equilibrium . 

EXAMPLE 4 . T o find the Nash equilibriu m point s o f the game o f Example s 
2 and 3 it is now only necessar y t o superimpose th e graphs o f Figures 2  and 3 
in Figur e 4 . Ruth' s an d Charlie's N o Regrets graph s intersec t i n one (circled) 
point (1/4 , 1/3 ) which is this game' s onl y Nas h equilibriu m point . 

In thi s equilibriu m Rut h wil l us e the mixed strateg y [ 1 — | , \)  =  [| , \)  and 
Charlie will  use the mixed strateg y [ 1 — | , |] =  [| , | ] . Tha t thes e strategie s do 
constitute a  mixed Nas h equilibriu m ca n be verified directly : 

e«(p, ^) = ( 3 - 2 - 2 +  4 ) x p xi +  ( 2 - 3 ) x p + ( 2 - 3 ) x i + 3 

1 o  8 

e c ( j , (7 ) = ( 2 - 4  - 3  - 3 ) x  i  x  g + ( 3 - 2 ) x  ^  + ( 4 - 2 ) x  9 + 2 

= -2g+~+2g +  2= -. 

Thus, neithe r playe r stand s t o gain anythin g b y relinquishing hi s Nash equilib -
rium strategy . I t follow s fro m thes e calculation s tha t th e expected payof f pai r 
associated wit h thi s equilibriu m i s (8/3, 9/4) . 

As the next exampl e demonstrates , a  game may possess both pur e and mixed 
Nash equilibriu m points . 

EXAMPLE 5 . Fin d th e Nash equilibriu m point s of the game * 

(3,2) 

(0,3) 

(2,1) 

(4,4) 
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To construc t Ruth' s N o Regrets grap h w e comput e 

m =  ( 3 - 2  - 0  + 4) g + ( 0 - 3 ) =  bq 

It follow s fro m (2 ) tha t o n Ruth' s N o Regret s grap h 

0 < p < 1 
if m  =  0 
if bq  - 3  = 0 
if 5 g = 3 
if q  = 3/ 5 

p = 0 
if m  <  0 
if 5g - 3  < 0 
if bq  < 3 
if q  < 3/ 5 

• 3 . 

if m >  0 
if 5g - 3  > 0 
if 5g > 3 
if g  > 3/ 5 

Keeping i n min d tha t 0  <  g  <  1 , Ruth' s N o Regret s grap h consist s o f th e 
three lin e segments containing , respectively , al l thos e point s (p , q) such tha t 

p = 0  0 < p < 1 
0 < q  < 3/5 J  q  = 3/ 5 

Ruth's N o Regrets grap h i s the soli d lin e of Figure 5 . 
To draw Charlie' s N o regrets grap h w e comput e 

p=l 
3/5 <  q  < 1 

m! =  ( 2 - 1  - 3  + 4) p + ( 1 - 2 ) =  2 p • 

It follow s fro m (3 ) tha t o n Charlie' s N o Regrets grap h 

1. 

q = 0 
if m!  <  0 
if 2p - 1 < 0 
if 2p < 1 
if p< 1/ 2 

0<q< 1 
if m' =  0 
if 2 p - 1  = 0 
if 2 p = 1 
if p= 1/ 2 

(7 = 1 
if m'  >  0 
if 2p - 1  > 0 
if 2p > 1 
i f p > 1/ 2 

Keeping i n min d tha t 0  <  p  <  1 , Charlie' s N o Regret s grap h consist s o f th e 
three lin e segment s containing , respectively , al l thos e point s (p , q) such tha t 

0 <  p  <  1/ 2 
q = 0 

P = l / 2 
0<q< 1 

1/2 < p < 1 

9 = 1 

This grap h i s depicted b y th e dashe d lin e i n Figur e 5 . 
The Nas h equilibriu m point s ar e give n b y th e (circled ) intersection s o f thes e 
two N o Regret s graphs . Thus , ther e ar e thre e suc h equilibri a correspondin g t o 
O: ( p =  0, g =  0),A : ( p =  | , g =  | ) , an d B:  ( p =  l , g =  1) , respectively . I n 
other words , equilibriu m O  involve s bot h player s usin g th e pur e strateg y [1 , 
0]; equilibriu m A  involve s Rut h usin g th e mixe d strateg y [.5 , .5 ] an d Charli e 
using the mixe d strateg y [.4 , .6] ; and i n equilibrium B  bot h player s use the pur e 
strategy [0 , 1] . A  glanc e a t th e give n gam e wil l verif y tha t O  an d B  constitut e 
pure Nash equilibria. Tha t A  i s also an equilibrium point ca n be verified directly : 

Jtt x p + ( 2 - 3 ) x  . 6 + 3 e/*(p, .6) =  ( 3 - 2  - 0  + 4)  x  p x  . 6 -f ( 0 -

= 3 p - 3 p - . 6 + 3  = 2.4 , 

ec( .5, q) =  ( 2 - 1  - 3  + 4 ) x  . 5 x  q  + ( 3 - 2 ) x  . 5 + ( 1 - 2 ) x  q  + 2 

= g  + . 5 - g +  2  = 2.5 . 
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3/5 

p = 0 
0 < q< 3/5 

1/2 <p <  l M - 7 

0<P <l 
<7 = 3/5 e-

3/5 < q <  1 

' p=l / 2 
| 0 < 9 < 1 

<£-
0 < p < 1/2 i 

? = 0 1/ 2 j 

FIGURE 14.5 . Locatin g a  Nash Equilibrium . 

Thus, neithe r playe r stand s t o gai n anythin g b y relinquishing th e equilibrium 
strategy. I t als o follow s fro m thes e calculation s tha t th e expected payof f pai r 
associated wit h th e mixed Nas h equilibriu m A  is (2.4, 2.5) . 

The graph of the nex t exampl e looks quite different fro m thos e of the previou s 
two. 

EXAMPLE 6 . Fin d th e Nash equilibri a o f the gam e 

(1.4) 

(2,2) 

(2,2) 

(4,1) 

To construct Ruth' s N o Regrets grap h we compute 

m =  (1 - 2  - 2  + 4)q + ( 2 - 1 ) = q  -

It follow s fro m (2 ) that o n Ruth's N o Regrets grap h 

p = 0 
if m < 0 
if q  + 1< 0 
if g< —1 

0 < p < 1 
if ra = 0 
if q  + 1  = 0 
if q=-l 

p = l 
if m >  0 
if q  + 1  > 0 
i f g > - l 

Keeping in mind tha t 0  < q < 1, the first two possibilitie s mak e no contribution 
to Ruth' s N o Regrets graph . Consequentl y thi s grap h consist s o f the singl e lin e 
segment: 

p = l 

0<q<l. 

This i s the solid vertica l lin e segmen t i n Figure 6. 
To construc t Charlie' s No Regrets grap h w e compute 

m (4 - 2  - 2  + l) p + ( 2 - 4 ) =  p - 2 . 
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0<p< 1 

p=l 
0<q< 1 

— ^ 3 = 0 

FIGURE 14.6 . Locatin g a  Nas h Equilibrium . 

It follow s fro m (6 ) tha t o n Charlie' s N o Regrets grap h 

q = 0 
if ra' <  0 
i f p - 2 < 0 
i f p < 2 

0 < g < 1 
if ra' =  0 
if p -  2  = 0 
if> =  2 

9 = 1 
if ra' >  0 
if p -  2  > 0 
i f p > 2 

Keeping i n min d tha t 0  <  p  <  1 , we se e tha t th e las t tw o alternative s mak e 
no contributions t o the graph . Consequentl y Charlie' s N o regrets grap h consist s 
of the lin e segment : 

0 < p < 1 

This grap h i s depicted a s the dashe d lin e i n Figur e 6 . 
The Nas h equilibriu m poin t i s give n b y th e (circled ) intersectio n o f th e tw o 
graphs. A t thi s poin t w e hav e p  =  1  an d q  —  0 . Consequently , thi s Nas h 
equilibrium poin t consist s o f th e pur e strategie s [0 , 1 ] fo r Rut h an d [1 , 0] fo r 
Charlie, wit h th e payof f pai r (2 , 2) . I t i s interestin g t o not e tha t th e pur e 
strategies [1 , 0] for Rut h an d [0 , 1 ] for Charli e d o no t constitut e a n equilibriu m 
even thoug h the y yiel d exactl y th e sam e payof f pai r (2 , 2). 

T H E J O B APPLICANTS . I n th e previou s tw o chapters w e modeled a  situatio n 
wherein Rut h an d Charli e were allowed t o appl y t o one of two positions offerin g 
salaries 2 a an d 2 6 respectively, a s the gam e 

Charlie 
applies t o 

firm 1  fir m 2 

Ruth applie s t o 
firm 1 

firm 2 

(a, a) 

(26,2a) 

(2a, 26) 

(6,6) 
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It wa s noted abov e tha t thi s gam e alway s ha s pur e Nas h equilibri a whos e exac t 
locations depend on the relative sizes of a and 6 . W e now go on to find the mixe d 
Nash equilibria . T o construct Ruth' s N o Regrets grap h w e comput e 

m =  (a  - 2a  - 2 6 + b)q  + (2 6 - a)  =  - ( a +  b)q  + (2 6 - a). 

It follow s fro m (2 ) tha t 

p = 0 
if m  <  0 
i f - ( a +  6 ) g + ( 2 6 - a ) < 0 
i f - ( a +  6)a < - ( 2 6 - a ) 
ifq> ^ ^ a + 6 

0 < p < 1 
if m =  0 
i f - ( a +  6)g -
i f - ( a +  6) g 

(26 - a ) =  0 
: - ( 2 6 - a ) 

If 

then (se e Exercise 33 ) 

p=l 
if m >  0 
i f - ( a - f 6 ) g + ( 2 6 - a ) > 0 
ii-(a +  b)q> - ( 2 6 - a ) 

a <  2 6 and b  < 2a (4) 

0 < 
2b-a 
a +  6 

< 1 . 

In thi s cas e Ruth' s N o Regret s grap h i s depicte d b y th e soli d heav y lin e o f 
Figure 7 . Sinc e Charlie' s an d Ruth' s position s ar e interchangeabl e i n thi s game , 
a simila r argumen t (Exercis e 36 ) yield s the dashe d heav y lin e of the sam e figure 
as Charlie' s N o Regrets graph . 

Two of these Nas h equilibri a ar e pure an d ar e identica l wit h th e one s alread y 
discussed i n th e previou s chapter . Th e thir d on e yield s 

1 -
2 6 - a 2 6 - a 
a + 6' a  + 6 

2a -6 2 6 - a 
a 4 - 6 a  + 6 

as the mixe d Nash-equilibriu m strateg y fo r bot h Rut h an d Charlie . Th e signifi -
cance o f the Nas h equilibri a o f thi s gam e wa s alread y discusse d above . 

Proofs* 

John Nash' s importan t theore m assert s th e existence o f an equilibriu m fo r al l 
finite n-perso n (nonzer o sum) games . Her e we content oursel f wit h the restricte d 
cases W B have bee n considering . Th e proo f i s base d o n th e solutio n techniqu e 
developed above . 

THEOREM 7 . Every  two  person  2 x 2 nonzero  sum  game  has  a  Nash Equilib-
rium point. 
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FIGURE 14.7 . Nas h Equilibri a fo r Job Applicants. 

P R O O F . T O prov e th e existence o f a  Nas h Equilibriu m poin t i t suffice s t o 
show tha t Ruth' s an d Charlie's N o Regrets graph s alway s intersect . W e begin 
by listin g al l the possible form s tha t thes e graph s can take. 

With referenc e to the 2 x2 game G illustrated in the beginning of the chapter , 
set D  = a\ —  a<z —  as + a± and E =  a^ — a\. The n the quantity tha t determine s 
Ruth's N o Regrets grap h ca n be expresse d a s m =  Dq  + E.  Consequently , 
Ruth's No Regrets grap h i s the intersection o f the uni t squar e wit h the union of 
the followin g thre e set s of points 

{(0, q) such tha t Dq  + E <  0]} 

{(p, q) such tha t 0  < p < 1 and Dq + E =  0} 

{(1, q) such tha t Dq  + E> 0} . 

Depending o n the signs of D and E thi s unio n consist s o f one of the graphs in 
Figure 8 , where i t shoul d b e born i n mind tha t th e quantity —E/D  coul d fal l 
anywhere on the #-axis. Consequently , dependin g on the value of —E/D, Ruth' s 
No regret s grap h ha s one of the forms liste d i n Figure 9 . A  similar argumen t 
whose details are left to the reader, or else an argument base d on the symmetrica l 
roles of p and q, permit u s to conclude tha t Charlie' s No Regrets grap h ha s one 
of the form s liste d i n Figure 10. 
In all cases Ruth's grap h connect s the horizontal sides of the unit squar e wherea s 
Charlie's grap h connect s th e vertical side s o f the square. Th e existence o f the 
required intersectio n therefor e follow s wheneve r eithe r Ruth' s grap h contain s an 
entire vertica l sid e or else Charlie' s grap h contain s a n entire horizonta l side . I n 
the remainin g fou r cases , wher e neithe r player' s grap h contain s a n entire side , 
the superimpositio n o f the two graphs illustrate d i n Figure 1 1 makes i t agai n 
clear tha t th e required intersectio n exists . • 
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-E/Dk 

1TF I  1 
-E/D h 

D>0 D< 0 D=0 D= 0 D= 0 
E>0 E<0  E=0 

FIGURE 14.8 . Ruth' s Unrestricte d N o Regret s Line . 

FIGURE 14.9 . Ruth' s N o Regrets Graphs . 

FIGURE 14.10 . Charlie' s N o Regret s Graphs . 



A G E N T L E I N T R O D U C T I O N T O GAM E THEOR Y 167 

c 
1 

1 

' p 

1 1 

1 n 
p 

" 1 i 

11—, 

' P 
1 1 

q 
I i — 

J ' p 

' l 

FIGURE 14.11 . Locatin g th e Nas h Equilibria . 

Chapter Summar y 

A graphica l metho d fo r finding  th e Nas h equilibri a o f 2  x  2  nonzero-su m 
games wa s described . Thi s wa s followe d b y a  proo f o f th e existenc e o f mixe d 
Nash equilibri a fo r suc h games . 

Chapter Term s 

Charlie's N o Regret s Grap h 15 7 Ruth' s N o Regret s grap h 156 

E X E R C I S E S 1 4 

For eac h o f the game s i n Exercise s 1-25 : 
a) Determin e th e mixe d maximi n strategie s an d values ; 
b) Fin d th e mixe d Nas h equilibriu m point s an d mixe d valu e pairs . 
c) Wheneve r a  nonpur e Nas h equilibriu m ([ 1 — p,p], [1 — <?,#] ) exists , verif y 

that en(p,q)  an d ec(p,  q)  are independen t o f q  and p  respectively . 
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4 

7 

in 

13. 

(4,4) 

(1,0) 

(4,3) 

(1,0) 

(3,4) 

(1,3) 

(4,1) 

(3,5) 

(3,1) 

(3,3) 

(0,1) 

(2,3) 

(0,2) 

(2,1) 

(2,2) 

(3,4) 

(3,4) 

(1,0) 

(6,2) 

(1,1) 

?, 
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11 

14. 
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(1.2) 

(4,2) 

(1,2) 

(3,1) 

(1,3) 

(0,4) 

(1,0) 

(0,3) 

(1,0) 

(0,2) 
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(0,1) 

(1,0) 

(2,2) 

(3,0) 

(2,1) 

(5,1) 

(2,4) 

(5,3) 

3 

fi 

q 

i? 

15. 

(4,0) 

(1,2) 

(1,4) 

(2,0) 

(1,3) 

(2,0) 

(1,4) 

(3,3) 

(1,1) 

(3,3) 

(0,1) 

(2,5) 

(1,1) 

(0,1) 

(1,2) 

(4,1) 

(4,2) 

(1,4) 

(4,4) 

(1,0) 
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23. 
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(4,2) 

(1,4) 

(2,3) 

(0,2) 

(1,0) 

(0,1) 

(3,0) 

(4,2) 

(1,1) 

18 

21 

24. 

(3,0) 

(2,2) 

(2,4) 

(1,0) 

(2,3) 

(1,1) 

(0,1) 

(1,5) 

(2,1) 

(0,1) 

(2,3) 

(0,1) 

26. Doe s th e Leade r gam e o f Exercis e 12.1 1 hav e a  mixe d Nas h equilibriu m 
point? I f so , interpre t it . 

27. Doe s th e Battl e o f th e Sexe s gam e o f Exercis e 12.1 2 hav e a  mixe d Nas h 
equilibrium point ? I f so , interpre t it . 

28* Verif y th e equation s o f (1) . 
29. Verif y directl y tha t th e point s circle d i n Figur e 7  are Nas h equilibri a o f th e 

Job Applicant s game . 
30. Verif y that i f the assumptions of (4) do not hold then all the Nash equilibriu m 

points o f the Jo b Applicant s gam e ar e pure . 
31. Verif y tha t i f a  >  6  then th e evolutionar y gam e ha s onl y on e Nas h equilib -

rium poin t an d thi s poin t i s pure . 
32. Deriv e all the Nash equilibria of the evolutionary game under the assumptio n 

that a  <  b. 
33. Sho w tha t i f a  an d b  are an y tw o positiv e number s suc h tha t a  <  2 6 an d 

b < 2o, the n 
rt 2 6 - a  ^  ,  rt  2a  - 6  ^ 
0 <  r  <  1  and 0  < <  1 . 

a + b  a  + 6 
34. Sho w tha t i f a  =  6  in th e evolutionar y game , the n th e mode l predict s tha t 

the specie s wil l evolve Hawk s only . 
35. Ca n a  2  x 2  game hav e exactl y on e pur e an d on e nonpur e Nas h equilibria ? 

Justify you r answer . 
36. Deriv e Charlie' s N o Regret s grap h i n Figur e 7 . 
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Chapter 2 : 
1. 2.9 4 3 . 1. 8 5 . .3 7 7 . -3. 5 9 . .1 2 11 . - 4 

B-day N o 

Prank 

13. 

Merill 

15. 

Flowers 

No 

Umbrellas 

Glasses 

1.5 

-10 

Rain 

250 

0 

1 

0 

Shine 

50 

300 

Chapter 3 : 
1. [0,1 ] 3 . [0,1 ] 
9. [0,0,1,0 ] 11 . 

17. [0,0,0,1,0 ] 

5. [0,1 ] 7 . 
[0,0,1] 13 . 

[0,0,0,1] 
[0,0,1] 15 . [1,0,0] 

Chapter 4 : 
1. b ) [1/3,2/3 ] e ) 5/ 3 d ) p  <  2/3, p >  2/ 3 
3. b ) An y strateg y e ) 1  d ) [0,1 ] fo r al l p 
5. b ) [0,1 ] e ) 4  d ) p  >  1/3 , p  <  1/ 3 
7. b ) [1,0 ] c ) 1  d ) [1,0 ] fo r al l p 
9. b ) [1,0 ] c ) 2  d ) p  <  2/3, p >  2/ 3 

11. b ) [1,0 ] c ) 1  d ) [1,0 ] fo r al l p 

in 
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7. b ) [1,0 ] c ) 1  d ) [1,0 ] fo r al l q 
9. b ) [1,0 ] c ) 2  d ) [1,0 ] fo r al l q 

11. b ) An y strateg y c ) 1  d ) [1,0 ] fo r al l q 
13. b ) [4/13,9/13 ] c ) 11/1 3 d ) q  <  9/13 , q  > 9/1 3 
15. b ) [0,1 ] c ) 2  d ) [1,0 ] fo r al l q 

Chapter 6 : 
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4 1 . x  >  1  43 . x  >  1  45 . 1  < x  <  2  47 . Al l x 
49. x  <  4  51 . N o x 

Stranger 

Heads Tail s 

Steve 

53. 

Heads 

Tails 

- 20 

10 

30 

- 2 0 

Steve: [3/8,5/8] , Stranger : [5/8,3/8] , value : - 1 / 8 
55. Merril l shoul d inves t $15 0 i n umbrella s an d $10 0 i n glasses . 
59. Ye s 61 . Ye s 

Chapter 7 : 
1. [4/7,3/7] , [4/7,0,3/7] , 2/ 7 3 . [2/3,1/3] , [0,2/9,7/9] , 1/ 3 
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23. An y strategy , an y strategy , 1 
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Chapter 10 : 
3. Bet/Bet , Call , 0 
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Chapter 13 : 
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15. N o 17 . Ye s 19 . a ) 0  b ) 1  21 . a ) 4/1 1 b ) 7/1 1 23 . a ) . 2 b ) 
25. a ) 2/ 3 b) l / 3 27 . a ) 100 % b ) Non e 
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