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Preface

Our purpose in writing a multivariable calculus text has been to help students learn
that mathematics is the language in which scientific ideas can be precisely for-
mulated and that science is a source of mathematical ideas that profoundly shape
the development of mathematics.

In calculus, students are expected to acquire a number of problem-solving
techniques and to practice using them. Our goal is to prepare students to solve
problems in multivariable calculus and to encourage them to ask, Why does cal-
culus work? As a result throughout the text we offer explanations of all the
important theorems to help students understand their meaning. Our aim is to foster
understanding.

The text is intended for a first course in multivariable calculus. Only knowledge
of single variable calculus is expected. In some explanations we refer to the fol-
lowing theorems of calculus as discussed for example in Calculus With Applications,
Peter D. Lax and Maria Shea Terrell, Springer 2014.

¢ Monotone Convergence Theorem A bounded monotone sequence has a limit.

e Greatest Lower Bound and Least Upper Bound Theorem A set of numbers
that is bounded below has a greatest lower bound. A set of numbers that is
bounded above has a least upper bound.

Chapters 1 and 2 introduce the concept of vectors in R” and functions from R" to
R™. Chapters 3 through 8 show how the concepts of derivative and integral, and the
important theorems of single variable calculus are extended to partial derivatives
and multiple integrals, and to Stokes’ and the Divergence Theorems.

To do partial derivatives without showing how they are used is futile. Therefore
in Chapter 8 we use vector calculus to derive and discuss several conservation laws.
In Chapter 9 we present and discuss a number of physical theories using partial
differential equations. We quote a final passage from the book:

We observe, with some astonishment, that except for the symbols used, the
equations for membranes in which the elastic forces are so balanced that they do not
vibrate, and heat-conducting bodies in which the temperature is so balanced that it
does not change, are identical.
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There is no physical reason why the equilibrium of an elastic membrane and the
equilibrium of heat distribution should be governed by the same equation, but they
are, and so

Their mathematical theory is the same.

This is what makes mathematics a universal tool in dealing with problems of
science.

We thank friends and colleagues who have given us encouragement, helpful
feedback, and comments on early drafts of the book, especially Louise Raphael of
Howard University and Laurent Saloff-Coste and Robert Strichartz of Cornell
University. We also thank Cornell students in Math 2220 who suggested ways to
improve the text. We especially thank Prabudhya Bhattacharyya for his careful
reading and comments on the text while he was an undergraduate Mathematics and
Physics major at Cornell University.

The book would not have been possible without the support and help of Bob
Terrell. We owe Bob more than we can say.

New York, USA Peter D. Lax
Ithaca, USA Maria Shea Terrell
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Chapter 1
Vectors and matrices

Abstract The mathematical description of aspects of the natural world requires a
collection of numbers. For example, a position on the surface of the earth is
described by two numbers, latitude and longitude. To specify a position above the
earth requires a third number, the altitude. To describe the state of a gas we have
to specify its density and temperature; if it is a mixture of gases like oxygen and
nitrogen, we have to specify their proportion. Such situations are abstracted in the
concept of a vector.

1.1 Two-dimensional vectors

Definition 1.1. An ordered pair of numbers is called a two-dimensional vec-
tor. We denote a vector by a capital letter

U = (uy,u).

The numbers u; and u, are called the components of the vector U. The set of
all two-dimensional vectors, denoted R2, is called two-dimensional space.

We introduce the following algebraic operations for two-dimensional vectors

(a) The multiple of a vector U = (u1,uz) by a number ¢, cU, is defined as the vector
obtained by multiplying each component of U by c:

cU = (cuy,cup). (1.1)

(b) The sum of vectors U = (u1,uy) and V = (v1,v2), U+V, is defined by adding the
corresponding components of U and V:
U+V =(u;+vi,up +v). (1.2)

© Springer International Publishing AG 2017 1
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Undergraduate Texts in Mathematics, https://doi.org/10.1007/978-3-319-74073-7_1



2 1 Vectors and matrices

We denote (0,0) as 0 and call it the zero vector. Note that U+ 0 = U for every
vector U. The symbol —U denotes the vector (—u1,—u3). The vector V—U defined
as V+(-U) is called the difference of V and U.

Multiplication by a number (or scalar) and addition of vectors have the usual
algebraic properties:

U+V=V+U commutative
U+V)+W = U+ (V+W) associative
c(U+V)=cU+cV distributive
(a+b)U = aU+bU distributive
U+(-U)=0 additive inverse

In Problem 1.6 we ask you to verify these properties. Vectors U = (x,y) can be
pictured as points in the Cartesian x,y plane. See Figure 1.1 for an example of two
vectors (3,5) and (7,2) and their sum.

5 .©9)
, L (72)
o 3 7

Fig. 1.1 Left: Points in the plane. Right: Addition of vectors (3,5) and (7,2).

By visualizing vectors as points in the plane, multiplication of a vector U by a
number ¢ and the addition of two vectors U and V have the following geometric
interpretation.

(a) For a nonzero vector U and a number c, the point cU lies on the line through the
origin and the point U. Its distance from the origin is |c| times the distance of U
from the origin. The origin divides this line into two rays; when c is positive, U
and cU lie on the same ray; when c is negative, U and cU lie on opposite rays.
See Figure 1.2.

(b) If the points 0, U, and V do not lie on a line, the four points 0, U, V, and U+V
form the vertices of parallelogram. (We ask you to prove this in Problem 1.7.)
See Figure 1.3.

(c) For c between 0 and 1 the points V +cU lie on the line segment from V to V + U.
That side of the parallelogram is parallel to the segment from 0 to U and has
the same length. The directed line segment from V to V + U is another way to
visualize the vector U. See Figure 1.4.

We can visualize vector addition and multiplication by a number in two dimen-
sions. But we will see in Section 1.4 that in dimensions higher than three it is the
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cU
U
0
-U
Fig. 1.2 Points 0, U, and cU are on a line, ¢ > 0.
U+Vv
\Y
U
0
Fig. 1.3 0, U, U+ YV, and V form a parallelogram.
V+U
V+cU
P \%
U
cU
0

Fig. 1.4 For 0 <c <1 the points V + U lie on a line segment from V to V + U.

algebraic properties of vectors that are most useful. Two basic concepts we will use
are linear combination and linear independence.

Definition 1.2. A linear combination of two vectors U and V is a vector of

the form
aU+ bV (1.3)

where a and b are numbers.

Example 1.1. The vector
U=(5,3)

is a linear combination of (1,1) and (-1, 1) since

U=4(1,1)—(-1,1).
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Example 1.2. Every vector (x,y) is a linear combination of (1,0) and (0,1)
since

(x,y) = x(1,0) + y(0, ).
]

You might wonder if every vector in R? can be obtained as some combination of
two given vectors U and V. As we will see in Theorem 1.1, the answer depends on
whether or not U and V are linearly independent.

Definition 1.3. Two vectors U and V are called linearly independent if the
only linear combination aU + bV of them that is the zero vector is the trivial
linear combination with a = 0 and b = 0.

Example 1.3. Are the vectors (1,0) and (0, 1) are linearly independent? Sup-
pose
a(1,0)+b(0,1) = (0,0).

Then (a,0) + (0,b) = (a,b) = (0,0). This implies
a=0, b=0.

Therefore the only linear combination of (1,0) and (0, 1) that is (0,0) is the
trivial one 0(1,0) +0(0, 1). The vectors (1,0) and (0, 1) are linearly indepen-
dent. O

Two vectors are called linearly dependent if they are not independent.

Example 1.4. Are U = (1,2) and V = (2,4) linearly independent? Suppose
a(1,2)+b(2,4) = (0,0).

Then (a + 2b,2a +4b) = (0,0). This is true whenever a = —2b. For example
take a =2 and b = —1. Then

20+ (-HV =2(1,2)+(-1)(2,4) = (0,0).

The vectors (1,2) and (2,4) are linearly dependent. O

The next theorem tells us that if C and D are linearly independent then we can
express every vector U in R? as a linear combination of C and D.

Theorem 1.1. Given two linearly independent vectors C and D in R?, every
vector U in R? can be expressed uniquely as a linear combination of them:

U =aC+5bD.

Proof. Neither of the vectors is the zero vector, for if one of them, say C were, then
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1C+0D=0

would be a nontrivial linear combination of C and D that is the zero vector. Next we
show that at least one of the vectors C or D has nonzero first component. For if not,
C and D would be of the form

C=(0,c3), D=(0,dr), c2#0, dr#0.

But then d>C — ;D = (0,d>¢2) — (0,c2d>) = (0,0) = 0, a nontrivial linear relation
between C and D.
Suppose the first component ¢ of C is nonzero. Then we can subtract a multiple

1 . .
a = — of C from D and obtain a vector D’ whose first component is zero:
C1

D' =D-aC,

say D’ = (0,d). Since D’ is a nontrivial linear combination of C and D, D’ is not the
zero vector, and d # 0. We then subtract a multiple of D’ from C to obtain a vector
C’ whose second component is zero and whose first component is unchanged:

C' =C-bD' = (c1,0).

Since ¢ and d are not zero, every vector U can be expressed as a linear combination
of C" and D’. Since C’” and D’ are linear combinations of C and D, so is every linear
combination of them.
To check uniqueness suppose there were two linear combinations of C and D for
a vector U,
U=aC+bD=dC+b'D.

Subtract to get
(a=a")C+(b-b)D=0.

Since C and D are linearly independent, this linear combination must be the trivial
one with
a-da =b-b" =0.

That proves @’ = a and b" = b. This completes the proof of Theorem 1.1. O

A basic tool for studying vectors and functions of vectors is the notion of a linear
function.

Definition 1.4. A function £ from R? to the set of real numbers R whose input
U is a vector and whose value £(U) is a number is called linear if

(a) €(cU) = c£(U) and
(b) €(U+V) =£U)+£(V)

for all numbers ¢ and vectors U and V.
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Combining these two properties of a linear function ¢ we deduce that for all
numbers a, b and all vectors U, V

€@U +bV) = £(aU) + £(bV) = alt(U) + bE(V). (1.4)

Theorem 1.2. A function € from R? to R is linear if and only if it is of the form
{(x,y) = px+qy. (1.5)

for some numbers p and q.

Proof. Suppose ¢ is linear. Take E| and E; to be the vectors (1,0) and (0, 1). We can
express the vector (x,y) as xE| + yE,. By linearity

{(x,y) = ((xE1 + yE2) = x{(E1) + y{(E2).

Let p = £(E) and g = £(E»), then £(x,y) = px+ gy for all (x,y) in R%.
Conversely, we ask you in Problem 1.12 to show that every function of the form
{(x,y) = px+qy is linear. |

Problems

1.1. Use a ruler to estimate the value ¢ shown in Figure 1.2.
1.2. Make a sketch of two linearly dependent nonzero vectors U and V in R2.
13. LetU=(1,-1)and V =(1,1).

(a) Find all numbers a and b that satisfy the equation

aU+bV =0.

Prove that U and V are linearly independent.
(b) Express (2,4) as a linear combination of U and V.
(c) Express an arbitrary vector (x,y) as a linear combination of U and V.

1.4. Find a number k so that the vectors (k,—1) and (1, 3) are linearly dependent.
1.5. Find a linear function ¢ from R? to R that satisfies £(1,2) = 3 and £(2,3) = 5.

1.6. Let U = (u1,u2), V = (v1,v2), and W = (wy,w>) be vectors in R? and let a, b,
and ¢ be numbers. Use the definitions U+ V = (u; +vy,us +v2), cU = (cuy,cuy), and
—U = (—uy,—uy) to show the following properties.

(@ U+V=V+U
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O®U+(V+W)=U+V)+W

©) c(U+V)=cU+cV

(d) (a+b)U =aU+bU

e)U+-U0)=0
1.7. Suppose that the points 0 = (0,0), U = (u1,u2), and V = (v{,v7) do not all lie on
a line. Show that the quadrilateral with vertices 0, U, U+ V, and V is a parallelogram
by proving the following properties.

(a) the line through 0 and U is parallel to the line through V and U+V,
(b) the line through 0 and V is parallel to the line through U and U+ V.

1.8.(a) Make a sketch of two nonzero vectors U and V in R? such that U is not a

multiple of V.
(b) Using U and V from part (a) make a sketch of the vectors U+V, =V, and U-V.

Fig. 1.5 Vectors in Problem 1.9.

1.9. Three vectors U, V, and W are drawn as directed segments between points in the
plane in Figure 1.5. Express W in terms of U and V, and show that U+ V + W = 0.

1.10. Several vectors are drawn in Figure 1.6 as directed segments between points
in the plane.

(a) Express Y as a linear combination of U and V and verify that U+ V +Y = 0.
(b) Express Y as a linear combination of W and X and verify that W+X-Y =0.

(c) Show that U+ V+W+X =0.

Fig. 1.6 A polygon of vectors in Problem 1.10.

1.11. Let U = (uy,uy). Show that the function €(U) = u; — 8u, is linear.
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1.12. Let ¢ be a function from R? to R of the form £(x,y) = px + gy where p and ¢
are numbers. Show that £ is linear by showing that for all vectors U and V in R? and

all numbers c, the following properties hold.

(a) £(cU) = ct(U)
(b) (U+V) =)+ (V)

1.13. Write the vector equation
4,5 =a(1,3)+b(3,1)
as a system of two equations for the two unknowns a and b.
1.14. Consider the system of two equations for the two unknowns x and y,
3x+y=0
Sx+12y =2.
The word “system” means that we are interested in numbers x,y that satisfy both

equations.
(a) Write this system as a vector equation xU +yV = W.
(b) Solve for x and y.
1.15. Let U = (1,2) and V = (2,4). Find two ways to express the vector (4,8) as a

linear combination
4,8)=aU+bV.

Are U and V linearly independent?

1.16. Consider the vectors U = (1,3)and V =(3,1).

(a) Are U and V linearly independent?
(b) Express the vector (4,4) as a linear combination of U and V.

(c) Express the vector (4,5) as a linear combination of U and V.

Fig. 1.7 Three points as in Problem 1.17.
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1.17. Let U, V, and W be three points on the unit circle centered at the origin of RZ,
that divide the circumference into three arcs of equal length. See Figure 1.7.

(a) Show that rotation by 120 degrees around the origin carries U+ V + W into itself.
Conclude that the sum of the vectors U, V, and W is 0.

(b) Conclude that
sin(6) + sin (6 + 23—”) +sin(6+ 47”) =0

for all 6.

(c) Show that
k

cos(9+2Z)=0forall fand all n =2,3,....
1

n
1.18. Let £(U) be the distance between the points U and 0 in R

(a) For what numbers c is f(cU) = cf(U) true?
(b) Is f a linear function?

1.19. Suppose f is a linear function and f(-.5,0) = 100. Find f(.5,0).
1.20. Suppose f is a linear function and f(0,1) = -2, f(1,0)=6.

(a) Find f(1,1).
(b) Find f(x,y).

1.2 The norm and dot product of vectors

Definition 1.5. The norm of U = (x,y), denoted as ||U]|, is defined as
0= /% +y2.

A unit vector is a vector of norm 1.

Applying the Pythagorean theorem to the right triangle whose vertices are (0,0),
(x,0), and (x,y), (see Fig. 1.8), we see that the norm of (x,y) is the distance between
(x,y) and the origin. The norm of U is also sometimes called the length of U.

Example 1.5. The norm of U = (1,2) is
Ul = V12+22 = V5.

The norm of V = (%i, %5) is

IVI= V2 + (P =1,

so V is a unit vector.
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U=(xy)

S]]

Fig. 1.8 ||UJ| is the distance between U and the origin.

A concept related to norm is the dot product of two vectors U and V.

Definition 1.6. The dot product of U = (u,up) and V = (v, ;) is

U-V=uvi +upv;. (1.6)

The dot product has some of the usual properties of a product.

(a) Distributive: for vectors U, V, and W
U-(V+W)=U-V+U-W,
(b) Commutative: for vectors U and V
U-v=V.U.

In Problem 1.21 we ask you to verify the distributive and commutative properties.
It follows from Definitions 1.5 and 1.6 of the norm and dot product that the dot
product of a vector with itself is its norm squared:

U-U=|U (1.7)

We have shown in Theorem 1.2 that every linear function from R? to R is of the
form €(U) = {(x,y) = px+qy. This result can be restated in terms of the dot product:

Theorem 1.3. A function € from R? to R is linear if and only if it is of the form
(U)=C-U,

where C = (p,q) is some vector in R2.

Example 1.6. Let € be a linear function for which

£1,1)=5 and £(~1,1)=—1.
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Let’s find the vector C = (p, g) so that £(U) = C-U. By Theorem 1.3 we have
5=01D=(p.g)-(1,1)=p+gq, “1=4-LD=(p.g)=L1)=-p+q.
Solving for p and g we get 2g =4, g =2, and p =3, so

£(x,y) = (3,2) - (x,y) = 3x+2y.

]
An interesting relation between norm and dot product follows from the distribu-

tive and commutative laws applied to the dot product. Using the distributive law we
see

U-vV)-U-V)=U-U-V)-V-U-V)=U0-U-U-V-V.-U+V-V.

Using the notation of norm and commutativity of the dot product, U-V =V -U, we
can rewrite the equation above as

U= VI* =0 +[V|> - 2U-V. (1.8)
Since |[U - V|| is nonnegative, it follows from (1.8) that
U-V < Ui+ 3IvIP. (1.9)

We show next that an even sharper inequality holds:

Theorem 1.4. For all vectors U and V in R? the following inequality holds.

U-V <UL (1.10)

Proof. 1f either U or V is the zero vector, inequality (1.10) holds, because both sides
are zero. If both U and V are unit vectors, inequality (1.10) follows from (1.9). For
all nonzero vectors U and V,

1 1
— U, —
L8]] IVl

are unit vectors and therefore by inequality (1.9)

U-v
<lI,
(LI

from which inequality (1.10) follows. O

For all vectors U and V,
0 < (IUll = IVID? = [UI* + VI = 21U V]].

Therefore
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IONIVII < 2012 + SV
By (1.10) we see that

U-V <|[UllIVI < 31017 + VI

Thus (1.10) is a “sharper” inequality than (1.9).

Fig. 1.9 Coordinate axes x, y, and x’, y’.

Suppose we replace the coordinate axes by another pair of perpendicular lines
through the origin. See Figure 1.9. Let x” and y’ be the coordinates in the new system
of a vector U whose coordinates in the original system were x and y. Then

24yt =24y

because both sides express the square of the distance between the point U and the
origin.

The dot product of two vectors calculated in the new coordinates is equal to their
dot product calculated in the old coordinates. To see that we note that formula (1.8)
holds in both coordinate systems. The term on the left and the first two terms on the
right are norms and therefore have the same value in both coordinate systems; but
then the remaining term on the right, two times the dot product of U and V, must
also have the same value in both coordinate systems.

y Vi \ y
y A y N
\ \
\ \
\ X \ T X
\ - \ -
\ P \ »
N 4] - U \ e U
\ _ \ 7
\/ - \ -
= X K X
- \ - \
-7 \ -7 0
- -
- \ - \
\ \
\ \
\ \V; \
\ \

Fig. 1.10 The angle 6 between vectors U and V.
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The independence of the dot product of the coordinate system suggests that the
dot product of two vectors U and V, introduced algebraically, has a geometric sig-
nificance. To figure out what it is we use a coordinate system where the new positive
x’ axis is the ray through the origin and the point U; see Figure 1.10. In this new
coordinate system the coordinates of U and V are:

U=([Ul.0),  V=(lIVllcos,||V]|sin6),

where 6 is the angle between U and V. That is, the angle 6 between the positive
x" axis and the line through 0 and V, where 0 < 6 < z. So in this coordinate system
the dot product of U and V is

U-V=|U||[|Vl]|cosé.

Since the dot product in our two coordinate systems is the same, this proves the
following theorem.

Theorem 1.5. The dot product of two nonzero vectors U and V is the product
of the norms of the two vectors times the cosine of the angle between the two

vectors,
U-V =||U]|||V]|cosé.

In particular if two nonzero vectors U and V are perpendicular, 6 = 7, their dot
product is zero, and conversely. When the dot product of vectors U and V is zero we
say that U and V are orthogonal.

Problems

1.21. Let U = (u1,uz), V= (vi,v2), and W = (w;,wy). Prove

(a) the distributive property U-(V+W)=U-V+U-W,
(b) the commutative property U-V =V U.

1.22. Which vectors are orthogonal?

(a) (a,b), (=b,a)
(b) (1,=D), (1,1)
() (0,0), (1, 1)
(d (1,1, (1,1

1.23. Which of these vectors are unit vectors?

@ 1.9

(b) (cos0,sinb)
(©) (V8,V2)
(d) (.8,.2)
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1.24. Use equation (1.8) and Theorem 1.5 to prove the Law of Cosines: for every
triangle in the plane with sides a, b, ¢ and angle 6 opposite side c, (see Figure 1.11),

? =d®+b*—2abcosh.

a

Fig. 1.11 A triangle in Problem 1.24.

1.25. Let ¢ be a linear function from R? to R for which £(2,1) = 3 and £(1,1) = 2.
Find the vector C so that £(U) = C-U.

1.26. Find the cosine of the angle between the vectors U = (1,2) and V = (3, 1).
1.27. Use equation (1.8) to show that for every U and V in R?,
U+ VIP = [[UI? +|IVI? +2U- V.

1.28. Let U = (x,y). Find a vector C to express the equation of a line y = mx+b as
C-U=b.

1.29. If C and D are orthogonal nonzero vectors, there is a simple expression for a
and b in a linear combination

U=aC+bD.
(a) Dot both sides of this equation with C to show that a = W
(b) Find a formula for b.
©If®.9=a2)+b(-%,2) finda.
v f(t) -
S B
-7 tu

Fig. 1.12 Vectors V and U for Problem 1.30.
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1.30. Let U be a nonzero vector and ¢ a number. Let f(7) be the distance between a
point V and the point tU on the line through 0 and U as shown in Figure 1.12.

(a) Use calculus to find the value of ¢ that minimizes ( f(t))z.
(b) Use a dot product to find the value of r that makes the angle « in the figure a right

angle.
(c) Confirm that the numbers ¢ that you found in parts (a) and (b) are the same.

1.31. Express the vectors U = (1,0), V =(2,2) in the coordinate system rotated §
counterclockwise.

1.32. A regular octagon is shown in Figure 1.13. It shows vertex P = (c, s) where ¢
and s are the cosine and sine of g.

(a) Show that vertex Q is (s,c).
(b) Show that sin(%) = 4 y2- V2.

Fig. 1.13 The octagon in Problem 1.32.

1.3 Bilinear functions

Definition 1.7. A function b whose input is an ordered pair of vectors U and
V and whose output is a number is called bilinear if, when we hold U fixed,
b(U, V) a linear function of V, and when we hold V fixed, b(U, V) is a linear

function of U.

As we shall see, many important functions are bilinear.
Example 1.7. Let U = (uy,uz), V= (vi,v2), W = (w1,w3), and define the func-

tion b by
b(U,V) =uivy.
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To see that b is bilinear, we first hold U fixed and check that (U, V) is linear
in V. That is, check that for all numbers ¢ and vectors V and W,

b(U,V+W) =b(U,V)+b(UW), b(U,cV) =cb(U,V).
For the first we have
b(U,V+W) =u(vi +wy) =uyvi +uywy; =b(U, V) +b(U,W).
For the second,
b(U,cV) =ui(cvy) = cuyvy = cb(U, V).

So b is linear in V. We ask you in Problem 1.33 to show by a similar argument
that b is linear in U when we hold V fixed. O

We saw in Example 1.7 that u;v; is a bilinear function of (U, V). Similarly u;v,,
upvy, and up vy are bilinear. The next theorem describes all bilinear functions.

Theorem 1.6. Every bilinear function b of U = (uy,up) and V = (vi,v) is of
the form
b(U,V) = euyvy + fuyvy + gupvy + hup vy, (1.11)

where e, f, g, and h are numbers.

Proof. For fixed V, b(U,V) is a linear function of U. According to Theorem 1.2,
b(U, V) has the form (1.5):

b(U,V) = puy +quy, (1.12)

where the numbers p and ¢ depend on V. To determine the nature of this dependence
first let U=E; = (1,0) and then U = E; = (0, 1). We get

b((1,0), V) =(p)()+(@)0)=p=p(V),  b((0,1),V)=(p)(0)+(g)(1) =g=¢g(V).

Since b is bilinear, the functions p and g are linear functions of V. Therefore they
are of the form
p(V)=evi+ fry, q(V) = gvi +hvy,

where e, f, g, and h are numbers that do not depend on V. Setting these formulas
for p and g into formula (1.12) gives

b(U,V) = (evi + fvo)uy +(gvi +hvp)u,

which gives
b(U,V) = euyvi + fuvy + guavy + hupvy.
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We ask you in Problem 1.36 to prove the following theorem.

Theorem 1.7. A linear combination of bilinear functions is bilinear.

Example 1.8. The dot product U-V has the properties

(cU)-V=cU-V, U+V)-W=U-W+V-W, U-(V+W)=U-V+U-W,
This shows that U-V is a bilinear function of U and V. Its formula
U-V= uivy +uxvp

is a special case of formula (1.11) in Theorem 1.6. |

Example 1.9. Let
b(U, V) = uivy —upvi,

where U = (u1,uz), V = (v{,v2). The terms u;v, and upvy are bilinear. By
Theorem 1.7 b is a bilinear function. O

Problems

1.33. Let U = (u1,u2), V = (v1,v2). Show that the function b(U,V) = u;v; is linear
in U when we hold V fixed.

1.34. Let U = (uy,uz), V= (vi,v2). Is the function b(U, V) = u u, bilinear?

1.35. Define f(p,q,r,s) = qr + 3rp — sp. Sort two of the variables p,q,r,s into a
vector U and the other two into a vector V to express f as a bilinear function b(U, V).

1.36. Prove Theorem 1.7. That is, suppose b(U, V) and b,(U, V) are bilinear func-
tions and ¢y, ¢, are numbers; show that the function b defined by

b(U,V) = c1b1(U, V) +c202(U, V)

is a bilinear function.

1.4 n-dimensional vectors

We extend the concepts of vectors and their algebra from two dimensions to n
dimensions, where 7 is any positive integer.
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Definition 1.8. An ordered n-tuple
U= (u,uz,....un)

of numbers is called an n-dimensional vector. The numbers u; are called the
components of the vector U, and u; is called the j-th component of U. The set
of all n-dimensional vectors, denoted R”, is called n-dimensional space.

The vector all of whose components are zero is called the zero vector and is
denoted as 0:
0=(0,0,...,0).

There is an algebra of vectors in R” entirely analogous to the algebra in R? described
in Section 1.1.

(a) Let U = (uy,up,...,u,) and let ¢ be a number. The multiple cU is defined by
multiplying each component of U by c:

cU = (cuy,cuy,...,cuy).

(b) The sum of U = (uy,un,...,u,) and V = (v{,v2,...,v,) is defined by adding the
corresponding components of U and V:

U+V = +vi,up+vy,...,uy+vy,).
In Problem 1.37 we ask you to verify that R” has the usual algebraic properties
cX+Y)=cX+cY, X+Y=Y+X, X+Y+Z)=X+Y)+Z.
According to the third of these we write X +(Y +Z) as X+ Y + Z.

Definition 1.9. Let k be a positive integer. A linear combination of vectors
U;,U,,...,U; in R" is a vector of the form

k
C‘1U1 +C2U2+"'+CkUk = chUj’
J=1

where cy,ca,...,cr are numbers. The set of all such linear combinations is
called the span of Uy, Uy,...,Us.

A linear combination is called frivial if all the numbers c; are zero.

Example 1.10. Let

U=(3,7,6,9,4),
V=(2,7,0,1,-5).
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The vector
2U+3V =(12,35,12,21,-7)

is a linear combination of U and V. In Problem 1.43 we ask you to show that

the vector
1 7.7
(- 5553 5,7)
is also a linear combination of U and V. O

Definition 1.10. The vectors Uy, ..., U in R” are called linearly independent
if the only linear combination of them that is the zero vector is the trivial one.
That is,

if ciUj+cUp+---+¢Up=0 then ¢; =0, ¢, =0, ..., ¢=0.

If Uy,..., U, are not linearly independent, they are called linearly dependent.

Example 1.11. The vectors
E; =(1,0,0,0), E;=(0,1,0,0), E3;=(0,0,1,0), Es=1(0,0,0,1)
in R* are linearly independent because the linear combination
ciEi + Er + c3E3 + c4Eq = (c1,¢2,¢3,¢4)

is the zero vector only when ¢j = ¢ =c3 =c4 =0. m]

Definition 1.11. Let Uy, Uy, ..., Ui be linearly independent vectors in R”, with
k<n. Let t],t,...,1; be numbers and let U be a vector in R”. The set of all
vectors of the form

U+nU;+ -+ 46U

is called a k-dimensional plane in R” through U. When k =n—1 we call it a
hyperplane. When U = 0 the k-dimensional plane through the origin is called
the span of Uy, Us,...,Uy.

Theorem 1.8. n + 1 vectors U, Us,..., U, in R" are linearly dependent.

Proof. The proof is by induction on n. Take first n = 1, and let u and v be in R. If
both u and v are zero then u +v = 0 is a nontrivial linear combination. Otherwise
(V)u+ (—u)v = 0 is a nontrivial linear combination. Therefore the theorem holds for
n=1.

Suppose inductively that the theorem holds for n— 1. Look at the n-th components
of the vectors Uy, Uy,...,U,;; in R”. If all of them are zero, then there are n + 1
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vectors in R”~! obtained by omitting the final zeros; so by the induction hypothesis
they are linearly dependent.

Consider the case where one of the vectors, call it U,,; 1, has a nonzero n-th com-
ponent. Subtract a suitable multiple ¢; of U, from each of the other vectors U; so
that the n-th component of each difference

U =Ui—cUpni (i=12,...,n)

is zero. Omitting the final zero of U] we obtain n vectors V; in R"~!. According to
the induction hypothesis they are linearly dependent, that is they satisfy a nontrivial

linear relation
n
Z kV: =0.
i=1

Adjoining a final zero component to each of the vectors V; gives the nontrivial linear
relation

n
ZkiUlf =0. (1.13)
i=1

Setting U; =U; - ¢;U,4 into equation (1.13) we get the nontrivial relation

D kiU = ¢Ui1) = 0. (1.14)
i=1

This proves the linear dependence of Uy,...,U,;. This completes the proof by
induction. O

Example 1.12. The vectors in R3,

E; =(,0,0), E,=(0,1,0), E;=(0,0,1), X=(2,4,3)
are linearly dependent: Since
X =2E;| +4E; + 3E3,
we have a nontrivial linear combination equal to zero:
2E; +4E; +3E;-X =0.

O

Figure 1.14 illustrates other examples of linear dependence and independence in
R3.

Theorem 1.9. Suppose Uy, ..., U, are linearly independent in R". Then each
vector X in R" can be expressed uniquely as a linear combination of the U;:

X =c1Uj +-+- +¢,Uy,. (1.15)
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z

/X X

Fig. 1.14 U, U,, U3 are linearly dependent. V, V;, V3 are linearly independent.

Proof. According to Theorem 1.8 there is a nontrivial relation among the n+ 1 vec-
tors X, Uy,...,U,:
apX+aU;+---+a,U, =0.
In this relation, ag is not zero. If it were zero then the linear independence of the
U; would imply that all the a; are zero. Divide by ag to get relation (1.15) with
¢i = —ai/ap.
If there were two different representations of X of the form (1.15), their difference

would be a nontrivial linear relation among the U; contrary to their linear indepen-
dence. O

Linear functions. Just as for two-dimensional vectors, a function ¢ that assigns a
number to each vector in R” is called /inear if for all U and V in R”

(a) €(cU) = c£(U) for all numbers ¢, and
(b) ((U+V)=£0U0)+L4(V).

Combining properties (a) and (b) we deduce that a function ¢ from R” to R is linear
if for all U and V in R” and numbers a and b, ¢ satisfies

£(aU+bV) = af(U) + b(V). (1.16)
Every function ¢ of U = (u,uy,...,u,) of the form
C(U) = cruy + coup + - - + cpy, (1.17)

where c1,¢»,...,c, are numbers, has properties (a) and (b), and therefore is a linear
function. (See Problem 1.45.) Conversely, we have the following theorem.
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Theorem 1.10. Let € be a linear function from R" to R. Then there are num-
bers cy,...,c, such that

C(U) = cruy +coup + -+ cpity

for every vector U = (uy,us,...,u,) in R".

Proof. Let E; be the vector in R" whose j-th coordinate is 1 and all other coordi-
nates are zero,

E, =(1,0,0,0,...,0)
E; =(0,1,0,0,...,0)
E; =(0,0,1,0,...,0)

E, =(0,0,0,0,...,1).
The vector U = (uy,uz,...,u,) can be expressed as the linear combination of the E;:
U=uE+uEx+---+u,E,
Setc;=4(E;), j=1,...,n. Since {is linear,
{U) = urC(Er) + uzl(Ep) + - - + un ((Ey)

=cCluy +coup +---+cyuy.

O

As in the two-dimensional case, we call a function b of two vectors in R” bilinear
if for every vector V, b(U,V) is a linear function of U, and for every vector U it is
a linear function of V.

Every function of the form u;vy is bilinear, and as in Theorem 1.7, so are linear
combinations of them. The following result, an extension of Theorem 1.6, charac-
terizes all bilinear functions.

Theorem 1.11. Let b be a bilinear function of U = (uy,...,u,) and V =
(V1,...,vn). Then b is a linear combination of the functions fji defined by

Fie(U, V) = fu(uy,...,up,vi,...,vn) = vy, j=L1....,n, k=1,...,n.

Proof. We fix the vector V and consider (U, V) as a linear function of U. By The-
orem 1.10 it has the form
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b(U,V) = ciuy +coup + -+ + cpuy, (1.18)

where c1,c»,...,c, are functions of V. Since b is a bilinear function, the ¢; are linear
functions of V. According to Theorem 1.10 each ¢; is a linear combination of the
vk. Setting this into formula (1.18) we get an expression of b(U, V) as a linear com-
bination of u vy, as asserted. O

Problems

1.37.Let V= (vi,...,vy), U= (uy,...,u,), and W = (wy,...,w,) be vectors in R",
and let ¢ and d be numbers. Show that

@ V+W=W+V
b) (V+U)+W=V+{U+W)
©) c(U+V)=cU+cV
d) (c+d)U=cU+dU
1.38. Express the vector (1,3,5) as a linear combination of the vectors
U; =(1,0,0), U;=(1,1,0), Usz=(1,1,1).
1.39. Show that every vector in R? is a linear combination of the vectors
U; =(1,0,0), U;=(1,1,0), Usz=(1,1,1).
1.40. Determine whether the vectors
U; =(1,0,0), U;=(1,1,0), Uz=(1,1,1).
are linearly independent.
1.41. Show that the vectors
(1,1,1,1), (0,1,1,1), (0,0,1,1), (0,0,0,1)
are linearly independent in R*.
1.42. Are the vectors
1,2,1), (1,2,2), (1,2,3), (1,2,4)

linearly dependent or independent? What theorem of this section is particularly
applicable to them?
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1.43. Let
U=(3,7,6,9,4),
V=(2,7,0,1,-5).
Show that the vector
1 7.7
(-2,-2.3,3.7)

is a linear combination of U and V.

1.44. The set of points (x,y,z) in R? satisfying
-1<x<1, -1<y<l1, -1<z<1,

is a solid cube. Write out the coordinates of the eight corner points of the cube. Is
there a linear function that is equal to 8 on every corner?

1.45. A function ¢ from R" to R is defined by

C(U) = cruy +coup + -+ cpity,
where U = (u,uy,...,u,) and cy,...,c, are numbers.

(a) Show that £(cU) = c£(U) for all vectors U and numbers c.
(b) Show that for all vectors U and V in R”, £(U+ V) = £(U) + £(V).

1.46. Let U=(1,3,1)and V = (2,2,2). Express W = (3,5, 3) as a linear combination
of Uand V.

1.47. Show that the vectors (1,1,1), (1,2,3), and (3,2, 1) are linearly dependent.

1.48. Let P be the set of all the points (x,y,0,0), and let Q be the set of all points
(0,0,z,w) in R*. P and Q are two-dimensional planes in R*. How many points do P
and Q have in common?

1.49. Let X = (x1,x2,...,%,) and Y = (y1,y2,...,¥,) in R”. Which functions are
bilinear? Of the bilinear functions, which are symmetric: b(X,Y) = b(Y,X)? Which
ones are antisymmetric: b(X,Y) = -b(Y,X)?

(@) bX,Y) = x1yn

() b(X,Y) = X1yn — XY

(c) b(X,Y) = \/x%+x§+---+x,21 \/y%+y%+~~-+y,21

(d) b(X,Y) = x1y1 + X2y2 + -+ + XpYn

1.50. Let U = (ul, uz,us, u4), V= (V1 ,V2,V3,V4), and W = (Wl,Wz,W},W4). Which of
the following functions f have the antisymmetry property

SU,V,W)=—f(V,U,W)?

(@) f(U,V,W) = ujviw
(b) f(U,V,W) =ujw3 —viws
(©) f(U,V,W) = (uzv3 —uzva)wy
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1.51. Let U = (uy,up,u3) and V = (vi,v,v3). Which bilinear functions b have the
symmetry property
b(U,V) =b(V,U)?
(a) b(U,V) = 10u;v;
(b) b(U, V) = uyvy —upv)
(©) b(U,V) = uyvy +uyvy + 10uzv;
(d) b(U,V) =uv3 + 10urvo + uzvy

1.52. Let U = (uy,up,u3) and V = (vi,v,v3). Which bilinear functions b have the

antisymmetry property
b(U,V) =-b(V,U)?

(a) b(U,V) = 10u;v;

®) b(U,V) =uyvy —upvy

(©) b(U,V) = u1vz +urvo + 10u3vq
(d) b(U,V) =uiv3 + 10urvo + uzvy

1.5 Norm and dot product in n» dimensions

We define now, in analogy with two-dimensional vectors, the norm of a vector in
R”, and the dot product of two vectors in R”.

Definition 1.12. The norm of a vector U = (uy,us,...,u,) is defined as
U] = ,/u%+u§+---+uﬁ. (1.19)

The zero vector 0 has norm zero, and conversely only the zero vector has norm
zero. As in R? we think of the norm of U as the length of U or the distance from the

origin to the point U.
Definition 1.13. We define the dot product, U-V, of U = (uy,us,...,u,) and
V=Wiv2,...,v,) as

U-V=uwuvi +upvy+---+u,vy,. (1.20)

We ask you in Problem 1.53 to verify that the dot product is distributive and
commutative:

U (V+W)=U-V+U-W, U-v=V.U.
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The dot product of a vector with itself is its norm squared:
— 2
U-U=|U.

Theorem 1.10 can be restated as follows:
Every linear function ¢ from R” to R can be expressed as

(U)=C-1,
where C is some vector in R”.
Inequalities. The relation in R?
U= VI = U +[[VIF -2U-V (1.21)

was derived using only the distributive and commutative rules for the dot product.
Therefore it holds for vectors in R” as well. We show you in Problem 1.59 a different
proof.

Next we prove a very useful inequality that compares U-V to ||U]||[|V]|.

Theorem 1.12. The Cauchy-Schwarz inequality. Ler U and V be vectors in
R”™. Then
[U-VI<[UIVII. (1.22)

Example 1.13. We have
(1,1,0)-(0,1,1) =1, (1,-1,0)-(0,1,1) = -1,

and in both cases the absolute value of the dot product is less than the product
of norms, V2+2. m]

Proof. 1f U is the zero vector then both sides of the inequality are zero, so it holds
in that case. Since the square is nonnegative

0<|IV-(U-V)U|>. (1.23)
Using (1.21) rewrite the right side of (1.23) to get
0 < [IVI?+[I(U-V)U|* = 2(U - V)?

= IVI?+(U-V)|UI? - 2(U- V)%,

If U is a unit vector, ||U]| = 1 and we get
0<|IVI? - (U-V)?

so (U- V)2 <|IV|I2. Taking square roots we get that for unit vectors U,
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[U-VI<|IVII.

Next if U is a nonzero vector, ﬁU is a unit vector, so

U- V'_ A%
’uUn VIl

Multiply by [[U]| to get (1.22). O

We ask you in Problem 1.64 to find out when equality holds in the Cauchy—
Schwarz inequality. An important consequence of the Cauchy—Schwarz inequality
is the triangle inequality for vectors in R".

Theorem 1.13. Triangle inequality /f U and V are vectors in R" then

U+ VI < [[Ul| +[[V]].

Proof. We have seen in equation (1.21) that
U= VI? = U +[IVI}* ~2U-V.
Replace V by —V and use the Cauchy—Schwarz inequality to get
IU+VI? =[0I +IVI* +2U-V
<[P + VI + 20UV = ([0]] + (VI
Take the square root to get ||[U + V|| < ||U|| +||V|| as asserted. m|

Using the Cauchy—Schwarz inequality we can define the angle between two
nonzero vectors U and V in R” as follows. From the Cauchy—Schwarz inequality
we see that for U and V nonzero

U-v
< <1
OV

We define the angle 6 between U and V to be

U-vV
6 =cos™! ( ), <m,
[[OIHIVI|
or cosf = ||U||.||V|| . Using this definition we can rewrite the formula (1.21)
U= VI = [UI* +[[VI>-2U-V
as

U= VII* = [UI? + IVI[* = 2I[U]| V]| cos 6.
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[[U - V]|, |IU||, and ||V]| are the lengths of sides of the triangle OUV in Figure 1.15.
Thus (1.21) is the Law of Cosines in R”.

u
Fig. 1.15 For Uand V in R, |[U-V|]? = [[U|1? +[V[> = 2|[U]| IVl cos 6.

Orthonormal set. We have used the set of coordinate vectors E; in R"” whose j-th
component is 1 and all other components are zero.

E, =(1,0,0,0,...,0)
E, =(0,1,0,0,...,0)
E; = (0,0,1,0,...,0)

E, =(0,0,0,0,...,1)

Every vector U = (uy,uy,...,u,) in R” can be written as a linear combination of these

vectors,
U=uE;+wEy +---+u,E,.

The list of vectors E; is called the standard basis in R".

Definition 1.14. A list of vectors V;,V»,...,V,, in R" is called an orthonor-
mal set when two properties hold:

(a) The vectors V; are pairwise orthogonal:
V-V =0forall j#k.
(a) Each vector V; has norm 1:

[IV;ll =1 for all j.

The standard basis of R” is an orthonormal set.

Example 1.14. The vectors
QI:(1»15171)9 Q2=(1517_]a_1),

Q:=(1,-1,1,-1), Qs=(-1,1,1,-1)
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are pairwise orthogonal. For example, Q- Q3 = 1—-1-1+1 = 0. Each has
norm 2. For example, ||Q4|| = V1+ 1+ 1+ 1 =2. Dividing by the norms there-
fore gives unit vectors V; = %Q i

1111 11 1 1
V] =(§’ i,fa j)? V2 2(5’5’_5’_2)7
_(1 11 1 _ 111 1
V3—(§,—§,§,—§), V4—(—§,§,§,—§)
are an orthonormal set in R?. O

We show now that there are many more orthonormal sets. The basic result is the
following.

Theorem 1.14. Letn>2 and k <n. Let W{,W», ..., Wy be vectors in R". Then
there is a nonzero vector V orthogonal to each of the vectors W;, i =1,2,... k.

Proof. We argue by induction on n. The case n =2 is simple. If W is the zero vector
we may take any vector for V. If W, = (a,b) # 0 we take V = (-b,a). Suppose
inductively that the theorem holds for n — 1, where n > 3. The desired relations
W;-V=0, j=1,2,...,k, form a system of k linear equations for the n components
Vi,V2,...,v, of Vi

Wj1V1+Wj2V2+"'+anVn=O, j=1,2,...,k. (1.24)

We look at the last terms on the left, w j,v,. If all the numbers w,, j=1,2,...,k are
zero, then we can satisfy these equations by choosing vi,v»,...,v,-1 equal to zero
and v, equal to 1. If one of the numbers w}, is nonzero, we use the j-th equation
in (1.24) to express v, as a linear combination of v{,v2,...,v,_1. In case k = 1 there
is no further equation and vy,vs,...,v,—; may be chosen arbitrarily; otherwise set
the expression for v, into the remaining equations (1.24) we get a system of k — 1
equations of form (1.24) for the n — 1 unknowns vi,v,,...,v,-1. By the induction
hypothesis this system has a nonzero solution. O

We use Theorem 1.14 to construct many orthonormal sets V,V,,...,V, in R":
Choose V; as any vector of norm 1. According to Theorem 1.14 there is a nonzero
vector, call it V,, orthogonal to V;. Again using Theorem 1.14 with k = 2, there is
a nonzero vector V3 that is orthogonal to both V| and V. Proceeding in this way
we construct a set of n nonzero vectors V; that are pairwise orthogonal. Then we
multiply each vector with a suitable number to make a vector of norm 1.

Theorem 1.15. If vectors Vi,...,V,, are an orthonormal set in R", then they
are linearly independent.

Proof. Suppose there is a linear relation
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C1V1 +---+6‘me =0.

Take the dot product with V;; since V;-V; =0 when j# i, and V;-V; = 1, we get
¢; = 0. Since this holds for each i this proves the linear independence. O

By Theorem 1.9 every vector X in R” can be expressed as a linear combination
of the linearly independent vectors Vy,...,V,

X=cVi+:-+c, V.

To find the ¢; when the V; are orthonormal, dot both sides of the equation with V;
to see that

Vi-X=Vi-(eVi++cVa) =clllVilP + Vi - Vo +-- =y

Similarly each ¢; = V;-X. Thus we have proved the following theorem.

Theorem 1.16. Let V,...,V,, be an orthonormal set of vectors in R". Then
every vector X in R" can be expressed as the linear combination

X=(Vi-X)Vi+---+(V,-X)V,. (1.25)

Example 1.15. To write X = (1,2,3,4) as a linear combination of the set of
orthonormal vectors Vi, V, V3, V4 in Example 1.14, we find

c1=Vi-X=3D)+3@+33)+3# =5

c=V2-X=-2
c3 = V3 -X=-1
Cq4 = V4-X =0
and so
4
X=(1,2,3,4)= > (V;-X)V; =5V -2V, - V3.
j=1
O
Problems

1.53. Denote the dot product function 5(U,V) = U- V. Verify that the dot product
is distributive and commutative and show that it is a symmetric bilinear function by
verifying the following properties:

(a) b(U,V) is bilinear
(b) b(U,V) =b(V,U)
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1.54. Let U, V, W, and X be the points on the rectangular box in R3 shown in
Figure 1.16. Find the following distances:

(@ IV-Ull,

(b) the distance between U and the origin,

(c) the distance between U and V+ W,

(@) W =X]l.

W 2
3

X

Fig. 1.16 The points used in Problem 1.54.

1.55. Find a vector W in R> orthogonal to all three of the vectors
(1’2,090’ _2)’ (_2, 192’0’0)» (07 _2, 190’2)'

1.56. Which of the following vectors are unit vectors?

(a) 35(3.4.5),
(b) -Uif Uis,
(C) (_Ml’u27 —M3,M4,—M5,M6), ifU= (M],MZ,M3,M4,M5,M6) is.

(d) 3(1,- V2, ¥3,-V3).
1.57. Determine whether the following pairs of vectors are orthogonal to each other.

(a) (1’1,19151) and (_19_13_1’_13_1)3
(b) (1513191) and (_17_1’_153)7
(c) (1,1,1) and (—1,2,-1).

1.58. Show that if X and Y are orthogonal to each other in R” then
IX+ Y112 = [XI +1YI.

This is sometimes called the Pythagorean theorem in R".

1.59. Let u and v be numbers. Use the algebraic identity

2

(u—v)2 =u? = 2uv+v

n times to prove that for all vectors U and V in R”,

U~ VI = [UJ? +|IV|*-2U-V.
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1.60. Find the maximum norm of X = (x1,x2, ..., X100) in the unit cube in R0,
0<x1 <1, 0<x<I1, ... 0<Zxjp<l.

1.61. Imagine an n-dimensional cube in R" with edge length ¢ > 0, consisting of all
the points X = (x1, x2,...,X,) with

0<x;<c, k=1,...,n.

(a) Find the point P in the cube that has the largest norm. Call P the far corner of the
cube.

(b) For what value of c is the far corner P on the unit sphere of R, |[X]||=17?

(c) Keeping the far corner point on the unit sphere, what happens to the edge length
c as the dimension # tends to infinity?

1.62. Let C = (cy,...,c,) be a given vector in R” and let X = (x,...,x,). Show that
the function

fX)=x+C-X
is linear, by finding D = (dy,...,d,) to express f in the form f(X) =D -X.

1.63. LetW; =(1,1,1,0)and W, = (0, 1, 1, 1). Find two linearly independent vectors
that are orthogonal to both W and W.

1.64. Our proof of the Cauchy—Schwarz inequality, Theorem 1.12, used that when

U is a unit vector,
0<|[V-(U-V)U|I* = [IVI* = (U- V)%

(a) Show that if U is a unit vector and |U- V| = ||U||||V]|, then V = (U-V)U.
(b) Show that equality occurs in the Cauchy—Schwarz inequality for two arbitrary
vectors V and W only if one of the vectors is a multiple of the other vector.

Fig. 1.17 The icosahedron in a cube, for Problem 1.65.
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1.65. The regular icosahedron fits nicely into a cube, as shown in Figure 1.17. It has
twenty equilateral triangle faces. In the cube, 0 < x<2,0<y<2,and 0 <z <?2.
Points A and B are located on the face of the cube where x = 2, and are equally
spaced from the center of that face, so A = (2,1 —h,1) and B = (2,1 + A, 1) for some
number £ > 0.

(a) Find the coordinates of points C and D in terms of 4.
(b) Express the distance between A and B in terms of 4.
(c) Express the distance between A and D in terms of 4.
(d) Find h.

1.66. Let
Vi =(a,b,...,b), Vo = (b,a,b,...,b), V3 = (b,b,a,....b), ... Vy=(b,...,b,a)

be n vectors in R”, where n > 1. Find numbers a and b so that Vy,...,V, is an
orthonormal set.

1.67. Use the triangle inequality as needed to prove the following inequalities,
where a and b are numbers and X and Y are vectors in R”.

(a) lal < la bl +b]

(b) lal = Ib| < la—b|

(©) |lal - 1bI| < la— bl

(@) [IXI= Y1l < IX - Y|

1.6 The determinant

The determinant of order n is a number valued function of an ordered list of n vectors
Vi1,V2,...,V,, each with n components. We denote it as

det(Vy,Vs,..., V).

Before giving the formula for the determinant we list its algebraic properties:
(i) det(V1,Va,,...,V,) is a multilinear function, that is, a linear function of each

V; when all other V;, j # i are held fixed.
(ii) If two vectors V; and V; of the ordered list are equal, the value of the deter-

minant is zero:
det(...V,...,V,..)=0.
(iii) det(E, E,, ..., E,) = 1, where E; is the vector whose i-th component is 1 and

all other components are zero.
We deduce three further properties from the properties above:
(iv) If two of the vectors in the ordered list are interchanged, the value of the

determinant is multiplied by —1.
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Proof. Using repeatedly properties (i) and (ii) of the determinant we get the follow-
ing sequence of identities, where we only indicate the i-th and j-th vectors U and V
of the ordered list:

0 = det(U+V,U+V) = det(U, U) + det(U, V) + det(V, U) + det(V, V).

Therefore
0 =det(U,V) +det(V,U).

This proves property (iv). O
(V) If V1, V,,...,V, are linearly dependent, then det(V{,V>,...,V,,) =0.

Proof. 1f the V; are linearly dependent, one of the V;, say V1, is a linear combination
of the others: .
V1 = Z m jV j
i=2

Using the multilinear property of the determinant we have

n
= > midet(V;,Va,..., V).

n
det(V1,Va,...,V,) = det[zmj'Vj,Vz,...,Vn
i=2

i=2

In each term of the sum on the right side of the last equation two of the vectors in
det are equal. Therefore by property (ii) each term of the sum is zero. It follows that
the whole sum is zero. This proves property (V). |

Next we show the converse of property (v).

(vi) If the vectors V{,V,,...,V, are linearly independent, det(V,V>,...,V,) is
not zero.
Proof. Since the vectors V1,V»,...,V, are linearly independent, according to The-

orem 1.9 we can express every vector as a linear combination of them. In particular
the unit coordinate vectors E; can be expressed:

E = Zn: bjiVj.
Jj=1

Since the determinant is a multilinear function, we write

det(E,Es, ..., E,) = det

n
= ij]det
=1

n n
ijlvj,Ez,...,En] = > bjidet(V;, Es, ... Ey)
j=1 J=1

n n n
Vj,Zbszk,E3, e ,En] = ijl Zbkzdet(Vj,Vk,E3, s Ep)
=1 = k=l
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Continuing in this fashion we get an expression of det(E(,E,,...,E,) as a linear
combination of the determinants det(V;, Vy,...,V;) where V;,Vi,...,V; is a per-
mutation of V{,V,,...,V, and therefore

ety Es,.. B = > (bjbiaeby)det(V, V..., Vo).

permutations jk---z
But for each permutation, either
det(V;,Vi,..., V) =det(V(,V,,...,V,)

or
det(V;,Vg,...,V;) = —det(V1,V2,...,V,)

Therefore det(E,E,,...,E,) is a multiple of det(V{,V,,...,V,). Since
det(E{,E,,...,E,) =1

it follows that det(V, Va,...,V,,) is not zero. This proves property (vi). O

We shall show that properties (i), (ii), and (iii) completely characterize the deter-
minant. First we derive from these three properties a formula that holds for every
function satisfying the properties. Then we show that a function defined by this
formula satisfies the three properties.

To use properties (i), (ii), and (iii) of det to devise a formula for the determinant,
we take an ordered list of n vectors Vi, V»,...,V, in R". Denote the k-th component
of V; by wj, (j=1,2,...,n; k=1,2,...,n). We write each vector V; as a linear
combination of the unit vectors Ej:

n

V= kajEk. (1.27)
k=1

Using the above expression for V| we write

n

det(V1,Va,...,V,) = det[z va B, Va, ...V,
k=1

Using multilinearity of the determinant we can rewrite the right side as

n

Z viidet(Eg, Va,..., V,).
k=1

Next we use the expression (1.27) for V; in each term of the sum above, and multi-
linearity to rewrite each term of this sum. We get the double sum

n n
det(V1,V2,..., V) = Z Z viavedet(Eg, Ep, Vi, ..., V,).
=1 =1
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Proceeding in this manner we get the formula as an n-tuple sum

n

det(V1,Va,....,V,) = Z Vk1vez - v)det(Eg, Eg, ... E;). (1.28)
kt,...z=1

Next we use properties (i), (ii), and (iii) to determine det(Eg, E,...,E;).

According to property (ii) the determinant is zero when two of the vectors in the
list are equal. This shows that in formula (1.28) we can restrict the summation to the
case where £, ¢, ...,z is a permutation of 1,2,...,n.

Next we define the signature of a permutation as follows. Denote by

P=P1DP2" " Pn

a permutation of 1,2,...,n. That is,

p(h=pi,  pQ=p2 ...  p)=p,.
Form the two products
]—[(x,,,. ~Xp) (1.29)
i<j
and
ﬂ@f—xﬂ (1.30)
i<j

Each factor in the product (1.29) is equal to one of the factors in the product (1.30)
or its negative. Therefore the two products are equal or are the negatives of each
other.

Definition 1.15. We define the signature of a permutation p of 1,2,...,n to be
the number s(p) = 1 or —1, such that

l_[(xp,- —Xp;) = s(p)]_[(x,-—x,-). (1.31)

i<j i<j

Signature s(p) has following properties:

(a) The signature of an interchange is —1.
(b) The signature of the composite of two permutations is the product of their signa-
tures:

s(pq) = s(p)s(q).

Proof. (a) When we interchange x; and x,,, (k <m), for every £ between k and m
both x; — x and x,, — x, change sign, an even number of sign changes. In addition
Xm — X; changes sign, an odd total number of sign changes.

Property (b) follows directly from the definition (1.31), as we ask you to show in
Problem 1.75. O
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Every permutation p can be obtained as a composite of interchanges. Let c¢(p) be
the number of interchanges. If follows from properties (a) and (b) that

s(p) = (=D,
Example 1.16. Let p = 312 be a permutation of 1,2, 3, that is,

p1=3, pp=1, p3=2

Two interchanges bring 312 into 123: one interchange takes 312 to 132, and a
second interchange takes 132 to 123. Therefore s(p) = 1. O
Example 1.17. One interchange takes 15342 to 12345, so s(15342)=—-1. O

According to property (iv) a factor of —1 is introduced with each interchange of
vectors, and using (iii) we get

det(Ey,,....Ep,) = (=) P det(Ey,...,E,) = (=) = 5(p).

Set this result into formula (1.28) for the determinant. We have shown that if a
function satisfies the three properties (i), (ii), and (iii) then the value it assigns to
Vi,...,V,)is

Z S(P)Vm 1Vpy2 " Vpun

p

summed over all permutations p = pyp2---p, of 1,2,...,n. Therefore we make the
following definition.

Definition 1.16. Let V1,...,V,, be vectors in R” written as columns,

Vi1 V12 Vin

V21 V22 Von
Vl = ’ V2 = > Vn =

Vnl Vn2 Vnn

The determinant is defined as

det(V1,Va,...,V,) = Z S(PVp 1Vpy2*** Vpun (1.32)
p

where the sum is over all permutations p = pypy---p, of 1,2,...,n.

The 2x2 case. For n =2 let p = 12 and g = 21 be the permutations of two numbers
1,2. No interchanges are needed for p, so the signature s(p) = 1. One interchange
takes 21 to 12 so s(q) = —1. For

V11 V12
Vv, = R
Ll el
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the determinant is

det(V1,V2) = s(p)vp,1Vp,2 + S(@)Vg1Vg2
= s(lZ)vllv;g + S(Zl)Vglvlz

=Viv2 —V21vi2

where the sum is over the two permutations of 1,2.

Example 1.18. det(| 3. [3]) = @) - (-2)(5) = 12. O
We verify now that the determinant as defined by formula (1.32) has the three
algebraic properties listed at the beginning of this section:
(i) Each term in the sum on the right in (1.32) is a multilinear function of the V ;.
Therefore so is their sum.
(ii) In definition (1.32) interchange V; and V; where i < j. We get

det(..., Voo, Vi) = D s(p) v vy, (1.33)
p

Let r be the interchange of i and j, and denote the permutation pr as g. Since the
factors vp; and v), ; can be interchanged with no effect, we can rewrite (1.33) as a
sum over all permutations g:

det(-.., Voo, Vir ) = D s(p)(vgy 1452+ V) (1.34)
q

According to the product formula s(q) = s(pr) = s(p)s(r). The signature s(r) of an
interchange r is —1. Therefore s(q) = —s(p). Set this in formula (1.34); we get

det(...,Vj,....V;,..)=—det(...,V;,....V;,..). (1.35)

In words: if two vectors in the list are interchanged, the value of det is multi-
plied by —1. It follows from (1.35) that if two of the vectors V; and V; are equal,
det(Vy,...,V,) =0.

(iii) For V; = E;, (j = 1,2,...,n), the sum on the right side of formula (1.32) for
the determinant has only one nonzero term, corresponding to the trivial permutation
12---n, and that term is equal to 1. This shows that

det(E(,Es,....E)) = 1.

This completes the proof that the determinant defined by formula (1.32) has the
three properties listed at the beginning of this section.

The components of n column vectors in R” form a rectangular array of numbers
called a matrix. (See also Section 1.8.) We write

M=[V;V,---V,], detM =det(V1,V2,...,V,).
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We use Definition 1.16 to compute the determinant of M. For example, using the
vectors in Example 1.18,

det[_g ?] =2)(1)-(=2)(5) =12.

miy myp mp3
The 3 x 3 case. Let M = | mp; mpy mp3
m31 m3p ms3

. For n = 3 there are six permutations,

123, 132, 213, 231, 312, 321.
Using (1.32)

detM = s(123)ml1m;2m§3 + s(132)m11m§2m23 + s(213)m21m12m§3
+ s(231)m;1 m3ymi3 + s(312)m§1m12mg3 + s(321)m§1m;2ml3
= my1mp2m33 — mMy1M32m33 — ma1n12m33

+my1m3pmy3 + m3 Mmooz — M3 MM 3. (1.36)

This sum can be expressed in several ways; for example we can factor out the num-
bers of the first column, m i, giving

detM = my1(mpoma3 — m3pmn3)

—my1(miama3 —m3ami3) +m3y(miamaz — mpmy3). (1.37)
If we factor out the numbers of the first row, m1;, we get
detM = my 1 (maam33 — m3pma3) +miz(—mo1m33 +mz1mo3) +m3(ma1m3 — m31my2)

and this is equal to

m m
= mjdet e
m3p m33

myy m
emader| 7272

et may ma3
m31 m33 may msz3

Example 1.19.

012 57 56
det| 567 =0—1det[ +2det[ }:0—(10+7)+2(15+6)=25.
-12 -13
-132
O
Example 1.20. Let
000d
0b00
M=ls000]

00cO
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The determinant must be either abcd or —abcd, since the only nonzero term in
detM is the one containing m3;mooma3mis = abed. In Problem 1.72 you find
that the signature of 3241 is +1. Therefore

detM = abcd.

]
Determinant and orientation. We turn now to the geometric meaning of the deter-
minant. We use the notion of determinant to define algebraically the orientation of
an ordered list of n linearly independent vectors in R”.

Definition 1.17. Let V,V>,...,V, be an ordered list of n linearly inde-
pendent vectors in R”. The ordered list is called positively oriented if
det(V1,Va,...,V,) is positive, and negatively oriented if det(V{,Va,...,V,)
is negative. By property (vi) det(V{,Va,...,V,) #0.

Note that by property (iii) of the determinant det(E;, E,,...,E,) = 1 and by prop-
erty (i) det is multilinear. Therefore

(a) the ordered list of vectors E,E,,...,E, is positively oriented.
(b) the ordered list of vectors Ej,E,,...,E,_1,—E, is negatively oriented.

See Figures 1.18 and 1.19.

Fig. 1.18 E,E,,E3 are positively oriented in R3.

An n-tuple U(?) = (u1 (1), u(2), .. . ,un(¢)) of continuous functions u; from an inter-
val in R to R is called a continuous vector function in R". A deformation of an
ordered list of linearly independent vectors is an ordered list of continuous vec-
tor functions V (), Va(?),...,V,(¢) in R” such that for every ¢ the vectors are lin-
early independent. The determinant of a deformation is nonzero for every t. Since
det(Vi(2),..., V(1)) is a sum of products of the component functions and each com-
ponent of V(#) is a continuous function of ¢, det(V(?),..., V,(#)) is continuous. It
follows from the Intermediate Value Theorem that the continuous function of one
variable,

det(Vi(1), Va(2),..., Vu(2) #0,
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has the same sign for all 7. This shows that the ordered lists V(#), Va2(?),..., V,(?)
have the same orientation for all 7.

Vy \Y/
E2 2
N / v
E, | E,
—E2

Fig. 1.19 Left: The ordered list V|, V; is negatively oriented. Right: The ordered list V{,V; is
positively oriented.

The following is the basic result about the geometric meaning of orientation.

Theorem 1.17.(a) Every positively oriented ordered list of n linearly
independent vectors V1,V,...,V, in R" can be deformed into the ordered
list of unit vectors E1,Eo, ..., E,.

(b) Every negatively oriented ordered list of vectors in R" can be deformed
into the ordered list E{,E,, ...,—E,.

Proof. We outline a proof by induction on n. See Figure 1.20.

(a) Suppose the vectors Vy,...,V, are positively oriented. There is a rotation that
takes the vector V,, into pE,, p a positive number. This rotation carries the
vectors V; into vectors we denote as W, (j = 1,2,...,n—1). We follow this by
shrinking the n-th component of each of the vectors W;, j <n, to zero. This
amounts to adding a multiple of the n-th vector W, = pE, to each W;, j<n,
which does not change the determinant of the resulting set of vectors. Therefore
the resulting vectors in the hyperplane x, = 0 are linearly independent.

Denote by Z;, j < n, the (n—1)-dimensional vectors obtained by omitting the
n-th component of W;. Since the omitted components are zero, these are a set
of (n—1) linearly independent vectors with (n— 1) components. The determinant
of the n vectors in their new position is equal to p times the (n—1) by (n—1)
determinant of the vectors Zj,Zo,,...,Z,_;. Since the determinant is nonzero
under a deformation, its sign doesn’t change. Since p is positive, it follows that
det(W1,Ws,...,W,) is positive. By the induction hypothesis this list of (n— 1)
positively ordered vectors with (n — 1) coordinates can be deformed into the
ordered list E;,E,,...,E,_;. In one dimension a positively oriented vector is a
positive number, which can be deformed into the number 1.

This completes the outline of the proof that the positively oriented list of vectors
Vi1,V,,...,V, can be deformed into the list of vectors E;,E,,... E,.
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(b) Analogously one shows that if the ordered list V{, V>, ..., V,, negatively oriented,

it can be deformed into the ordered list E;,E»,...,—E,.
O
pE 3 v, pE 3
W,
Vv,
Vi
W1
E1 \& E1 \Q
Z, Z,

Fig. 1.20 Notation in the proof of Theorem 1.17 for n = 3.

Problems

1.68. Evaluate the determinants

(a) det : ?}

2

-1

»0
(1 0
(b) de:trO _1]
© det !
C c O

1

(1 4
) det_l 4}

(e) det[U V], where the columns U and V are linearly dependent in R2.

1.69. Show det[U V] is a bilinear function of pairs of column vectors U, V in R? by
verifying that:

(a) detfU+ W V] =det[U V] +det[W V] and det[U V + W] = det[U V] +det[U W],
(b) det[cU V] = cdet[U V] and det[U ¢V] = cdet[U V].

1.70. Use bilinearity of the determinant function to show that each expression is
Zero.

5a b ab
(a)det[sc d}—Sdet[c d]
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(b) det|” y_z]—det[x Y4 det| ™ Z]
v ow Vv ow v 0

1.71. Evaluate the determinants.

00
10]
1
0
0
1

d
—_—

(a) det

(b) det

(c) det

(d) det

(e) det

=N eRell el e Nel =Xl
oL
|
—_ )
—

1.72. Find the signature s(3241) from the equation
(o3 = x2)(x3 — x4)(x3 — x1)(x2 = X4)(x2 — X1)(X4 = x1)

= 5(3241)(x1 — x2)(x1 — x3)(x1 — Xx4) (X2 — X3)(X2 — X4)(X3 — X4).

1.73. In the permutation 3241 there is an even number of cases where a larger num-
ber is to the left of a smaller one, 41, 21, 31, 32, and the signature is +1. (See
Problem 1.72.)

(a) Prove in general that the signature of a permutation is +1 if there is an even
number of such cases and is —1 if there is an odd number.

(b) Find s(1237456).

(c) Find s(1273456).

1.74. Evaluate the determinants.

(100 ---0
020---0

(a) det| 003 -+ 0

1000 ---n

(n 1 I 1]
On-1 1 -1

0 0 n-2---1
(b) det

co .-
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1.75. When p and ¢ are permutations of 1,2,3,...,n we write the composition ¢
followed by p as pg. Show that the signature of permutations has the property

s(pq) = s(p)s(q).

1.76. Use the result of Problem 1.75 to show that a permutation and its inverse have
the same signature.

1.77. Show that the orientation of the ordered list of vectors E|, E3, E, in R, and
the signature s(132), are both negative.

1.78. Show that the orientation of the ordered list of vectors Es, E;, E, in R, and
the signature s(312), are both positive.

1.7 Signed volume
We start by defining a simplex.

Definition 1.18. Let k < n and let Vy,..., V; be linearly independent vectors
in R™. A k-simplex with vertices 0,Vy,..., Vi in R" is the set of all points

k
X=c1Vi+caVo+---+ci Vi where 0 <¢; and Zcisl.
i=1

We say the simplex is ordered if the order of the vertices is specified.

Example 1.21. The 2-simplex with vertices (0,0),(1,0),(0,1) is the triangular
region of R? drawn in the left side of Figure 1.21. The 3-simplex with vertices
(0,0,0),(1,0,0),(0,1,0),(0,0,1) is the solid tetrahedron in R3 shown in the
center of the figure. The 2-simplex with vertices (0,0,0),(0, 1,0),(0,0,1) is
the triangular surface in R? shown at the right of the figure. O

Fig. 1.21 Left: A 2-simplex in R?. Center: A 3-simplex in R3. Right: A 2-simplex in R?. See
Example 1.21.

For each j = 1,...,k the j-face of the k-simplex is the ordered (k — 1)-
simplex whose vertices are the vectors 0,Vy,...,V; omitting V.
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Example 1.22. The 1-face of the ordered 3-simplex with vertices
(0,0,0), (1,0,0), 0,1,0), (0,0,1)
in Example 1.21 is the ordered 2-simplex with vertices
(0,0,0), (0,1,0), (0,0,1).

See Figure 1.21. O

We define the distance from a point V in R” to the hyperplane spanned by n — 1
linearly independent vectors as follows: By Theorem 1.14 there is a unit vector N
that is orthogonal to the hyperplane. Define the distance from V to the hyperplane
tobe |V-N|.

The volume of an n-simplex is defined to be the product of the (n— 1)-dimensional
volume of the j-face times the distance from V; to the hyperplane spanned by the
Vi, (i # j) that contains the j-face, divided by n. As we shall see, this number is
the same for all j. To complete this definition we need the volume of the face. In
the case of a 3-simplex in R?, the face is a triangular region that lies in a two-
dimensional plane. The volume of the face is then the area of that triangle. In higher
dimensions it is possible to introduce a coordinate system with n — 1 coordinates
in the hyperplane containing the face, so that the volume of a face can be defined
inductively by dimension.

Definition 1.19. The signed volume, denoted S (Vy,...,V,), of the ordered
n-simplex with vertices 0,V1,...,V, is defined as the n-dimensional volume

of the simplex in case the ordered collection Vyi,...,V, is positively oriented,
and as minus the volume in case the ordered collection Vy,...,V, is negatively
oriented,

We shall derive a formula for the signed volume and show that it is a multilinear
function of Vy,...,V,,

Let Vy,...,V, be an ordered set of linearly independent vectors. We define the
signed distance s(V;) of a vector V; from the hyperplane spanned by the vectors
Vi,..., Vi,..., Vo, (i # j) as follows:

(a) s(V;)is the distance of V; from the hyperplane spanned by the vectors V;, (i # j),
in case the n-simplex S (V1,...,V,) is positively oriented.

(b) s(V;)is —1 times the distance of V; from the hyperplane spanned by the vectors
Vi, (i # j), in case the n-simplex S (V1,...,V,) is negatively oriented.

(c) In case the vectors V; are linearly dependent, we define s(V ;) as zero.

In Problem 1.83 we ask you to verify that the function s(V) is a linear function
in each half-space outside the hyperplane. Let W be the reflection of V across the
hyperplane. It follows from the definition above of signed distance that s(W) =
—s(V). This shows that s(V) is a linear function in the whole space.
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The signed volume of the n-simplex is equal to the product of s(V,) times the
(n — 1)-dimensional volume of the face with vertices 0,V,V,,...,V,_;. By the
induction hypothesis the (n — 1)-volume of this face is a multilinear function of the
variables V;, (i < n). This proves that the signed volume S(V,V,,...,V,) is a
multilinear function. That is property (i) of the determinant as defined in Section 1.6.

If two of the V; are the same, the volume is zero. That is property (ii) of the
determinant.

The volume of the simplex whose vertices are the unit vectors E{,E,,...,E, is
%. This shows that

n!S(Vi,Va,...,V,)

has the property (iii) of the determinant. We have seen that the three properties
characterize the determinant. Therefore it follows that n!S(V,Vs,...,V,) is the
determinant. Dividing by n! we get the formula for the signed volume of an ordered
simplex:

1
S(Vi,Vp,...,V,) = ;det(Vl,Vz,...,V,,).

column 1

Fig. 1.22 The tetrahedron in Example 1.23.

Example 1.23. The tetrahedron with ordered vertices (0,0,0), (1,1,3), (2,4, 1),
(5,2,2) (see Figure 1.22) has signed volume

125
sdet| 142]=4(1(42)-1(2)) - 2(1(2) - 3(2)) + 5(1(1) = 3(4)))
312
_ 6+8-55 _ _41
6 [

O
The parallelopiped in R™ determined by vectors Vy,...,V,, is the set of points

ciVi+--+c¢,V,, 0<c¢<1.
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The signed volume of the parallelopiped determined by Vji,...,V, is n! times the
signed volume of the n-simplex and is equal to

det(Vy,..., V).

Example 1.24. The signed volume of the parallelopiped determined by ver-
tices (1,1,3), (2,4,1), (5,2,2) is

125
det| 142|=-41.

312

See Example 1.23 and Figure 1.23. O

= I

y

Fig. 1.23 The parallelopiped in Example 1.24. Compare the darkened vertices with Figure 1.22.

Problems

1.79. Justify the following items to prove that the area of the triangle with vertices
0,U=(uj,up) and V = (vy,1) is %|u1vz —upvy|. (See Figure 1.24.)

(a) The area of the triangle is %||U||(||V|| siné).
- uv_\2
(b) sind = /1 _(IIUHIIVII) :

(c) The area is equal to 3 /|[U|RIIVI[2 = (U- V).
(d) The expression ||U|[?|[V]|> — (U - V)?is equal to the perfect square (1v; — usv1)>.




48 1 Vectors and matrices

Fig. 1.24 The triangle in Problem 1.79.

1.80. Show that the signed area of the ordered triangle with vertices 0, U = (u1,u5)
and V = (vy,vp) is %(ulvz —upvy). (See Figure 1.24 and Problem 1.79.)

1.81. Find the area of the parallelogram with vertices (0,0), (1,3), (2,1), and (3,4).
(See Problem 1.79.)

1.82. Draw the ordered tetrahedra (ordered simplices in R?) with the following ver-
tices and find their signed volume.

() 0, U=(2,1,0), V=(1,2,0) and W = (0,0,7).
()0, U=(2,1,0), V=(1,2,0)and W = (7,7,7).
© 0, U=(2,1,0), W=(7,7,7)and V = (1,2,0).

s(V)
Vi

Fig. 1.25 Signed distance s(V) for positively oriented vectors Vi, V. See Problem 1.83.

1.83. Let V| #0, V and W be vectors in R? with V{,V and V|, W positively ori-
ented. See Figure 1.25. Let s(V) be the distance from V to the line containing V.

Use a sketch to illustrate the following.

(a) s(cV) = cs(V) for all numbers ¢ > 0,
(b) s(V+W) =s(V)+ s(W).

1.8 Linear functions and their representation by matrices

The notion of linear function is basic.
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Definition 1.20. A function F from R” to R¥ is called linear when it has the
following properties:

(a) For all numbers ¢ and vectors V in R”, F(c¢V) = cF(V).
(b) For all vectors V and W in R”, F(V+ W) =F(V)+F(W).

Combining properties (a) and (b) we deduce that for all vectors V{,V,,...,V,
and numbers cy,c3,...,c¢

F(61V1 + C2V2 +e+ Cng) = ClF(Vl) + C2F(V2) +e 4+ C[F(V(). (1 .38)

We describe now all linear functions from R” to RX.
We express vector V = (vy,...,v,) as a linear combination of the standard basis
vectors Eq, ..., E,
V=viEi+nE)+---+v,E,.

Using equation (1.38) we get
F(V)=viFE|) +wFE)+---+v,FE),). (1.39)

This shows that the linear function F is determined by the vectors F(E),...,F(E,).
Next we use formula (1.39) to characterize all linear functions.
Choose vectors M{,M»,...,M,, in R*. We define the function F by

F(V) = V1M1 + V2M2 +--- 4+ v,,M,, (1.40)

for every V = (vi,v2,...,v,) in R™. It is easy to verify, and we ask you to show in
Problem 1.87 that the function F defined by formula (1.40) is linear. According to
(1.39) all linear functions are of this form. So we have proved the following theorem.

Theorem 1.18. A function F from R" to R¥ is linear if and only if there is a
list of vectors My, ...,M,, in R¥ so that for every V = (vi,...,v,) in R"

F(V)=viM| +v,;M, +---+v,M,,.
Matrix notation. If F is a linear function denote the components of the vectors M;
as myj,moj,...,mg, (i=1,2,...,n). We arrange these numbers in a rectangular array:
mpy mja - My
may| mpy -+ Moy
M= . - (1.41)
Mgy My =+ My

The j-th column consists of the components of the vector M ;.
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Definition 1.21. A rectangular array of numbers M in (1.41), with k rows and
n columns is called a k by n (or k X n) matrix. The number in the i-th row and
J-th column is denoted as m;;.

Definition 1.22. The product MV of a k by n matrix M and a column vector
V whose components are vy, vy, ...,V,, is the column vector whose i-th com-
ponent is

mi1v1 +mpvy + -+ + MV, (i=1,2,....k)

In words: the i-th component of MV is the dot product of the i-th row of the
matrix M and the vector V.

Example 1.25. Here are three examples:
123 1 0 14 3
[éi”‘}]zm 4561 1|=|3], 21 [‘”: -1].
789]]-1 6 -33 6
Matrices give us an alternative way to represent linear functions.

Theorem 1.19. Every linear function F from R" to R¥ can be written in matrix

form
F(V) =MV

for some k xn matrix M.

Linear functions can be multiplied by a number, added and composed, and the
result is a linear function; we formulate these operations as an “algebra” of linear
functions.

(i) For a linear function F from R” to R¥ and a number c the product cF is defined
by

(cF)(V) = cF(V).

(ii) For a pair of linear functions F and G both mapping R” to R, their sum F+ G
is defined by
F+G)(V)=FNV)+G(V).

(iii) Denote by F a linear function from R” to R and by G a linear function from
RK to R™. Their composition is defined by

GoF(V) = G(F(V)).
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It is a function from R” to R™.

We ask you in Problem 1.90 to verify that constant multiples, sums, and compos-
ites of linear functions are linear.

Since linear functions are represented by matrices, these operations can be
expressed as an algebra of matrices:

(i)’ For a matrix M and number ¢, ¢M is defined to be the matrix whose elements
are ¢ times the elements of M.

(CM)ij = cmjj.

(i1)’ For a pair of k by n matrices M and N, their sum M + N is defined to be the
k by n matrix whose elements are the sums of the elements of M and N:
mjj+njj.

(iii)* For a k by n matrix M and a m by k matrix N the matrix product NM is an
m by n matrix whose ij-th element is the sum

k

Z nipMp;.

h=1

One can think of this sum as the dot product of the i-th row of the matrix N and j-th
column of the matrix M.

Formulas (i)’ and (ii)* clearly express rules (i) and (ii) for linear functions. We
ask you in Problem 1.91 to verify that formula (iii)’ expresses rule (iii).

Example 1.26. Here are some examples of matrix products:
123]]1-1 14 0 13 21 ~110
456(12-1|=|32-3]{, as5||-131=] 319
789113 1 50 -6

Matrix multiplication is not commutative; that is, KL and LK are in general not
equal.

Example 1.27. Let

O

12 1-1
o EH A
then

o 1 [ o ] s B FH R
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If K and L are matrices, it is possible that one of the two products KL and LK is
defined and the other not defined.

We turn now to square matrices; they represent linear functions from R” to R".
Denote by I, the n X n matrix whose diagonal elements are 1 and off-diagonal ele-

ments are zero. Forn =3
100
I3=|010/{.

001

I, is called the n X n identity matrix. Multiplication by I, is the identity function:
LV=V

for every vector V in R".
The basic result about square matrices is the following.

Theorem 1.20. Let M be an n X n matrix, and let U, V and W be vectors in

R™.

(a) If MV = 0 only for V = 0, then every vector W can be represented as
W = MU for some U.

(b) If every vector W can be represented as MU for some U then MV = 0 only
forV=0.

We say that a function F is one to one if F(U) = F(V) only when U = V. Before
presenting the proof of Theorem 1.20 we draw some of its consequences. In case (a)
the function F defined by F(V) = MV is one to one. For if

F(V) =F(),

then by linearity F(V —U) = F(V) — F(U) = 0. Since the only vector mapped into
zero by multiplication by M is the zero vector, it follows that V—-U = 0 and so
V = U. Therefore every vector W can be represented as W = MU = F(U) for some
U, and U is uniquely determined because F is one to one. That is, F has an inverse
function that we denote F~.

We show now that F~! is linear. Let F(U) = W and F(V) = Z. Then by linearity

FU+V)=FU)+F(V)=W+Z.
By definition of inverse
U=F'W), V=F'Z) and U+V=F!(W+27).

Therefore
F'W)+F {(Z)=F ' (W+2Z).

One can verify similarly that
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F'(cW) = cF (W)

According to Theorem 1.19 the inverse function F~! can be represented by a
matrix. We make the following definition.

Definition 1.23. Let M be a square matrix, and denote the corresponding lin-
ear function from R” to R” as F:

F(V)=MV.
If F has an inverse function F~! then we say M is invertible and denote by
M-!

the matrix that represents F~!. We call M~! the inverse of the matrix M.

We present now a proof of Theorem 1.20.

Proof. (a) Take the case that MV = 0 only for the vector V = 0. We show that the
n vectors ME|,ME,,...,ME, are linearly independent. For suppose there were a
nontrivial linear relation

C1ME1 + CQMEz +et C,,MEn =0.
By properties of matrices (i)’—(iii)’ we can write this relation as
M(ciE; +cEy+---+ CnEn) =0.

Since MV = 0 only for V = 0, it follows that ¢; = ¢ = --- = ¢, = 0. This proves the
linear independence of the vectors ME ;. According to Theorem 1.9, every vector
W can be represented uniquely as

W =a ME| +a,ME; +---+a,ME,,.
By linearity we can write this relation as
W= M(alEl +d2E2 +--- +anEn).

This proves that every vector W can be represented as MU.
(b) Take the case that every vector can be represented as MU. Then the unit
vectors E; can be represented as

E; =MU,. (i=12,...,n)
By linearity, for all numbers cy,c»,...,c, we have

M(ciU; +coUs + -+ ¢,U,) = ciMU; + oMU, + -+ + ¢,MU,,
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=cEi+Ey+ -+, E,. (1.42)

The right side is nonzero unless all the numbers ¢; are zero. Therefore so is the left
side. It follows that M(ciU;j + ¢, Uy + -+ + ¢,U,) is nonzero unless all numbers c;
are zero. Consequently c{U; +c,U; + - - - + ¢, U, is nonzero unless all the numbers c;
are zero. This shows that the vectors U; are linearly independent. By Theorem 1.9,
every vector W is some linear combination ¢1U; + coUp + - - + ¢, U, of the linearly
independent vectors Uy,...,U,. It follows from equation (1.42) that MW = 0 only
if all the numbers c; are zero. But then W = 0. This proves part (b). O

In Problems 1.92, 1.93, and 1.94 we ask you to justify some additional results
regarding matrices and determinants:

(a) For square matrices A and B of the same size,
det(AB) = det(A)det(B).
(b) If the nx n matrix A has an inverse matrix A~!, then
AAT' =T, =A"'A

and
det(A™") = (det(A))~".
Problems
1.84. Evaluate the products.

(100][x
@ |020]| x
1006 x3

ol

© [cos —sind ][ 1
»sin@ cos@ (|0

) [ cosf —sin@ 2_ cosf —sinf || cosf —sinf
7sin0 cosf| | sinf cosf || sinf cosd

1.85. Evaluate the products, where

1 [-3 [ o1 b b
S RS R S iy
@AX XY (©)Y-(AX) (d)E;-BEj, i,j=12

1.86. Evaluate the products, where
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1 -3 010 b1 bi2 b3
X=(2], Y=| 0, A=[100]|, B=|by by by|.
3 1 007 b31 b3 b3

@AX XY (©Y-AX) (@E;-BE;, i,j=1,23
1.87. Show that the function defined in equation (1.40) is linear.

1.88. Express these formulas as a product AX of a matrix A and a column vector X.

(a) X1 +xp
X1 —X2

(b) xp —4x3, where X is in R3

(¢) xp —4x3, where X is in R*

[ X2 —4)63

(d) X1+ X4

| X1+ X2+ X3+ X4

where X is in R?

where X is in R*.

1.89. Express these formulas as X - (AY), where X and Y are column vectors of R2
and A is a matrix.

(@) x1y1 +2x2y2
(b) x1y2 — x2y1
(©) x1(y1 +3y2) + x2(y1 —y2)

1.90. Let F and G be linear functions from R” to R, let H be a linear function from
R™ to R, and let ¢ be a number. Show the following.

(a) F+ G is a linear function.
(b) cF is a linear function.
(c) HoF is a linear function.

1.91. Let N be an m by k matrix, M a k by n matrix, and X in R”. Show that the
product N(MX) can be found by multiplying X by the matrix with ij entry

k
Z RipMMj,
h=1
the dot product of row i of N with column j of M. That is,
NMX) = (NM)X.

1.92. Assume A is an n X n matrix with det A # 0, and consider the function of n X n

matrices B defined by
det(AB)
B)= .
f®) detA

Show that f satisfies the three basic properties that characterize the determinant.
Thus by uniqueness f(B) must be equal to detB. Conclude that

det(AB) = det(A) det(B).
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1.93. Assume A and B are n X n matrices with detA = 0. Show the following:

(a) There is a vector W such that for all V, AV # W. (See Theorem 1.20.)
(b) There is a vector W such that for all U, ABU # W.
(c) det(AB) =0.

Therefore det(AB) = det(A)det(B) holds when detA = 0.

1.94. Prove the following.

(a) If the n x n matrix A has an inverse, then AA™1 = A=A =11,,.
(b) Use the formula det(AB) = det(A)det(B) to prove that det(A~!) = (detA)™" for
every invertible matrix A.

1.9 Geometric applications

Lines, planes, and hyperplanes. We have noted that for two vectors U and V in
R2, and all numbers ¢, the points
U+cV

lie along a line through U and parallel to V. If U and V are vectors in R", the same
expression describes a line in R". See Figure 1.26 for the case n = 3.

U+sV+tV,

Fig. 1.26 Left: A line in R®. Center: A two-dimensional plane in R3. Right: A plane specified as
in Example 1.28.

Let U, V4, and V;, be three vectors in R?, V| and V, linearly independent, and let
s and ¢ be numbers. For each of the points U + sV on the line though U parallel to
Vi, there is a line U + sV + 1V, through U + sV parallel to V,. The set of points

U+sV; +tV,

is a plane in R3. The same expression represents a two-dimensional plane in any
number of dimensions greater than three.



1.9 Geometric applications 57

In the case of R? there is an alternate description for a plane, given by specifying
a normal vector N perpendicular to the plane.

Example 1.28. Let U = (1,2,3) and N = (2,6,-3), and consider the plane con-
taining U and perpendicular to N. That is the set of points X = (x,y,z) that
satisfy

N-(X-U)=0.

For U and N specified above this equation can be written as
2x—-1)+6(y—-2)-3(z-3)=0

oras z = —3 + 3x +2y. See Figure 1.26. Since N-(U-U)=N-0=0, U
satisfies the equation. If X and Y satisfy the equation, then the vector X -Y is

orthogonal to N,

N-X-Y)=N-X-U—(Y-U))=N-X-U)-N-(Y-U)=0-0=0.

O

When U and V1,V>,...,V,_; are vectors in R" and the V; are linearly indepen-
dent, we have called the set of all vectors of the form

U+6Vi+--+14,1V,

a hyperplane. A hyperplane in R” can also be defined, given a point U in the hyper-
plane and a nonzero vector N orthogonal to the plane, by the equation

N-(X-U)=0.

The distance from a point V in R" to that hyperplane is ||V — Ul|cos6 where 6 is the
angle between N and V —U. (See Figure 1.27.) In the case where N is a unit vector
that is

distance =N-(V-1), (INJ| = 1). (1.43)

Fig. 1.27 Distance from point to hyperplane in equation (1.43).

Cross product in R3. For a pair of vectors V and W in R? we introduce the cross
product, denoted as VX W. For all column vectors U, V, and W in R3, the array
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[UV W]
is a 3 x 3 matrix. For given vectors V and W let
{(U) = det[U V W]. (1.44)

Since the determinant is a multilinear function of its columns, €(U) is a linear func-
tion of U. According to the representation theorem for linear functions, £(U) is of
the form

t(U)=U-Z (1.45)

Z some vector. Since the linear function £(U) is determined by the vectors V and
W, so is the vector Z. We call this vector Z the cross product of V and W,

Z=VxW. (1.46)
Combining (1.44), (1.45), and (1.46), we get that for all vectors U, V, and W
detflUV W] =U-(VxW). (1.47)

Since the determinant on the left side of (1.47) is a multilinear function of U, V, and
W, so is the right side. It follows that
The cross product VW as defined by (1.47) is a bilinear function of V.and W.
We ask you in Problem 1.103 to derive from (1.47) the following formula for the
cross product.

Definition 1.24. The cross product of two vectors
V=1,v2,3), W = (wi,wa,w3)
in R3 is defined as

VXW= (VZW3 —V3W2,—(V1W3 —V3W1),V1W2 —Vle).

Example 1.29. Leti=(1,0,0), j = (0,1,0), and k = (0,0, 1). Then
ixj=k, jxk=i, kxi=j

O

The formula for VX W in Definition 1.24 can be found by formally computing
det[U, V,W] where U is the symbolic vector [i, ], Kk].
The cross product has the following properties.
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Theorem 1.21.(a) VX W is orthogonal to V and to W,
V- (VxW)=0, W-(VxW)=0.

(b) The signed volume of the ordered tetrahedron with vertices 0,U,V,W is
LU (VW)
(c) WXV =-VxW

Proof. (a) If we set U=V or U =W in (1.47), the left side is zero, because
the determinant of a matrix that has two equal columns is zero. Therefore the right
side is zero too.

(b) We have shown in Section 1.7 that %det[U V W] is the signed volume of the
ordered tetrahedron QUVW. Since det[U V W] = U-(V x W), part (b) follows.

(c) If we interchange V and W on the left side of (1.47) the sign changes by
properties of determinant. Part (c) follows from this observation. O

We can give now four related uses for cross products and determinant. See
Figure 1.28. Let U, V, and W be vectors in R3,

e The volume of the parallelopiped determined by U,V,W is [U-(V x W)|.
e The area of the parallelogram determined by linearly independent vectors V and

VxW
W is ||V x W]||. To see this let U be ||VX—W|| The volume of the parallelopiped

X
determined by U,V,W is ||V X W|| and its height is 1. Therefore the area of its
base is ||[V X W||.

e The area of the triangle with vertices 0, V, and W is %IlV X W]|.

e Imagine that at each point in space the velocity of a fluid is U = (uy, u2,u3). Con-
sider a parallelogram determined by vectors V = (v{,v,v3) and W = (w1, w2, w3)
as shown in Figure 1.28. Then U- (V x W) is the volume of fluid that flows across
the parallelogram in one time unit. This is called the volumen;fc flow rate or flux.

X

Define a unit vector orthogonal to the parallelogram as N = “VTSVVH; we get

flux =U-(VxW)=U-N|[Vx W],

Example 1.30. Find a plane containing three noncollinear points U,V, and W.

(a) We can express the plane as the set of all points
X=U+s(V-U)+t(W-U)

as s and 7 vary over all real numbers.
(b) A normal vector to the plane is N = (V-U)x (W —-U), so we get an equation
for the plane,
N-X-U)=0.
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Fig. 1.28 One volume, two areas, and a flux, all based on the cross product.

Example 1.31. Let U = (1,1,-2) [length/time] be the velocity of a fluid flow.
Find the volumetric flow rate across the oriented triangles OVW, where V and
W have length dimensions.

(@ V=02,2,-4,W=(3,2,1)
(b) V=(1,0,0), W=(3,2,1)

The flow rate through the triangle is half that through the parallelogram, so it
is %U -(VXW).In (a), V is parallel to U, and

TU-(VXW) = 1det[U2U W] =0.

No fluid flows across the triangle because the fluid velocity is parallel to it. In
(b) the flow rate is

113
U (VxW)=1det| 102
-201

=_3
=3

The minus sign means that the angle between U and V X W is greater than
/2. O
We ask you in Problem 1.106 to explore other properties of the cross product.

Problems

1.95. Find equations in the form ax + by + cz = d for the following planes in R3.

(a) The plane through the origin with normal (1,0,0).
(b) The plane through (0,0,0), (0,1,1), and (-3,0,0).
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(c) The plane containing the point (1,1,1) and parallel to the plane with equation
x—3y+5z=060.

1.96. Which of these points are on the line 2x; +x =0 in R2?
(@) (0,00 M) (-1,2) () XifXis. (d)X+YifXandY are.

1.97. Which of these points are on the line 10x; +5x; =0 in R2?
(@) (0,00 (b)(-1,2) (c)XifXis. (d)X+YifXandY are.

1.98. Which of these points are on the line 2x; +x; = 100 in R%?
(@) (0,0) (b)(50,0) (c)(50,0)+Y if2y;+y, =0 (d) X ifXis.

1.99. Which of these points are on the plane in R? given by 20x; + 10x; — 50x3 = 0?

(a) (0,0,0)

() (0,5,1)

(¢) (-1,2,0)

(d) X if X is.

(e) X+YifXand Y are.

1.100. Which of these points are on the plane in R? given by 2x| + x5 — Sx3 = 100?
(a) (0,0,0)

(b) (50,0,0)

(c) (0,100,0)

(d) (0,100,0) +Y if 2y; +y2 —5y3 = 0.

(e) X+YifXand Y are.

1.101. Let U=0,V; = (0,1, 1), and V, = (=3,0,0).

(a) Find an equation of the line through U and V| in the form X(s) = U+ sV;.
(b) Find an equation of the line through U and V; in the form X(r) = U +1V,.
(c) Find an equation of the plane through U, V1, and V, in the form

X(s,0) = U+ sV, +1Vs.

1.102. Which of these points are on the hyperplane in R* where x| + x5 + x3 + x4 = 0?

@ (3.-%.1.-3) ) (@aa,-3a) (© (11 (@cXifXis. (e)(1,-3,2)
1.103. Let
ui 141 w1
U= uz 1, V= V21, W= wo .
us V3 w3

Write expressions a, b, and ¢ in terms of the components of V and W so that
det[U V W] = au; + buy + cus.

Compare your results to formula (1.47), detfU V W] =U-VxW, to derive a formula
for VX W.
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1.104. Evaluate the cross products using the formula
VXW = (vyaw3 —v3wp,v3wy —Viws, viwa — vawyp).

(a) (1,0,0)x(0,1,0)
(b) (0,1,0)x(1,0,0)
() (0,0,1)x(a,b,c)

1.105. Usingix j = k, jxk =1, kx1i = J, and the distributive and anticommutative
laws UX(V+W)=UXxV+UxW, VXW =-W xV, evaluate the following cross
products.

(a) (1,0,0)x(0,1,0)
(b) jx(i+k)
(¢) (2i+3Kk) X (ai +bj + ck)

1.106. Verify the following properties of the cross product in R>.

(a) the product is anticommutative: UxV = -V xU

(b) the “back-cab” rule: AX(BxXC)=B(A-C)-C(A-B),

(c) the product is not associative: A X (Bx C) # (A xB)x C. In fact there is a product
rule similar to the product rule for derivatives:

AXBXxC)=(AXxB)XC+Bx(AxC).

(d) As a function of V, the product U x V is linear, so can be written as UXV = MV
for some matrix M. Find M.

(@) [UX V|2 +(U-V)? = |[U2||V|[*.

(f) Use part (e) and U-V = |[U]||[V||cos 8, where 6 is the angle between the vectors,
to show that |[U X V|| = ||U|||| V|| siné.

1.107. Find the volumetric flow rate U-(V X W) of a fluid of velocity U through
the parallelogram determined by V and W. Sketch the parallelogram, and the paral-
lelopiped determined by U,V, and W.

(a) U=(2,0,0), V=(0,2,0), W=(0,0,7).

(b) U=(-2,0,0), V=(0,2,0), W=(0,0,7).
(©)U=(2,1,0), V=(1,2,0), W=(7,7,7).



Chapter 2
Functions

Abstract The concept of function is central to mathematics. In single variable cal-
culus we studied functions that assign to each number in their domain a number. In
multivariable calculus we study functions that assign to each vector with n compo-
nents in their domain a vector with m components.

2.1 Functions of several variables

We use the notation F : D ¢ R* — R™ for a function F that assigns a vector F(X)
in R™ to each vector X in a subset D of R”, and say that F is a function from R" to
R™. When the domain D of a function F of n variables is not specified we assume,
as we have with functions of a single variable, that the domain is the largest set for
which the definition makes sense. We call the set of outputs F(D) the range of F or
the image of D. We call F one to one if F(U) = F(V) only when U = V. We say F
maps D onto a set B in R™ if F(D) = B. We usually denote a function whose output
is a vector by a bold capital letter. A function whose output is a number is called
a scalar valued, or real valued, function and we usually denote it by a lower case
letter.

If f and F are functions then f(X) and F(X) are values assigned to X. It is some-
times convenient to indicate names of domain and range variables by speaking of “a
function” r = f£(0), U=F(X), V= (u(x,y,1),v(x,y,)), and so on.

Definition 2.1. A function F : D c R” — R™ assigns a vector F(X) in R” to
each X in D, denoted

FX) = (1(X).2X), ... fu(X)).

The function f; is called the j-th component function of F.

Next we look at some examples of functions.

© Springer International Publishing AG 2017 63
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Definition 2.2. A function that assigns the same vector C in R” to each vector
X in R" is called a constant function.

Example 2.1. The functions f (x,y) = 7 and G(x,y) = (8,3,2) are examples of
constant functions. f is a constant function from RZto R, and G is a constant
function from R2 to R3. o

Linear functions In Chapter 1 we defined linear functions from R” to R™. We
review that definition and Theorem 1.19 about representing linear functions.

Definition 2.3. A function L from R” to R™ is linear if
aLL(U) = L(aU), and L(U+V)=LU)+L(V) 2.1)

for all numbers a and all vectors U and V in R”.

Example 2.2. Ts L(x,y) = (2x—3y,x,5y) a linear function from R? to R3? Let’s
check to see whether (2.1) holds.
Let a be a number, and let (x,y) and (u,v) be vectors in R2.

aL(x,y) = a(2x - 3y,x,5y) = (2ax — 3ay,ax,Say) = L(ax,ay) = L(a(x,y)).

Also,
L(x,y) +L(u,v) = 2x - 3y,x,5y) + 2u—3v,u,5v)

=QRx+u)-3(y+v),x+u,5(y+v)) =Lx+u,y+v).

So L is linear. O

In Problem 2.4 we ask you to show that a constant function F from R" to R™ is
linear if and only if F(xy,xs,...,x,) = 0.
Recall that according to Theorem 1.10 every linear function £ from R” to R is of
the form
C(X1,X0,...,X,) = C1X] + C2X2 + C3X3 + ... + CpXp,

which we can write as
{(X)=C-X,

for some C = (¢y,c¢3,...,¢,) in R™.

Let’s look again at why a linear function L from R" to R can be represented using
matrix multiplication. Let £ be the k-th component function of L, k = 1,2,...,m.
Since L is linear it follows that each component £ (X) is a linear function. So by
Theorem 1.10 there is a vector Cy in R” so that £;(X) = C; - X. Denote the vectors
Ci. = (¢k1,Ck2,...Ckn) as row vectors and denote X and L(X) as column vectors. Let
C be the matrix whose k-th row is Cy. The relations €, (X) = C;-X, k =1,2,...,m
can be expressed as the product of the matrix C and the vector X:
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L(X) = CX.

Theorem 2.1. Every linear function L from R to R™ can be written in matrix
form
Ci1 C12 *+* Cin|[x1

€21 €2 -t Con || X2
LX)=|. . =X 22

Cml Cm2 " ** Cmnl 1 Xn
C is called the matrix of L or the matrix that represents L. (See also Theo-
rem 1.19.)

We use the following definition to quantify the size of a matrix.

Definition 2.4. For an m X n matrix C = [¢;;], the norm ||C|| of C is defined by

(2.3)

There is an important relation between the norms of X, CX, and C.

Theorem 2.2. Let C be an m X n matrix. Then
ICX|| < [|CJI 1]

for every vector X in R".

Proof. The k-th component of CX is the dot product of the k-th row of C,

Ck = (Cklsck2,~~~,ckn)

with X = (x1,x2,...,X,). By the definition of norm,

ICXII = \/(Cl X)2+(C2-X)? - +(C - X)2

According to the Cauchy—Schwarz inequality, Theorem 1.12, applied to each com-
ponent this is

< VICHPIXIP + [ICIRIXIP + - + [Cl 21X

m n
Y YE=lcXl. o

i=1 j=1

= IXIVIICH +IC2IR + - + ICll? = IX]
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Combining Theorems 2.1 and 2.2 we see that for every linear function L. from
n m
R"toR
ILXI] < [|CIHIX]].

That is, the norm of the output of a linear function is not greater than ||C|| times the
norm of the input.

Functions from R" to R Next we look at some examples of functions from R" to R.

Example 2.3. The area a of a rectangle that has length x, width y is given by
a(x,y) = xy. The domain of a is the set D of all ordered pairs (x,y) with x >0
andy >0, a:D c R?> — R. Notice that even though the rule for a makes sense
for all ordered pairs (x,y), we restricted the domain based on the context of
the problem. O

Example 2.4. The volume v of a rectangular box that has length x, width y,
and height z is given by the function v(x,y,z) = xyz. The domain of v, D, is
the set of all ordered triples (x,y,z) with x > 0, y > 0, and z > 0. The function

v:DCR3 >R, O
Example 2.5. Let g(x,y) = \x2+y2, g:R> > R. g(x,y) is the norm of (x,y),
806, y) = 11Ce M- O

Visualizing functions; graphs of functions from R” to R. In single variable cal-
culus we visualized a function f by sketching its graph, the set of all points (x,f (x)).
For a function from R? to R, the graph of f is the set of ordered triples (x,y,f (x,¥)),
and often looks like a surface in (x,y,z) space, as in Figure 2.1.

(x.y,f(x.y))

(x.y)
Fig. 2.1 The graph of a function f : R — R is a subset of R3.

X

Next we sketch the graph of a few functions from R? to R.

Example 2.6. Figure 2.2 shows the graph of the constant function f (x,y) = 7.
O

Example 2.7. To sketch the graph of f(x,y) = x> + y* we notice that the points
in the domain where f (x,y) = ¢, ¢ > 0, lie on a circle of radius +/c. The circle
of radius zero is one point. On the left side of Figure 2.3. we sketched the
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(x,y,7)

x,/(x,y) y

Fig. 2.2 The graph of the constant function in Example 2.6.

points in the domain satisfying x> +y? = ¢ for ¢ = 0, 1,4,9. On the right hand
side of Figure 2.3. we sketched the corresponding points on the graph of /. O

Definition 2.5. Let f : D c R” — R be a real valued function, and ¢ a number.
The set of all points (x1,x2,...,X,) in the domain D where f (x1,x2,...,%,) = ¢
is called the c level set of f.

For functions of two variables we can draw level sets in the domain and plot
corresponding points (x,y,c) on the graph. This gives an idea what the graph looks
like, as we did in Example 2.7. The set of points on the graph that correspond to a
level set f (x,y) = c is called the contour curve of the graph at z = c.

Fig. 2.3 Left: level sets ¢ = 0,1,4,9 for f (x,y) = x> +y2, Right: the graph (cut away for clarity) of
f(x,y) with contour curves shown at z = 1,4 and 9. See Example 2.7.

K2 —y? . 2oy?
Example 2.8. Let f (x,y) = T3 (x,¥) # (0,0). Find level set ¢ = T

X*+y x> +y
or x2 —y? = c(x* + y?) with x> + y? # 0. First we consider some simple choices
for . When ¢ = 1 we find that x> — y> = x? + y%. Thus the c=1 level set is the
set of all points y = 0, the x axis, with the origin removed. Similarly, the level
set for ¢ = —1 satisfies x> — y> = —(x* + y?) with x% + y? # 0. So this level set
is the set of points x = 0, the y axis, with the origin removed. For ¢ # —1 and

x # 0 we can divide by x? to get
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2 2
Yo o_ y
1—; C(l+;)

: ¥\ y\¥_1-c . o
Solving for (—) we get (—) = ——. Thus, each c level set is a pair of lines
X X l+c¢

l-c l-c .
y= mx andy=-— mx. So for example, the level set for ¢ = —% is the
pair of lines y = V3x, y = — V3x, origin deleted. In Figure 2.4 we sketched the
level sets for ¢ = —%,0,1 and the graph of f with the corresponding contour
lines on the graph. O

y z

7 A\ WW

Fig. 2.4 Left: level sets ¢ = —— ,0,1of f(x,y) = —= nght the graph of f with contour lines at
+y?

z =0 shown. See Example 2.8.

Here are some further examples of level sets of a function.

Example 2.9. Figure 2.5 shows a circular disk, D, and all the points in D where
the value of a function #(x,y) is 2, 3,4, 5, 6, 8, 10 or 10.5. The level sets t =2
and ¢t = 10.5 are points. The level sets =3, t =4, r =6, and ¢ = 8 are curves.

The level set r = 5 consists of all the points of the shaded band. O
t=2
t=10.5
—t=10
— t=8
t=3 =6
t=4 t=5

Fig. 2.5 Level sets in Example 2.9.

1
Example 2.10. Let f (x,y,z7) = —————=. The domain of f is the set of all
X2 +y?+ 72
points (x,y,z) # (0,0,0). The graph of f is the set of points (x,y,z,f (x,y,2)).
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1
The c level set of f for ¢ > 0 is the set of points that satisfy —— =,

Va2 +y2 472

1 1
= —. Itis the sphere with radius — centered at the origin of R3.
c c

or)cz+yz+z2

O
Functions from R to R” Next we look at examples of functions from R to R”.
Example 2.11. Let I be an interval [a,b]. Let x, y, and z be functions from 7/
to R and let
P(1) = (x(1), y(1), 2(1)).
Figure 2.6 shows a, t1, 1, and b on the interval I and the corresponding image
positions in space P(a), P(#1), P(t2), and P(b). O

Fig. 2.6 Position P(7) in Example 2.11.

Example 2.12. Let F(t) = (cost,sint,t), 0 <t < 4x. Figure 2.7 shows solid
dots as points F(¢) where t = 0, %,ﬂ, 2, 57”,37r, and 4n, and a curve for the
other points in the range of F. The resulting curve is called a helix. O

Fig. 2.7 The helix in Example 2.12 and its projection (dotted) on the x,y plane.

Example 2.13. Let F(t) = 1(2,3,4) = (2¢,3¢,4t). Figure 2.8 shows points in the
range where ¢ = —.5,—.25,0, 1.1. The range of F is the line that goes through
the origin and (2,3,4). m]

Example 2.14. Let G(¢) = (1,2,0) +#(2,3,4) = (1 + 2¢,2 + 3¢,4¢). The range of
G is the line in Figure 2.9 that goes through (1,2,0) and (3,5,4). O
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S~—— 1.1(2,3,4)

0(2,3,4)

-.25(2,3,4) %
~5(2,3,4) j

Fig. 2.8 The line in Example 2.13.

¢ —G(1)=(3,54)

S G(5)}(2352)

Fig. 2.9 The line in Example 2.14.

In Examples 2.11-2.14 we sketched the range of the functions. In Examples 2.11
and 2.12 we sketched the domain of each function showing how a point gets mapped
to a point in R”.

Functions from R” to R" Next we consider functions from R” to R”, called vec-
tor fields. One way to visualize a vector field from R? to R? is to draw an arrow
representing F(x,y) starting at the point (x,y). Let’s look at an example.

Example 2.15. Describe the vector field F(x,y) = (—y,x) by sketching a few
vectors. We first make a list.

(-xsy) |(170)| (Oal) |(_]70)|(0’_1)| (2’2) | (_292) |(_2’_2)|(27_2)
F(x.)| (0, D|(=LO)[©0,~D)] (1,0) |-2.2)[(-2,-2)] 2.-2) | 2.2)

See Figure 2.10. The vectors (x,y) and F(x,y) are perpendicular since the
dot product (x,y) - (—y,x) = 0. In fact if we take (x,y) on a circle centered at
(0,0) we see that F(x,y) has magnitude equal to the radius of the circle, and
direction tangent to the circle. O

Example 2.16. Let

x y z

F(x,y,z) = : : .
VXZ+y2 422 a2 +y2+72 (a2 +y2+ 22
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/[ﬂ/x
N

Fig. 2.10 A sketch of F(x,y) = (—y,x) in Example 2.15.

Let X = (x,y,z), then ||X|| = +/x2 +y2 +z2 and we can express F as

X
FX)= —.
X=X

The domain of F contains every point in R except the origin. Every value
of F is a unit vector. The range of F is the unit sphere centered at the origin.
Figure 2.11 shows a sketch of this vector field. O

R
A\

1
|
|
|
|
|
|
\ , i
|
|
|
|
|
|

X -

Fig. 2.11 The vector field in Example 2.16. Left: a sketch of two points and the vectors assigned
by the vector field F. Right: a display of 45 points in the first octant and the vectors assigned by F.

Example 2.17. Let F be the vector field

1
F(x.y.z) = ————x,y,2).
(V2 +y2+22)3
that can also be expressed as
X X 1

FX)=-— =
IXIP - IXIHXI
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To visualize F, plot a point X and then sketch the unit vector —— whose

11X
1
direction is opposite X. Adjust the length by the factor W We call F the
inverse square vector field. See Figure 2.12. O
Z ‘£
by 2,
F(lerz) {{,‘,“)[/-/{; /‘ -
:(X,y,Z) / e -
-7 | / ; -

Fig. 2.12 The inverse square vector field in Example 2.17. Left: a sketch of a single point (x,y,z)
and the vector F(x,y,z) assigned to it by F. Right: a display of 45 points in the first octant and the
vectors assigned to them.

For a function F from R? to R physicists employ the notation

F(X»Y’Z) = (fl (xay’Z)fo(x’y’Z)’f3(x»y7z)) :fl (x5yaz)i +f2(-x,y,Z)j +f3(x’y,2)k

where
i=(1,0,0), j=(0,1,0), k=(0,0,1).

Similarly, a function from R? to R? can be written using i = (1,0), j=(0,1) as
F(x,y) = (fi(x,9)./2(x,)) = fi(x, Vi +f2(x,9)j.
Example 2.18. Let F(x,y,z) = (2,3,4) = 2i+3j+4Kk. F is a constant vector

field. A sketch of F looks like a field of arrows of the same length all pointing
in the same direction. See Figure 2.13. O

Fig. 2.13 The constant vector field F(x,y,z) = (2,3,4) = 2i+ 3j + 4k of Example 2.18.
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Definition 2.6. Let F be a function from R” to R" and let G be a function
from R¥ to R™. Suppose the range of G is contained in the domain of F. We
define the composite function F oG from R¥ to R” by

FoG(X) = F(GX)).

Example 2.19. Let G(x,y,z) = (ch,y2 +72) and let f (#,v) = uv. Then

foG(x,y,2)= xz(y2 +12).

Problems

2.1. Express each linear function as f(X) = C- X for some vector C or F(X) = CX
for some matrix C.

(@) f(x1,x2) = x1 +2x2

(b) f(x1,x2,x3) = x1 +2x2

(©) F(x1,x2) = (x1,x1 +2x2)

(d) Fxy,x2,x3) = (x1,x1 +2x2)

(e) F(x1,x2,x3,x4) = (x4 —X2,X3 —X1,X2 + 5x1,X] + X2 + X3 +Xx4)
() F(xy,x2) = (x1,5x1,—x2,—2x1,X2)

(&) F(x1,x2,x3,%4,%5) = (x1,5x1, —x2,—2x1,X2)

2.2. Letf(x,y) be equal to 1 when (x,y) is inside the unit disk centered at the origin,
and 0 when x? +y? > 1. Describe the level sets of f. Sketch a graph of f.

2.3. Let f(X) be equal to IIX|I> when X is inside the unit ball ||X]|| < 1, and 0 when
|X]| = 1. Describe the level sets of f when the domain is

(@) R,
(b) R?,
(c) RA.

2.4. Show that a constant function F : R” — R" is linear if and only if
F(xi,x2,...,x,) = 0.

2.5. A plane in R? with equation z = 2x + 3y is the 0 level set of a linear function £
from R3 to R. Find ¢.

2.6. The function
fx,y)=5 +x+x2 +y2,
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is the sum of the constant function 5, the linear function x, and the degree 2 polyno-
mial x% +y?.

(a) Give two examples of points (x,y) near (0,0) for which the approximation by the
first two parts,
fx,y)=5+x

differs from f (x,y) less than 1]W
(b) Show that
gu,v)=f(1+u,2+v)

is the sum of a constant function, a linear function of (u,v), and a degree 2 poly-
nomial function of u and v.

2.7. Let f(X) = |X|?>, X inR* Let A be in R* and define
g(X) = AP +2A - (X - A).

(a) Let U= X—-A. Use the formula
IA+UJI” = |AIP +2A-U+|U|P

to show that the difference between f(X) and g(X) is IUJI2.
(b) Show that the difference between f(X) and g(X) does not exceed 10~ when
IX-All <1072

2.8. Let L be a linear function from R” to R”. Show that

(a) f LX) =0and L(Y) =0, then L(X+Y) is also 0.
(b) If L(X) = 0 and ¢ is a number, then L(cX) is also 0.

2.9. Rework Example 2.8 by assuming y # O rather than x # 0.

2.10. Sketch or describe the ¢ level sets, f (x,y) = c in R2, for the following functions
S and values c. Use the level sets to help sketch the graph of the function.
@fx,y)=x+2y, c=-1,0,1,2

() f(x,y)=xy, c=-1,0,1,2
©) fe,y)=x*-y, c=-1,0,1,2

@) fry) = V1-x2-y2, ¢=0,1,1
2.11. Sketch or describe the c level sets, f (x,y) = c in RZ, for the following functions

f from R? to R and values c.

@ fny)=x*+y*, ¢=0,1,2

(b) f(x,y) = Vx2+y2, ¢=0,1,2

(©) f(x,y) = =——, c¢=0,1, 2. Which one is empty?
x2 +y2

2.12. Justify the claim that Theorem 1.20 can be restated as follows: “A linear func-
tion from R” to R” is onto if and only if it is one to one.”
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2.13. Sketch or describe the ¢ level sets, f(X) = c in R3, for the following functions
f from R3 to R and values c.
@ fX) =X c=4,1,2
0 fX) =X, c=3,1,2
©fX)=—>, c=41,2
X117 2
DfX)=UX, c= 11, 2 where U is a unit vector. Hint: write X as a vector parallel

7
to U plus a vector orthogonal to U.

2.14. Let C = [3

1 1
24],andX—[

2]. verify the inequality

ICXI < [ICIHIXI-

2.15. Show that for a linear function L. from R” to R™, the value L(X) is a linear
combination of the columns V; of the matrix of L:

LX)=x;Vi+---+x,V,.

2.16. Suppose C is an n by n matrix with orthonormal columns. Use Theorem 2.2
to show that for every X in R”,

ICXII < VallX]|.

Use the Pythagorean theorem and the result of Problem 2.15 to show that in fact for
every X in R",
ICXI| = 11X

for such a matrix C.

X X
2.17. For every X # 0 in R” let F(X) = M and let G(X) = —W and denote their

norms by f(X) = |[F(X)|| and g(X) = ||G(X)||. Describe the level sets
fX=1 gX)=1, gX)=2, and gX)=4
in R”. Are there any points in R” where f(X) = 2?

2.18. Consider a function F(¢) = (1 —£)A + B, where A and B are in R2.

(a) Express F(r) as the sum of A and a multiple of B — A.
(b) For what value of ¢ is F(r) = A? B? the midpoint %(A +B)?
(c) For what interval of ¢ are the points F(¢) on the line segment from A to B?

2.19. Consider a function given by F(z,6) = (x(t,6), y(t,0)) from R? to R? such that
for each fixed 6, as t varies from 0 to 1, F(z,0) runs along the radius of the unit
circle centered at the origin from (0,0) to (cos6,sin6).

(a) Write a rule for F(z,0).
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(0,0,1)
S(x.y)

X,y plane

(x,y,0)

Fig. 2.14 The plane and sphere in Problem 2.20.

(b) What is the image of the rectangle 0 <t <1, 10| < 1?

2.20. Figure 2.14 shows the unit sphere centered at the origin
X%+ y2 +72=1

in R3, with the x,y plane viewed edgewise. In this problem we introduce a corre-
spondence between the x,y plane and the sphere with the North Pole (0,0, 1) deleted,
known as stereographic projection.

(a) The line segment from the North Pole to (x,y,0) in the x,y plane can be
parametrized as
(1-1)(0,0,1)+t(x,y,0),
with 0 <¢ < 1. Find ¢ in terms of x and y, so that this point is on the sphere.
(b) Conclude that the function

1
S(x,y) = m(Zx, 2y,x2 +y2 - 1)

maps the plane onto the sphere, missing the North Pole.
(c) Which points of the x,y plane correspond to the upper hemisphere? the lower?
(d) Which points of the x,y plane correspond to the equator? the South Pole?
(e) Show that the function S™! given by

S_l(sl,SZ,S3)= (51,52),

1- 53
defined for points (s1,s2,53) of the sphere other than the North Pole, is the inverse
function of S.

2.21. Show that the linear function

L(x,y,2) = (x,z,-y)
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Fig. 2.15 The rotation L and stereographic projection S in Problem 2.21.

maps the unit sphere centered at the origin into itself. If S is the stereographic pro-
jection defined in Problem 2.20, conclude that the composition

S'oLoS

maps the x,y plane to itself. See Figure 2.15. Where does the right half-plane (x > 0)
go?

2.22. The gravity force on a particle at point X in R, due to a mass at the origin, is

some negative multiple of
X

X113
For points X = A + U near a given nonzero point A, we compare two approximations
of G given by

G(X) =

X U
G X =—=GA —=GA L U
10 = 05 =6+ s = G+ L)
and U _A-UA
G>X)=GA)+| — -3=—"| = G(A) + Ly(U).
2 =60 )+(||A||3 AT ) A=)

(a) Show that Li; and L, are linear functions of U.
(b) Take A = (1,0,0) and U = ( 1—10,0,0). Show that the relative errors in these approx-
imations are about

IGX) -GNl 55

N IGX) - GaX)Il
IGXOIl ' IGXOI]

~.03.

(c) Take A = (1,0,0) and U = (ﬁ,o, 0). Show that the relative errors are about

IGX) -Gl 5 IGX) - G2(X)||

~ .03, ~.0003.
IGXOIl IGXOIl
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2.23. In this problem we use single variable calculus to derive the linear

approximations for
X A+U

IXIP ~ (JAI?+2A U+ U272

given in Problem 2.22.

(a) Suppose a and u are positive numbers. Use Taylor’s Theorem to show there are
numbers 6 and 6, between zero and u with

(a2 + u)_3/2 =g - %(a2 + 91)_5/214, and

=q3- %(a2 + u)_s/zu + %(a2 + 92)_7/2142.
(b) Conclude that
G(A+U) = (IAI7 - JUAIP +6)52CA - U+ U A +U),  and
= (||A||—3 - 33IAIH QA - U+(UP)
+ B UAIP+6,)7772A U+ ||U||2)2)<A +U).
(¢) Sort those terms into the form
G(A+U)=G(A)+L;(U)+(arge) = G(A) + Ly (U) + (small)

where “large” is of order ||U|| and “small” is of order IIUJI2.

2.2 Continuity

In single variable calculus we motivated the definition of continuity of f at x by ask-
ing whether approximate knowledge of x is sufficient to give approximate knowl-
edge of f(x). This is a very practical question, because we almost always round off
or approximate the input of a function. We said f is continuous at x means that for
every tolerance € > 0 for error in the output, we can find a level of precision ¢ > 0
for the input, so that

if k—y|<d then [f(x)—f()| <e.

This is also what continuity means for a function F : D c R" — R™.
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Definition 2.7. A function F : D c R” — R is continuous at X in D if for
every tolerance € > 0, there exists a precision ¢ > 0, that depends on €, so that
if [X-Y|<o then |[F(X)-F(Y)|| <e. (Yin D)
Let L : R — R" be a linear function. We show that L is continuous at every X.

We need to show that for every tolerance € > 0, there is a precision ¢ > 0 so that if
[lY = X]| < 6 then ||L(Y) — L(X)|| < €. Denote Y as X+ H. Then

ILCY) - LI = LY = Xl = [[ILHDI|-
By Theorem 2.1 there is a matrix C so that L(H) = CH, and by Theorem 2.2
[ILCH]| = [|ICHJ| < [|C]||H]I.

If ||C|| is zero then L is the constant function 0. Constant functions F are continuous

at each X because |[F(X) —F(Y)|| = 0. So we assume ||C|| # 0. Given a tolerance
>0, take [[H|| <6 = ﬁ We get

ILCY) - LX) = [LAD] < [|ICll[H]] < IICIIﬁ =€

Therefore L is continuous at X.

Definition 2.8. A function F : D c R" — R™ is continuous on D if F is con-
tinuous at every X in D.

Definition 2.9. A sequence of points X, Xo,...,Xg,...in R” converges to X if
for every € > 0 there is a whole number N so that if £ > N, then || X; —X]| <e.

As with functions from R to R, a continuous function takes a convergent sequence
of points in the domain to a convergent sequence of points in the range.

Theorem 2.3. [fF : D Cc R" — R is continuous on D, then for every sequence
X1, Xo, ooy X -
of points in D that converges to a point X in D, the sequence
F(X;), FX3), ..., FXg), ...

converges to F(X).
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Proof. Take € > 0. Since F is continuous at X, there is ¢ > 0 so that
if [X-Y| <9, then |[FX)-F(Y)|| <e.
Since the X converge to X, given this ¢ there is a whole number N so that
if k>N, then ||X-Xg| <é.

Therefore
If k>N, then ||[FX)-FXy)|l <e.

This proves that the sequence F(X;) converges to F(X). O

In Problem 2.44 we ask you to prove the converse of Theorem 2.3.
The next theorem gives us a tool to reduce the question of continuity of F to
checking the continuity of the component functions.

Theorem 2.4. A function ¥ : D c R" — R™, denoted

FX) = (1(X).2(X), ... fn(X)),

is continuous on D if and only if each component function f; : D CR" — R is
continuous on D.

Proof. Suppose F is continuous at X. For every tolerance € > 0 there is a precision
0 > 0 so that if ||[Y — X|| < ¢ then |[F(Y) - F(X)|| < €. Let f; be one of the component
functions. Each component of a vector has absolute value less than or equal to the
norm of the vector. Therefore

[i(Y) =il < [IF(Y) -FX)l| < e.

So continuity of F at X implies continuity of each component function f; at X.
Now suppose each component function f; is continuous at X. We show that F is
continuous at X. For every tolerance € > 0, there are m precisions d1,02,...,0,, one
for each component function, so that if ||[Y — X]| < §; then |f;(Y) —fi(X)| < €.
Take 6 to be the smallest of the ¢;. If ||[Y — X]| < ¢ then |f;(Y) —fi(X)| < € for all
i=1,2,...,m,and

IFCY) = FOOI = (1Y) =i (0 + (V) — 00N+ + (u(X) — £ (X))
< Ve +e+---+€e = Vme.

Since € can be chosen as small as we like, this shows that ||[F(Y) — F(X)|| can be
made as small as we like by taking ¢ small enough; this shows that F is continuous
at X. O
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Taking n = 1 in Theorem 2.4 shows that F(¢) = (f1(¢),/2(?), . .. ,fm()) is continuous
on an interval if and only if each component function f; is continuous there.

Example 2.20. F(t) = (cost,sint,t) is continuous at ¢ because each component
function is continuous at 7. |

The next two theorems help us find continuous functions from R" to R.

Theorem 2.5. Iff : D CcR" - Rand g: D cR" — R are continuous on D then

(a) f + g is continuous on D,
(b) f g is continuous on D,
(c) é is continuous at every point X where g(X) # 0.

Proof.(a) Let X be in D and let € > 0 be a tolerance. There are two precisions, d¢
and ¢, so that if X - Y]|| < & then |[f(X) —f(Y)| < €, and if [ X - Y]| < ¢, then
18(X) —g(Y)| <.

Let ¢ be the smaller of 67 and 6. Now if [ X~ Y| < 6 then |f(X) —f (Y| <€, and
|g(X) — g(Y)| < €. According to the triangle inequality

If X)=f (Y) +g(X) = gV < [f X) = f (V) +g(X) = g(Y)] < 2e.

Regrouping terms gives |(f + g)(X) — (f + g)(Y)| < 2e. Since 2¢ can be made as
small as we like, we are done.
(b) Let € be a tolerance and let ¢ be as in the proof of part (a). By algebra we have

[F X)g(X) = (Y)g(Y)l = f (X)g(X) —f (X)g(Y) +f (X)g(Y) —f (Y)g(Y)I.
By the triangle inequality and properties of absolute values,
[F X)g(X) —f (Y)g(Y)I < [f (X)I1g(X) = g(Y)| +[g(Y)I|f (X) = f(Y)].
If [|X - Y|| < 6 we have by continuity of f and g that
[FX)—f(Y)l<e and [gX)-g(Y)l<e.

Therefore
[f X)g(X) = (Y)g(Y)| < e(|f X)I +g(Y)D).
We also know by the triangle inequality (see Problem 1.67) that
12X = g(YV)I| < 1g(X) - g(Y)| < e

s0 |g(Y)| < |g(X)| + €. Therefore

If X)g(X) = f (Y)g(Y)| < e([f X)| + [g(X)] + €).
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For a given X, f(X) and g(X) are fixed numbers. Therefore the expression on the
right side can be made as small as we like by taking € small enough.

(c) Let g(X) =k # 0. Since g is continuous at X there is a y > 0 so that for all Y
with [X-Y]| <7y, [g(Y)-gX)| < |%k|. Since g(X) =k, [g(Y)| > I%kl. Now let
€ > 0. Since g is continuous at X there is a § > 0 so that if Y is within ¢ of X,
|g(X) —g(Y)| < €. For || X —Y]| Iess than the smaller of y and ¢,

‘ 1 ‘:'g(X)—g(Y) _18X)—g(W)l e
gX) g | gX)g(Y) | 1eXlgMI | Lk|lkl

. . . 1. .
Since k is fixed and e can be taken as small as we like, we have that — is contin-

uous at X.

Example 2.21. Consider the function from R3 to R,

2
X“4+xy—-2x+z+7
fxy.2) = yz 3
XT =y

The numerator is continuous at every (x,y,z) because it is a sum of functions
that are constants, or linear, or are products of constants and linear functions.
The denominator is a continuous function for the same reason. According to
Theorem 2.5 then f is continuous at every point (x, y, z) where the denominator
x*—y3 # 0 and z is arbitrary. O

Theorem 2.6. If F : D c R" — R™ is continuous on D, g:ACR" - R is
continuous on A, and the range of ¥ is contained in A, then the composition
goF : D — R is continuous on D.

Proof. Let X be in D. Since g is continuous at F(X), for every € > 0 thereisa ¢ > 0
so that if ||[F(X) - Y]| < ¢, then |g(F(X)) — g(Y)| < €. Since F is continuous at X, we
can find a precision y > 0 so that if || X - Z|| <, [[F(X)—-F(Z)|| < ¢. It follows that
for X ~ZI| <, |[g(F(X)~g(F(Z)| <e. O

Theorem 2.7. If F : D c R" — R™ is continuous on D, G :A CR™ — RF is
continuous on A and the range of F is contained in A, then the composition
GoF : D cR" — R is continuous on D.

Proof. Denote G(y1,...,ym) =(&1 15+ ->Ym)s---»&kW15---,Ym)). By Theorem 2.4, g;
is continuous on A, and by Theorem 2.6, g; o F is continuous on D. By Theorem 2.4,
a vector function whose components are continuous is continuous. Therefore Go F
is continuous on D. O
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Example 2.22. Let F be the function

X

FX)=-——,
& X1

Rewriting F in coordinate notation,

-X - -z
F(x,y,2) = Y )

(2 +y2+ 22032 (2 +y2 +22)32 (32 +y2 +72)3/2
According to Theorem 2.6 the function (x> + y* +z%)%/?
according to Theorem 2.5 the component

—X
(2 +y2 +72)3/2

fl(x’y’z) =

83

is continuous. Then

is a continuous function at every (x,y,z) in R3 except the origin, so fj is con-
tinuous on R3 —{(0,0,0)}. Similarly the components f> and f3 are continuous

on R3 —{(0,0,0)}. So by Theorem 2.4, F is continuous on R3 —{(0,0,0)}.
Example 2.23. Consider

F(x,y,z) = (sin(x +y),e"z+y2,log(xz)).

O

The component functions fi(x,y,z) = sin(x +y) and f>(x,y,z) = e are con-
tinuous at every (x,y,z), and the component f3(x,y,z) = log(xz) is continuous
at each point (x,y,z) where xz > 0. By Theorem 2.4, F is continuous at each
point (x,y,z) where xz > 0. Alternatively, let

H(x,y,2) = (x +y,x2 +*,x2), G(u,v,w) = (sinu,e’,logw).

Then GoH =F. By Theorem 2.7, F is continuous at all points (x,y,z) where

xz > 0.

Definition 2.10. A curve is the range of a continuous function X : / C R — R”
from an interval I to R”,

X(2) = (x1(2),x2(2),...,x,(2)), tinl.

The function X is called a parametrization of the curve. If I is a closed interval
[a,b] then X(a) and X(b) are called the endpoints of the curve. If X(a) = X(b)
we say the curve is closed and call the curve a loop.

Definition 2.11. A subset A of R” is connected if for all points P and Q in A
there is a curve in A with endpoints P and Q.

O
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Example 2.24. X(t) = (2cost,3sint,t) for ¢ in [0,47] is sketched in Figure 2.16,
part of an elliptical helix. O

| o
]

x

Fig. 2.16 The curve in Example 2.24.

Example 2.25. The curve given by the function
X(t) = (a; +cit,ax +cat,az +c3t)
is a straight line in R3. See Figure 2.17. Let
A =(a1,a2,a3), C=(c1,c2,¢3)

and rewrite the function as X(r) = A + ¢tC. Since X(0) = A, the line goes
through point A. O

Fig. 2.17 The curve X(¢) = A +¢C in Example 2.25.

We close this section with some useful notions about the geometry of R” and
important theorems about continuous functions.

Definition 2.12. An open ball of radius r > 0 in R” centered at A is the set of
all X in R” with
IX-All <r.
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Example 2.26. The open ball of radius 2 centered at (4,5,6) is shown in
Figure 2.18. It includes all the points inside the sphere surface, but not the
points on the surface, as we indicate using dotted lines. O

X

Fig. 2.18 A sketch of the open ball in Example 2.26.

Definition 2.13. A point A in D c R” is called an interior point of D if there
is an open ball centered at A that is contained in D. The interior of D is the
set of interior points of D.

Example 2.27. Take S to be the square region in R? consisting of all points
(x,y) where 0 <x <1 and 0 <y < 1. See Figure 2.19. We show that every
point of S is an interior point of S. Let r be the smallest of

x, vy, 1=-x, 1-y.

Then the open disk of radius r centered at (x,y) is contained in S, so (x,y) is
an interior point. O

()F 1 X

Fig. 2.19 The region S in Example 2.27 shown in gray. The dotted points are not included in S.

Example 2.28. Take D to be the unit disk x> + y> < 1 centered at the origin in
the x,y plane. We show that every point P whose distance from the origin is
less than 1 is an interior point of D: Let r = 1 —||P|| and let Q be a point in the
open disk of radius r centered at P. By the triangle inequality
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1QIl=11Q-P+P|| <||Q-P|+]P]|
<r+|P|=1.

The points that are within » of P are all in D. So P is an interior point. See
Figure 2.20. O

Fig. 2.20 P is an interior point in Example 2.28.

Definition 2.14. A set D in R” is said to be open if every point in D is an
interior point.

Definition 2.15. A point B of a set D in R” is a boundary point of D if every
ball centered at B contains points that are in D and also points that are not in
D. The boundary of D is the set of boundary points of D, denoted dD.

It follows from this definition that a set and its complement have the same bound-
ary points.

We denote the complement of D as R"” — D, and more generally write A — B for
the set of points in a set A that are not in B.

Definition 2.16. A set D is called closed if it contains all its boundary points.
The closure of a set D is the union of the set D and its boundary points. The
closure of D is denoted as D.

An open set B that contains the closure C of a set C is called a neighborhood
of C.

Example 2.29. The set S in Example 2.27, where 0 <x <1, 0 <y < 1lisan
open set since every point of S is an interior point. S is a neighborhood of the
rectangle R defined by .2 <x < .4 and .1 <y <.5. See Figure 2.21. O
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0 1 X 0 1 X

Fig. 2.21 Left: The open set in Example 2.29 is a neighborhood of rectangle R. Right: The closed
set in Example 2.30. The boundary points are drawn solid.

Example 2.30. Take S to be the square region
0<x<1, O0<y<l,

shown in Figure 2.21. Every point with x =0orx=1lory=0ory=1isa
boundary point. Because S contains all its boundary points, S is a closed set.
m]

Theorem 2.8. The closure D of a set D is a closed set.

Proof. We claim that a boundary point B of D is a boundary point of D. To see
this take any ball X centered at B. The ball X contains a point that is not in D and
therefore not in D. We must show that 2 contains a point of D. We know that X
contains a point A that is in D. Take a ball centered at A of radius so small that the
ball is contained in X. Since A belongs to D the small ball is either contained in D
or contains points of both D and the complement of D. This shows that 2 contains
points of both D and the complement D. Therefore B is a boundary point of D. O

The following result is basic in the geometry of R".

Theorem 2.9. The complement of an open set is a closed set and conversely.

Proof. Tt follows from the definition that an open set D contains none of its boundary
points. So all the boundary points of D belong the complement of D. Since a set and
its complement have the same boundary points, this proves the theorem. O
Definition 2.17. A set D in R”" is bounded if there is a number b so that

IXII <&

for every X in D.
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Example 2.31. The set U of points in R? that satisfy

x>+ y2 <1
is bounded. It is called the open unit disk. O
X
8 £ 777777777777777777777 Z

y
Fig. 2.22 The cylinder surface, boundary of the solid cylinders in Example 2.32.

Example 2.32. The set S of points in R? that satisfy
x>+ y2 <1

is the solid circular cylinder of radius 1 centered about the z axis. We ask you
in Problem 2.35 to show that S is an open set. Let T be the set of points in R?
that satisfy

X2+ y2 <1
The boundary of S and of T is the cylindrical surface of radius 1 centered on
the z axis. See Figure 2.22. T is closed. Neither S nor T is bounded because
the z coordinate of points can be arbitrarily large positive or negative. O

Theorem 2.10. If a sequence of points X, ..., Xy, ... of a closed set C in R"
converges to a point X, then X is in C.

Proof. Suppose X is not in C. Then X is in the complement of C, which is open. So
there is an open ball of some radius » centered at X, that contains no point of C. But
the points X are in C and for k large enough,

1X; — X|| < r.
This is a contradiction. Therefore X is in C. m]

The following result is basic.
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Theorem 2.11. Extreme Value Theorem A continuous function
f:CcR"->R

defined on a closed and bounded set C attains its maximum value and its
minimum at some points in C.

Proof. We show first that a continuous function f defined on a closed, bounded
subset C of R” is bounded, that is, there is a number b so that |f (X)| < b for all X in
C. We argue indirectly and suppose on the contrary that f is unbounded. That means
that for every whole number k there is a point X; in C such that

If Xl > k. 2.4)

Divide the space R" into n-dimensional cubes of unit edge. Since C is bounded, it
is contained in a finite number of these cubes. Therefore there is a unit cube C; that
contains infinitely many of these points Xj.

Divide C; into n-dimensional cubes of edge % Since the number of these cubes
is finite, one of them, call it Cy, will contain infinitely many of the points X.

Continuing in this fashion we obtain a sequence of cubes Cy of edge length 27,
each contained in the previous one, each containing infinitely many of the points
Xs.

We choose now a sequence of points Y,, as follows: Y, is one of the points Xy
contained in the cube C,, that is not one of the points Y, k < m previously chosen.
Since we have infinitely many points to choose from, such a choice is possible.
The nested sequence of cubes C, have exactly one point in common; call it Y. The
sequence of points Y, converges to Y. Since the points Y,, belong to C, and since
C is closed, it follows that Y belongs to C. Since f is a continuous function,

Jim f(Y) = f(Y). 2.5

The sequence Y,, is a subsequence of X,,. Since according to (2.4) the sequence
[f (X;,)| tends to infinity, it follows that also |[f (Y,,)| tends to infinity. This contradicts
equation (2.5).

We have arrived at this contradiction by assuming in (2.4) that the function f
is unbounded. Since this assumption led to a contradiction, we conclude that f is
bounded on C. That is, the values of f are a bounded set. Therefore, by the Least
Upper Bound Theorem referenced in the Preface, there is a least upper bound.

Let M be the least upper bound of the values of f on C. Then for each whole
number k > 0 the number M — % is not an upper bound for the values of /. Therefore
there is a point Z; where

M>f(Z)>M-+.

This shows that
lim f(Z,,) =M. (2.6)
m—00
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Arguing as above we can show that this sequence has a subsequence that converges
to a point; call this limit point Z. Since C is closed, Z belongs to C. Since f is
continuous, it follows from (2.6) that

f(Z)=M.

This proves that f* attains its maximum value.
Since every f has a maximum, it follows that —f has a maximum, so f has a
minimum. This completes the proof of the Extreme Value Theorem. O

Uniform continuity. The concept of uniform continuity is basic:

Definition 2.18. Denote by S a subset of R”. A function F : § — R is uni-
formly continuous on S if for every tolerance € > 0, there is a precision ¢ > 0
so that if X and Z in S are within § of each other, F(X) and F(Z) are within €
of each other. That is,

if IX=Z||<6 then [F(X)-F(Z)| <e.

Uniform continuity on S implies continuity at every point of S. Surprisingly a
converse is true if S is closed and bounded.

Theorem 2.12. A continuous function ¥ : C c R" — R™ on a closed and
bounded set C is uniformly continuous on C.

A proof of this theorem is outlined in Problem 2.40.

Example 2.33. Let f (x,y) = xy on the square 0 <x < 1, 0 <y < 1. According
to Theorem 2.12 f is uniformly continuous. m|

Problems

2.24. Rewrite the proof of Theorem 2.5, part (a), by justifying the following steps.

(a) Let X be in D and let € > 0 be a tolerance. Show that there is a 6 > 0 so that if
X - Y|l <6 then |[f (X)—f(Y)| < 3¢ and |g(X) — g(Y)| < 1.
(b) Show that

[F X)=f (Y)+gX) =g < [ X) = f (V) +1g(X) —g(Y)| < €.
(c) Show that this proves f + g is continuous at X.

2.25. Suppose F(xq,...,x;) = (fi(x1,...,Xn),fo(x1,...,x,)) is a continuous function
from R” to R?, and g is a continuous function from R? to R. Prove the following.
(This is an alternate way to prove parts (a) and (b) of Theorem 2.5).
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(a) The composite g o F is continuous.
(b) The function g(x,y) = x +y is continuous.
(c) Suppose fi and f> are continuous functions from R” to R. Use parts (a) and (b) to

show that f| +f> is continuous.
(d) Suppose f and f, are continuous functions from R” to R. Use part (a) and some

function g to show that the product fif is continuous.

2.26. Show that the function

sin(x? + y?)
eZ+y

fx,y,2) =

is continuous at all points (x,y,z).

2.27. The slope of the graph of cos(cx) lies in the interval [—c, c]. Fill in the missing
numbers.

(a) if [x —a| < (?) then |cos(2x) — cos(2a)| < €.
(b) if [y — b| < & then |cos(3y) —cos(3b)| < (7).
(c) if ||(x,y) — (a,b)|| < (?) then |cos(2x) cos(3y) — cos(2a) cos(3D)| < e.

2.28. According to the single variable Intermediate Value Theorem a continuous
function f on a closed interval assumes every value between its values at the end-
points. Suppose now D C R" is a set in which any two points can be joined by a curve
(D is connected) and let f : D — R" be continuous. Justify the following steps to
show that if y is a number between two values of f then y is a value of f.

Suppose A and B are points of D and y a number with

J(A) <y <f(B).

(a) Show there is a curve X(7), a <t < b, in D with X(a) = A, X(b) =B.
(b) The composite f o X is continuous on [a, b].

(©) f(X(a)) <y <f(X(D)).

(d) There is a number ¢#; in [a,b] such that f (X(#1)) = y.

2.29. A function f from R? to R is continuous in the disk x> +y? < 1, the maximum
value of f is 10 and £ (1,0) = 10, f(O, %) = —10. Which are true?

(a) f(x,y) = 0 at some point of the disk.

(b) f has a minimum value on the disk.

(c) —10 is the minimum value of f on the disk.

(d) If x? + (y — $)? is small enough then f (x,y) < —9.98.

2.30. A function f from R to R is continuous on an open set that contains the cube
where 0 <x<1,0<y<1,0<z<1,the maximum value of f on the cube is 10 and
£(0,%,1) = 5. Which are true?

(a) f has a minimum value on the cube.
(b) £(0,0,0) is the minimum value of f on the cube.
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(c) f(x,y,z) = 2m at some point in the cube.
(d) f could be 10 at two points.
(e) If x? + (y — $)* + (z— 1)? is small enough then f (x,y,z) > 4.98.

2.31. A function f from R3 to R is continuous on R3. Show that these functions are
continuous.

(@) 10+xf(x,y,z) on R?
(b) f(x,x,y) on R?
(¢) f (x1x2,%2x3,X3x4) on R*

2.32. A continuous function f : (a,b) — R on an open interval does not necessarily
have a maximum or minimum value.

(a) Give an example of a continuous function f : (0,1) — R with arbitrarily large
values.

(b) Give an example of a continuous function g : (0, 1) — R that is bounded but does
not attain a maximum or minimum value.

2.33. Sketch the graph of f(x;,x2) = x; on xf +x§ < 2 and find the maximum value

of f.
2.34. Which of the following sets are bounded?

(a) The points of R? where x? + y? + 72 = 25.
(b) The points of R* where x> +y* —z% = 1.
(c) The points of R? where x < 1 and y<1.

2.35. Show that the set x*> +y> < 1 in R? is an open set.

2.36. Let S be the set R? with the origin removed. Show that 0 is a boundary point
of S.

2.37. Let T be the triangular region in R? defined by x >0,y >0, and x+y < 1.

(a) Describe the boundary of 7.
(b) Show that the point (.0001,.9998) is an interior point of 7.

2.38. State the domain of each function. Is the domain closed? bounded? Is f con-
tinuous? Does f have a maximum? a minimum?

@ fX) = e IXI” where X is in R
(®) fx,0) = (47Tt)_1/2e—x2/4t

() f(X,1) = (47t) "2~ IXIP /4 where X is in R”.
1
(d) f(x1,x2,x3,%4,%5) =

2 2
X5 +)C3 +X

NS

2.39. Consider the linear function

o[22
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(a) Find a number c so that |[F(X)|| < c||X].
(b) Find a number d so that |[F(X) - F(Y)|| < d|X-Y]|.
(c) Is F uniformly continuous?

2.40. In this problem we prove Theorem 2.12. Suppose F : C c R” — R™ is contin-
uous on a closed and bounded set C. Either F is uniformly continuous on C, or it is
not. Justify the following statements that show that the statement that F is not uni-
formly continuous on C leads to a contradiction, hence F is uniformly continuous.

(a) Since f is not uniformly continuous there is some tolerance € and a sequence of
pairs of points Xy, Yy in C, k =1,2,3,... such that || X} — Y|l < % and
IF(Xx) —F(Yi)ll > €.

(b) As we saw in the proof of Theorem 2.11, the sequence X; must have a subse-
quence X, that converges to a point X in C. Then || Xy, — Yy, [l < kl and since F is

continuous
klim F(Xy,) = F(X).

(c) Use the triangle inequality
X = Y Il < 11X = X |+ 11X, = Yl

to show that the Yy, also converge to X.
(d) The sequences F(Xy,) and F(Yy,) both converge to F(X).
(e) That contradicts [[F(Xy,) = F(Y,)ll > €.
(f) F is uniformly continuous on C.

2.41. Let C be a vector in R” and let X and Y be vectors in R". Use the Cauchy—
Schwarz inequality
|A- B[ < [|A[l[BIl

to prove:

(a) the function f(X) = C-X from R” to R is uniformly continuous,
(b) the function g(X,Y) = X-Y from R?" to R is continuous.

2.42. Let £(X) = |[X|| and g(X) = [IX]?, for X in R”.
(a) Give examples of points X and Y one unit apart from each other, such that
|g(Y) - g(X)| > 10%.

(b) Show that f is uniformly continuous.
(c) Show that g is not uniformly continuous.

1
2.43. Consider the function f(X) = M in the set D in R” where ||X|| > 2. Use the

identity
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1 L Y= I1X

X IYn Xyl

to show that f is uniformly continuous on D.

2.44. Suppose F is a function from R” to R” with the following property. For
every sequence Xp, X, X3, ... that converges to X in the domain of F, the sequence
F(X1),F(X,),F(X3),... converges to F(X). Justify the following steps to show that
F is continuous.

(a) If F is not continuous at a point A, then there is some € > 0 so that for every §
there is a point B with

IA-Bll<é  and |[F(A)-F@®B)| > e.

(b) If F is not continuous at a point A, then there is some € > 0 so that for every
integer k > O there is a point X with

1
A =Xl < and [IF(A)=FX,)> e

(c) If F is not continuous at a point A, then there is a sequence Xj,X>,X3,... con-
verging to A such that the sequence F(X),F(X3),F(X3),... does not converge to
F(A).

2.3 Other coordinate systems

Polar coordinates. It is often convenient to use polar coordinates (r, ) rather than
rectangular coordinates (x,y) to describe a curve or a region in the plane. Figure 2.23
shows the coordinates of a point in a plane given in terms of rectangular coordinates
and polar coordinates, where we usually take » >0 and 0 < 6 < 2x.

y axis
”””””””””” (xy)
r
0
0 polar axis, x axis
Fig. 2.23 Polar and rectangular coordinates
The coordinates are related by
x =rcosf

y =rsin6, 2.7
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r= A/x2+y? (2.8)

Let F : R> — R? be the function defined by

and

F(r,0) = (rcosé,rsin6).

The component functions of F are x = rcosf, y = rsinf. F is called the polar
coordinate mapping. Let’s see how regions in the (7,60) plane are mapped to the
(x,y) plane. See Figure 2.24. If we restrict F to a rectangular region 0 <a <r < b,
0 <a <0 <pB<2n, then F is one to one. Three such regions are indicated in the

figure.

° y

b
3
no

. .
()J‘ —

0 1 2 3

Fig. 2.24 The polar coordinate mapping.

Cylindrical coordinates. An alternative to Cartesian coordinates (x,y,z) in space
uses polar coordinates in the x,y plane and retains the z coordinate.

Definition 2.19. The cylindrical coordinates (r,0,z) that correspond to Carte-
sian coordinates (x,y,z) are related by

X =rcosf
y =rsinf
z2=2

r>0and 0<6<2n.

Example 2.34. The point with Cartesian coordinates (x,y,z) = ( \/§ \/E 3) has
cylindrical coordinates (r,6,7) = (2, %, 3). O
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Fig. 2.25 The region in Example 2.35.

Cylindrical coordinates can simplify the description of some regions in space.

Example 2.35. Let D be the region described in cylindrical coordinates by

A sketch of this region is shown in Figure 2.25. Using Cartesian coordinates
D is described by

0<y, 1<x*+y’<4, 3<z<4

If we think of the function
F(r,0,z) = (rcosé,rsiné,z)

from R3 to R3, we can see that a solid rectangular bar in (r,6,z) space, described by
the inequalities in Example 2.35, is mapped to the region D there. If we extend the
bar to 0 < 8 < 2m, then we get a full ring. Describing a region as the range of some
mapping will be useful later when we study the integral.

Spherical coordinates. Another way to describe the location of a point (x,y,z) is
to denote by p the distance between the point and the origin, let ¢ be the angle
between the positive z axis and the line through (0,0,0) and (x,y,z), and let 6 be the
angle between the plane containing (x,y,z) and the z axis, and the x,z plane. See
Figure 2.26.
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Definition 2.20. The spherical coordinates (p,¢,0) that correspond to the
Cartesian coordinates (x,y,z) are related by

X = psingcos
y = psingsinf
Z=pCcosg.

r = psin¢

(z,y,2)

T

Fig. 2.26 The spherical and cylindrical coordinate systems.

Example 2.36. The set of points in space that lie on a sphere of radius 3 cen-

tered at the origin satisfy
X2 +y2+z2 =3,

Using spherical coordinates we describe these points by
p=3
and ¢ and 6 take their full range: 0 <0 <2r,0< ¢ <. O

Example 2.37. To describe the set of points on the circular cone surface

2= Jx2+y2

shown in Figure 2.27 we note that every point on the cone has the same angle
¢. To find ¢ we look at the intersection of the cone with the plane y = 0.
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Fig. 2.27 The cone surface in Example 2.37.

At such points we get z = Vx2 =[x, s0 ¢ = Z—{, and p and 6 are unrestricted.
Another approach is to substitute the formulas x = psingcosé, y = psin¢gsinf
and z = pcos ¢ into the equation for the cone:

pcos¢ = \/p2 sin? ¢ cos? 6 + p? sin® ¢sin’ @
=psing.
Since 0 < ¢ < x this is satisfied only by ¢ = 7. ]

Example 2.38. Let D be the solid region of points that satisfy

x2+y2+12§9, x2+y2+z2>1, z>0

shown in Figure 2.28. The surface of the inner hemisphere is sketched with
dots to indicate that the points on that surface are not included. Region D is
described in spherical coordinates as

1<p<3, 0<¢p<

[SIE

T

X y

Fig. 2.28 The region in Example 2.38.
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Problems

2.45. Consider the polar coordinate mapping illustrated in Figure 2.24. Sketch a
region in the r, 6 plane that corresponds to the upper half plane y > 0.

2.46. Sketch the region in the x,y plane that corresponds to the polar coordinate
rectangle 1 <r <2, 0 <6< x.Find the polar coordinates of the point (x,y) = (0, 1.5).

2.47. Use equations and inequalities to describe the following sets in polar coordi-
nates.
(a) The open unit disk x> +y* < 1.

(b) The first quadrant x > 0, y > 0.

2.48. Consider the set of points in the x,y plane whose polar coordinates satisfy

1

0<6<2n, r= —.
2+siné

Show that this is a bounded set in the x,y plane.

2.49. Let 0 < b < a and consider the set of points in the plane whose polar coordi-

nates r, 6 satisfy
1

" dtbeoso
(a) Show that the x,y coordinates of the points satisfy

1 =a+x2+y%+bx.

(b) Show that the equation 1 = a /x% +y? + bx is the equation of an ellipse by com-
pleting a square and getting the equation into the form
_ -2’ (-B)

1= 2 + PR

2.50. Make a sketch to show the image of a rectangle ro <r <rg+h, 0<6<2r
under the polar coordinate mapping. Find the area of the image rectangle. Show that

the ratio .
area(image)

area(rectangle)
tends to rg as & tends to O.
2.51. Match the formulas (i—iv) in spherical coordinates with the descriptions (a—d)

of sets in R3. Note that if we don’t specify any restrictions on a coordinate, then the
usual ones apply: p>0, 0<¢p<m, 0<6<2m.

p<l ()¢=% (i)0<b<nr (vp>land%<¢
(a) a half-space
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(b) an open ball
(c) a cone surface
(d) a half-space with points removed that were within one unit of the origin

2.52. Let D be the region in R? where the spherical coordinate p is restricted:
2<p<4,

and let P =(0,0,1), Q=(7,0,0), R=(3,0,0) in Cartesian coordinates.

(a) Describe the region D.

(b) IsR in D?

(c) There is a point A in D that is closest to P, and a point B in D that is farthest from
Q. Use a sketch to find A and B.

2.53. Consider functions

s1p.0.0) =€, 52(0.,0)=(L-p)pe™,  di(p,$.0) = Bcos’§—1pe ™,
of the type used to describe orbitals of an electron in an atom. (See also Section 9.5.)

(a) What is the maximum value of s, and what do the level sets of s look like for
values less than the maximum?

(b) Which of the three functions is zero on some sphere centered at the origin?

(c) What are the limits of sy, s, and d3 as p tends to infinity?

(d) ds is nonnegative on the z axis and in a region enclosed by a double cone sur-
rounding the z axis. Sketch the region.

(e) Is ds positive or negative outside the region of part (d)?

2.54. For a function that is a product f (x,y) = g(x)h(y) of nonnegative functions g
and A, show that the maximum of f is the product of the maximum values of g and
of h, if these exist. Use this idea in spherical coordinates to find the locations of the
maximum values of

d3(p,$,6) = (3cos® = 1)°ple ™.

2.55. We outline a proof of the Fundamental Theorem of Algebra: For every poly-
nomial with complex coefficients

p2) =po+piz+pr+-+pp’,  (n>0)

there is a complex number z where p(z) = 0.
Recall that complex numbers z = x +iy can be identified with points (x,y) in R?,
together with the multiplication

x+iy)u+iv) =xu—vy +iQyu +xv).

Thus polynomials with complex inputs can be viewed as functions from R? to R.
Prove the following statements.
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(a) Multiplication is continuous, so 72, 73, etc., are continuous functions, so polyno-
mials are continuous functions.

(b) Complex numbers have square roots, cube roots, fourth roots, etc: use the fact
that z = (x,y) can be written r(cos @ +isin#) in polar coordinates, and that multi-
plication is given by

ri(cosfy +1isinf)ry(cos, +1isind,) = rirp(cos(0; + 6,) +1isin(f; +65)).

(c) The absolute value |z| = ||(x,y)|| is a continuous function of x and y and, using
part (b), [zw] = |z[[w].

(d) |p(z)| tends to infinity as |z| tends to infinity. To see this, first use the triangle
inequality to show that for [z] > 1

-1

-
[Pr-12""" 4+ +pol < Plz["

for some number P; second use the triangle inequality

-1
[po+---+pn2"l = Ipnz"| = Pn=12"" + - +pol

to show that for [z] > 1, |p(z)| > |pallzI" = Plz|"~!, that tends to infinity as |z| tends
to infinity.

(e) Now a proof by contradiction: If a polynomial p does not have a root then the
function

1
FO= 5@

is a continuous function from R? to R that tends to zero as |z| tends to infinity.
Such a function f has a maximum value at some number a. Therefore |p(z)| has
a minimum value |p(a)| = m # 0.

(f) For every polynomial g(z) of degree n and every number a, ¢(z) can be expressed
as a polynomial in z — a,

(z—a)?

40 = 4@ +d @G- +¢" @+t g @ o,

(g) Use part (f) to express

p(2) = pla)+c(z—a) +

where ¢ # 0 and the dots are powers of z —a greater than k. According to part (b)
there is a k-th root h:
pla)

c

nt=-

Then use
pla+eh) =pla)(1—€é)+---

where the dots are powers of € greater then k. This shows that
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|p(a+ €eh)] <m(1 —H+<m
for € small, a contradiction.

2.56. Suppose two points in R? have cylindrical coordinates (r1,61,z1), (r2,65,22).
Show that the distance between the points is given by

P+ = 2rirycos(62 - 01) + (22~ 212,
2.57. Suppose two points on the unit sphere centered at the origin in R* have spheri-
cal coordinates (1,¢1,61), (1,¢$2,62). Show that the dot product of the points is given
by

cos(¢2 — ¢1) — sing singy (1 —cos(6 — 6)).



Chapter 3
Differentiation

Abstract In this chapter we introduce the notion of derivative of functions of sev-
eral variables. We start with functions of two variables and then extend to several
variables. By using vector and matrix notation we find that many of the concepts
and results look familiar.

3.1 Differentiable functions

Recall that for a function f of a single variable x, we say that f is differentiable at a
if f is locally linear at a. That is, there is a constant m so that for all / sufficiently
close to zero the change in f at a,

fla+h)—f(a),

is well approximated by mh. By “well approximated” we mean that the difference
between f(a+ h)— f(a) and mh is small compared to 7 when % is small. That is,

(f(a+h) - f(a)) —mh

h
tends to zero as & tends to zero. In this case we say f is differentiable at a and we
write
i @t = f@) _
m——-——————=m
h—0 h

The number m is called the derivative of f at a, denoted f’(«), and the linear approx-
imation of f at a is

f@)+ f'(a)(x—a).

Now let’s extend the notion of “local linearity” to functions from R? to R. First
we recall from Theorem 1.2 that a linear function £ from R? to R is a function of the
form
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t(h,k) = ph+ gk, 3.
where p and ¢ are some numbers. We recall Definition 1.5 of the norm of a vector
I Nl = V2 + k2.

Definition 3.1. A function f defined in an open disk in R? centered at (a, b) is
differentiable at (a,b) if

fla+h,b+k)— f(a,b)
can be well approximated by a linear function ¢ in the following sense:

(fa+h,b+k)— f(a,b))—C(h,k)
I, k)l

tends to zero as ||(h, k)| tends to zero.

(3.2)

We call
L(x,y) = f(a,b) + t(x—a,y—Db)

the linear approximation of f(x,y) at (a,b).
Definition 3.1 can be rewritten in vector language. Let A = (a,b) and H = (h, k).

Definition 3.2. (Vector notation version) A function f from R? to R defined
on an open disk centered at A is differentiable at A if f(A + H) — f(A) can be
well approximated by a linear function ¢ in the following sense:

(f(A+H) - f(A)) - {(H)
[H]

tends to zero as |HJ| tends to zero.

Theorem 3.1. If a function f from R? to R is differentiable at A then f is
continuous at A.

Proof. By Definition 3.2,
J(A+H) - f(A) - {(H)

tends to zero as |[H| tends to zero. Since ¢(H) tends to zero as ||H| tends to zero, so
does f(A+H)— f(A). |

Next we relate the numbers p and ¢ in the linear function £(h,k) = ph+ gk in
formula (3.2) to the function f.


http://dx.doi.org/10.1007/978-3-319-74073-7_1

3.1 Differentiable functions 105
Suppose f is differentiable at (a,b) and {(h,k) = ph+ gk. Set k = 0 in Defini-

tion 3.1; then
. fla+h,b)— f(a,b)— ph
lim =
h—0 h

0’
so f(x,b) is a differentiable function of a single variable x at a, and

p = lim f(a+h,b)—f(a,b)-

h—0 h

The number p is called the partial derivative of f with respect to x at (a,b) and is
denoted

a—f(a,b) or fy(a,b).
ox

0
Thus a—f(a, b) is found by holding y equal to the constant b and differentiating f(x,b)
X

with respect to x at a. Similarly if we let 4 = 0 in Definition 3.1 we see that if f is
differentiable at (a,b) then f(a,y) is a differentiable function of y at b and

lim fla,b+k)-f(a,b)—qk _

0
k—0 k

so that

4= lim f(a,b+k)—f(a,b).
k—0 k

The number ¢ is called the partial derivative of f with respect to y at (a,b) and is
denoted

)
a—i}r(a,b) or f(a,b).

This shows that if f is differentiable at (a,b) then it has partial derivatives fy(a,b)
and fy(a,b) there, and the linear approximation of f at (a,b) is

L(x,y) = f(a,b) + fc(a,b)(x —a) + fy(a,b)(y = D).

The rules for finding partial derivatives follow from the rules for ordinary differ-
entiation.

@ (f+g)x=fitgrand (f+g)y=fi+g
(b) (fe)x= frg+fexand (fg)y = frg+fg

© (1), = ma(f) =%

Example 3.1. We show that f(x,y) = xy2 is differentiable at (1, 3). First we find
fx(1,3) and f,(1,3). Holding y fixed and differentiating f with respect to x we
get f, =y, fi(1,3) = 9. Holding x fixed and differentiating f with respect to
y we get f, = 2xy, f,(1,3) =6. Now that we have p and g we check that f is
locally linear at (1,3), where €(h,k) = 9h + 6k.
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FA+h3+k) - f(1,3)=(hk)  (1+h)(3%+6k+k?)—(1)(3)* — (9h+6k)
([CA9]] - ([CA9]]

_ k? + 6hk + hk?
[GRY]]

By the triangle inequality |k* + 6hk + hk?| < k* + 6|hk| + |h|k>. Since we are
taking the limit as [|(%,k)| tends to zero we can restrict attention to where
[I(h, k)| < 1, and there |h| < 1. We get

k2 + 6hk + hk*| < (1 + |h))k> + 6|hk| < 2k* + 6| k]

Since (h+k)* = h? + k* + 2hk > 0 it follows that 2|hk| < h? + k*. Therefore if
(A, k)l < 1 we have

2 2 2 2 2 2 2,12
|k +6hk+hk|£2k +6|hkls2k +3h° +3k S5(h +k):5\/m'
(GRS (NSl (A, (A, Ol

Therefore as ||(h, k)| tends to zero

S +h3+k)—-f(1,3)-C(h,k)
(NSl

tends to zero, and f(x,y) = xy? is differentiable at (1,3). |

The next example shows that the existence of partial derivatives, while necessary
for differentiability at a point, is not sufficient.

Example 3.2. Define a function f as
Jxy) =lx+yl=lx—yl. (3.3
The single variable functions,
f(x,0)=|x+0]-|x-0[ =0, JO,y)=10+y[-10-y[=0,
are both constant and therefore differentiable at (0,0), and
£0,00=0,  £(0,0)=0.

Next we show that

SO+h,0+k)—-f(0,0)—£€(h,k)
(NSl

does not tend to zero as (%, k)|| tends to zero. Take k = h; then

SO+nh,0+h)-f(0,0)—(0h+0h) [|2h—10]-0—-(0h+0k) 2

V2 + 12 V2n2 V2
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does not tend to zero as ||(h, )| tends to zero. Therefore f is not differentiable

at (0,0). m]

Next we show that if f has continuous partial derivatives on an open set contain-
ing (a,b) then f is differentiable at (a,b). We use the following theorem.

Theorem 3.2. A Mean Value Theorem. Let f be a function from R* to R
whose partial derivatives f; and f, exist on an open set containing (a,b).
Then for each (h,k) with ||(h, k)| sufficiently small there are numbers h’ and k’
where a+h lies between a and a+h, and b+k’ lies between b and b +k, such
that

fla+h,b+k)— f(a,b) = hf(a+h',b+k)+kfy(a,b+k). (3.4)

o (a,b+k) (a+h,b+ k)
// \\
U
K (a+hb+k)
\ D ! \ (a+h,b+k)
/
\\ ( b / \(a7b+k')
~_ a,b) y
T~ =~ ~ s (ab)

~ >

Fig. 3.1 Left: a small rectangle in U, in Theorem 3.2. Right: points used in the proof.

Proof. Write
fla+h,b+k)—f(a,b) = fla+h,b+k)— f(a,b+k)+ f(a,b+k)— f(a,b).

For |h| and |k| sufficiently small all the points on the sides of a small rectangle (see
Figure 3.1) are in U and f(x,b+ k) is differentiable on the closed interval from a to
a+ h. We apply the Mean Value Theorem for the single variable function f(x,b+ k)
and conclude that there is a number a + 4’ between a and a + h for which

fla+h,b+k)—f(a,b+k)=hf(a+ N, b+k).

Similarly f(a,y) is differentiable on the interval between b and b+ k, and by the
Mean Value Theorem for single variable functions there is a number b + k" between
b and b + k for which

fla,b+k)— f(a,b) = kfy(a,b+k').

Add these two equations, and we obtain formula (3.4) to complete the proof. O
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Theorem 3.3. If the partial derivatives of [ are continuous in an open set
containing (a,b) then f is differentiable at (a,b).

Proof. Using formula (3.4) of Theorem 3.2
fla+h,b+k)— f(a,b)—(hf(a,b)+kf(a,b))
N
hf(a+ 1 ,b+k)+kfy(a,b+k'))—(hf(a,b)+kfy(a,b))
) NI+ k2
_ h(fla+ 1 ,b+k)— fi(a,b)) +k(fy(a,b+k') - fi(a,))
N

where A’ is between 0 and /2 and £’ is between 0 and k. By the triangle inequality the
absolute value of the last expression is less than or equal to

(3.5)

Al , |k ,
———\fila+h',b+k)— fi(a,b)|+ ———|f,(a,b+ k") — f,(a,b)|.
Nerwele * | \/h2+k2' y Y

. Al ||
Since and are less than or equal to 1, and f; and f, are con-

. Vh2 + k2 Vh2+ k2 _
tinuous, each of the terms in this expression tends to zero as ||(h, k)| tends to zero.
This proves that (3.5) tends to zero as |(h,k)| tends to zero. This shows that f is

differentiable at (a, b). a

Example 3.3. Let f(x,y) = y+sin(xy)+sinh x. Use the linear approximation of
f at(0,1) to approximate f(.1,.9). The linear approximation of f at (0, 1) is

L(x,y) = f(0,1) + f(0,1)(x = 0) + £,(0, 1)(y = 1).
We calculate

£(0,1) = 1 +sin(0) +sinh(0) = 1 +0+ 3’ ") =1
fe(x,y) = cos(xy)y+coshx,  fx(0,1)=cos(0)] + $(” +e7%) =2
f(x,y) =1+cos(xy)x, £(0,1) =1+cos(0)0 = 1.

Therefore L(x,y) = 1+2(x—0)+ 1(y—1) and
L(1,9)=1+2()+1(9-1)=1+.2-.1=1.1

is a good approximation of f(.1,.9) = 1.09005.... O

Partial derivatives and differentiability, F : R” — R™. We extend the definitions
of differentiability, local linearity, and partial derivative. For functions f : R" - R
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we define partial derivatives by differentiating with respect to the i-th variable while
holding the others fixed:

6_f _ limf(xl,...,x,-+h,...,xn)—f(x1,...,x,,).
6x,- h—0 h

Let F be a function R” — R™ whose component functions

F(Xl,...,xn) = (fl(-xla"',xn)’f2(-xls~'~7xn)""’fm(-xls---s-xn))

are differentiable. Each function f; from R” — R has n partial derivatives denoted

af; . TR .
gf" or fix;. We arrange the partial derivatives in an /m by n matrix
J

AA) @A) - HA)

dxp Ox
%m%mw%w

DF(A) = , (3.6)

O (A O (A .. V(AN
o (A) G5 (A) - e (A)
called the matrix derivative of F at A.

Using vectors and matrices we can express the definition of differentiability of F
at A.

Definition 3.3. A function F from R” to R” defined on an open set U contain-
ing A is differentiable at A if F(A + H) —F(A) can be well approximated by a
linear function LA in the sense that

I¥(A +H) —F(A) - Ly(H)|
[H]

tends to zero as |HJ| tends to zero.

By an argument similar to the one we gave for f : R> — R we can show that if F'is
differentiable at A then F is continuous at A. We can also show that the component
functions have partial derivatives, and that

La(H) = DF(A)H

where DF(A) is the matrix (3.6) of partial derivatives. We ask you to justify the
steps to show this in Problem 3.9.

Example 3.4. Let f(x,y,z) = x*sin(yz). The partial derivatives of f are
Sfo=2xsin(yz), fy= zx° cos(yz), f-= yx2 cos(yz),

and
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f(LE2)=0, £(1,5,2=-2, f£(1,52)=-%

Therefore

Df(1,5.2)=[0 -2 -3].

O
Example 3.5. Let F(x,y) = (x> +y%,x,—y>). Find DF(1,-2).
afi _ afi _
a_xl - 2-xa aiyl - 2)’7
ih _ 1 9k _
O
J3 J3 _
ox 0, W = —3y .
At the point (1,-2) we have
2 -4
DF(1,-2)=|1 0.
0 -12
O

Definition 3.4. For n = m the matrix derivative (3.6) of F at A is a square

matrix. Its determinant is called the Jacobian of F at A and is denoted as
JF(A):

JF(A) = det DF(A) (3.7)

Just as the derivative f’(a) can be thought of as a local stretching factor by f,
J(x) - f(a)

as x —a tends to zero, the geometric meaning of the Jacobian is local

X—a
magnification of volume by F. That is, denote by B,-(A) the ball of radius r centered
at A, and by C,(A) its image under the mapping F. The ratio

Vol (C,(A))
Vol (B(A))
tends to [JF(A)| as r tends to zero.

Example 3.6. Let F(x,y) = (x> +y,y> + xy). Find the Jacobian of F at (1,2), and
interpret it as a local magnification of area.

21
213

21

2x
DF(XJ) - [ 2 13

y 3y2+x

, DF(I,Z):[ }, JF(1,2)=det[ }:24.

The area of the image F(B,) of a small disk B, of radius r centered at (1,2) is
about 24 times as large as the area of B,. O

If a function X from R to R” is differentiable at #, then by definition

X(t+h)-X(?)

Y -X'(0)
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tends to zero as & tends to zero. That means X’(¢) is the limit of secant vectors
divided by A. Figure 3.2 illustrates that X’(¢) is tangent to the curve at X(z).

If we think of X(¢) as the position of a particle at time ¢, then X'(¢) is the velocity
of the particle at time ¢ and || X’(¢)|| is its speed.

X(t+h)—X(1)

Fig. 3.2
ig A

tends to X'(¢) as & tends to 0.

Example 3.7. Let X(t) = (cost,sint,t). The matrix derivative of X at ¢ is

—sint
DX() =X'(t) = | cost |.
1

Thinking of X’(7) as the velocity vector at time 7 we may write

X'(f) = (-sint,cost, 1).

Its speed is [X' ()] = /(= sin#)2 + (cos )2 + 12 = V2. O

Definition 3.5. The vector of partial derivatives of a function f : R” — R is
denoted

Vf = (fx1 LA afx,,) or gradf
and is called the gradient of f.

Example 3.8. Let f(x,y,z) = x*sin(yz). By the calculations in Example 3.4,
Vf(x,y,2) = (2xsin(yz), zx? cos(yz), yx> cos(yz))

and V£(1,7,2) = (0,-2,-%). ]
Using the gradient notation the linear approximation of f(A +H) at A can be
written using the dot product

fAA+H)~ f(A)+Vf(A)-H.
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Definition 3.6. A function F from an open set U of R" to R™ is called contin-
uously differentiable if it has partial derivatives that are continuous functions
on U. A continuously differentiable function is called a C! function.

In Theorem 3.3 we have shown that a function of two variables that has contin-
uous partial derivatives is differentiable; the analogous theorem holds for functions
of several variables.

Theorem 3.4. If F from R" to R" is C' on an open set U then F is differen-
tiable at each point of U.

In Problem 3.10 we show you how to extend the proof of Theorem 3.3 to prove
Theorem 3.4.

Problems
3.1. Find the partial derivatives.

. Bx+h)?+4y)-(3x2 +4y)
@l

h
(Bx> +4(y+k)) — (3x> +4y)
k

b) li
(b) lim
3.2. Let f(x,y) = x>+ 3y. Find the linear approximation of f(x,y) near (2,4), and use
it to estimate f(2.01,4.03).

3.3. Find the indicated partial derivatives of the functions.

(@) fe(x,y) and £5(2,0)if f(x,y) = e "
(b) i()Cey +ye)
dy

0 0, .
() o (COS(xy) + a_y( Sln(xy)))

3.4. Let f(x,y)= x2y3. Let (x,y) = (a+u,b+v). Use binomial expansion on the right
side of
x2y3 =(a+ u)z(b + v)3

to find the numbers ¢y, ¢, ¢3in
fey)=ci+ea(x—a)+c3(y—b)+---

where the dots represent polynomials in (x —a) and (y — b) of degree 2 or more.
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(a) Express cj in terms of f, a, and b.
(b) Express ¢, and c3 in terms of partial derivatives of f at (a,b).
(¢) Find functions ¢ and s so that

fla+u,b+v)= f(a,b)+t(u,v)+ su,v),
and ¢ is linear, and s(u,v) is small compared to (u,v) as (u,v) tends to (0,0).

3.5. Two mathematics students are discussing the values of (1 + x+ 3y)? for small x
and y. They find two linear functions £; and > to help estimate the values,

(1+x+3y)% = (1+x+3y)(1 +x+3y)
~(1H)(A+x+3y)=1+x+3y, and
N——

l1(xy)
(1+x+3y)* = 1 +2x+6y +6xy+ x> +9y*
~ 1+2x+6y.
——
OH(xy)

| (x,y) |(.1,.2)|(.01,.02)|
(1+x+3y)?
1+x+3y
1+2x+6y

Fill in the table of values, and observe that some linear functions track small
changes better than others.

3.6. Consider a linear function €(x,y,z) = ax+ by + cz. Show that V¢ is constant.
Show that when a, b, ¢ are not all zero V¢ is normal to the level set £ = 0.

3.7. Consider two linear functions €(x,y) = x + 2y and m(x,y) = —3{(x,y). Sketch
level sets £ = —1,0,1 and m = —1,0, 1. For which function are these more closely
spaced? Determine the gradient vectors V{(x,y) and Vm(x,y). For which function
are these vectors longer?
3.8. Let X be in R". Find the gradients.
(@) V(21X]"?)
(®) V(-IXI™")

1
() V(;IIXIIr), r#0
3.9. Suppose a function F from R” to R™ is differentiable at A. Justify the following

statements that prove
LAH = DF(A)H,

that is, the linear function La in Definition 3.3 is given by the matrix of partial
derivatives DF(A).
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(a) There is a matrix C such that L, (H) = CH for all H.
(b) Let C; be the i-th row of C. The fraction
IF(A +H) —F(A) -La(D] _ [F(A+H)-F(A) - CH|
(IH] [H]|

tends to zero as ||H]| tends to zero if and only if each component

fiA+H) - fi(A)-CH
[H

tends to zero as |HJ| tends to zero.
(c) Set H = ZE; in the i-th component of the numerator to show that the partial
derivative Jix; (A) exists and is equal to the (i, j) entry of C.

3.10. Justify the following steps to prove Theorem 3.4, that a function with contin-
uous first partial derivatives is differentiable. In parts (a)-(d) we suppose [ :R" - R
has continuous first partial derivatives at all points in a ball of radius r centered at
point P. In parts (e)-(f) we assume the components f; of F : R” — R™ have continu-
ous first partial derivatives at all points in a ball of radius r centered at point P. Let
H be a vector with |[H|| < r.

(a)

S®+H) - f(P)= f(p1+hi,....pn+ 1) = f(P1,.... Pn)
=f(pr+hi,p2+ha....pp+h)—f(p1,p2+ho,....,pp+hy)
+f(p1,p2+h2,p3+hs,....pu+hy) = f(p1,p2, p3+h3s..o, pp+hy)
4
+ f(P1:P2 s Pret: Pu+ Bn) = f(P1: P2, Pt Pi)-

(b) There are numbers 0 < ! < h; such that

fp1,. . pict, i+ i, pivt +higt, .. pa+ hy)
= f(p1s-- s Pic15Dis Piv1 Y hiv1, ..., pn+hy)

= hifo(P1,....Dic1, Pi+ 0, Pist +hists .., pp+hy).

n
©) SP+H) = f(P) = 3" hife,(P1ses Picts Pi+ s pist +hist s P+ ).

i=1
J®P+H) - f(P)-H-Vf(P)
@ H]
(e) Given € > 0 there are numbers r; so that if |H|| < r;, then
LiP+H) - f(P)-Vfi(P) H| .
([H]| '

tends to zero as H tends to 0.

(f) Let r be the smallest of ry,...,r,. Thenif [H| < r,
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|F(P+H)-F(@P)- DFP)H]|
H] s

3.11. Define functions f and g from R? to R by
JOy)=cos(x+y),  g(x,y)=sin(2x—y).

Find the gradients V f and Vg, and show that

fe=fy =0, gx+2gy=0.
3.12. Let fi(x,y) = e*cosy, fr(x,y)=x>—y>. Find Vf; and V f>, and show that

%(fx) + 6%(]3) =0

for each of fi and f>.
3.13. Let g(x,y) = e™*?_ where a and b are some numbers. Find the gradient of g.
3.14. Let a, b, and ¢ be some numbers, and define

f(x,y,z) = sin(ax + by + cz).
Let C = (p,q,r) be a vector such that ap + bg + cr = 0. Show that C-V f = 0, that is,

ph+qfy+rf.=0.

3.2 The tangent plane and partial derivatives

The geometric interpretation of the derivative f’(a) of a function f of a single vari-
able is the slope of the line

y=fla)+f(a)x-a)

tangent to the graph of the function. There is a similar geometric interpretation of the
partial derivatives of a function of two variables. Suppose f is differentiable at (a, b),
with partial derivatives fi(a,b) and f,(a,b) at (a,b). The geometric interpretation of
linear approximation is that the graph of

z = L(x,y) = f(a,b) + f(a,b)(x—a) + fy(a,b)(y - b)

is the plane tangent to the graph of f at the point (a, b, f(a,b)). Rewriting the equa-
tion

fx(a,b)(x—a)+ fi(a,b)(y—b) + (=1)(z - f(a,b)) = 0 (3.8)

we see that a normal to the tangent plane is the vector
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N = (fx(a’b)’f;i(a’b)’_l)-

If f is differentiable at («,b) we say N is normal to the graph of f at (a,b, f(a,b)).

Fig. 3.3 A graph partly cut away for clarity at its intersections with planes x =a and y = b.

Another way to obtain an equation for the plane tangent to the graph of f at (a,b)
is to intersect the graph of f with the planes x = @ and y = b (see Figure 3.3), and use
the lines tangent to the resulting curves to determine the tangent plane.

In the plane x = a an equation for the line tangent to the curve at (a,b, f(a,b)) is

c1(t) =(a,b, f(a,b)) +1(0,1, fy(a, b)).
Similarly, an equation for the line tangent to the intersection curve in the plane y = b
is

() = (a,b, f(a, b)) + (1,0, fi(a, b)).

As we saw in Section 1.9 a parametric equation for the plane determined by these
two lines is

P(s,1) = (a,b, f(a,b)) + 5(1,0, fi(a,b)) +1(0,1, fy(a,])).

A normal to this plane is the cross product of the two tangent vectors,

(1,O9fx(asb)) X (0’ 13.}37(‘% b)) = (_fx(a’b), _f;'(a9b)’ 1)
which is a normal to the tangent plane given by equation (3.8).
Example 3.9. Let f(x,y) = x'/2y!/3,

(a) Find an equation of the plane tangent to the graph of f at (1,—1), and
(b) Use the linear approximation of f at (1,—1) to estimate f(.9,—1.1).

We have f,(x,y) = $x!/2y72/3 and f.(x,y) = $x71/2y!/3. Since f; and f, are
continuous near (1,—1), f is differentiable at (1,—1).

f(L,-H=-1,  fA-D=1%  £A-D=-1

(a) An equation for the plane tangent to the graph of f at (1,—1) is


http://dx.doi.org/10.1007/978-3-319-74073-7_1

3.2 The tangent plane and partial derivatives 117

2= f(L, =D+ fu(1, =D =D+ AL =Dy=(=1) = =1 = 3(x= D+ 3+ D),

or3x—-2y+6z+1=0.
(b) To approximate f(.9,—1.1) we use the linear approximation

Lix,y) = f(1, =D+ fe(1,=D(x = D + f3(1, = D(y = (=1)).

L(9,-1.1)=-1-3(9-D+(-L1+ ) =—1+4 -7 =-9833...,

a good approximation of f(.9,—-1.1)=-.9793....

Example 3.10. Find all points on the graph of
f(x,y) = x> =2xy—y> +6x—6y

where the tangent plane is horizontal. The function f has continuous partial

derivatives fy =2x—2y+6 and f, = -2x—2y—6, so f is differentiable at every

point. A tangent plane to the graph of f at (x,y) is horizontal if f.(x,y) =0

and fy(x,y) = 0. The equations 2x—2y+6 =0 and —2x -2y —6 = 0 have the

solution y = 0 and x = —3. There is one point on the graph with horizontal

tangent plane, (—3,0,-9). O

If two C' functions f and g have the same value f(a,b) = g(a,b) and the

same partial derivatives at (a,b), then their graphs have the same tangent plane at
(a,b, f(a,b)), and we say that the graphs are tangent at that point.

Example 3.11. To find points of tangency of the graphs of
f@y) =2 =2xy-y?
g(x,y) = x> =3xy+4x—16

and the common tangent plane we look for points where the normal vectors,
(2x—=2y,-2x—-2y,—1) and (2x—3y+4,-3x,—1), are multiples of each other.
Since the third components are equal this only happens when

2x—-2y=2x-3y+4
—2x—-2y=-3x,

which are satisfied by y =4 and x = 8. We verify that the point (8,4,—-16) is
on both graphs. Therefore there is a common tangent plane

z=-164+8(x—8)-24(y—4)

at the point (8,4, —16). m|
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Problems

3.15. Find an equation for the plane tangent to the graph of f(x,y) = x+y?,
(a) at (x,y) = (0,0),

(b) at (x,y) = (1,2).

3.16. Let f(x,y) = /1 —x2—y2.

(a) Sketch the graph of f.
(b) Find an equation of the plane tangent to the graph of f at (x,y) = (V4,5).

Fig. 3.4 Cross sections of graphs of f and g in Problem 3.17.

-1
3.17. Let f(x,y) = e 9% and g(x,y) = 5—.
Xty

(a) Show that f(a,b) = g(a,b) at every point (a,b) where a* +b* = 1.

(b) Find the gradients Vf and Vg.

(c) Show that the graph of f is tangent to the graph of g at every point (a,b) where
a*+b*=1.

See Figure 3.4 for cross sections of graphs of f and g.

3.3 The Chain Rule

Composition. There are many types of functions of several variables so the formula
for the Chain Rule takes several forms. Here is one of them.



3.3 The Chain Rule 119

Theorem 3.5. Chain Rule 1 (for curves). Let f from R? to R be continu-
ously differentiable on an open set U, and let X(f) = (x(2),y(t)) be a differen-
tiable function from an open interval I to U. Then the composition f(x(t),y(t))
is a differentiable function from I to R and

6fdx dey

—f (x(0),y() = ay =

The right side can be written as the dot product

= V£ (x(0),y(0)) - X ().

(x(®), y(t+h)) (x(t+h),y(t+h))

Fig. 3.5 Line segments used in the proof of Theorem 3.5.

Proof. Because X is continuous, we know that for £ sufficiently small, / # 0, the line
segments from (x(7), y(¢)) to (x(¢), y(t + h)) and from (x(¢), y(t+h)) to (x(¢+h), y(t+h))
in Figure 3.5 are in U. Rewrite

J(x(@+h),y(t+h)) = f(x(@), y(0))
as
= (et + ), (2 + ) = FxC0), 9+ ) + (F(x(0), 32+ 1)) = f(x(),3(0)))-

By the Mean Value Theorem for single variable functions there is a number x.
between x(z+ h) and x(¢) for which

FQ(t+h),y(t+h) = f(x(0),y(t+ h)) = fo(xe, y(t + ) (x(t + h) = x(2)).

Similarly there is a number y. between y(¢) and y(z + &) so that

Fx(0),y(t+h) = f(x(@),y(1) = f3(x(1), y:) (¢ + h) = y(2)).

Now divide by &; we get
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St + ), y(t +h) = £ (x(0), y(1))

h
_ SO+ ).y @+ ) = f@. 5@+ 1) | f0), v+ 1) — f(x(0), y())
h h
_ Syt )+ h) - x(@) | S0,y )6+ h) - (@)
h h '

As h tends to zero

tend to x’(¢) and y’(¢). Since f;

and f, are continuous, f,(x.,y(t+h)) tends to fi(x(1),y()) and f,(x(r),y.) tends to
fy(x(0),y(1)) as h tends to zero. Hence

x(t+ h; —x(1) and y(t+h)—y(t)

d
Ef (x(0),y(1)) = fr(x(0),y(0))X' (1) + f(x(0),y(0))y' (1) = V f(x(2), (1)) - X ().

O

Example 3.12. For0 <t <1, X(¢) = (x(2),y(r)) = (¢,2¢) is the straight path from
the origin to point (1,2). Let

flry) =2 +y*.

The derivatives of X and f are X'(¢) = (1,2),, Vf = (2x,4y%). By the Chain
Rule,

%f(xa)) = VA(x(0),(0) - X' (1) = (2(),421)°) - (1,2) = 2t + 641,
Alternatively, the composite of f and X is

FX(@®) = 1>+ 1614,

d
and the derivative is &(t2 + 16t4) =2t + 641 as we found using the Chain
Rule. O

We proved the Chain Rule for curves in R? and functions from R? to R. The
analogous theorem can be proved in n dimensions.

Theorem 3.6. Chain Rule 1 (for curves). Let f from R" to R have continu-
ous partial derivatives on an open set U, and let X(t) = (x1(?),...,x,(t)) be a
differentiable function from an open interval I in R into U. Then the composite
f(X(?)) is differentiable on I and

< X ))—ﬁdﬂ+ .

a T e @ V(X)X (1) = Df(X() DX(D).
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Example 3.13. Let X(f) = (cost,sint, ), —co < t < co be a curve in R? that gives
the position of a particle at time 7. Let

-2

flry,=e
represent the temperature of the particle at point (x,y,z). Then the composite
FX(@) = e+

is the temperature of the particle at time ¢. The rate at which the temperature
of the particle changes with respect to time is

% FX(1)) = —21e~(1+),
We calculate derivatives: the velocity of the particle at time ¢,
X'(f) = (—sint,cost, 1),
and the gradient of the temperature at (x,y,z)
Vi(x,y,z) = S (x,y,2).

Using the Chain Rule we have that the rate at which the temperature of the
particle changes with respect to time is

d
3/ X)) =VAX(®) -X'(1)

(14 : ) (e
= —2e 1 (cost,sint, 1) - (—sint,cost, 1) = =21+,
o

Directional derivative. The rate at which a function f from R” to R changes as we
move from a point P along the straight line X(r) =P +¢V, -h <t<his

JX®)-fX() _d
m— " =

li /o)

t—0 t-0
By the Chain Rule for curves
d ,
3/ X@0) = VAX(@) - X ().

Atr=0
Vf(X(0))-X'(0) =Vf(P)-V.



122

3 Differentiation

Definition 3.7. Let f be a C! function from an open set in R” containing P to
R, and let V be a unit vector in R"”. We call

Vi®)-V

the directional derivative of f at P in the direction of V, and denote it Dy f(P).

The directional derivative gives insight into the gradient of f at P. Since ||V| =1,

Dyf(P)=Vf(P)-V=|Vf(P)]cost

where 6 is the angle between V f(P) and V. We see that the directional derivative is
greatest when cosé = 1, i.e., when V is in the direction of Vf(P). The unit vector in
the direction of the gradient of f at P is

V/(®)
V@)

Therefore the greatest directional rate of change in f at P is in the direction of the
gradient and is

VP
V@I

Example 3.14. Let f(x,y,z) = x+y>+z*. Find the direction and magnitude of
the greatest directional derivative of f at (3,2, 1).

ViP):

=[IV/P)].

Vf=(1,2y,42%), Vf(3,2,1)=(1,4,4).

The greatest rate of change in f at (3,2,1) is

IVF3,2, D) = V12+42+42 = V33=5.744...

and this occurs in the direction of (1,4,4). O
Example 3.15. Let f(x,y,z) = x+y* +z*. In which directions is the rate of
change of f at (3,2, 1) zero? From Example 3.14,

Vf(3.2,1)=(1,4,4).

The directional derivative Dy f(3,2,1) is zero if (1,4,4)-V = 0. That is, if
we move from (3,2, 1) in any direction orthogonal to the gradient, the rate of
change is zero. O

The gradient and level sets. Let k be a number, and consider the level set S given
by f(x,y,z) = k. We assume

e apoint (a,b,c)ison S, so f(a,b,c) =k
e fisClonsS
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e Vf(a,b,c)#0

We show that V f(a,b,c) is normal to S.
Suppose X(¢) is a differentiable curve in S that goes through (a,b,c) at t = 1.
Then

d
=—k=0.

d
f(X(@®) =k, and 5f(X(t)) @

By the Chain Rule,

d
af(x(l)) = V£(X(10)) - X (to).

1=ty

Combining these two expressions we get
0= V£ (X(t0)) X (t0)-

Therefore V f(a, b, c) is orthogonal to the tangent vector of every differentiable curve
in S through (a,b,c). This is what we mean when we say that V f(a,b,c) is normal
to S at (a,b,c). See Figure 3.6. The Implicit Function Theorem in Section 3.4 will
show that there is a tangent plane to S at (a, b, ¢) and that it is the set of points (x,y,z)
that satisfy

Vf(a,b,c)-(x—a,y—b,z—c)=0. (3.9)

Vf(a,b,c)

(a,b,¢) = X(ty)

Fig. 3.6 Vf(a,b,c) is normal to the k level set f(x,y,z) = k at (a,b,c).

Example 3.16. Find the plane tangent to the level set
xyz + =3

at the point (1,2, 1). Let f(x,y,z) = xyz +z3. Then Vf = (yz,xz,xy +3z%) and
Vf(1,2,1)=(2,1,5). The tangent plane is given by

2,1,5)-(x-1,y-2,z-1)=0.
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ﬁl

Fig. 3.7 A sphere and its tangent plane at A, A-(X—A) =0. See Example 3.17.

Example 3.17. Let S be the sphere of radius R in R? centered at the origin,
satisfying

x2+yz+z2 =R>.
S is the R? level set of the function f(x,y,z) = x> +y* + z2. The gradient of f

is
Vix,y,z)=2x,2y,2z2).

Using (3.9) the tangent plane at a point (a,b,c) on S has equation
2(a,b,c)-(x—a,y—b,z—c)=0.

Let A = (a,b,c) and X = (x,y,z). Then the equation of the tangent plane (see
Figure 3.7) to the sphere S can also be written

A-X-A)=0.

O

Let S be the graph of a function f from R? to R. We can define a new function
from R> to R by

g(x,y,2) = f(x,y) - z.
The level surface g(x,y,z) = 0 is the same set of points in R3 as the graph of f. The
gradient of g is
(e 3= Gy
0x’ dy’ 0z ox’ oy’
Using (3.9) the equation of the plane tangent to the level surface g(x,y,z) =0 at the
point (a, b, f(a,b)) is

Vg(a,b,f(a,b))-(x—a,y—b,z—f(a,b))
= (fx(a,b),fy(a,b),—l) : (x—a,y—b,z—f(a,b)) = 07
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which we rewrite as fi(a,b)(x —a) + f,(a,b)(y = b) — (z — f(a,b)) = 0 as we found
earlier.

The Chain Rule also holds if the first function in the composition is a function of
n variables and the second maps R to R.

Theorem 3.7. Chain Rule 2. Suppose y = f(xy,...,x,) is continuously dif-
ferentiable on an open set U in R" and z = g(y) is continuously differentiable
on an open interval V in R that contains the range of f. Then the composite
g(f(x1,...,xn)) is continuously differentiable on U and for each x;

dg af

- i =1,...,n).
dy dx; @ ")

0
o B0 xw) =
Xi
Therefore

d
D(go f)(X) = d—in(X).

Proof. Since f and g are continuously differentiable on U and V their partial deriva-
tives exist and are continuous there. By the Chain Rule for single variable functions

dz dy 0z
dydx;  Ox;
.0z . . . - .
Since e is a product of continuous functions these partial derivatives are continu-
Xi
ous on U. O

The most general form of the Chain Rule can be proved for compositions of
continuously differentiable functions X from R¥ to R” and F from R™ to R".

Theorem 3.8. Chain Rule. Let U be an open set in R¥, and let V be an open
set in R™. Suppose that X(T) = (x1(t1,. .., 1k),- -, Xm(t15. .., 1)) is continuously
differentiable on U and F(X) = (y1(X15- s Xm)s- > Yn(X15- .., X)) is continu-
ously differentiable on V, and that the range of X is contained in V. Then the
composite F(X(T)) is continuously differentiable on U and the derivative of
the composite is the product of the derivative matrices:

D(F o X)(T) = DF(X(T))DX(T).
Componentwise we can write this relation as
Oi_Oyidn Oyidxy . Oy Oxm
(9tj 0xy Btj 0x; atj Xy, atj ’

Figure 3.8 illustrates the composition of a function from R? to R? and a function
from R? to R.
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. —— |7 ¢ f
T = (t1,2,3) ]
/—‘ y = f(X(T))

Fig. 3.8 A composition of functions R} — R? — R.

Proof. Consider each component function f;(X(¢)) = y; as a function of a single
variable ¢; by holding the other #; constant. We can use the Chain Rule for curves,
Theorem 3.6, to find the partial derivative of the composite f;(X(T)) with respect to
t;. This gives

dy; _ Oy; 0x; | dy; Oxz 0yi Oxp

o ox 0n  Oxa 9t G Ot

(3.10)

Since we have assumed that the partial derivatives of X and F are continuous, each
such partial derivative is continuous on U. Hence FoX is C! on U. By Theo-
rem 3.4 F oX is differentiable on U.

)
The partial derivative a—f’ is by definition the 7, j entry of the matrix
j

D(FoX)(T).

According to (3.10) it is also the i, j entry of the product

DF(X(T))DX(T),
where

[ATRO] dx dx
el TR il ARTR
% 9y 9 dxn
ol PR il PO

DFX)=|"" " . pxm=" " |
yn Oyn. D Oxy
iRt e T e e o

We can use the Chain Rule to get another version of the Mean Value Theorem.
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Theorem 3.9. Mean Value Theorem Let F = (f1, f5,...,fy) be a C' map
from R" to R™, on an open set in R" that contains points A, A +H, and the
line segment

A+H, 0<t<1

Jjoining them. Then there exist numbers 01,0, ...,0,, with 0 < 0; < 1 such that
F(A+H)-F(A) = MH

where M is the m by n matrix whose i-th row is V f;(A + 6;H).

Proof. Let ¢:(1) = f.(A+H),0<¢< 1. Then

$i(0) = fi(A),  ¢i(1) = fi(A+H).

127

By the Mean Value Theorem for single variable functions, there exists a number 6;

between 0 and 1 so that
¢:(0;) = pi(1) = $i(0) = fi(A+H) - fi(A).

By the Chain Rule,
¢(t) = Vfi(A+rH)-H.

Therefore for each component of F(A + H) —F(A) we have
f(A+H)-fi(A)=Vfi(A+6H) -H.

This shows that F(A + H) —F(A) = MH.

Second derivatives. We turn now to second partial derivatives.

Definition 3.8. A function f defined in an open disk in the x, y plane is twice

continuously differentiable in the disk if its partial derivatives f and f, exist

and have continuous partial derivatives. The partial derivatives of f; and f; are

denoted as fyy, fry and fyy, fyy. They are called the second partial derivatives

of f.

A twice continuously differentiable function is called a C? function.
The following result is basic:

Theorem 3.10. For a twice continuously differentiable function f on an open
disk in the x, y plane, the mixed second partial derivatives are equal:

fxy = fyx-
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Proof. Let (a,b) be a point in the open disk where f is twice continuously differ-
entiable, and consider the following combination of translates of f in the x and y
directions: Define

C(h.Kk) = fa+h,b+k)= f(a.b+k)—(f(a+hb)- f(a,b)) (3.11)
and let p and g be the functions

p(x) = f(x,b+k)— f(x,b), q(y) = fla+h,y)— f(a,y).
We can write C(h,k) in two different ways as

C(h,k) = pla+h)—p(a)
=q(b+k)—q(b).

Applying the Mean Value Theorem twice for single variable functions to C(h,k) we
get that there is a number /; between 0 and / and a number k; between 0 and k such
that

C(h,k) = hp'(a+hy) = h(f(a+hi,b+k) = fo(a+hi,b)) = hkfo(a+hi,b+k).
Similarly there are 4, and k; such that
C(h,k) = kq'(b+ky) = k(fy(a+h,b+ky) — fi(a,b+ka)) = hk fyx(a+ho, b+ k).

This shows that
Sola+hy,b+ky) = fy(a+hy,b+ko).

Since f,, and f;, are assumed to be continuous functions, the left side tends to
fw(a,b), and the right to f,x(a,b) as h and k tend to zero. This proves that the mixed
second partial derivatives are equal. O

Problems

3.18. Find the following derivatives or partial derivatives.
d
(a) d—( f(x))°, where f is a differentiable function from R to R
X
0
(®) 2=+’
%x
(© e gty + x%), where g is a differentiable function from R to R
X

0
(d) 6_y( f(x, y))3, where f is a differentiable function from R to R.

3.19. Find the derivatives fxy, fiy, and fyy.
() flx.y) =2~y
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(b) f(x,y)=x*+y*

(©) f(x,y) = (x+y)?

(d) f(x,y)=e""cosy

(e) f(x,y) =e “sin(ax), a constant

3.20. Express the indicated derivatives of f as a constant multiple of f if this is

possible. For example
f(-x’y)zyeax7 fxx:azf-

(a) f(x,y) =€ "cosy, fux+2f,y =2 (constant)f
() f(x,y) =e ¥sin(ax), fyr =2 (constant)f

(c) f(x,t) =sin(x —31), fx—2f; =2 (constant) f
(d) f(x,1) =cos(x+ct), fux—afy =2 (constant)f

Fig. 3.9 Level sets for Problem 3.21.

3.21. Some level sets of a differentiable function f from R? to R are sketched in
Figure 3.9. Which of the following derivatives are positive?

(a) fx(A)

(b) f,(B)

(¢) Duf(P)=U-Vf(P)
(d) Duf(Q)

3.22. Recall the addition formulas

cos(u+v) =cosucosv—sinusinv, sin(¢ +v) = sinucosv+cosusinyv.

(a) Use the addition formulas and the change of coordinates x = rcos#, y =rsin6 to
express the following functions, given in polar coordinates, in terms of x and y:

fi = r*cos(26) fr=r"sin(20) f2=1"sin(36)

(b) Show that each function in part (a) satisfies the equation f, + fy, = 0.
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3.23. Let f(x,y) =4+3x+2y+xy and A = (1,1). Find the directional derivatives
Dvf(A) =V -Vf(A) in each direction.

V=(1,0, V=(3), V=01, V=(-%32), V=(-10.

Why is one of these derivatives equal to [V f(A)]|?

e
J 2
) ‘

Fig. 3.10 A loaf of bread illustrates a mixed derivative f, in Problem 3.24.

b

3.24. Imagine a region in space occupied by a loaf of bread, and let f(a,b) be the
volume of bread in the region where x < a and y < b, as in Figure 3.10. The following

arguments illustrate fy, = fy,.

fla+h,b)- f(a,b)

(a) Note the difference quotient ; the numerator is the volume of

a certain slice of bread, and the denominator is the thickness.
(b) Conclude that f,(a,b) is the area of the shaded x = a cross section.
(c) Explain similarly why fy(a,b) is the area of the unshaded y = b cross section.
Sxla,b+k)— f(a,D)

(d) Note the difference quotient ; the numerator is the area of a
certain object, and the denominator is its width.

(e) Conclude that fyy(a,b) is the length of the vertical segment at the corner where
x=a,y=>b.

(f) Conclude by a similar argument that f.(a,b) is also the length of the same seg-
ment.

3.25. Consider the partial differential equation
ur+3u, =0 (3.12)

for a differentiable function u(x,1).

(a) Suppose f is a differentiable function of one variable. Show that the function
u(x,t) = f(x—3¢) satisfies (3.12).
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(b) Let V= ﬁ(S, 1). Show that if u(x, 1) satisfies (3.12) then the directional deriva-

tive
DVu =0.

(Here coordinates in R? are (x,).) Therefore u is constant on lines that are parallel
to'V.

(c) Show that the line that goes through point (x,7) and that is parallel to V also goes
through the point (x —3¢,0).

(d) Show that every solution u(x,t) has the property u(x,7) = u(x —3t,0), i.e., is a
function of x —3r.

3.26. Let a(x,y) be a continuously differentiable function of x and y, and define
b(x) = a(x, x). Show that b is a differentiable function.

3.27. Consider a function that depends only on the distance to the origin, that is,

Jy)=g(r), r=x2+)y2

for some function g of one variable.

(a) Find the function g(r) in the case f(x,y) = (x> +y%)?, and verify the relation

Xfx+yfy=rgr (3.13)

(b) Use the Chain Rule to show that relation (3.13) holds for all differentiable func-
tions f that depend only on r as f(x,y) = g(r).
(c) Show that for twice differentiable functions of the form f(x,y) = g(r),

1
fxx+fyy =8t ;gr.

3.28. For functions f of two variables let Af = fi + f,y. Let a,b, p be numbers.

(a) Find examples of polynomials f(x,y) = ax? + by> for which 4 is positive, zero,
or negative.

(b) Evaluate 4 f for the functions f(x,y) = x* +y* f(x,y) = (x> +y?)P.

(c) Show that A(log(x* +y?)) = 0. What is the domain of log(x* +y*)?

3.29. Suppose u(x, y) is a C? function from R? to R. After a change to polar coordi-
nates u(x,y) = u(rcos#,rsinf) we have

Oudx Oudy Oudx Oudy
Up=——+—==,  Ug= o+ ——.
ox or  dy or 0x 060  0dy 00
Use the Chain Rule to show that
1 1

Uxx T Uyy = Upp+ —Upr + —zugg.
r r

3.30. Show that the function u(x,?) = 123 14 (t > 0) satisfies u; = uyy.
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3.31. Let u(x,y) = x> —y* and v(x,y) = 2xy.

(a) Show that u, = v, and u, = —v,.

(b) Show that uy, +uy, = 0.

(c) Define w(x,y) = u(u(x,y),v(x,y)). Show that wy, +w,, = 0.
(d) Suppose p, ¢, and r are a C? functions such that

Px=dy,  Py=—qx,  Tu+ry=0.
Define w(x,y) = r(p(x,y),g(x,y)). Show that wy +wy, = 0.

3.32. Given twice differentiable functions f and g, use the Chain Rule to express
the following derivatives of

u(x,t) = f(x+41)+ g(x—41)

"’

interms of f, g, ', &', [, &".

(a) uy and u;
(b) uyy and uy
(©) u; +4u,.
(d) usr — 161y

3.33. Let z = x +1iy be a complex number, and f(z) = u(x,y) +iv(x,y) a complex
valued function.

(a) For f(z) = z%, find u(x,y) and v(x, y).
(b) Define f to be differentiable at z if there is a complex number m so that for all

complex & near O the change
fz+h)-f(2)
is well approximated by mh. Thus
fz+h)=f(z) +mh+r(h)
where r is some function that is small in the sense that rTh) tends to zero as the

complex number / tends to zero. Define f’(z) = m. Show that (z%)" = 2z.

(c) Suppose f = u+ivis differentiable. Take 4 real in part (b) to show that f” is equal
to the partial derivative uy + iv,.

(d) Take h imaginary, and show that f” is equal to —iu, +vy.

(e) If f =u+ivis differentiable conclude that

Uy =Vvy

Uy =—Vy

(f) Assume that # and v have continuous second partial derivatives. Deduce that
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Uy + Uty =0, Vax +Vyy =0,
and verify these for the cases f(z) = z> and f(z) = z>.

3.34. Justify the following steps to prove

d V2 (1) V2 (1) , ,
I g(x,ndx = f &i(x, )y dx +g(ya (1), )y, (1) — g(v1(6), 1)y} (1)
L Jyi0 Y100

where g(x,1) is continuously differentiable in (x,7) and y;(#) and y,(¢) are continu-
ously differentiable functions of one variable.

Vv
(a) Define f(u,v,w) = f g(x,w)dx. Use the Fundamental Theorem of Calculus to
u

show that
fu(M,V,W) = —g(l/l,W), fV(M,V,W) = g(V,W).

(b) Use differentiation under the integral to show that

fW(u’ Vs W) = fv %(x, W)dx
u dw

d
(c) Show that Ef 010, y2(0,1) = £y (O + Liy50) + fi.

3.4 Inverse functions

We recall the following result about differentiable functions of a single variable:

Let f be a continuously differentiable function of a single variable x on an open
interval, and suppose that at some point a in the interval, f’(a) is nonzero. Then
f maps a sufficiently small interval around the point a one to one onto an interval
around the point f(a). Derlwte the inverse function of f by g, then g is differentiable

’
at f(a), and g'(f(a)) = @

In this section we state and prove the analogous theorem for functions from R?
to R2. That is, if a C! function F has an invertible derivative matrix at A then there
is a disk about A where F has a differentiable inverse function. First we compare
linear approximations of F at different points near A.

Suppose F(x,y) = (f(x,y),g(x,y)) = (u,v) is a continuously differentiable function
on an open set O in R? and that A = (a,b) is a point in O. By the definition of
differentiability f and g can be well approximated near (a,b) by a constant plus
linear function in the sense
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u= f(x,y)= f(a,b)+ fi(a,b)(x—a) + fy(a,b)(y —b) + ri(x—a,y - b)
v=g(x,y) = gla,b)+ g.(a,b)(x—a) + g,(a,b)(y —b) + r2(x—a,y—b) (3.14)

where
[ri(x—a,y—-Db)| [r2(x—a,y—Db)|
and

Vx—a)? +(y—b)? V(x—a)? +(y—b)?

tend to zero as /(x—a)? + (y— b)? tends to zero.
Vector and matrix notation simplifies the description. Denote the vectors

S

Denote the functions F(X) = [gg’i ; ], the linear function

_ | felab) fy(a,b) | g, _
La®) =] by o, b)]P_DF(A)P

ri(x—a,y—>b)

and the remainder function R(P) = [r (x—a,y—b)
2lx—a,y—

(3.14) is

]. Then the vector notation for

U=F(X)=F(A+P) = F(A)+Ls(P) + R(P). (3.15)

The next lemma compares the remainders R(P) and R(Q) at different points
near A.

Lemma 3.1. Let F = (f,g) be a continuously differentiable function defined
on an open set O in R2. Then for every A in O there is a disk N, centered at A
of radius r > 0 so that

IR(P) -R(Q)l < s(P,Q)IP-Q] (3.16)

forall A +P and A + Q in N,, and s(P,Q) tends to zero as r tends to zero.

Proof. Let N, be an open ball centered at A that is contained in O. For ||P|| and || Q||
less than r, A+P and A +Q are in O. By (3.15)

R(P) =F(A+P)-F(A) - LA(P),
R(Q) = F(A+Q)-F(A)-LA(Q).

Subtract R(Q) from R(P). By the linearity of La we get

R(P)-R(Q)=FA+P)-FA+Q)-LA(P-Q).
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Since A +P and A + Q are in N, the segment from A+ Q to A +P is in N,. By the
Mean Value Theorem 3.9 there is a matrix M with rows

VA(A+Q+6,P-Q)), i=12 0<6<I,

for which
FA+P)-FA+Q)=MP-Q).

Therefore
R(P)-RQ)=MP-Q)-Ls(P-Q)
=M(P-Q)-DFA)(P-Q)=(M-DFA))P-Q).
Taking the norm of both sides and applying Theorem 2.2 we get
IR(P) = R(Q)l < M — DF(A)[I[P - Q]

This is inequality (3.16) with s(P, Q) =M — DF(A)||. By the continuity of the partial
derivatives, as r tends to zero, M tends to DF(A) so [M — DF(A)| tends to zero. O

Theorem 3.11. Inverse function. Ler U = F(X) be a continuously differen-
tiable function from R* to R? defined on an open set containing A. If DF(A)
is invertible, then F maps in a one to one way a sufficiently small disk around
A onto a set of points in the U plane that includes all points in some circular
disk around the point F(A). That is, on a small enough disk centered at A, F
has an inverse, G, that is differentiable at F(A) and DG(F(A)) = DF(A)~.

Proof. (i) We show first that the function U = F(X) is one to one for X near A.
Suppose that F(X) = F(Y), where
X=A+P, Y=A+Q.
We use formula (3.15) to express both F(A +P) and F(A + Q):
F(A+P)=F(A)+LA(P)+R(P), F(A+Q)=F(A)+LA(Q)+R(Q).
If F(A +P) is equal to F(A + Q), then
LA(P)+R(P) =La(Q) +R(Q),

which implies that
LA(P-Q)=R(Q)-R(P). (3.17)

The matrix DF(A) representing L4 was assumed to be invertible. Multiply both
sides of (3.17) by DF(A)™!. We get

P-Q=DFA)™'(R(P)-R(Q)).
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Since the two sides are equal, so are their norms:
IP - Qll = [DF(A)"'(R(P) - R(Q))|| < [DF(A)™' [ IR(P) - R(Q)]. (3.18)

By Lemma 3.1 we can choose r so small that |s(P,Q)| < %”DF(A)"H_l. Then by
(3.16)

IR(P) - R(Q)|l < IP-Q]J for A+Pand A+Qin N, (3.19)

2IDFA)
where N, is the disk of radius r centered at A. Using (3.19) to estimate the right side
of (3.18) we get

1 1
P-Q| < |DFA) ™| ————|P-Q|l = =[P~ Q]. 3.20
IP—Qll < [DFA)|| SIDFA) T IP—QlIl 2|| Qll (3.20)
From this it follows that [P — Q|| = 0; but then P = Q. This proves that the mapping
U = F(X) is one to one for |X —A| < r. Therefore F has an inverse function. Call
it G.

(i) Next we show that the range of F includes all points in some small disk
around F(A). Let U be such a vector. We shall construct a vector X = A + P that is
in N, and satisfies

U=FX)=FA)+Ls(P)+R(P). (3.21)

Here r is the number determined in the proof of part (i). We construct P as the limit
of a sequence of approximations P, defined recursively as follows:

Py =0,

U=F(A)+DFA)P,+R(P,_1). (3.22)

Multiply equation (3.22) by DF(A)™! to express P, as
P, = DF(A)"'(U-F(A)-R(P,_))). (3.23)

By Lemma 3.1, R is continuous.
If the sequence P, converges to a point P then (3.21) follows from (3.22).
To prove that the sequence P, converges to a point P with A +P in N,, we first
show by induction that for all j
r

P;—P;_y] < Ik

(3.24)
To start the induction we need the n = 1 case of (3.24). We have Py = 0 and
P, = DF(A)"'(U-F(A)),

SO
IP1 - Poll < IDF(A) ™" [U-F(A)].
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We assume U is close enough to F(A) so that
_ r
IDF(A)™'[[U-FA)| < 7R
This makes ||P;] < 2’—2 and specifies the small disk

,
IU-FA)| < ZIDFA) T
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of U such that the sequence P, converges to a point P that satisfies F(A+P) =U

As n-th step of the induction we use the inductive assumption that

IP;~Pjill < 3

for j=1,2,...,n to estimate the norm of P;, j=1,2,...,n. We write
Pj=P1+(P2—P1)+~~~+(Pj—Pj_1).

We deduce from this and (3.24) by the triangle inequality that

r

I[Pl < [Pyl + [Py =Py +---+[P; —P;_ i< 25 7 23 Tt ST

The sum of this geometric series is less than 5; this gives [P]| < 5
By definition (3.23) of P, the difference

P..1 —P, = DF(A)" (U-F(A) - R(P,)) - DF(A)" (U~F(A) - R(P,_1))

= DF(A)"' (R(P,-) - R(P))).

Therefore by (3.19)
IPost =Pyl < 3P, =Py

(3.25)

This completes the inductive proof of inequality (3.24) which shows that the
sequence P; converges to a point P with P < £ 5 < r. Hence we have determined a
point A +P in N, that is mapped by F to U. So the domain of G contains a small

disk centered at F(A).

(iii) To prove that G, the inverse of F, is differentiable at B = F(A), and to prove

that its derivative is (DF(A))~! we show that

IG(B +K) - G(B) - (DF(A))"'K|
IKI

tends to zero as ||K]| tends to zero. Let
H =GB +K)-G(B).

Since G(B) = A, we can rewrite this as

(3.26)
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A +H = G(B +K).
Applying F to both sides we get F(A + H) = B + K. Since B = F(A) it follows that
K=FA+H)-F(A).
Using these relations and factoring out DF(A)~! we see that (3.26) is equal to

IH- (DFA)'K|| _ I(DF(A)”! (DF(A)H - K)|
IKI IKI|

_ I(DF(A))" (DF(A)H - (F(A + H) - F(A) )|
) K '

Using the matrix norm (Theorem 2.2) we get that

IG®B +K) - G(B) -~ (DFA) K| _ I(DF(A))™ Il DF(A)H - (F(A + H) ~ F(A)) )l |

K|l (K|
(3.27)

‘We next show that
(|H]| _IGB+K)-GB)|

IK] > — = -
2[(DFA) 1|~ 2I(DFA)T]

(3.28)

To prove this, multiply K = F(A + H) —F(A) = DF(A)H + R(H) by DF(A)~! to get
DF(A)"'K = H+ DF(A)"'R(H).
Theorem 2.2 and the triangle inequality then give

IDF(A)™"|IK|| > IDF(A)™'K]|
= [H+ DF(A)™'R(H)| > [H| - | DF(A)~' R(H)|. (3.29)

In inequality (3.19) set P = H and Q = 0; we get

IH|

RE)| < ———
IR 2|DF(A)|

which implies
IDFA)™ RAD)| < |DFA) ™ [IRMD] < 3[H].
Replacing IDF(A)~'R(H)| in (3.29) by the larger %IIHII we get a new inequality
IDF(A) ™ 1K1 > [H) - 318 = 4 ).

Dividing by |[DF(A)~!| completes the proof of (3.28).
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Inequality (3.28) implies that G is continuous at B. If we replace |K|| in the
[H]

denominator of (3.26) by the smaller ——————-
2|(DFA)~

and use inequality (3.27) we

get

0 < IGB+K)-G®B) - (DF(A)”'K]|
a 1K '

e |F(A+H)-F(A)- DF(A)H]|

<2|(DF(A))~ (IH|

(3.30)
It follows from the continuity of G at B that as ||K]| tends to zero, |[H]| tends to zero.
Since F is differentiable at A,

IF(A+H)-F(A) - DF(A)H|
[H

tends to zero as ||HJ| tends to zero. Using inequality (3.30) we get

IG(B +K) - G(B) - (DF(A)) K|
K]

tends to zero. This shows that G is differentiable at B, and its matrix derivative at B
is (DF(A))~!. That is,
DG(F(A)) = (DF(A))~".

This concludes the proof! O

Example 3.18. The function F(x,y) = (2—y+x’y,3x+ 2y + xy) maps R? to R2.
It is continuously differentiable.

2xy  —l+x%

F(LD=@26. DRy =| 7 ~ 7

43

, DF(I,I):[ZO].

Since det DF(1,1) # 0, by Theorem 3.11 F has an inverse defined in an open
set about (2,6). The inverse is differentiable and

DF~'(2,6) = (DF(1,1))"".

-1
1 -
Sincetheinverseofa2by2matrixisgivenby[CCZS} =7 [ Lci z]the
ad—oc | —

0
1|
3

To estimate F~!(2.1,5.8) we can use the linear approximation

derivative of F~! at (2,6) is

1] 30]
DF (2,6)_8[_42}_[_

W NI—



140 3 Differentiation
2

%o 1] | 105

-3 -217].86...

Example 3.19. Given the system of equations

F'2+.1,6+(-2)~ F‘1(2,6)+DF‘1(2,6)[_'1 ]

1

1 +

o=

2-y+xly=2
3x+2y+xy=6

we see that (x,y) = (1, 1) is one solution. Let F(x,y) = (2= y+x%y,3x+ 2y + xy).
We’ve seen in Example 3.18 that F has an inverse defined in an open set about
(2,6). That means for each (u,v) in a disk centered at (2,6) of some small
enough radius, the system of equations

2-y+ xzy =u
3x+2y+xy=v
has a unique solution (x,y) and it is close to (1, 1). |

The statement and the proof of the Inverse Function Theorem make no use the of
the fact that the number variables is two. Therefore the n-dimensional analogue of
Theorem 3.11 holds for differentiable functions of any number of variables.

Theorem 3.12. Inverse function. Let F = (f1, f2,..., ) be a continuously
differentiable function on an open set O in R". Assume DF(A) is invertible at
a point A of O. Then F maps a sufficiently small open ball centered at A one
to one onto a set that includes an open ball centered at F(A). F has an inverse
G on this set. G is differentiable at F(A) and DG(F(A)) = (DF(A))_].

Implicitly defined functions. A consequence of the Inverse Function Theorem is
the following theorem for functions from R to R.

Theorem 3.13. Implicit Function. Ler f be a continuously differentiable
function from a ball centered at a point P in x,y,z space R>, to R. Suppose
fz(P) # 0. Then all points X sufficiently close to P that satisfy f(X) = f(P) are
of the form X = (x,y,g(x,y)) where g is a continuously differentiable function.
The partial derivatives of g are related to the partial derivatives of f by

" 5
gxz_i gyz_]Tj
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Proof. Define the vector function F(x,y,z) = (x,y, f(x,y,z)). The matrix derivative
of Fis

100
DF(x,y,Z):l 01 O}.
fe by J2

Its determinant is f-(x,y,z). Since this is not zero at P = (p1, p2, p3), the Inverse
Function Theorem gives us that F is invertible near P, with differentiable inverse.
Let f(P) = c; then F(P) = (p1,p2,¢). F maps a small ball centered at P one to one
onto a set in R? that includes a ball centered at F(P). See Figure 3.11. The inverse
of F is of the form

F_l(x,y, W) = (x’y5h(x7y’ W))

where £ is a differentiable function. Define g(x,y) = h(x,y,c). Then g is differentiable
and the relations

Flry,o)=(xy.exy), (53,0 =F(xy,g0xy) = (6 f(xy.e06),
give
fy,g(x,y)=fP)=c. (3.31)
Differentiating both sides with respect to x by the Chain Rule gives

of 0 91 90)  9fdg 9 _
Ox 0x dy dx 0z0x  0x

o of  afd
8 _
ox 0+ 0z 0x =0

Since f-(P) # 0 and f. is continuous, it follows that f. is not zero for points suffi-
ciently near P. Then dividing by f. we get g, = —é. Similarly differentiating both
sides of (3.31) with respect to y by the Chain Rule gfives
07 80 9f00)  0f 0y _ 90 _
ox dy dy dy 0zdy Oy
o)
6—f +0+ 01 9

——==0.
ay 0z dy

Therefore g, = —é. 0

1
Example 3.20. Consider the point (1,2, 1) on the level surface

xyz+z°=3

of the function f(x,y,z) = xyz + z3. We compute f.(x,y,z) = xy + 3z% and
f=(1,2,1) =5 # 0. By the Implicit Function Theorem we can solve for z as
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Y

f =6
@P
! (§§§;>‘F@%—mmm)

Fig. 3.11 A ball centered at P is mapped to a set that includes a ball centered at F(P).

z=g(,y)
(

a function of x and y near (1,2). That is, there is a differentiable function
g defined in an open disk centered at (1,2), with g(1,2) = 1, whose graph
(x,y,8(x,y)) is in the 3-level set of f,

F(xy,8(x,y) = xyg(x,y) +g(x,y)* = 3.

The partial derivatives of g at (1,2) are

(1,2,1) z
g(1.2)= L =——2  =-%
f-(1,2,1) xy+3z= 2,1
H(1L,2,1) Xz
g(1,2)=-= =-——5| =%
f-(1,2,1) xy+3z% 12,1

The equation of the plane tangent to the graph of g at (1,2,1) is

(-%3-1-1)-(x-Ly-2,z-1)=0,

or(2,1,5)-(x—1,y—2,z—1) =0, the same equation we found in Example 3.16.
m|
The Implicit Function Theorem says that a level surface S, f(x,y,z) =k, of a C!
function f is locally the graph of a differentiable function, say z = g(x,y). If (a,b,¢)
ison S and f-(a,b,c) # 0 then

(gx(a,b),gy(a,b),~1)-(x—a,y—b,z—c)=0 (3.32)
is the equation of the tangent plane at (a,b,c). Since

fxla,b,c)
f-(a,b,c)

equation (3.32) is the same as

fila,b,c)

nd @D = ey

gx(a,b) ==
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(f(a,b,0), fi(a,b,¢), f-(a,b,c))- (x—a,y—b,z—c)=0

or
Vf(a,b,c)-(x—a,y—b,z—c)=0

which is equation (3.9) in Section 3.3.

Example 3.21. The pressure P, temperature 7, and density p of a gas are

related by
RoT
P+ap® = ——
P 1-bp

where a, b, and R are nonzero constants. Find an expression for the rate at
which the density changes with respect to a change in temperature. Rather
than trying to solve for p explicitly in terms of 7" and P we use the Implicit
Function Theorem. Define

RpT

f(P,T,p)=P+ap2—L.

1-bp

Then RT bRpT
0

=2qp— —— - 7

Jo =20 T T = by

RT
B (2“' (1 —bp)2)p

RT

is nonzero at a given P and T provided that 2a — m # 0. In that case
—bp

there is a function g defined near (P,T), p = g(P,T). The partial derivative

f Rg(PT)

1-bg(P,T
gr(PT) =1L = D
P (Za L)g(P, T)

© (1-bg(PT)?

~ R
" 2a(1-bg(P,T)) -

RT :
(1-bg(PT))
[}

0,
Remark: The physics notation for g7 in Example 3.21 is (ﬁ) as a reminder of

P
what variable was held constant.

Next we state a more general version of Theorem 3.13.
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Theorem 3.14. Implicit Function. Le?

F(X’Y) = (fl(x1,~~~’xnsy1’~~~’ym)’---’fm(xl,“"xn’yl’---,ym))

be a C' function from R™™ to R™ on an open set that contains (A,B), and
consider the set S in R"™™ of points (X,Y) that satisfy the system of equations

fl(xl,u',xn,}’l,u-,)’m):Cl
f2(xls---,xn,)’1,---,)’m):CZ

fm(-xlv"'s-xnsyl,"',ym) :cl’Vl'

Suppose (A,B) = (ay,...,a,,b1,...,by) is in S and that the determinant of the
matrix of partial derivatives

ofi

5 & B

is not zero. Then there is a C' function G from R" to R™ such that every point
(X,Y) in S sufficiently close to (A,B) can be expressed as (X,Y) = (X, G(X)),
that is,

yi=81(X1,...,%,)
y2 282(x17~~~’xn)

Ym = &m(X1, ..., Xn).

The partial derivatives of the f; and g; are related by

Oh [9A ... 0f[%u
Ix; dy1 Aym || 0xj 0
B : = j=1,...,n. (3.33)
Ofm Ofm ... Ofm || Ogm 0
Ox; y1 Oy 1 L 0x;

Proof. We will prove just the last part of this theorem. Assume such C' functions
g; exist. Apply the Chain Rule to each function f;,

0 0
a_(ﬁ'(xl,---’xn»gl(xlau~,Xn),~~~,gm(xl’---,xn))) = _(Ci) =0.
xj 6.Xj

That gives
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ofi  0fids1 Ofidgy . Ofi Ogm _
dx; dy; Oxj Oy, Ox; Oym Ox;

or

dg1
0x;

] (’)gz
3ﬁ+[% TR T | Nl
dx; dy1 Oyz Oym

98m
0x;

as we see in the matrix equation (3.33). m|
Example 3.22. The equations

J1(x1,%2,X3,y1,¥2) = 2x1y1 + X0y = 4
(1, X2,x3,¥1,72) = X x3) | + %25 =3
are satisfied by
(xlv-x2a-x3syl’y2) = (1’ 17_1, 172)

Find 20 and 22 2 (11.-1.1,2),
6)62 6x2

To see whether y; and y, are functions of (x1,x2,x3) near (1,1,-1,1,2) we
check the determinant there:

det % % = det 2% 21 = det 210 12
oh 0h |~ 4x%X3y? 2xy2 | 44|
dy1 O

That is not zero so the Implicit Function Theorem applies. Equation (3.33)
gives at (1,1,-1,1,2),

af) Ay 9
Te 21 g | _] 2],] 21]{a]|_]0
—44|lm 722|744l 2|7 0]

0x) 0x2

afs
0xy
Multiply by the inverse matrix to get

dy
g |__L[4-12] _[-
%2 1214 2|4 |-
6)62

+

W] U —

Problems

3.35. Let F(x,y) = (e*cosy,e*siny).

(a) Find the derivative matrix DF. That is, writing u = e*cosy, v =e*siny find
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|: ax 0y }

(b) Show that DF(A)™! exists at every point A = (a,b) so F is locally invertible at A.
(c) Show that F is not invertible globally; that is, find different points of the domain
that are mapped to the same value in the range.

3.36. Let F(x,y) = (xcosy, xsiny) for x > 0.

(a) Find the derivative matrix DF(A) at point A = (a,b).
(b) Show that DF(A)~! exists at every point with a > 0 so F is locally invertible
atA.

3.37. Let F(x,y) = (x* + 2xy + 1,y), and consider the equations
P 2xy+1=u
y=v
that is, F(x,y) = (u,v).

(a) Show that for (u,v) = (0, 1), one solution is (x,y) = (-1, 1).
(b) Find the derivative matrix DF(x,y).

(c) Show that DF(—1, 1) is invertible, and hence F~! exists on a small enough disk cen-
tered at (0, 1).
(d) Use the linear approximation to estimate F~'(.2,1.01).

3.38. Let F(x,y) = (x+y~ !, x~! +y), and consider the system of equations
x+y =15
xl+y=3

(a) Show that (x,y) = (1,2) is a solution.
(b) Show that the derivative matrix DF(1,2) is invertible.
(c) Find a linear approximation for F~'(1.49,2.9).

3.39. Suppose f is a C' function from R3 to R, with
f(1,0,3) = f(1,2,3) = f(1,2,-3) =5
and
VA(1,0,3)=(0.1,0), VA(1,2.3)=(1,-1), Vf(1,2,-3)=(0,0,0).

(a) Can we solve the equation f(x,y,z) =5 for z as a function of (x,y) near (1,2,-3)?
That means: does the Implicit Function Theorem guarantee existence of a func-
tion g from a disk around (1,2) into R so that g(1,2) = =3 and f(x,y,g(x,y)) =5?

(b) Can we solve f(x,y,z) =5 for y in terms of (x,z) near (1,0,3)?

(c) Can we solve f(x,y,z) =5 for y in terms of (x,z) near (1,2,3)?
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(d) Can a function y = g(x, z) that satisfies part (b) also satisfy part (c)?
(e) Can we solve f(x,y,z) =5 for x in terms of (y,z) near (1,0,3)?

3.40. Let f(x,y,z) = PAR® 2yz + x, and consider the level set
2 4+2yz4x=0.

(a) Show that (0,2,0) is on the level set.
(b) Find the partial derivatives of f.
(c) Show that there is a function z = g(x,y) defined near (0,2) so that

f(x»y,g(X,y)) = O

(d) Find the partial derivatives g.(x,y) and g,(x,y), and use them to find the second
derivatives g,x(0,2), gx,(0,2), g,,(0,2).

341. Let

filxy1,y2) =31 +y5 +4x=0
Hxyry) =4y} +y2+x=0

(a) Verify that (x,y1,y2) = (—4,0,4) is a solution.
(b) Show that there is a function G = (g1, g2) such that g;(x) = y;, g2(x) =y, for all
solutions near (—4,0,4).
(c) Show that at x = —4,
dg1
dx

dg2 _
dx

_ 4 _
=3,
3.42. Let F(u,v,w) = (u+v+w,uv+vw+wu), and consider the system of equations
F(u,v,w) = (2,-4):

u+v+w=2

uv+vw+wu = —4.

(a) Verify that (2,2,—-2) is a solution.
(b) Writing F(u,v,w) = (f1(u,v,w), f2(u,v,w)), find all the first partial derivatives of
f1and f>.

(c) Verify that DF(2,2,~2) = [ L1l

004

(d) Can the equations be solved for v and w in terms of u near (2,2,—2)? That
means: does the Implicit Function Theorem guarantee existence of a func-
tion G = (g1,g2) defined on some interval around 2 so that G(2) = (2,—2) and
F(u,g1(u),g2(u)) = (2,-4)?

(e) Can the equations be solved for # and v in terms of w near (2,2,-2)?

3.43. Let T be the set of all points (x,y,u,v) in R* that satisfy
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xy) (uv)

N

Fig. 3.12 A tangent vector at a point of the unit circle in Problem 3.43.

T is the set of all vectors tangent to the unit circle; see Figure 3.12.

(a) We relabel coordinates to conform to the Implicit Function Theorem: Define
F(x1,x2,y1,2) = (x% +y%,x2x1 +y2y1) where x; = x, y; =y, x =u and y; = v.
Then T is the set defined by

F(xi,x2,y1,y2) = (1,0).
Calculate the matrix [ % ]

(b) Use the Implicit Function Theorem to deduce that near any point where y # 0,
the equations x*> +y? = 1, ux+vy =0 can be solved for y and v in terms of x
and u.

(c¢) Find formulas for y and v in terms of x and u valid when y # 0.

(d) Find formulas for x and u in terms of y and v valid when x # 0.

3.5 Divergence and curl

In this section we introduce two combinations of partial derivatives for functions
from R? to R? or from R3 to R3. Their significance for integration will be discussed
in Chapter 8. Given

G(x,y) = (81(x,y),82(x,)) and F(x,y,2) = (fi(x,y,2), /2(x,9,2), f3(x,y,2)),
the derivative matrices of G at (x,y) and of F at (x,y,z) are

i Ofi 9N
% ? 21s g1 x o2 fix fiy fiz
DGy =| B & ngi o) DR - o |= oo o |
0 0 ' -
X dy LEE J3x fay Ja:

Two special combinations of the partial derivatives of G and of F are the divergence,


http://dx.doi.org/10.1007/978-3-319-74073-7_8
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—@4.% diVF_%+aﬁ+%

d. G - 5 - >
v ox oy ox dy 0z

and the curl,

_ 98 dg1 _(05 _0f _(9fs _Oh) 0f_Ofi
e C“ﬂF‘(ay a9z (ax az)’ax ay)'

We use the notation V = (%, alv’ 3‘—72) and the formulas for computing dot product,

cross product, and multiplication by a scalar to express the formulas for divF, curl F,
and the gradient of f. For a differentiable vector field F = (f1, f>, f3),

0 0 0
ivF=V-F= — - -
divF F axf1+ayf2+azf3,

and
i j oK
curl F = VXF = det g—x a%, %
hhhi
(L 0ky 2k 0Ny, 2k 0Ny
dy Oz dx 0z ox oy’

For a differentiable scalar valued function f from R3 to R

of of o0
gradszfz(a—ic,a—;c,é).

Example 3.23. Let F(x,y,z) = (x2, xy, zy). Then
divF =2x+x+y=3x+y
and

curl F = (z-0,-(0-0),y—0) = (z,0,y).

(x,,2)

Example 3.24. Let F(x,y,2) = ————F—=+~
P (%.3.2) (2 +y2 +22)32

for (x,y,z) # (0,0,0). Then

o x (x2+y2+22)3/2—x%(x2+y2+22)1/2(2x)
Ox\(2+y?+22)2) (X2 +y2 +22)3/2)? .
Canceling a factor of (x> +y? +z%)!/? we get

)cz+yz+22—3x2

T (242422

flx

Similarly for f>, and f3. we get
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_ X2 +y2 +22—3y2

(x2 +y2 +Z2)5/2 ’
_ x2+y2+22—322

(2 +y2+ 222"

2y
f3z
3(x% +y? +2%) - 3x> = 3y? - 322

(2 +y2 +22)512

Example 3.25. Let F be the inverse square vector field in Example 3.24, and

Therefore divF(x,y,z) = =0. m|

let
H(X) = -F(X).
Then
divH(X) = div(-F(X)) = =divF(X) = 0.
[}
Example 3.26. Let G(x,y) = (=y,x). Then
divG(x,y) = i(—y) + 3()c) =0
ox ay
and
0 0
curlG(x,y) = —(x)— —(-y) =1-(-1) =2
0x ay
O
—y x
Example 3.27. Let G(x,y) = (xz—-i-yz’ xz—-l-yz)’ (x,y) #(0,0). Then
. o( -y a( «x -(=y)2x  —(x)2y
d G = -_— = =0,
V= o (x2 +y2)+ dy (x2 +y2) @2+ 2y
and
0 X 0 -y
1 = — -—
curl G(x,) Ox (x2 +y2) dy (x2 +y2)
(P +yH)1 = x(2x) 3 (* +y)(=1) = (=y)2y
- (x2 +y2)2 (XZ +y2)2
2(x%2 +y?) = 2x%2 = 2y?
= =0.
(x2 +y2)2
O

Next we investigate what the divergence and curl tell us about the vector field
itself.

Divergence. Suppose that F(x,y,z) = (fi(x,y,2), f2(x,y,2), f3(x,y,z)) represents the
velocity of a fluid at point (x,y,z) at some moment in time. Imagine a small box with
one vertex at the point P = (xg,yo,z0) and the edge lengths Ax, Ay, Az, as illustrated
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in Figure 3.13. Let N be the outward unit normal vector at points on the surface of
the box.

(T Yms Zm)

(1507 Yo, Zo)

(w0 4+ Az, 0, 20)

Fig. 3.13 Fluid flows through a box.

We estimate the rate of flow out of this box across its faces. Denote the midpoint
of the box as (X, Ym,zm). For a C I vector field F on a small box, at points of the
bottom face F is approximately F(x;,,vm,Z0), and on the top face is approximately
F(x,Ym»z0 +4z). The combined rate at which fluid flows out of the box through
these two faces is approximately

F(xm,Ym,z0 +42) - (0,0, DAxAy + F (x4, Vi, 20) - (0,0, —1)AxAy

= (f3(xm,ym,20 +4z) _f3(xmsym’z()))AXAy~

See Figure 3.14. Using the Mean Value Theorem of calculus this is equal to

af3

_('xm7yM7E)AZAXAy
0z

where Z lies between zg and zg + 4z.

Fig. 3.14 Approximate flow across the top and bottom of the box.
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By similar arguments the approximate outward flow rate of F across the faces of
the box parallel to the x,z plane is

%(xmj, Zm)AyAxAz
dy

for some y between yg and yg + 4y, and across the faces of the box parallel to the y, z
plane is
0
—fl X, Ym»> zm)AxAyAz
ox

for some x between xg and xg + 4x.
The total approximate outward flow rate across the surface of the box is

0 0 0 _
U 3 vz + 22 5z + 28 ey )| Axtya
ox ay 0z

We define the average flux density to be the net outward flow rate across the surface
divided by the volume of the box. Then the average flux density of F across the
surface of the box is

%(},yma Zm) + %(xm,ﬁzm) + %(xmaYm»E)
ox ady 0z

Since the partial derivatives are continuous, as 4x, 4y, and 4z tend to zero, X and x,,
tend to xp, y and y,, tend to yo, and Z and z,, tend to zg, and the average flux density
tends to

0 0 0 .
o (x0,Y0,20) + oh (x0,¥0,20) + s (x0,¥0,z0) = divF(P).
Ox Oy 0z

divF(P) is called the flux density of F at P.

==
T
// —
// ’

Fig. 3.15 Outward flux is positive, in Example 3.28.

X

Example 3.28. Let F(x,y,z) = (x,0,0). Then

ox 00 90
divF= —+ —+—=1.
v 8x+8y+8z
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See Figure 3.15. O

Curl in R?. Tmagine that G(x,y) is the velocity of a fluid in the x,y plane at some
moment in time, and suppose G is continuously differentiable. Consider the tangen-
tial component of G as we traverse the boundary of a small rectangle as shown in
Figure 3.16.

y G / (zo + Az, yo + Ay)

/ G

(Irn7 ym)
/

(0, %0)

Fig. 3.16 We consider the tangential component of G at the boundary.

Because G is continuous and the rectangle is small, G(x,y) for points along
the lower edge is approximately G(x,y0), along the right edge approximately
G(xo +4x,y,), along the top edge approximately G(x,,,yo +4y), and along the left
G(x9,ym)- The product of the tangential component of G on an edge times the length
of the edge is the circulation of G along that edge. The circulation of G around the
rectangle is

G(xm,¥0) - (1,0)4x+ G(xp +4x,y,) - (0, )4y
+ G(xp,y0 +4y) - (=1,004x + G(x0, V) - (0, —1)Ay.
Applying the dot products the circulation of G around the rectangle can be rewritten
= 81(Xm, Y0)Ax + g2(x0 + 4%, ym)AY = 81(Xim, Yo +A4y)Ax = g2(x0, ym)Ay.
By the Mean Value Theorem this equals
(= 81y (xm: ))Ay)Ax + (826X, ym)Ax)Ay.

As Ax and Ay tend to zero, x and x,, tend to xo, and y and y,, tend to yg. Since the
partial derivatives are continuous, the circulation densities

( - 81}!(xm’y)Ay)Ax + (gZX(x,ym)Ax)Ay
AxAy

tend to
—81y(x0,Y0) + &2x(x0,y0) = curl G(xo, o).
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Example 3.29. Let G(x,y) = (—y,x) be a velocity field. A brief calculation
shows that curl G = 2 at every point. We observe that

G(h,0) = (0,h)

G(0,h) = (—h,0)
G(~h,0) = (0,—h)
G(0,~h) = (h,0).

If you sketch this vector field with & > 0 small, it suggests that near the origin
G is the velocity of a counterclockwise rotation. O

Example 3.30. Let G(x,y) = (y,0). Then

0 0
curl G(x.y) = 5-(0) - 5(y) =-1.

As Figure 3.17 shows, small objects floating in this field rotate clockwise. O

Fig. 3.17 The field in Example 3.30.

The next example shows that the overall rotation of a fluid may differ from the
local rotation or curl.

Example 3.31. Let F be the vector field F(x,y) = — 2%
(2 +y?)P
sketch of F is illustrated in Figure 3.18. The field appears to rotate counter-

, where p > 0. A

clockwise about the origin. The curl F = _ceb is negative, zero, or positive
(% +y2)P

when the exponent p is greater than 1, equal to 1, or less than 1 as we ask you

to verify in Problem 3.47. O

Curl in R3. Take a small box with one vertex at (xo, y0,z0) and edge lengths
Ax,4y,4z. Denote the center point (X, Vi, Zm)- At the center of each face form the
product (N X F)(Area of the face), sum over all faces and divide by the volume of
the box. We get

((=1,0,0) X F(x0, Y, Zn) Ay Az +(1,0,0) X F(x0 + 4%, Y, Z) Ay A=

+(0,—1,0) X F(x,¥0, zm)Ax4z +(0,1,0) X F(x,,, yo + Ay, 2y )AxAz

+0,0,=1) X Pty 20)AxAy + 0.0, 1) X F i 20 + A7) dy) .
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4

! /
: i
\ \

\ﬁ\

=

Fig. 3.18 A sketch typical of the vector fields F in Example 3.31. The curl of F may be positive or
negative.

In Problem 3.52 we ask you to show that this tends to curl F((xo,y0,z0) as 4x, 4y,
and 4z tend to zero.

Gradient. In Problem 3.53 we ask you to explore how the formula for the gradient
of the pressure f at a point in a fluid arises by looking at the pressure forces on the
surface of a small box. The pressure force on each face is approximately the product
(— fN(Area of the face)) where f is the pressure at the midpoint of the face. We ask
you to show that the approximate total pressure force on the surface of a small box,

_f(-x()vyn’l’Zm)(_lvO’O)AyAZ_f(-xo +Axva,Zm)(1’0s0)AyAZ,
= Gms Y0, 2m)(0, = 1,0)4x4z = f (X, yo + A4y, zn)(0, 1,0)4x4z2
_f(xm,ym,ZO)(O, O’_I)AxAy_f(xm’ym’ZO +AZ)(09O’ I)AXA)’

is equal to
_(fx()_CaYm» Zm)s fy(xm’y; Zm)»fz(xm,ymaz))AXAyAZ
for some X between xg and xg +4x, y between yg and yg + 4y, and z between zy and

zg +4z. Dividing by the volume we see that for continuous partial derivatives the
force per volume

_(fx(J_@ymaZm),fif(xm’ya Zm)s fz(Xms Ym»2))

tends to
=V f(x0,y0,z0)

as Ax, Ay, and Az tend to zero. Thus the gradient of the pressure at a point can be
interpreted as a vector that arises from pressure differences on opposite sides of a
small box and represents the total force per volume at that location.
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Laplace operator. Another important operator defined for scalar functions is the
composite of divergence and gradient
Pf Ff f
divgradf = —+ — + —.
gl = 2 o T oz

It is denoted as 4 f and called the Laplace operator.

The gradient and the Laplace operators are linear: that is for all once, respectively
twice, differentiable functions f and g and all numbers a and b,

Viaf+bg)=aVf+bVg
Alaf +bg) =adf+bdg

We define the Laplace operator 4 for a twice differentiable vector valued function
componentwise. It is a linear operator, and so are the operators curl and div; that is,
for all twice differentiable functions F and G and numbers a and b,

A(aF + bG) = adF + bAG
curl (aF + bG) = acurl F + bcurl G
div (aF + bG) = adivF + bdivG

Vector differential identities. Let f and g be scalar valued functions from R3 to R
and F and G be vector fields from R? to R3. Assuming that all required first, second,
and sometimes third, partial derivatives exist and are continuous, we have lots of
identities.
We ask you in Problems 3.56-3.59 to verify the following identities. In (e) and
(f) we define
F-VG = fiG:+ /Gy, + G = (DG)F.

(@) V(fg)=fVg+gVf

(b) div(fF) = fdivF+F-Vf

(¢) div(FxG) = (curlF)-G—-F-curlG

(d) curl(fF) = fecurlF + (V) xF

(e) curl(FxG) = (divG)F+G-VF - ((divF)G+F-VG)
) VEF-G)=FxcurlG+GxcurllF+F-VG+G-VF
(g) curlcurlF = V(divF) — AF where AF = (4f1,4f,4f3)
(h) A(fg) = fAg+2Vf-Vg+gAf.

(i) div(VfxVg)=0
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In the next two examples we prove the identities

e divcurlF=0

e curlVf=0
Example 3.32. Assume f has continuous second partial derivatives. We verify
that curl (Vf) =
curl (Vf) = curl (fy, fy, f2)
0 0 0 0 0 0
= (Efz S R O a—yfx).

Since the mixed second partial derivatives of a twice continuously differen-
tiable function are equal, this is (0,0, 0). m]

Example 3.33. Let F = (f1, f2, f3) be a twice continuously differentiable vector
function. We show that divcurl F = 0.

0 0 0 0 0 0
:v = — —— —_ — — — — —_—— .
curl F = VxF (6yf3 azfz, (6xf3 azﬁ),axfz 6yf1)
So
divcurlF = V- (VXF)
0 o(a
ax(any_ f2) By([)zf] f) Bz(axfz__fl)
6 0 0 0 6 0 6 0
S gt g~ g e G =0
]
Problems

3.44. Compute the indicated curls and divergences.

(a) curl(x,0,0), div(x,0,0)
(b) curl (0, x,0), div(0,x,0)
(c) curl (0,0, x), div(0,0,x)

3.45. Let F(x,y,z) and G(x,y,z) be differentiable vector fields that satisfy
curl F(x,y,z) = (5y+7z,3x,0), curlG(1,2,-3)=(5,7,9),

divF(1,2,-3) =6, divG(x,y,z) = x> —zy.

(a) Find div(3F + 4G) at the point (1,2,-3).
(b) Show that divcurl F(x,y,z) =0
(c) Find curl (3F +4G) at the point (1,2,-3).
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3.46. Let F(x,y,z) = (xy?,yz%,zx?). Find curl F(1,2,3) and divF(1,2,3).

3.47. Consider the vector field H(x,y) = ((2__{—’);))[) for points other than (0,0). Draw
X~y
the vectors H(1,0), H(O, 1), H(-1,0), and H(0O,—1). Show that

curlH = %
which is negative, zero, and positive when p = 1.05, 1, .95, respectively.
3.48. Verify that curl (u(x,y),v(x,y),0) = (0,0, vy — uy).

3.49. Suppose (1, v, w) satisfies curl (u,v,w) = 0 in R3,ie.,

Uy =Vy, Uz =Wy, V;=Wy.

Prove that there is p such that Vp = (u,v,w):

by verifying the following steps.

(a) Define p| = fxu(s,y,z)ds, Then piy = u, and p1, = v+n, where n does not
depend on x. ’

(b) Define p; = p; —c(y,z) where ¢ = fy n(t,z)dt. Then py, = u and poy = v.

(c) Write py. = w+m. Then m doesn’t (?epend on x and y.

(d) Define p3 = p> — f(z) where f. = m. Then p3, = u, p3y =v,and p3, =w.

3.50. A vector field F has a vector potential G when it can be expressed F = curl G.

; _ X ___(xx) ;
Show that the inverse square field XF = TRkl has a vector potential
X3 (=x2,x1,0)

2. .20 2N1/2 2, .2
(x1+x2+x3) X7+ X5

at all points except along the x3 axis.

3.51. Suppose a differentiable vector function V(X,7), that is, three components
depending on the four variables of space and time, gives the velocity of fluid parti-
cles moving in R?, so that

dx
5 = V.0

for one of the particles whose position is given by X(¢) at time ¢.

(a) Show that the acceleration of the particle is given by

d’X
ﬁ =V;+(DV)V.
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(b) Verify that an example is X(r) = C; +1 'Cs, V(X,t) ="' (C; —X) where C; and
C, are constant vectors.

3.52. Show that
((—1, 0,0) X F(x0,ym>zm)AyAz +(1,0,0) X F(xo + 4%, Y, z2m)AyAz

+(0,-1,0) X F(xp, 0, zm)A4x4z + (0, 1,0) X F(x,,, yo + Ay, ) AxAz

+(0,0,=1) X F (i, ym, 20)4x4y + (0,0, 1) X F (i, Y, 20 + A2)AxAy )AxAyAz'

tends to curl F((xo,y0,20) as 4x, Ay, and 4z tend to zero. We used this in our geo-
metric description of curl F.

3.53. Show that the sum of pressure forces over the faces of a small cube

_f('xO’yl’H7Zm)(_1’07 O)AyAZ _f(XO +Ax’ymvzm)(1’0,0)AyAZ
_f(xm’yO’Zm)(O,_170)AxAZ _f(xn’hy() +Ay’ Zm)(oa I,O)AXAZ
—f s Ym, 20)(0,0, =) AxAy = f (X, ym, 20 + 42)(0,0, D AxAy

is equal to
_(fx()_C, YinsZm)s fy(xm,y, Zm)s fz(xmsymsg))AXAyAZ

for some X between xo and xp +4x, y between yg and yo + 4y, Z between zy and
zo+4z.

3.54. Show that div (vWu) = vAu + Vu - Vv for C2 functions u, v from R3 to R.
3.55. Show that A(uv) = udv + vAu+2Vu - Vv for C? functions u, v from R to R.
3.56. Prove the vector differential identities (a)—(d) listed in the text.

3.57. Prove the vector differential identity (e) listed in the text.

3.58. Prove the vector differential identity (f) listed in the text.

3.59. Prove the vector differential identities (g)—(i) listed in the text.

3.60. Let f(y,z) be a C? function from R? to R, and suppose there is a number ¢ so
that

Sy + fez = _sz-
(a) Show that the vector field F = (cf, f-,—f}) has the property

curl F = ¢F.

(b) Show that the function f(y,z) = sin(3y+4z) has this property, and find the corre-
sponding vector field F.



Chapter 4
More about differentiation

Abstract This chapter describes applications of the derivative to methods for find-
ing extreme values of functions of several variables, and to methods for approximat-
ing functions of several variables by polynomials.

4.1 Higher derivatives of functions of several variables

In Theorem 3.10 we showed that if all the second partial derivatives of a function
f(x,y) are continuous on an open set in R2, then

fxy = f_‘vx-

Analogous results hold for differentiable functions of several variables, and for par-
tial derivatives of all orders.

Definition 4.1. A function f from an open set in R to R is called n times
continuously differentiable if it has all mixed partial derivatives up to order 7,
and if all n-th partial derivatives are continuous functions.

An n times continuously differentiable function is called a C" function.

Theorem 4.1. Let f be a C" function from an open set in R¥ to R. Then two
partial derivatives of f of order less than or equal to n, in which differentiation
with respect to each variable occurs the same number of times, are equal,
regardless of the order in which these partial differentiations are carried out.

This result can be proved by repeated application of Theorem 3.10. For example,
for a C? function f(x,y,z) if we hold z fixed then the theorem gives Sy = fyx. Simi-
larly f,; = fzy and fix = fy;. And, if fis C 3, then five applications of Theorem 3.10
© Springer International Publishing AG 2017 161
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give
fxyz = fxzy = fzxy = fzyx = fyzx = fyxz-
Example 4.1. Let
flxy.2) = 2yt

Find f..y,. We can compute the partial derivatives in the given order.

Sfx= 2xyz4, Saz = 8x)’Z3» Szy = SXZS, Szyy = 0.
Alternatively by Theorem 4.1 we can write

f xzyy = fyyxz'

Since f,, = 0, we get fy,; = 0. o
A partial differential equation or pde relates partial derivatives of a function. We
say that a function is a solution of the pde if it satisfies the equation.

Example 4.2. Let u(x,y,z,t) = e ¥ (cos x + cos y+cosz). We show that u is a
solution of the partial differential equation

u;—kAu =0,

where 4 is the Laplace operator defined as Au = uxy +uyy + u;. A brief calcu-
lation shows that
u; = —ke M (cos x + cosy +cos z),
Uy = e ¥ (= cosx),
1ty = e ¥ (—cosy),

U = e M(—cosz).

Therefore
kAu = ke ¥ (= cos x—cosy—cosz) = u;
and u satisfies the equation u; —kAdu = 0. O
Problems

4.1. Compute the partial derivatives.

(a) fyr and f;; for (x,y,z) # (0,0,0) if f(x,y,2) = (x2 +y2 +z2)_1/2

(®) fuo if f(x,y,2) = xy+yz+zx
(€) 8xxy — 8xyx if g is three times continuously differentiable from R3toR

(d) hy; and hxjxk if h(X)=A-X, where A =(ay,...,a,)is constant and X = (x,..., x,).

4.2. Find the partial derivatives.
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(a)

9
a—)%(xf +2%5 +3°x3)

9 S 2.2
(b) a—Xk[JZIJ xj]
© (Fy+yz+2 Wi,
d) a%(uxuz) for XinR", n>5

62
(e) (IX]?) for X in R”, n>5.
0 6x3

4.3. Let f(x,y) = (x> +y?)*/2. Find f,.
4.4. Let f(X) = cos(A - X) where X is in R” and A is a constant vector in R”. That
is,

f(x1,Xx2,...,X,) = cos(ayxy +axxy + -+ + apxp).

(a) Show that fy, = —aj sin(A - X).
(b) Find the derivatives fy,y, and fi;x,xx, -
(c) Verify that fy x, + froox, + -+ frux, = —||A||2f.

4.5. Define g(x,y,z,w) = e®*by+cz+dw where g, b, ¢, and d are constants.

(a) Show that g, = ag.
(b) Find the partial derivatives gxuyy and gyyz;.
(c) Find a relation among the constants a, b, ¢, and d so that g satisfies the equation

Exxww T 8yyzz — 2g xyzw = 0.

(d) Find a relation among the constants a, b, ¢, and d so that g satisfies the equation

xxww T &yyzz —28 = 0.

4.6. For a linear combination of differentiable functions f and g from R” to R, with
a and b constants, the partial derivatives satisfy
0 0
Sy 2% k=1,

—(af+bg) a—+b—

Ox’ ’

Show that the following formulas are true for C* functions f, g, and h.

2 2f

a) 2 (af+b —+b—

( ) (af g) = a Rl
3 3 3

® a P afrbg=at b TE o k=12..m
6 ox i@xg Gxiéxg

(©) (af+bg +ch)x, = afy, +&x +chy,
() If f,g,h are C* functions from R to R then

(af+ bg + Ch)x1x3x4x2 = afx1x4x3x2 + ng2x3X4x| + Chx1x3x4x2~
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. 2 .. .
4.7. Show that the function u(X,7) = 2eIXI7/4 \where X is in R and ¢ > 0, satis-
fies the equation
Ur = uxlxl + uxzxz teoet uxnxn'

4.8. There are at most three distinct second partial derivatives of a C? function
f(x,y), namely fyy, fiy,and f,. How many distinct third partial derivatives could
there be of a C? function f(x1,x2,x3,x4)?

4.9. For X in R" (n > 3) and for every twice differentiable function u(X) we define
AU = Uy, x) +Uyyxy + 0 + Uy, y,. Let r = [ X]. Show that

(a) For every constant p, (r?)y; = prp‘zxj, (r+0).
(b) 4™ =0, (r#0).

4.10. Suppose u is a C* function from R? to R. Define Au = u,, + Uyy.

(a) Show that AAu = Uy + 2y + Uyyyy.

(b) Find examples of polynomial functions u(x,y) = ax* +bx*y*> +cy*, a,b,c # 0, for
which 44u is always positive, zero, negative.

(c) Show that for (x,y) # (0,0), A(x*+y*)1/? = (x2 +y>)~1/2,

(d) Suppose that u(x,y) = v(r), where v is a C? function from R to R for r > 0 and

r= 4/x%+y2. Show that
Au=v,+r v

(e) Show that for (x,y) # (0,0), A4(x*>+y*)V/? = (x* +y*) /2.

4.11. Suppose that u(x, y,z) is a C function from R3 to R. Define Au = u, + Uyy + 1tz
and let r = /x% +y% +72.

(a) Show that for (x,y,z) # (0,0,0), A(x>+y>+z2)/? =2(x® +y> +3)71/2.
(b) Suppose u(x,y,z) = v(r), where v is a C* function from R to R. Show that for
r>0
Au=v,, +2r 'y,

(c) Show that for (x,y,z) # (0,0,0), 44(x>+y*+z5)'/? =0.

4.12. Let F(x,y,z.1) = (fi(x,y,2.1), (x,9,2,1), f3(x,¥,2,1)) be a C* function on an
open set in R*. Define

_(0fs 0fr 0fi Ofs 0fr Ofi
curlF=—-—= — - —2 = |
dy 0z 0z Ox Ox Oy
0 0 0
divF:—fl+—f2+—f3

ox 0y 0z’
AF = (AflsAfZ?Afé)

(a) Show that curl (F;) = (curl F),.
(b) Show that curlcurl F = VdivF — AF.
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(c) Suppose that

E(x,y,z,t) = (E1(x,y,2,0), E2(x,y,2,1), E3(x,y,2,1)) and
B(x,y,z,t) = (B1(x,y,2,1), Bo(x,y,2,1), B3(x,y,2,1))

are C? functions on an open set in R* that satisfy the following equations, called
Maxwell equations,

E,=curlB, B;,=-curlE, divE=0, divB=0.

Show that E;; = 4E and B;; = 4B.
(d) Verify that the functions

B(X,7) = (cos(y—1),0,0),  E(X,#) = (0,0,cos(y—1))

satisfy the Maxwell equations. The fields are sketched in Figure 4.1 at one par-
ticular time ¢ at the left, and at a slightly later time at the right.

Fig. 4.1 A sketch of the vector fields in Problem 4.12, part (d), at two different times .

4.2 Extrema of functions of two variables

Just as in single variable calculus a function f from R” to R may have points in the
domain at which it attains a local maximum or minimum.
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Definition 4.2. Let /' : D c R" — R. We say that f has a local minimum f(A)
at a point A in D if there is an open ball in R” centered at A so that for every
point X in D that is in the ball,

FX) = f(A).

f has a local maximum f(A) at a point A in D if there is an open ball in R”
centered at A so that for every point X in D that is in the ball,

FX) < f(A).

A point that is either a local maximum or a local minimum is called a local
extremum of f on D. We say a local maximum or local minimum is strict if
the corresponding strict inequality f(X) > f(A) or f(X) < f(A) holds except
for X = A.

Recall that a differentiable function f of a single variable that has a local
extremum at an interior point a of an interval satisfies the condition

f'(@=0.

This result has the following extension to functions of several variables.

A first derivative test. We have the following test for local extrema at interior
points.

Theorem 4.2. Let f be a differentiable function from D C R" to R. Suppose
f has a local extremum f(A) at the interior point A. Then the first partial
derivatives of f are zero at A, that is,

Vf(A) =0.

Proof. This result is an immediate consequence of the result for functions of a single
variable. Suppose f(xi,...,x,) has a local extremum at an interior point A of D.
Hold all but the i-th coordinate fixed and let x; vary. (See Figure 4.2) Since A is an
interior point there is an interval on which the single variable function

f(a13'"9ai—lsxisai+17"'7an)

has a local extremum at x; = a;. At that point

of _
a—Xi(A) =0.

Since this is true for each i = 1,...,n, this completes the proof. O
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T

A

Fig. 4.2 Left: A graph of f, that has a local maximum at (aj,as). Center: f(x1,az) has a local
maximum at a;. Right: f(a;,x;) has a local maximum at a,.

Example 4.3. Consider the graphs in Figure 4.3 of

fy)=x+y%  gxy)=-22—y%  h(xy) =y

f has its smallest value at the point (0,0), and its partial derivatives f, = 2x
and f, = 2y are zero there. g has its largest value at (0,0), and again the partial
derivatives g,(0,0) = 0 and g,(0,0) = 0. It is also true that

Vh(0,0)=0
since VA(x,y) = (0,3y?). But & has neither a maximum nor a minimum at (0, 0):
h(0,y) =y’

is positive for some points and negative for other points arbitrarily close to
(0,0). O

z=1(xy)

Fig. 4.3 Graphs of f,g,h in Example 4.3.
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A second derivative test. As we saw in Example 4.3, a function f from R” to R
that has V f(A) = 0 may have a local maximum, a local minimum, or neither at A.
We turn to the second partial derivatives to test for local extrema at interior points
of the domain. Recall the case of functions of a single variable:
Taylor’s Theorem for a twice continuously differentiable function gives

fa+hy= f@+f@h+ L2 ()

for some ¢ between a and a + h. If f’(a) =0 we get

fla+hy- =15

Since f” is continuous and f”'(a) is positive, then f”’ is positive at all points close
enough to a. By taking 4 small enough, ¢ will be close to a, and f”’(c) > 0. In that

case "
fa+m = f@+ 50 > i@,

Thus f has a strict local minimum at a. Slmllarly if f/(a) =0 and f”'(a) <0, then
f”(c) is negative for h small enough and

fa+hy= f@+ 520 < f@

so f has a strict local maximum at a.
A function f from R” to R has many second partial derivatives. We arrange them
as a matrix:

Definition 4.3. Given a C? function from an open set in R” to R, the n by n
matrix of second partial derivatives at (xp,...,x;)

fx1x1 fxlxg fxlx,,

fxx fxx fx Xn
7—{f‘('xl""’xn)= ? : o ?

fx,,xl fx,,xz fxnx,,
is called the Hessian matrix of f at (xi,...,xy).
H is a symmetric matrix since fy,x; = fy,x-

We introduce the notion of positive definite matrix to use information about the
second partial derivatives of f at X. We begin with the two-dimensional case.
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Definition 4.4. A symmetric 2 X 2 matrix S,

-
qr
is called positive definite if the associated quadratic function
S(u,v)=U0U-SU

is positive for all U = (u,v) # 0 in R2. The matrix S is negative definite if —S
is positive definite, and S is indefinite if U-SU has both positive and negative
values.

The next result is an important property of positive definite matrices.

Theorem 4.3. Let S = [Ic; Crl] S is positive definite if and only if there exists a

positive number m such that for all (u,v) in R2,

S(u,v)=[uv] [l; i]] [z] = pu2 +2quv + n? > m@u? +v?). “.1)

Proof. 1f there is such a number m, then certainly S («,v) > 0 for all (u,v) # 0, and S
is positive definite.

Conversely, suppose S is a positive definite matrix. Since S (u,v) is a polynomial
in u and v, S is a continuous function in R? and in particular on the unit circle
u? +v?> = 1. By the Extreme Value Theorem, § attains a minimum m at some point
(c,d) on this circle. The minimum m = S(c,d) is positive since (c,d) # 0 and S is
positive definite. It follows that (4.1) holds for all (&, v) on the unit circle.

Next we show that (4.1) holds for every vector (u,v). Vector (u,v) can be written
as a multiple of a unit vector (z,w):

(u,v) = a(z,w) = (az,aw), a= Vu?+12, Z+w?=1.
S (u,v) is @* times S (z, w) because
S(u,v) =S (az,aw) = pa2z2 +2qgazaw + ra*w?

=d*(p2 +2qzw+rZ%) = d*S (z,w).

For (z,w) on the unit circle we have shown that S (z, w) > m = m(z> + w?). Therefore
Su,v) = a*S(z,w) > a®m(Z* +w?) = m(u® +v?),

which proves the inequality (4.1). O
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The following result is a consequence of Theorem 4.3:

Theorem 4.4. Suppose that a symmetric matrix S is positive definite, and for
all U = (u,v) in R?
S (u,v) = U-SU > m(u® +v?).

Then every symmetric matrix of the form S + T, where the elements of the
symmetric matrix T are small enough, is positive definite and

(S +T)u,v) = U-(S+T)U > %(u2 +12),

Proof. First we show that if the entries of the symmetric matrix T are small enough,
the associated quadratic function 7'(u,v) satisfies

T(u,v) > —%(u2 +v2).

Denote

T= [Z ’Z] T(u,v) = [u v][zlz

u
v] = au® + 2buv + V.

If b > 0 we use the fact that (u+v)> = u> + 2uv+v> > 0 to get 2buv > b(—u* —v?) and

2 2

> au® + b(—u2 - v2) +cv

= (a-bu’ + (c= by’ .

au® + 2buv + cv

If b < 0 we use the fact that (z—v)> = u®> — 2uv +1> > 0 to get b(u* +v?) < 2buv and

2> au® + b(u2 + vz) +or?

= (a+b)? + (c+ b

au® + 2buy + cv

Take |al, |b], and |c| all less than % . Then |a—b| < |a|+|b| < %, s0 a—b > -7 . Similarly
for ¢ — b, a+ b, and ¢ + b. Therefore when |a|, |b|, and |c| are all less than %

T(u,v) = au*+2buv + cv*
> —%(u2 +17).
Now add the inequalities for S and T to get
S +T)u,v)=Su,v)+T(u,v)

> m(u* +v?) - %(u2 +1?) = %(u2 +17)

for all (u,v). Since % > 0 the matrix S+ T is positive definite. O
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Theorem 4.5. (Second derivative test) Suppose f is a C* function on the
interior of D C R* and that at some interior point (c,d) of D,

Vf(c,d) =0.
Let H f(c,d) be the Hessian matrix of second partial derivatives of f at (c,d),

Sux(e,d) fxy(c,d)]
Sux(e,d) fyy(e,d)|

(a) If Hf(c,d) is positive definite then f has a strict local minimum at (c,d).

(b) If Hf(c,d) is negative definite then f has a strict local maximum at (c,d).

(c) If H f(c,d) is indefinite then f has neither a local maximum nor local min-
imum at (c,d).

Hf(c,d)=

Proof.(a) Suppose H f(c,d) is positive definite. By Theorem 4.3

[u vIH f(c,d) [z] > m@u® +v?)

171

for some m > 0. In the proof of Theorem 4.4 we showed that if the difference T
of the matrices H f(c,d) and H f(x,y) has entries that have absolute value less

than % then
Hf(x,y)=Hf(c,d)+T

is positive definite. Since f has continuous second partial derivatives we can find

a disk of radius r centered at (c,d) where all these differences are within

m

e

Let (x,y) be a point of the disk and let (u,v) be the vector from (c,d) to (x,y),
(u,v) = (x—c,y—d). Define a function of the single variable ¢ on an open interval

containing 0 and 1 by
g(t) = f(c+tu,d+1v).

The function g evaluates f along the line segment from (c,d) to (x,y), with
8(0) = f(c,d), &) = f(x,y).
Differentiating with respect to ¢, the Chain Rule gives
g =uf(c+tu,d+tv)+vf(c+tu,d+1v)
and
(1) =t fr(c + tu,d + 1v) + 2uv fry(c+tu,d+tv) + vzfyy(c +tu,d +1v).

By Taylor’s Theorem for functions of a single variable we have
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g"()

Jx,y) =g(1) =g0)+g (0)(1)+ > (1?
for some 6 between 0 and 1. Since g’(0) = ufi(c,d) +vfy(c,d) = Ou+0v =0 we
have .
8"

O,y = fle,d)+ -

g () = u? frr(c + Ou,d + Ov) + 2uv iy (¢ + Ou, d + Ov) +V? fy (¢ + O, d + Ov)

i

where (c +60u,d + 6v) is on the segment between (c,d) and (x,y) and hence within
distance r of (c,d). Since H f(c + Ou,d + 0v) is positive definite g”’ () is positive.
By equation (4.2) we get

4.2)

=[uvIHf(c+0u,d+6v)

Jxy) > fle.d).

(b) If Hf(c,d) is negative definite apply part (a) to the function —f. The function f
has a strict local maximum wherever — f has a strict local minimum.
(¢) If Hf(c,d) is indefinite then

g (0) = i fur(c,d) + 2uv froy(c,d) + vzfyy(c, d)

is positive for some values of (,v) and negative for others. For r small enough,
g”(0) is close enough to g”’(0) so that g”’(6) will be positive for some values of
(u,v) and negative for others. So for some points (x,y), f(x,y) > f(c,d) and for
others f(x,y) < f(c,d). That s, at (c,d) the function f has neither a maximum nor
minimum, but V f(c,d) = 0. Such a point is called a saddle point for f, a name
dating back to the days when people rode horses.

O

X

Fig. 4.4 The graph of a function with a saddle point.

The next theorem gives a useful criterion for a 2 by 2 matrix to be positive definite
or negative definite.
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Theorem 4.6. The symmetric matrix
3¢
qr

p>0 and pr—q2 > 0.

is positive definite if

S is negative definite if p <0 and pr—q> > 0 and S is indefinite if pr—q* < 0.

Proof. The quadratic function associated to S is
Su,v) = pu2 +2quv + n?.

Forv+#0 )
u u
S(u,V)=v2(p(—) +2q—+r).
v v
Let f(t) = pt> + 2qt +r. Then
2 u
-)=S,v).
VA(C) =Sy
Rewrite f() by “completing the square”
2 2 2 2
f=p t2+22l+(g) +r—q— :p([+z) +(r_q_).
p \p p p p

Now f(%) is positive, and therefore S (u,v) is positive, if
2
p>0 and r—% >0,

Fhat is p>0and pr—g¢>>0. And f(5) is negative, and therefore S (u,v) is negative,
if 5
p <0 and r—% <0,

that is p < 0 and pr— g > 0. The same criteria apply when v = 0 because
S(u,0) = pu2

is positive or negative with p.

_7 ,
Now consider the case pr—g? < 0. If p > 0 then 2 rpq < 0. Pick (u,v) so that the
ratio 7 is large enough that
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In this case f(%) > 0. Then S (u,v) > 0.
Alternatively, pick (u,v) so that the ratio LV’ = —% then

2
- q
F(E)=0+r-L.
2
Since p >0 and pr—g* <0, f(%)= r—% <0 and we get

Su,v) = vzf(%) <0.

Thus for p > 0 we have shown that S (u,v) is positive for some (u,v) and negative
for other (u,v). If p < 0 use a similar argument to show that again S (u, V) is positive
for some (u,v) and negative for other (u,v). m|

Example 4.4. Find the local extrema of f(x,y) = x>+ 2x+y” +2. The gradient
Vi(x,y) =2x+2,2y)
so Vf(—1,0) = (0,0). The Hessian matrix of f at (—1,0) is

fex(=1,0) fxy(_l’o)} _ [2 0}
Jix(=1,0) fiy(=1,0)] [0 2]

Since fix(=1,0)=2>0and f,,(-1,0)f,,(=1,0)— Xzy(—l,O) =4>0,Hf(-1,0)
is positive definite and f has a strict local minimum at (—1,0). Since Vf(x,y)
exists at all points (x,y) of R? and is zero only at (—1,0), there is only one
local extremum. O

7-{.](‘(_190) =

Example 4.5. Find the local extrema of f(x,y) = x> —y?. The gradient
Vf(x,y) = (2x,-2y)
so V£(0,0) = (0,0). The second partial derivatives of f are
faley) =2, fiy(ey) =-2,  fu(xy) = fix(x,y) =0.
The matrix -
Hr0.0=[5 3|

has £:.(0,0)£;,(0,0) — £2(0,0) = (2)(=2) — 0% < 0, so f has a saddle at (0,0).
See Figure 4.4 for a sketch of the graph of f. O

Example 4.6. Find the local extrema of f(x,y) = 2x> — xy +y*. The gradient
V/(x,y) = (4x—y,—x+4y°)

is zero when x = %y and —x +4y> = 0. These imply —%y +4y3 = 0. The solu-
tions are y = 0, i%, and since x = ‘—I‘y the gradient is zero at
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(030)’ (%ult)’ (_%9_41_;)'

The Hessian H f(x,y) = [_41 1;)1}2} 80

7‘[f(0,0)=[ ] Hf(f. 1) = [ 112] Hf(—1.—1) = [ 112]

Since 4(0) — (-1)*> < 0, f has a saddle at (0,0). Since 4 and 4(12) — (- 1)? are
positive, f has a local minimum at (- 16 4). The last two Hessians are the same,
therefore f also has a local minimum at (— %, —}l). m]

Example 4.7. Consider the three functions
f(x,y) = X2, X0, —x
Each has V£(0,0) = 0 and Hessian

H£(0,0) = [0 0}

H£(0,0) is not positive or negative definite and it is not indefinite. But for
flx,y) = X2 , f(0,0) is a local minimum; for f(x y) = X3, £(0,0) is neither a

maximum or a minimum; and for f(x,y) = 2. £(0,0) is a local maximum.
In these examples the Hessian gives no information. O
Problems

4.13. Let f(x,y) = (x=1)?+2(y =22+ (y=2)% = 1 = 2x+ x> +4y—4y? +°.

(a) Calculate V f and find the two points where Vf = 0.
(b) Calculate the Hessian matrix H f of f at the two points in part (a).
(c) Determine whether f has a local maximum, minimum, or saddle at the points

you found.

4.14. A symmetric 2 by 2 matrix A has been computed numerically with small errors
as a symmetric matrix S, and each i, j entry of S is within 1073 of the i, j entry of A..
If S (u,v) > 3x 1072(u* + v?) show that A is positive definite.

4.15. Write the following quadratic functions in the form X-SX for some symmetric
matrix S.

(a) 3x% +4x1xp + x%

(b) —x? +5x1x2 +3x3

4.16. Let f(x,y) = x> +2xy+y>. Determine all local extrema.
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B A

C

Fig. 4.5 The sum of distances from P to A, B, and C is minimized in Problem 4.18.
4.17. Let f(x,y) = —x> + x> + xy + 3y*. Show that £(0,0) is a local minimum.

4.18. Let A = (aj,a2), B =(b1,b2), and C = (cy,c2) be three points in RZ, and let
f(x,y) be the sum of the distances from point (x,y) to A, B, and C.
(a) Show that if V f(P) = 0 then the sum of the unit vectors
P-A P-B P-C
+ + =
(P-Al [P-B| [P-C]

(b) Show that the sum of three unit vectors is zero if and only if the angle between
each pair of them is 120 degrees. See Figure 4.5.

4.19. Find a number m so that
X +gxy+y°

is positive definite when |g| < m.

4.20. Suppose a C? function f(x,y) satisfies
Sox+ fry =0.

(a) Suppose also that f,, is not zero at any point. Show that f does not have any
local maximum or minimum values.

(b) Suppose that at every point (x,y), at least one of the second partial derivatives
Srxs fys OF fyy is not zero. Show that f does not have any local maximum or
minimum values.

4.21. Let f(x,y) = x> +2y? and g(x,y) = x* +2y?. Show that f and g attain their strict
local minimums at the origin. Show that the matrix of second partial derivatives
H £(0,0) is positive definite but Hg(0,0) is not positive definite.

4.22. Find the point on the plane
z=x-2y+3

that is closest to the origin, by finding where the square of the distance between the
origin and a point of the plane is a local minimum.

4.23. Confirm that the point found in Problem 4.22 is also a normal vector to the
plane there, and make a sketch to show why this is the case.
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4.3 Extrema of functions of several variables

Theorems developed in Section 4.2 for functions of two variables can be extended
to functions of several variables.

Taylor’s Theorem Recall that a function f from an open set in R” to R is differen-
tiable at A if f(X) can be well approximated by f(A)+Vf(A)-(X-A),

fX)=f(A)+VfA) - X-A)+R(X-A)
R(X-A)

where m tends to zero as | X — A| tends to zero. Let

p1X) = f(A)+Vf(A)-(X-A) = f(A) + fo,-(A)(xz' —a;).
i=1

p1 is called the first order Taylor approximation of f at A. Let H= X - A, then

n

p1X) = pi(A+H) = f(A) +Vf(A) - H= f(A)+ Y fi,(A)h;.
i=1

Example 4.8. Write the first order Taylor approximation of
f()@y, Z) = Sinx+ 2y + eyz

at (0,0,0), and use it to approximate f(.1,.2,.01).
The gradient of f is

Vf(x,y,2) = (cosx,2 +ze"*, ye’%)

and V £(0,0,0) = (1,2,0). The first order Taylor approximation of f at (0,0,0)
is

p1(0+H) = pi(h1,h2,h3) = £(0,0,0)+V£(0,0,0) - (h1,ha,h3) = 1 + hy +2h,

and £(.1,.2,.01) ~ p1(.1,.2,.01) = 1 +.1+ .4 = LS. O

Suppose now f from R” to R is C* on an open set that contains an open ball
centered at A, and let X = A + H be a point in the ball. Define the function

g(t) = f(A+H)

for ¢ in an open interval that contains 0 and 1. For 0 < ¢ < 1 the points A + tH are
on a line segment from A to A + H, and g(0) = f(A), g(1) = f(A+H). Since g is a
C3 function on an open interval that contains [0, 1], we can compute g’, g”’, and g’
and write the order 2 Taylor approximation of g, with the remainder. By the Chain
Rule,
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n
O =VFA+H) -H= ) fi,(A+H)h.
i=1
By the Chain Rule again
d n n n n
HOES [Z hif(A+H) [ = > hi| 3" fr(A+ DR | = > hifig(A+ DA},
i=1 i=1 j=1 i,j=1
Atr=0,
hy
ho

n n
FO= Y oW g O)= D hifuny Ay =l iy -+ B fu (A)

i=1 i,j=1 :
hn
where [ Srix; (A)] is the Hessian matrix of f at A. By the Chain Rule again

g7 = " hihjhi foyvn (A -+ (H),
i,jk=1

According to Taylor’s Theorem for functions of a single variable, there is a number
6 between 0 and 1 so that

g(1)=g0)+g'(0)+ 387 (0) + %8 (0.

This expresses f(A +H) as the order 2 Taylor approximation, p>(A + H), plus a
hy

] and denote by H” the row vector
hy

remainder. Denote by H the column vector [
(hy,...,h,). Then we have
FA+H) = f(A)+ VFA)-H+ JH' | f.,(A) [H+Ro(A H) = po(A+H) + Ro(A, H).

By the triangle inequality

n n

o Z hih il fr (A + 0H)| < 2 Z |ib i frx, (A + 6HD)).
i,jk=1 i,jsk=1

|R2(AH)| =

n
Each /] < [H], so we get |[Ra(A, H)| < JIHIP )" [fiy; (A +6HD)|.
i,jk=1
Since the third partial derivatives are continuous on the closed ball of radius |H]||
centered at A, they are bounded. Let K be the sum of the bounds of the third partial
derivatives. Then
|R2(AH)| < 4 K[H| = k[H]’.
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IR2(AH)I _ IR2(A, H)|

When H # 0 then 0 < g s kIH]|, so W tends to zero as H tends to

Zero.
For C™ functions we define the order m Taylor approximation to f at A as

DA+ H) =f(A)+ D hiy fog (A)+ 3 D" hiyhiy foy 5 (A)

i1=1 i1,ip=1

n
4ot % Z (hil hi2'"him)fxilxiz"'xim(A)'

150y Im=

An analogous argument to the one we used to prove Taylor’s second order
approximation can be made to prove the following theorem.

Theorem 4.7. (Taylor) Suppose f fromR" to R is a C™*! function on an open
ball centered at A. Then for A + H in the ball,

FA+H) = fA)+ Y hi o, A)+ 5 D hihiy f ) (A)

i1=1 i1,ih=1

n
ocos Z (i hiy =B, foy oy (A) + Rn(ALHD),

]seees Im=

where |Rm(A,H)| < kIIHIIerl for some constant k. The remainder goes to zero
faster than |H|™ in the sense that

|Rin(AH)|
< -

Fig. 4.6 Graphs for Example 4.9. Left: f and its Taylor polynomial p;. Right: f, p1, and p.

Example 4.9. Let f(x,y) = x>+ % V2 + %(x4 +y*). Find the first and second order
Taylor approximations to f at (1,1).
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f(, D) =4, Vfx,y =2x+3x3y+3y%), Vf(,1)=(5,6),

2+49x2 0

'Hf(X,)’) = 0 3+ 9y2

: Wf(1,1)=[1(1) 13]

So
pi(l+hi, 1+h) = f(L,D+Vf(1,1)-(h1,h2) =4+ 5h) +6h,

h
pa(1+hi 14 ho) = pi(L+ L+ ho) + 31y hz]ﬂfa,l)[hj
=4+ 5h) +6hy + S ht +613.
We can also write p; and p; in the form

p1(x,y) =4+5(x-1)+6(y—1),
pa(x,y) =445 - +6(y— D+ L x-1)?+6(p-1)%

Figure 4.6 shows graphs of f, pi, and p». O

Example 4.10. Find the second order Taylor approximation to
f(x,y,z) = sinx+2y+e”*
at A =(0,0,0), and use it to estimate f(.1,.2,.01). Recall we found
Vf(x,y,2) = (cosx,2+ze"*, ye’*)

and V£(0,0,0) = (1,2,0) in Example 4.8. The second partial derivatives are

Hf(x,y,z) =

—sinx 0 0 000
0 27 (1+yz)e%|, Hf(0,0,0)=]001].
0 (1+yge”? y2~ 010

The second order Taylor approximation to f at (0,0,0) is

000
p2(H) = £(0)+ V£(0,0,0)- H+ JH" [0 0 1|H = 1 +hy +2h + o3,
010
and p»(.1,.2,.01) = 1 +.1+2(.2) +(.2)(.01) = 1.502. O

Extrema. Suppose f is a C3 function from an open set in R” to R, and that the
gradient of f is zero at a point A. By Taylor’s Theorem 4.7

FA+H) = f(A) + JHT [ £ (A) [H+ Ra(A, H)

where [ Srix; (A)] is the Hessian matrix of second partial derivatives of f at A, and
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3
[Ra(A,H)| < kH]|

for some number k. Since [ N xj(A)] is symmetric we can determine whether f has
a strict local minimum or strict local maximum at A by considering the sign of
HT [ fxl.xj(A)]H. Suppose first that the matrix is positive definite, that is

HY | fro,(A) [H 2 m|HJ?
for some number m > 0. Then

FA+H) = f(A) = 1H | fo. (A)[H+ Ry (A, H) 2 Lm|HJ? + Ry(A, H).
By Taylor’s Theorem |R2(A,H)| < k|HJ?, so

fA+H) - f(A) > Im[HI” + Ry(A,H) > 1m|H|? - k[HI® = m|HI*(} - £ H]).

Since % - %IIHII is positive for |H| small enough, we see that f has a strict local
minimum at A. This proves the second derivative test, that we state as the following

theorem.

Theorem 4.8. Second derivative test. Let f be a C> function in an open set
of R" containing A. If Vf(A) = 0 and the Hessian matrix [ T j(A)] is positive
definite at A, then f has a local minimum at A.

Looking further at our proof of Theorem 4.8, we can make an observation about
the sign of the error in the approximation f(A+H) ~ f(A)+V f(A)-H in the general
case where V f(A) might or might not be 0. We state this in the following theorem.

Theorem 4.9. Let f be a C? function in an open set of R" containing A. If the
Hessian matrix [ Srix; (A)] is positive definite at A, then the degree one Taylor
approximation

fAA+H)~ pi(A+H) = f(A)+Vf(A)-H
is an underestimate for all sufficiently small H,

f(A+H) > p1(A+H).

Proof. By Taylor’s Theorem
FA+H) - pi(A+H) = JH'| f.., [H+ Ry(A H)

where |[R2(A, H)| < k|H]| for some k > 0. Since the Hessian is positive definite there
is some m > (0 so that
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FA+H) = pi(A+H) > SmlHI” - kIHI? = mlHI* (§ - £H]).
Since % - %HHII is positive for ||H|| small enough we see that for such H,
fAA+H)>pi(A+H)

and p; is an underestimate for f. m|

In order to apply the second derivative test, Theorem 4.8, it is useful to have a
criterion for determining whether a symmetric matrix is positive definite. We state
the following result that generalizes Theorem 4.6.

Theorem 4.10. Let M = [m;;] be a symmetric matrix, n X n. Suppose

myy mp2
may map

det [moy myy mo3|, ---, detM

] mipy miz mi3
ms3y ms3p ms3j3

mi, det[

are all positive. Then M is positive definite.

For a proof of Theorem 4.10 please consult a text on matrix theory.
Example 4.11. Let f(x,y,z) = x> + y> + 2> + 2xyz. At which of the points
(0,0,0), (1,1,1), (=1,—1,—1) does f have a strict local minimum?
Vi(x,y,2) = (2x+2yz,2y +2x7,27 + 2xy)

s0 V£(0,0,0)=(0,0,0), Vf(1,1,1) = (4,4,4), Vf(=1,-1,-1) = (0,0,0), Since
VF(,1,1) #0, f(1,1,1) cannot be a local minimum. The matrices of second
partial derivatives are

2 272y 200 2-2-2
HfGoy,2) =2z 2 2x|, HF0,0,00=[020], Hf(~1,~1.-1)=|-2 2 -2].
2y 2x 2 002 2.2 2

Since UT7—{f(O, 0,000 = 2||U||2 is positive except when U = 0, H £(0,0,0) is
positive definite and £(0,0,0) is a strict local minimum. We could also use the
determinant criterion to see that H f(0,0,0) is positive definite, since 2 > 0,

det [(2) g] =4> 0, and detH f(0,0,0) = 8 > 0. At the point (—-1,-1,-1) we
check for positive definiteness of H f(—1,—1,—1) by the determinant crite-
rion:
B 2-2-2
250, det[ 5 2} =4-4=0, det[—Z 2 —2} =2(0)+2(-4—4) - 2(4 +4) = —32.
- -2-2 2

Since the determinant of the 2 by 2 part is zero the theorem gives no infor-
mation. If we experiment we find
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1

1

[10 O]?—(f(—l,—l,—l)[
0

1
\: 2, [11 l]?—(f(—l,—l,—l)ll] =-8,

so the matrix is indefinite, and f(—1,—1,—1) is a saddle. m|

Problems

4.24. Let f(X) = C-X be a linear function from R” to R, and let A be a point in R".
Show that the first and second order Taylor approximations to f at A, p; and p», are
equal to f.

4.25. Let f(x,y,z) =e”log(l + x) +sinz.

(a) Show that f has no local extrema.
(b) Find the second order Taylor approximation p,(hy,h2,h3) to f at (0,0,0).

4.26. Let |
f,y,2) = T
g

Find the first order Taylor approximation to f at A = (% %, %)

4.27. Let f(x,y,2) = X2 +xy+ %yz +2yZ+Z3.

(a) Show that V£ is the zero vector at 0 and at one other point A.
(b) Use Theorem 4.10 to show that f has a local minimum at A.
(c) Find points arbitrarily near (0,0,0) where f is positive and where f is negative,
to show that f has a saddle at (0,0, 0).
4.28. Consider the set S of points in (x,y,z) space that satisfy
2= x2+2y2+ 1.

Let (a,b,0) be a point in the z = 0 plane. Find the local extrema of a function of (x,y)
to determine the points of S that are closest to (a,b,0).

4.29. Let £(X) =|X||"! for X # 0 in R3, and let A be a nonzero vector in R3.

(a) Find all first and second order partial derivatives of f.
(b) Find the second order Taylor approximation to f at A.

4.30. Use Theorem 4.10 to show that the following matrices are positive definite.
2 -1
|17

2-10
(b)l—l 10‘
0 04
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2-10
©|-1 1k|, K¥¥<3
0 k6

4.31. Let f(x1,x2,X3,X4) = X| + X2 + X3 + X4 + X1 X2x3X4. Find the order 1 through 5
Taylor approximations p1, p2, p3, pa, ps for f at A = (0,0,0,0).

4.4 Extrema on level sets

The Extreme Value Theorem 2.11 guarantees that a continuous function f from a
closed and bounded set D C R” to R has an absolute maximum and absolute mini-
mum value. In Section 4.2 we saw that if a C! function f from D c R” to R has a
maximum or minimum at an interior point A then Vf(A) = 0. This “first derivative
test” gives us a way to find candidates for extrema that occur in the interior of D.
In this section we develop a method for identifying candidates for extrema of a C!
function f on a level set that has no interior points in R". We state and prove the the-
orem for functions from R? to R but an analogous result is true in R? and in higher
dimensions.

Recall that a value f(P) is a local extremum of f on a set §', where P is in §, if
f(P) > f(Q) for all Q in S near P, or if f(P) < f(Q) for all Q in § near P.

Theorem 4.11. Lagrange multiplier. Let f and g be C' functions from an
open set in R3 to R, and denote by S a level set g(x,y,z) = c. Let P be a point
of S such that

(a) Vg(P) # 0, and
(b) f has a local extremum on S at P.

Then there is a number A such that

Vf(P) = AVg(P).

Proof. By the Implicit Function Theorem it follows from (a) that there is a portion
of S containing P where one of the variables (x,y,z) can be expressed as a function
of the other two, say g,(P) # 0 and z = ¢(x,y). Then

g(x,y,¢(x,y)) = c.
Since f has a local extreme value at P = (p1, p2, p3), the function

h(x,y) = f(x,y,$(x,y))

has a local extremum at the center of an open disk about (pi, p2). Therefore the
derivatives of h(x,y) with respect to x and y are zero at (p1, p2):
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af af o¢ 0 5 af of ¢ _

, , 4.3
*= 3x T Bz ox - (9)’ 0z dy @)
We have by differentiating g(x,y,¢(x,y)) = ¢ that

6_g+%6_¢—0 a_g+a_ga_¢: (44)

dx 9z ox dy 0z Oy
Therefore, using g, # 0,

g 9
99 _ _ax o __»
Ox 9g’ dy 98

0z 0z

Substitute these formulas for the partial derivatives of ¢ at (py, p2) into formula (4.3)
for h, and hy. We get at P,

of ﬁf[ ] . of 6f[ ]_0
ox  dz| % ’ dy  oz| o '
3z 9z
5f

Leta= —(P) Then V f(P) = AVg(P) as asserted. m|
Bz

Fig. 4.7 The maximum value of f on g = c is f(P) = 2, where Vf(P) = AVg(P).

Example 4.12. Find the rectangular box of largest volume that has sides par-
allel to the x,y and a axes and that can be inscribed in the ellipsoid given
by

5x2+3yz+7z2 =1.

We maximize the volume, f(x,y,z) = (2x)(2y)(2z) = 8xyz, for (x,y,z) in the
level set g(x,y,2) = 5x% + 3y2 +722—1=0, where (x, y,2) is in the first octant.
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The equation g = 0 is often called a constraint. It is possible in this problem
to solve the constraint g = 0 for z in terms of (x,y) and use the methods of
Section 4.2. But let’s use the Lagrange multiplier method. We solve the system
of equations

53243y +722-1=0, Vf =(8yz 8xz,8xy) =AVg = A(10x,6y, 142)

by considering cases. Either 4 = 0 or not. If 1 = 0 then at least two of the
coordinates x,y,z are zero, so the volume f is zero. So assume A # 0. We
consider only points where x,y,z are all nonzero since we seek a maximum
volume. Then we can form quotients; we find

8yz 'y A(10x) Sx 8yz z A(10x) Sx

8xz x A6y 3y Sxy x A(ldy) 77

50 y? = %xz and 72 = %x2. The constraint g = 0 then gives

Sx2+3y2+72 - 1=52 4330 +7(3x%) - 1 = 157 = 1 = 0.

This gives as candidates for the maximum, the eight points with coordinates

1 1 1

Since the domain of f is the first octant we take all the plus signs. The max-

imum volume of the box is then f( \/51\/5’ \/il\g’ \/gl\ﬁ) = %ﬁ for a box that

2 2 2
7 Y Vi Y v

measures

O

Example 4.13. Let Q = [5 3} and consider the quadratic function

— _ pqf|x
Q(X)—X‘QX—[xy][q rHY

] = px2 +2gxy + ry2

on the unit circle [|X|> -1 = x2+y? -1 = 0. Since Q is continuous and the
circle is closed and bounded, Q has a maximum on the circle. If X is a point
where Q is maximum then according to Theorem 4.1

VOX) = AV(IX|P).

or 2px+2qy,2gx+2ry) = A(2x,2y). After dividing by 2, this is neatly expressed
as
QX = 2X.

Such a number A is known as an eigenvalue of the matrix Q, and vector X is
a corresponding eigenvector. Dot the equation QX = AX with X to get



4.4 Extrema on level sets 187
X-QX = AX|* = 4,

which shows that this eigenvalue is the maximum value of the quadratic func-
tion on the circle.

This example also shows that every 2 by 2 symmetric matrix has an eigen-
value. O

Example 4.14. Suppose there are three commodities A, B, C that have unit
prices p,q,r, and are purchased in amounts x,y, z, respectively. The budget or
“wealth constraint” is

pxX+qy+rz=w 4.5)

where w > 0 is given. Let U(x,y,z) = x*y?z¢ be the utility function measuring
consumer satisfaction from consuming x amount of A, y of B, and z of C,
where a, b, and c are positive. By Theorem 4.11 the maximum of U given the
wealth constraint satisfies

ax"'ybz¢ = ap

bxyP~1z¢ = 2q

exiybzel = ar
w=px+qy+rz.

If =0 then at least one of x,y or z is 0 and the utility is zero. If 2 # 0 multiply

. X b4 .
the first three equations by —, %, -, respectively, to get
a ¢

xybz¢ = /lfp = /qu =A%
a b c

Divide by 4 to get
X y Z
-p==qg=-r. (4.6)
a b c
So yg = I;:xp and zr = £xp. Substituting this into the wealth constraint (4.5)
we get
b
w:px(l+—+£),
a a
so that px = w%. The amounts the consumer spends on commodities

a+b+c
A, B, C are according to (4.6)

aw bw cw
= , =, rg = ———
a+b+c £ a+b+c a+b+c

pXx

respectively. O

Example 4.15. Suppose there are N particles each having one of the energies

€1, €2, ...€y.
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Let x; denote the number of particles with energy e;. The number of ways this
can be arranged is known to be

W= X1+ x4+ x)!

xplxplexp,!

since x| + -+ + Xx;,, = N is the number of particles. In physics one wants to
maximize W assuming constant total energy

g(x1,...,xm) =e1x1+exxa+ - +epxy =E.
We maximize log W subject to the same constraint and use Stirling’s approxi-
mation log(x!) = xlogx to approximate log W as
SOty xm) = (x4 +xp)log(xy + -+ x) —x1 log x1 — -+ — xp lOg Xy,

By the n-dimensional version of Theorem 4.11 a local extreme value of f
occurs at a point X that satisfies

VAX) = (10g(x1 4ot xm) —logxi,.... log(x +---+xm)—logxm)

= AVg(X) = Alet,....em).

This gives log(x; + -+ + x,,) — logx; = de;, or —— = e~¢ 1In the case

X1+ + Xy
where (x1 +--+Xx,;,) = N we get
X = Nei/le".

In applications to statistical mechanics, it turns out that the multiplier A is the
reciprocal temperature! O

Problems

4.32. In calculus we learn that the farmer with 400 meters of fencing material can
maximize the area of his rectangular field by making it square, 100 meters on each
side. Use Lagrange multipliers to verify that result.

4.33. Show using Theorem 4.11 that the maximum value of the function
O(x,y) = 3%+ 2xy + 3y2
on the unit circle x> +y* = 1 is 4.

4.34. Use the Lagrange multiplier method to find the point of the line y = mx+b
that is closest to (0,0).



4.4 Extrema on level sets 189

4.35. Use the Lagrange multiplier method to find the point of the hyperplane
C-X=0

that is closest to a given point A in R”".

Fig. 4.8 Level sets in Problem 4.36.

4.36. Differentiable functions f and g in the first quadrant have some level sets as
shown in Figure 4.8. Determine from the figure:

(a) The minimum of f on the curve g = 25.
(b) The sign of the Lagrange multiplier A in (a).

(c) The minimum of g on the curve f = 80.
(d) The maximum of f on the curve g =27. Does the equation V f = AVg apply here?

4.37. Let A = [; _g ] Express the quadratic function and constraint
X-AX, X-X=1

at point X = (x,y), in terms of x and y. Solve a Lagrange multiplier problem to find
the constrained maximum of the quadratic function and express the results as an

eigenvalue equation
AX =X

4.38. Use the Lagrange multiplier method to find the points of the curve
©+ y2 =1

that are closest to the point (—1,0). See Figure 4.9.
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Fig. 4.9 The curve in Problem 4.38.

4.39. Use the Lagrange multiplier method to find points of the level set
Crytr=1
that are closest to the point (—1,0,0).

4.40. Let f(x,y,z) = x>y°z*. Use the Lagrange multiplier method to find the maxi-
mum value of f on the plane 12x+ 12y +24z = 1.



Chapter 5
Applications to motion

Abstract The concepts and techniques of calculus are indispensable for the descrip-
tion and study of dynamics, the science of motion in space under the action
of forces. Both were created by Isaac Newton in the late seventeenth century and they
revolutionized both mathematics and physics. In this chapter we describe the basic
concepts and laws of the dynamics of point masses and deduce some of their
mathematical consequences.

5.1 Motion in space

There are of course no point masses in nature—each body has a nonzero size—but
in many situations a small body can be very well approximated by a point. Small
here is a relative term; for instance in the study of the motion of planets around the
sun the earth is regarded as a point mass.

The position of a point in three-dimensional space is described by its three Carte-
sian coordinates x,y, and z. These coordinates form a vector X in R3. When the point
is moving, its position is described as a vector valued function of time, denoted
X(#) = (x(1),y(¢),z(¢)). The function X parametrizes the curve on which the particle
moves. Informally we may speak of the motion, or curve, X(7).

As we saw in Section 3.1 the derivative with respect to time of the position func-
tion is the velocity of the particle at time ¢; it is denoted

_dX(n o,
V@) = N - X'(1).

The norm of the velocity, [[V(?)], is the speed of the particle.

Example 5.1. Let X(¢) = (cost,sint, 1), —% <t <2n be the position of a particle
at time . Find the position, velocity, and speed of the particle at # = 0 and at
t=17.
1
V() = X'(¢) = (-sint,cost, 1).
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At t = 0 the particle is at X(0) = (1,0,0) and its velocity is V(0) = (0,1,1). At
_ e _(1 1 _ 11
t = 7 the particle is at X () = (\_Fz’ L Dand V(§)=(- SGIRVE 1). The speed
at time ¢ is

IVl = \/(— sin#)2 + (cos£)2 + 12 = V2.

The particle moves with constant speed along the curve shown in Figure 5.1.
O

Fig. 5.1 The curve in Example 5.1 showing position and velocity at times =0 and ¢ = §.

The derivative with respect to ¢ of the velocity function is the acceleration of the
particle at time ¢; it is denoted

dv()  d*X()
dt d2

=X"(1).

Example 5.2. Suppose a particle moves along a C2 curve X(7) so that the speed
is constant. We show that the velocity and acceleration are orthogonal to each
other at each time ¢. Since the speed is constant we have |X’(¢)| = ¢, Squaring
both sides we get IX’(0)I? = X' (1)- X/ (£) = 2. By the product rule

d(c?)

0.
dr

(%(X'(t) X'(0)=X'()-X"(+X"(1)-X'(1) =2X"(1)- X" (1) =

so X'(#) and X" (¢) are orthogonal when the speed is constant. O

Newtonian mechanics. The basic notions of mechanics are velocity, acceleration,
mass, and force. Force is a vector quantity, denoted as F. A force F, acting on a
particle with mass m, accelerates it according to Newton’s law:

Forceequalsmasstimesacceleration.

In symbols
d’X
F=m—s-. 5.1
2 (5.1
Equation (5.1) is called the equation of motion, Newton’s Law of Motion.
Next we prove the following important result.
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Theorem 5.1. Suppose a particle moves in R3 with position X in a field of
force F(X) that is parallel to X, i.e., of the form

F(X) = k(X)X

where k(X) is a scalar valued function. Then the particle travels in a plane.

Proof. First we show that for a particle moving in a force field that is parallel to X,
the cross product of X(¢) and X'(¢) is a constant vector. Consider (X X X’)’. By the
product rule for cross products

XxXY =X'xX"+XxX". 5.2)
Since F(X) = k(X)X we get from Newton’s Law of Motion

KX
Ky

X//

Set this expression into equation (5.2). Since the cross product of a vector with itself
is zero we get

@X)z @XxXzo.
m m

XxX'Y =Xx (
Therefore X X X’ is a constant vector C. Since the cross product is orthogonal to

each factor,
C-X(»=0

for all times ¢. If C # 0 the equation C-X = 0 is the equation of a plane through
the origin, so the motion takes place in this plane. If C = 0 then X(7) and X'(¢) are
parallel to each other at each ¢ and the particle moves along a line. Or X’(r) = 0 and
the particle does not move. In any case the particle remains in a plane. O

Problems

5.1. Find the velocity, the acceleration, and the speed of particles with the following
positions.

(a) X(t) = C constant,

(b) X(0) = (t,1,0),

©) X()=(1-1,2-1,3+1),
(d) X(1) = (¢,21,31),

(e) X(1) = (t,12,7).

5.2. A particle moves on a line. Let X(¥) be its position at time .



194 5 Applications to motion

(a) Suppose X(7) = A + B¢ for some constant vectors A and B # 0. What is the loca-
tion of the particle at time ¢ = 0?

(b) Find the velocity and acceleration at time ¢ of the particle in part (a).

(c) Suppose instead X(r) = A + (2 = 1)B. Find the velocity and acceleration at time ¢.
When is the speed of the particle zero?

(d) At what times is the particle of part (c) located at X(0)?

5.3. A particle moves on a circle of radius r in the plane according to
X(7) = (rcos(wt), rsin(wr))

where r and w are constant.

(a) Find the velocity and show that it is orthogonal to X(¢), hence tangent to the
circle.

(b) Show that the speed is rw.

(c) Find the acceleration and show that it is parallel to X(#) but directed toward the

origin.
(d) Show that the magnitude of acceleration is rw?.

5.4. A particle of unit mass moves in a gradient force field, so that
X" = -Vp(X)
for some function p. Show that the energy
3IX' I + p(X(©)
does not change with time.

5.5. A particle moves with nonzero velocity along a differentiable curve X(¢) on a
sphere centered at the origin, so that || X(#)| is constant. Show that its velocity is
tangent to the sphere.

5.6. Give an example of a particle motion X(z) = (x(¢),y(¢)), a < t < b, on the circle
x? +y* = 4, such that the acceleration is not toward the origin.

5.7. Let A, B, K, and F be constant vectors in R? and let m be a number. Verify that

the function
X(7) = A +Br + K¢

satisfies the equation of motion F = mX"” when K = ﬁF Find the relation of A and
B to the initial position and velocity X(0), X’(0).

5.8. Verify that the following functions satisfy the indicated equations of motion in
R3. A and B denote constant vectors.

(a) X(r) = Acost is a solution of X" = -X,

(b) X(¥) = Asin(2¢) is a solution of X" = —4X,
(¢) X(r) = Acos(3r) + Bsin(3¢) is a solution of %X” =-X.
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5.9. For each motion X(¢) given in Problem 5.8, describe a plane (See Theorem 5.1)
in which the motion occurs.

5.10. Consider the equation of motion
X" = MX,

where M is a constant matrix. Suppose there is a constant vector U and number w
such that
MU = -w’U.

Show that X(7) = cos(wf)U is one solution of the equation of motion.
Such a number —w? is known as an eigenvalue of the matrix M and vector U is a
corresponding eigenvector.
1— —kt
5.11. Verify that X(r) = C+

constant vectors, satisfies the equation of motion

D, where k is a positive constant and C, D are

X" =-kX'.

Find the relation of C and D to the initial position and velocity X(0), X’(0). Find the
total displacement of the particle

lim X(1) - X(0)

in terms of the initial velocity.

5.12. An ancient society once believed that the moon moved on a circle about the
earth, being pulled across the sky by horses. In view of Newton’s law, and of Prob-
lem 5.3 part (c), in which direction is the moon really being pulled?

5.13. A particle moves in R3 with velocity V = (v1,2,v3), and acceleration
V' =V xB,

where B is some vector field. For example, positively charged particles follow such
a rule when B is a magnetic field. Suppose B is a constant field, B = (0,0,b). See
Figure 5.2.

(a) Show that the components of acceleration are given by

Vi =bv
vy = —bvy
V=0 (5.3)

(b) Show that the position function X(#) = (asin(wt),acos(wt), bt) satisfies equations
(5.3) and that X”’(r) = X' (r) X B.

(c) Describe the direction of V’(¢) at points along the helical curve X(#) given in
part (b).
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Fig. 5.2 Particle motions in Problem 5.13.

5.14. Suppose a particle of mass m with position X(7) at time ¢ is joined by a spring
to another particle of mass m with position Y(¢). Then the equations of motion are

mX” = k(Y - X),
mY” = —k(Y = X)

where k is a constant depending on the strength of the spring. Denote by W the
vector W = (X,Y) = (x1,x2,x3,¥1,y2,y3) with 6 components. Define the function p
on R® by

POW) = p(X,Y) = IX - Y.

(a) Show that the equations of motion can be expressed in the form
mW’ (t) = =V p(W(t))

where Vp(W) is the vector of partial derivatives of p with respect to the 6 vari-
ables of W.
(b) Show that the quantity
ImW @)]> + p(W(D))

does not change with time.

5.2 Planetary motion

There is a large variety of force fields in nature; gravitational fields are an important
case. Take in particular the motion of a particle of mass m in the gravitational field
of a unit mass located at the origin.

According to the law of gravitation, the force F exerted by a particle of unit mass
at the origin on a particle of mass m located at the point X is directed from X to the
origin, and its strength is m times the reciprocal of the square of the distance of X
from the origin times some constant. To simplify the model we take the gravitational
constant to be 1. That is,
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I X X

FX)=-m—s — = —m—r
I 11 DK

For this choice of force Newton’s law of motion reads

’” X

Notice that mass m occurs on both sides of (5.4) as a factor; dividing both sides by
m gives an equation of motion

14 X
X" = P (5.5)

That the motion under the force of gravity does not depend on the mass of the
moving object is intuitively clear, for if we imagine the moving particle cut into
two parts, the trajectory of each part is the same, although the two parts may have
different masses. So from now on we take the mass m of the moving particle to be 1.
Next we observe that the term on the right side of equation (5.5) is a gradient:

X 1
——— =Vp, where p(X)=—. (5.6)
X3 P P IXI

So we can rewrite equation (5.5) as
X" = Vp(X). 6.7

Conservation of energy. We turn now to studying the motion of a particle of unit
mass in a force field that is the gradient of a differentiable function p. We have seen
that the gravitational field of a point mass is such a field. Since the sum of gradients
is a gradient, it follows that the gravitational field of any distribution of point masses
is a gradient field.

We derive now an important property of solutions of equations of the form (5.7)
where p is a differentiable function. Take the dot product of both sides with X’; we
get

X" X' =VpX)-X.

The left side is the derivative with respect to ¢ of %X’ -X’. The right side is, by the

Chain Rule, the ¢ derivative of p(X(#)). Since their derivatives are equal, %X’ - X!
and p(X) differ by a constant E independent of ¢:

31X X' - p(X) = E. (5.8)

The first term %X’ -X’ in (5.8) is called the kinetic energy of the moving particle;
the second term —p(X) is called the potential energy; their sum is the total energy of
the moving particle. Equation (5.8) says that the total energy of the particle remains
the same during motion. This is the Law of Conservation of Energy.
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Thus we have shown that for the motion of a point mass in a gradient force field,
conservation of energy is a consequence of Newton’s law of motion.

Kepler’s Laws. We return to equation (5.5), governing the motion of a particle
under the gravitational force of a unit mass at the origin.

Since by Theorem 5.1 the motion occurs in a plane through the origin, it sim-
plifies our calculations to choose coordinates in which that plane is the x,y plane.
Therefore we set z = 0 in equations (5.5), giving

Wm0, S0, r= a4y (5.9)
14 14

The energy equation (5.8) can be written as
1
1 N2 7\2
LY +0)) - ——= =E. (5.10)
2( ) /xz +y2

where E is constant. We obtain another relation between x,y, x’, and y' by multiply-
ing the first equation in (5.9) by y, the second equation by x and taking the difference
of the two; we get

xyll _yxll — 0

Since xy”’ —yx” is the t derivative of xy’ — yx’, we conclude that xy’ — yx’ is a con-
stant, call it A:
xy —yx' = A. (5.11)

We introduce polar coordinates:
xX=rcos¢, y=rsing. (5.12)
Differentiating these equations with respect to ¢ gives
X =r cos¢p—r¢’sing, y =r'sing+r¢’ cosg. (5.13)
A brief calculation using formulas (5.13) shows that
()40 =)+ ¢
Setting formulas (5.12), (5.13) into equation (5.11) gives
xy —yx = r*¢ = A.

So we can express ¢’ as
A
¢ == (5.14)
When A is zero, ¢ is a constant, so the motion takes place along a straight line. Such

a one-dimensional motion is uninteresting, so we take the case that A is nonzero. In
fact we may assume A > 0 (see Problem 5.19). The energy equation (5.10) becomes
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/N2 20 17\2 2
)y +r(@)—--=2E.
r
Using (5.14) for ¢’ in the equation above we get

Ar 2
(') +—=-==2E. (5.15)
I r

Both r and ¢ are functions of . It follows from (5.14) that ¢’ is of one sign; it follows
that ¢ is a monotonic function of ¢. Therefore we can express r as a function of ¢.
By the Chain Rule

, dr dr ,
r'=—=—¢".
dr d¢
. A
Using (5.14) to express ¢’ as — we get
r
, drA
r=——.
de r2
Set this expression of 7’ into the left side of equation (5.15); we obtain

dr\? A2 A2 2
o2 or

W) At -Z=2E. (5.16)

4
. . . . . r
Since A is not zero, we can multiply this equation by yeR We get

dr\? 5 253 r
(@) +r —? =2EF (517)

We introduce the abbreviations

2E 1
a= ﬁ, b= E (5]8)
and rewrite the equation (5.17) as
ar\2
(d—;) = ar* +20r° =12, (5.19)

d d
The derivatives d_r and d—¢ are reciprocals of each other. (See Problem 5.20.) Taking
r

the reciprocal of both sides of (5.19) we get

2
(d—¢) S S (5.20)

dr] — ar*+2br3 12"
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1
We introduce u = — as new variable. By the Chain Rule
r

do_dodu_do( 1
dr ~ dudr  du

r)
Use this to express the left side of (5.20), and multiply both sides by r*; we get

e

du] " a2 - a+2bu—ut’

Taking the square root we get

dg 1
du  Ngi2bu—u?

To determine ¢ as a function of # we have to find the integral of the function of u on
the right in (5.21). We recall that the derivative of the inverse sine function is

(5.21)

Sety = p+qu, p and g constants, g > (0. We get

q _ 1
V1=(p+qu)? Va+2bu—u

i(sm—l(,,+qu)) =
du

where a and b are

b=-L (5.22)
q
This shows that we may take ¢(u) in (5.21) to be
$(u) = sin”! (p+qu),
where p and g are related to a and b by (5.22). Therefore
sing = p +qu.

We omit a brief calculation with (5.22) that confirms g is positive except perhaps for
circular orbits. We guide you in Problem 5.15 to discover all circular orbits.

1
We recall that u is —; multiplying the equation above by r we get
r
rsing = pr+q. (5.23)

We claim that this is the equation of a conic in polar coordinates. The equation is
easily rewritten in Cartesian coordinates x and y:
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y=pA/x2+yr+gq. (5.24)

PPF+y) = (- (5.25)

It follows from equation (5.18) that b is positive. By equation (5.22), b = —B,

Hence

therefore p is negative, in particular p is nonzero. This shows that equation (5.25) is
quadratic in x and y, hence its zero set is a conic.

In Problems 5.21 and 5.22 we ask you to discover that the conic is an ellipse
when p < —1, parabola when p = —1, and hyperbola when —1 < p < 0. Figure 7.20
is a sketch of the elliptical orbit of the moon around the earth.

Kepler based his laws on observations of the planets. His first law states that
the orbits of planets in the solar system are conics with one of the foci at the sun.
The calculation above shows that Kepler’s first law is a consequence of the inverse
square law of gravitational force. Several of the Problems discuss Kepler’s other
laws.

Newton showed that all of Kepler’s laws are consequences of the inverse square
law of gravitational force. This striking result led to the universal acceptance of the
inverse square law of gravitation.

Problems

5.15. Consider the circular orbit defined by
X(#) = (x(2),y(1)) = (acos wt,asin wt)

where a and w are constants.

(a) Show that the radius function r = 4/x% +y? is the constant a.
(b) Show that if w?a® = 1 then X is a solution of equations (5.9):

x f—
(x2 +y2)3/2

Y _
(xz +y2)3/2 =0.

7’

0, '+
(c) Show that the constant A defined in equation (5.11) is equal to wa”.
Remark. The constancy of w?a® is one case of Kepler’s laws shown in this problem

for circular orbits, and generally in Problem 5.21. An example is the prediction of
the orbit radius of Saturn:

(1 Earth orbit radius)’ _ (a Earth orbit radii)’®
(1 Earth year)® (29.5 Earth year)?

that gives dsaum = 9.5, so that Saturn is 9.5 times as far from the sun as Earth is.
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5.16. We ask you to verify that the intersection of a circular cone with a plane is
an ellipse. There are two spheres tangent to the cone and the plane, see Figure 5.3.
Points A, B, D, and F are colinear. The points of tangency C and E of the spheres
with the plane are the foci of the ellipse. To verify this show the following proposi-

tions.

(a) Segments BD and DC have the same length.

(b) Segments F'D and DE have the same length.
(c) The sum of the lengths of BD and FD is the same for every point D of the

intersection.
(d) The sum of the lengths of DC and DE is the same for every point D of the

intersection.

Fig. 5.3 A cone, two spheres, and an ellipse in Problem 5.16.

5.17. One of Kepler’s laws is that a planet “sweeps” equal areas in equal times, that
is, the rate of change of area suggested in Figure 5.4 is independent of the time.

Explain the following items that prove this.

(a) If the planet is located at U = (x(¢), y()) at time ¢, then its location at time ¢+ / is
approximately W = (x(¢) + x'(t)h, () + V' (t)h).

(b) The signed area of the ordered triangle QUW is %(xy’ —yx').

(c) The rate of change of area is %A, where A is the constant in equation (5.11).

(d) If the orbit is a closed loop, deduce from part (c) that the area enclosed is %A
times the period T of the orbit.

X
5.18. Newton’s law (5.4), mX” = —m——, is denoted in physics texts as

I
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W = (z(t) + 2/ ()h, y(t) + ' (t)h)

U = (z(t),y(t))

(0,0)

Fig. 5.4 Approximate area swept by a planet in time A, for Kepler’s law in Problem 5.17.

mr” = —mM GL.
I3
Define X(¢) = r(kt), where the constant & is to be chosen. Use the Chain Rule to find
k so that the equation becomes (5.4), that is, we can rescale time to eliminate MG.

5.19. Suppose (x,y) = (f(1),g(?)) is a solution of the equations of motion (5.9) with
xy’ —yx’ negative. Show that

(x,y) = (= f(),8()
defines another solution with xy’ — yx’ positive.

5.20. Use equation (5.16) to show that there are at most two values of » at which

dr
— could be zero. Deduce that away from those two values we can solve for ¢ as a

d d
function of r and there & and % are reciprocals.
d¢ dr

5.21. Writing the orbit curve (5.24) in the form —pr = ¢ —y and taking the case
p < —1, prove the following statements.

(a) The motion occurs in the region where y < g.
(b) There are two points of the orbit located on the y axis. Deduce that this is an
elliptical orbit.
zpq and the semiminor is -
p -1 pr—1
(d) Deduce that the semiminor axis is A times the square root of the semimajor axis.
(e) The area of an ellipse is 7 times the product of the semimajor and semiminor

axes. Deduce from part (d) and from part (d) of Problem 5.17 that

(c) Show that the semimajor axis is

%AT = nA(semimajor axis)*/>.

Hence deduce Kepler’s third law: the square of the period of the orbit is propor-
tional to the cube of the semimajor axis.

5.22. Writing the orbit curve (5.24) in the form —pr = g —y prove the following
statements.
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(a) The motion occurs in the region where y < g.
(b) If p = —1 the orbit is a parabola.
(c) If =1 < p < 0 the orbit is half a hyperbola.

5.23. We’ve seen in equation (5.14) that motion toward a gravitating mass is possi-
ble along a line, and in fact that is the only trajectory on which a collision can occur
(with a point mass). Consider now an inverse fifth power law,

X = —[X]°X.

(a) Show that a potential function is %||X||_4, so that %||X’||2 - }‘HXII_4 is conserved.
(b) Let a be a positive number. Suppose a semicircular trajectory is expressed as

X(t) = (a+acosd(r),asind(r)).

1 1
Show that —412(6?’)2 — —————— is constant.
2 16a*(1 + cos )2

(c) Take the case of zero constant in part (b), and 6" positive. Find the constant k

such that
k

1+cosd(t)

(d) Multiply the equation above by 1+ cos 6 and integrate with respect to . Assuming
6(0) = 0, deduce that 6(f) + sin6(r) = kt. Sketch a graph of f(f) = 6+ sinf as a
function of 6 to show that there is a well-defined function 6(r), 0 <t < % with
this property.

(e) Show that there are trajectories that are not straight lines that tend to the origin
in finite time.

o=

5.24. Suppose N masses my,...,my are attracted to each other by gravity and have
position functions X;(?),..., Xy(f). Newton’s laws give

N X; - X;

X/ =- miG———.
k J
#;jzl Xk =X,

The center of mass of the system is C(7) = . Show that the acceleration

N
Zk:1 m Xy (1)
N
j=11j

of the center of mass is zero: C”’(r) = 0.

5.25. Suppose X(¢) is a solution of Newton’s law X"" = —IX|I73X. Set Y(©) = aX(bt),
where a and b are nonzero numbers. Show that Y is also a solution of the same
equation, that is, Y = —||Y||_3Y, provided that a’b* = 1. (This includes the case
(a,b) = (1,-1), where the solution is run backward, X(—1).)

5.26. Let X; be solutions of the system of Newton’s laws in Problem 5.24, and set
Y (t) = aX;(bt), where a and b are nonzero numbers. Show that the Y; are also
solutions of the same system provided that a6 = 1.



Chapter 6
Integration

Abstract In this chapter we introduce the concept of the multiple integral—the
precise mathematical expression for finding the total amount of a quantity in a region
in the plane or in space. Examples include area, volume, the total mass of a body,
the total electrical charge in a region, or total population of a country.

6.1 Introduction to area, volume, and integral

Examples of integrals We introduce the concept of the integral of a function of
two or more variables through two problems.

Mass. Let D be a set in space. Let f(x,y,z) [mass/volume] be the density at the
point (x,y,z) of some material distributed in D. How can we find the total mass
M(f, D) contained in D?
If the density is between lower and upper bounds ¢ and u then the total mass is
between the bounds
{Vol(D) < M(f,D) < uVol(D)

where Vol (D) denotes the volume of D. This estimate for the mass in D is a good
start. But perhaps we can do better. Split D into two subsets D; and D;. On each
one f has a lower and upper bound,

0 < f(x,y,2) <uy in Dy,
6 < f(x,y,2)<up in D.
Thus we have

1 Vol(Dy) < M(f,D1) <uy Vol(Dy),
£, Vol(Dy) < M(f, D7) < up Vol (Dy).
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Adding these inequalities we get that
€1 Vol(Dy) + £, Vol (D7)
<M(f,D1)+M(f,D>)
< u; Vol(Dy) + uy Vol (D3).
The sum of the masses in D and D, is the mass in D, M(f, D). The upper bounds
for the density on Dy and D, are less than or equal to u:

u<u, up < u.

The lower bounds are greater than or equal to ¢:

<0, <.

Putting this all together we get that the total mass M(f, D) satisfies

£Vol(D) < €, Vol (Dy) + £2 Vol (D)
<M(f,D)
< u3 Vol (Dy) + u Vol (Dy) < uVol (D).

By subdividing D into n nonoverlapping subsets Dy,...,D, we can repeat this pro-
cess and get a sequence of inequalities that get us closer to the value of the total
mass in D,

J=1 J

> Vol (D)) < M(£.D) < ) u; Vol (D)).
=1

Population. In a similar manner let D be a set in the plane, say the map of a country.
Suppose the population density at (x,y) is f(x,y) [population/area] and that on D,
the population density is between ¢ and u,

< f(x,y) <u.
If we know the area of D we can estimate the total population P(f,D) in D as
{Area(D) < P(f,D) < uArea(D).

Using an approach like we did for mass, we refine the estimate by splitting D into
nonoverlapping subsets D; and D;. Let £; and ¢, be lower bounds, and u; and u;
upper bounds, for the population density in D and D5, respectively. Then

{1 Area(Dy) +tr Area(D;) < P(f,D) < uy Area(D1) + up Area(D»).

Splitting D into n nonoverlapping subsets we get that the total population in D sat-
isfies
n n
ijArea(Dj) <P(f,D) < Z ujArea(D)).

j=1 j=1



6.1 Introduction to area, volume, and integral 207

These two examples raise two important questions.

e How do we find the area of a subset of the plane or the volume of a subset in
space?

e What properties of f and D assure that the process of taking upper and lower
estimates squeezes in on a single number?

That number, if it exists, is what we call the integral of f over D.

First we look at the question of area and volume.
Area Our discussion of area is based on three basic properties of area in the plane.
We shall explain later that what is said here about area applies, with appropriate
changes, to volume in R3, as well as n-dimensional volume in R”.

(a) If two sets C and D in the plane have area, and C is contained in D, then the
area of C is less than or equal to the area of D.

(b) If two sets C and D in the plane have area and have only boundary points in
common then the union of C and D has area that is the sum of the areas of C
and D.

(c) The area of a rectangle whose edges are parallel to the x and y axes is the product
of the lengths of the edges of the rectangle. It doesn’t matter whether all, some,
or none of the boundary points are included in the rectangle.

To find out whether a subset D of the plane has area we introduce the notions of
lower area and upper area of D. Take h > 0. Divide the whole plane into squares
of edge length % by the lines x = kh and y = mh, where k and m are integers. The
boundary of each h-square is included in the A-square.

o~
\ \\\

0

0 3 0 3

Fig. 6.1 D is the quarter disk including its boundary. There are four 1-squares in D, and twenty-two
%—squares filling more area.

For each bounded set D, let Ny(D,h) be the number of A-squares that are con-
tained in D. Let A (D, h) be the area of all those squares,
Ar(D,h) = W>Ny(D,h).

The squares of edge length %h that are contained in D fill out all the squares of edge
length A that are contained in D and possibly more. See Figure 6.1. Therefore their
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total area is greater than or equal to the total area of squares of edge length A:
Ar(D,1h) > AL(D,h). (6.1)
Setting h = zi,, in inequality (6.1) shows that the sequence
AL(D, %) = ()’ Nu(D, n=1,273,... (6.2)

is an increasing sequence. Since D is bounded, the total area of h-squares contained
in D is less than the area of a large square containing the set D. Therefore (6.2) is
a bounded sequence. We remind you of the Monotone Convergence Theorem, that
states that a bounded increasing sequence has a limit. Call this limit the lower area
of D and denote it as A7 (D):

AL(D) = lim A (D, )

N

LN :

D

Fig. 6.2 D is the quarter disk including its boundary. Twenty 1-squares intersect D, and fifty
%—squares intersect D, covering a smaller area than the 1-squares.

We next define the upper area. Denote by Ny (D, h) the number of all h-squares
that intersect D. Denote by Ay (D, h) the area of the union of these squares:

Ay(D,h) = > Ny(D, h).

If a square of edge length %h intersects D, so does the square of edge length A that
contains it. Therefore
Ay(D,3h) < Ay(D,h). (6.3)

This shows that the sequence
2
Au(D. 5:) = () Nu(D. % n=1,273,...

is decreasing. Again by the Monotone Convergence Theorem a decreasing sequence
of nonnegative numbers has a limit; call this limit the upper area of D, and denote



6.1 Introduction to area, volume, and integral 209

itas Ay(D):
Ay(D) = lim Ay(D, 57). (6.4)

Since fewer h-squares are contained in D than h-squares that intersect D, A (D, h)
is less than or equal to Ay(D, h). See Figures 6.1 and 6.2. It follows that so are their
limits:

Ar(D) < Ay(D). (6.5)

In words: the lower area is less than or equal to the upper area. We define now the
concept of area.

Definition 6.1. If the lower area of a set D is equal to its upper area, this
common value is called the Area(D), and we say that D has area.

Next we verify that area so defined has the three properties we listed at the start
of this section.

(a) If two sets C and D in the plane have area, and C is contained in D, then the
area of C is less than, or equal, to the area of D.
Since C is contained in D, for each h, A;(C,h) < Ap(D,h). So the lower area
ArL(C) < Ar(D). Since C and D have area,

Ar(C) = Area(C), Ar(D) = Area(D),

so Area(C) < Area(D).

(b) If two sets C and D in the plane have area and have only boundary points in
common then the union of C and D has area that is the sum of the areas of C
and D.

Since C and D have only boundary points in common every h-square in C or
D will be an h-square in the union C U D. However, C U D may contain more
h-squares if C and D share part of their boundaries. So

Ap(C,h)+Ar(D,h) <AL (CUD,h).

Similarly the number of i-squares that intersect C plus the number that intersect
D is greater than or equal to the number of A-squares that intersect C U D since
some h-squares intersect both. Therefore

Ay(CUD,h) <Ay(C,h)+Ay(D,h).
Leth = zl,, tend to zero in the inequalities
AL(C,h)+AL(D,h) <AL (CUD,h) < Ay(CUD,h) <Ay(C,h)+Ay(D,h).

The right side tends to Area(C) + Area(D), as does the left. Therefore the two
center terms tend to a common limit, that is by definition Area(C U D).
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(c) The area of a rectangle whose edges are parallel to the x and y axes is the
product of the lengths of the edges of the rectangle. It doesn’t matter if all,
some, or none of the boundary points are included in the rectangle.

Let R be the rectangle [a,b] X [c,d]. The number of h-squares that meet the
boundary of R does not exceed twice the perimeter divided by 4 (when 4 is
smaller than the sides of R). Therefore

0<(b-a)d—c)—ALR,h) <

Ab-a)+d-0)
h

and
H(b-a)+(d-c)) 2
7 .

Letting /4 tend to zero we see that the lower and upper areas of R are both equal
to (b—a)(d—c). A similar argument works whether the rectangle R contains
some or none of its boundary.

0<AyR,h)—(b—a)d—-c) <

Smoothly bounded sets. We show now that all sets that we intuitively think of
having area—smoothly bounded geometric figures—have area in this sense.

Definition 6.2. A smoothly bounded set D in the plane is a closed bounded
set whose boundary is the union of a finite number of curves each of which is
the graph of a continuously differentiable function, either

y=f(x), x in some closed interval,
or
x=f(), y in some closed interval.
y
1
D
1 2 X

Fig. 6.3 The smoothly bounded set D in Example 6.1.

Example 6.1. The set D shown in Figure 6.3 is a smoothly bounded set. The
boundary, included in D, is the union of three curves that are graphs of con-
tinuously differentiable functions:

x=fi=y* (0<y<]),



6.1 Introduction to area, volume, and integral 211

x=fH)=2-y" (0=<y<),
and
y=f3(x)=0 0<x<2).
O

Example 6.2. The boundary of the set D shown in Figure 6.4 is the union
of curves that are graphs of continuously differentiable functions. D is a
smoothly bounded set. O

Fig. 6.4 The smoothly bounded set D in Example 6.2.

Theorem 6.1. If D is a smoothly bounded set then its upper and lower areas
are equal, so D has area.

The key result needed to prove Theorem 6.1 is the following result.

Theorem 6.2. Let C be the boundary of a smoothly bounded set D in R>.
Denote by C(h) the number of squares of edge length h that intersect C. Then

c
Chy< - (6.6)

where c is some number that depends on C.

Proof. D is smoothly bounded so its boundary, C, is the union of a finite number
of graphs of continuously differentiable functions. To prove the theorem we prove
inequality (6.6) for the graph of a single continuously differentiable function

y=g(x) a<x<b
and add the inequalities. Denote by m an upper bound for the derivative of g on

[a,b],
lg’ (0 <m.
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The number of h-squares that intersect the graph of g in the strip
nh<x<(m+1h

is at most m + 2. Therefore the total number of A4-squares that intersect the graph of
g on the interval [a, b] is at most m + 2 times the number of A-intervals in [a, b]. The
number of A-intervals in [a, b] is less than or equal to l%. See Figure 6.5. Therefore

a (m+2)b-a)
= - .

Ch) < (m+2)b;

This proves that we can take ¢ = (m +2)(b — a) in inequality (6.6) for the part of the
boundary that consists of just one smooth graph. If the boundary of D consists of a
finite number of smooth graphs, the estimate (6.6) follows by adding the coefficients

¢ for each part. This completes the proof of Theorem 6.2. O
1]
a b

Fig. 6.5 On [a,b] the graph of y = 3x is covered by no more than (3 + 2)(}’,1;“) h-squares.

We now show that the upper and lower area of a smoothly bounded set are equal.

Proof. (of Theorem 6.1) Denote by C(h) the number of h-squares that intersect the
boundary of D. Then
C(h) > Ny(D,h)— N(D,h).

It follows from Theorem 6.2 that
0 < W*Ny(D,h) — i*N(D,h) < h*C(h) < ch (6.7)

for some number c. Let & tend to zero through the sequence /1 = zin We saw before
that the sequences h>Ny (D, h) and h>Ny(D,h) tend to the upper and lower area of
D. It follows from inequality (6.7) that the limits

Ay(D) = lggrg)thU(D, 7 = lim W*N(D,h) = Ar(D) (6.8)

exist and are equal. This common limit was defined as the area. Therefore the area
exists. O
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Remark. In the special case where B is the boundary of a smoothly bounded
set, Ar(B,h) = 0 for all 7 and Ar(B) = 0. By equation (6.8), Ay(B) = Ar(B) and
the area of B is zero. By properties (a) and (b) of area we see that the area of a
smoothly bounded set D with boundary B is the same whether any boundary points
are included in D or not.

Volume Divide 3-space into cubes of edge length % by the planes x = kh, y = mh,
z = nh, where k, m, and n are integers. See Figure 6.6.

X

Fig. 6.6 An h-cube in 3-space, bounded by planes. A plane y = mh is indicated.

We define in an entirely analogous fashion to area, using s-cubes in the place of
h-squares, the notion of lower volume V(D) and upper volume V(D) of a bounded
set D in 3-space.

Definition 6.3. If the lower and upper volumes of D are equal, this common
value is called the volume of D, Vol(D), and we say that D has volume.

Next we define a class of sets in space that we will show have volume.

Definition 6.4. A smoothly bounded set in R? is a closed bounded set whose
boundary is the union of a finite number of graphs of continuously differen-
tiable functions

z= f(x,y), or y=f(x,2), or x= f(y,2),

defined on smoothly bounded sets in the coordinate planes.

A solid spherical ball and a solid cube are examples of smoothly bounded sets in
R3.
The next result is an extension to three dimensions of Theorem 6.2.
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Theorem 6.3. Let S be the boundary of a smoothly bounded set in R® and
denote by S (h) the number of h-cubes that intersect S. Then

A
S(h)Sﬁ,

where s is a number that depends on S .

Fig. 6.7 The number of A-cubes in a stack that may intersect the graph of f is determined by the
derivative V f.

See Figure 6.7. The proof of this theorem is modeled on the proof of Theo-
rem 6.2.

Proof. Since S is the union of the graphs of a finite number of continuously dif-
ferentiable functions, it suffices to prove the inequality for the graph of a single
differentiable function, say z = f(x,y), defined in a smoothly bounded set D in the
x,y plane. Consider an A-square contained D. For points P and P, in this h-square
there is a point P so that

lf(P1) = f(P)I = Vf(P)- (P —P2)| < &%IIVJ”(Q)II [Py =P

(2 g

o of)

This bound helps us see that the number of #-cubes that intersect the graph of f over
a single A-square that intersects D is less than 2m, where m is an upper bound for the
magnitudes of the first partial derivatives of f on D. Since the number of h-squares

that intersect D is less than -%, where a is the area of a rectangle containing D, the

W2’
number of A-cubes that intersect the graph of f is less than 2}%, as claimed. O

It follows from Theorem 6.3 that the total volume of the A-cubes that intersect S
is less than hizh3 = sh, which tends to zero as & tends to zero.
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It also follows from Theorem 6.3 that the lower and upper volume of a smoothly
bounded set D in 3-space are equal, so we can state the following theorem.

Theorem 6.4. Smoothly bounded sets in R have volume.

Volume in R”. Volume in n-dimensional space can be defined entirely analo-
gously, using n-dimensional boxes. An n-dimensional A-box consists of all points
X = (x1,x2,...x,) for which

nh<x;<@mj+Dh,  (j=1,....n). 6.9)

where the n; are integers. The n-dimensional volume of the A-box is defined to be
h.

The concepts of a smoothly bounded set in n-dimensional space R” and its vol-
ume are a direct generalization of the three-dimensional case. The statement and
proof of Theorems 6.3 and 6.4 can be readily extended to n dimensions. In Prob-
lem 6.6 we ask you to determine the volume of several #-boxes.

We have shown that smoothly bounded regions in R? have area and similarly
smoothly bounded regions in R have volume. Next we look at two examples of
bounded sets, one in the plane whose area is not defined and the other in space
whose volume is not defined.

Example 6.3. Define D to be the set of points (x,y) in the unit square 0 < x < 1,
0 <y <1 where both x and y are rational numbers. The k-squares of the upper
area will have total area greater than 1. As & tends to zero we see Ay(D) = 1.
Since every h-square no matter how small contains points that have rational
and irrational coordinates, the interior of D is empty and we get Ay (D) = 0.
Even though D is contained in a square with area we cannot say what the area
of D is, since Ar(D) # Ay(D). See Figure 6.8. |

0 1

Fig. 6.8 A set in R?> with undefined area in Example 6.3.

Example 6.4. Define D to be the set of points (x,y,z) in the unitcube 0 < x < 1,
0<y<1,0<z<1 where x is irrational. That is, remove from the solid cube
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Fig. 6.9 A set in R? with undefined volume in Example 6.4.

all points that lie on planes satisfying x = r rational. The i-cubes that intersect
D have a total volume greater than 1 and as % tends to zero, we get V(D) = 1.
Since D has no interior points, Vy (D) = 0. So V(D) # Vy(D). D does not
have volume. See Figure 6.9. O

Examples and properties of multiple integrals Before making our formal defini-
tion of the integral we give you two examples of the integral of a function f over a
set D, and investigate some of the properties common to both examples.

Example 6.5. Let D be a smoothly bounded set in R?, and z = f(x,y) > 0 the
height of the graph of f above D. The volume V(f,D) of the region R in R?
defined by the inequality

0<z<f(xy), (xy)inD,
is an example of the integral of f over D with respect to area,

v@m=Lfmwm.

See Figure 6.10. Another notation for this integral is

vmm=Lfmwww

The significance of the dxdy notation will be explained in Section 6.3. O

Example 6.6. Let D be a smoothly bounded set in R?. Denote by f(x,y,z) the
density at the point (x,y,z) of D of some material distributed in D. The total
mass M(f,D) contained in D is an example of the integral of f over D with
respect to volume, denoted as

M(f,D) = fo(x,y,z)dV.
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z=f(xy

Fig. 6.10 The region R lies under the graph of f and above D.

Again as we will see in Section 6.3 another notation for this integral is

M(f.D) = f Fony.oydudydz,
D

O

We use these two examples to illustrate key properties that we will use to define
the integral, namely dependence of the integral on the function f and on the set D.

gl

: (x.y) X,y

Fig. 6.11 Adding the heights of thin columns.

1 iely)
(

) !(X,y)

(a) In Example 6.5 consider three regions in space with the same base D and with
heights f, g, and f + g. See Figure 6.11. The volume of a thin column with
height (f + g)(x,y), where (x,y) is in the small base B of the column, is the sum
of the volumes of two thin columns with base B, one with height f(x,y) and the
other with height g(x,y). Therefore the volume of the region defined by

0<z< f(ry)+g(x,y), (xy)inD

is the sum
V(f+g,D)=V(f.D)+V(g,D).
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Denoting the volume as the integral of height with respect to area we write this

as
f(f+g)dA=ffdA+fgdA.
D D D

In Example 6.6 take the case that there are two materials distributed in D, with
densities f and g. Their total density is f + g, and the total mass in the region is
the sum of the total mass of each material:

M(f +g.D) = M(f,D)+ M(g.D).

Denoting the total mass as the integral of density with respect to volume we

write this as
f(f+g)dV=fde+fng.
D D D

(b) In Example 6.5 change the height f by a factor c¢. Volume is changed by the
same factor:
V(cf,D)=cV(f,D).

Denoting volume as an integral we write this as

chdA:chdA.

In Example 6.6 introduce a different unit for mass. Then both density and the
total mass are changed by the same factor:

M(cf,D) =cM(f,D).

Denoting mass as the integral of density f we write this as

chdV:chdV.

Properties (a) and (b) can be summarized by saying that the integral of f over
D depends linearly on f.

Fig. 6.12 Left: The region R under the graph of f. Center: The cylinder of height ¢ is contained in
R. Right: The cylinder of height u contains R.
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(c) In Example 6.5 let € and u be lower and upper bounds, £ < f(x.y) < u, for the
height at all (x,y) in D. Then the volume over D lies between the bounds

{Area(D) < V(f,D) <uArea(D).

See Figure 6.12. We can write
CArea(D) < ffdA <uArea(D).
D

Similarly in Example 6.6 if the density at all points of D lies between two
bounds ¢ < f(x,y,z) < u, then the total mass contained in D lies between the
bounds

{Vol(D) < M(f,D) <uVol(D).

This is called the lower and upper bound property. We can write this as
{Vol(D) < fde <uVol(D).
D
(d) In Example 6.5 if D is the union of two disjoint sets C and E, the total volume

is the sum of the volume over C and the volume over E, V(f,CUE) = V(f,C) +
V(f,E). We can write it as

fdA = ffdA + ffdA, C and E disjoint interiors.
CUE c E

Similarly in Example 6.6 the total mass contained in the union of two disjoint
sets C and E is the sum of the masses contained in each set, M(f,CUE) =
M(f,C)+ M(f,E). See Figure 6.13. This property is called the additivity prop-
erty. We can write it as

CUEde:fodV+fEde.

Fig. 6.13 Additivity of mass when objects are joined at their boundaries.
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Problems

6.1. Let D be the set of points (x,y) in R? such that 0 <y < 1—x?.

(a) How many }rsquares are in D?

(b) Does the %—square [%, %] X [%, %] intersect D?

6.2. Let D be the closed quarter disk in the first quadrant, with the disk center at the
origin and radius 3. See Figure 6.1.

(a) Find Ay(D, §).
(b) Find A7 (D, §).

6.3. Make a sketch of the rectangle D given by 0 < x <x, 0 <y < x. Find

(a) the number N (D, %) of %-squares contained in D, and their total area;
(b) the number Ny (D, %) of %-squares that intersect D, and their total area;
(c) the number C(%) of %—squares that intersect the boundary of D, and their total

area;
(d) Verify that C(1) > Ny(D, ) - Ni(D, })

6.4. Show that the ball X| < 1inR3isa smoothly bounded set.

Fig. 6.14 Sets D and E in Problem 6.5.

6.5. The intersection of two smoothly bounded sets D and E in R? is along a
smoothly bounded common surface in Figure 6.14. Show that

vol(DUE) =volD + vol E.

6.6. Find the n-dimensional volume of each set.

(a) A union of 57 h-boxes in R”,

(b) The box in R? where 0 < x; < 10, j=1,2,3,n=3,

(c) The box in R® where 0 < x; < 10, j=1,2,3,4,5,6,n = 6.
(d) The box in R* where 0 < x; < {5, j=1,2,3,n =3,

(e) The box in R® where 0 < x; < 75, j=1,2,3,4,5,6,n = 6.

6.7. A plate shown in Figure 6.15 has density f(x,y).
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‘3‘ 12

A A ] A

= ||=z | b= |

10— —5 —

Fig. 6.15 A plate with variable density in Problem 6.7. Three subdivisions are shown.

(a) If 2 < f(x,y) <7 in D show that
630 < mass(D) < 2205.

b) If 2 < f(x,y) <4 in Dy, and 4 < f(x,y) <7 in D, use additivity to show that
990 < mass(D) < 1800.

(c) Further information becomes available, that 2 < f(x,y) <4 in D3, f =2 in Dy,
4 < f(x,y) <61in D5, and 6 < f(x,y) <7 in Dg. Use the additive property and the
lower and upper bound properties to further narrow the mass estimate to

1230 < mass(D) < 1686.

0-10

10-20

20-40

40-80
80-160

160-320

Fig. 6.16 A map of population density, for Problem 6.8.

6.8. A region is subdivided into counties, with the range of population density
(people/square mile) f indicated on the map in Figure 6.16. The map key gives
lower and upper bounds in each region:
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P: 0<f(xy) <10
0: 20< f(x,y) <40
R: 10< f(x,y)<20
S 80< f(x,y) <160
T:160 < f(x,y) <320
U: 40< f(x,y) <80

(a) The area of county Q is 250 square miles. Give bounds for the population of Q.
(b) The Western region consists of counties P, R, and U, that have areas 80, 100, 120
square miles, respectively. Give bounds for the population of the Western region.

(c) Counties S and T have about the same area. Is it possible for f f(x,y)dA to be
S

larger than f f(x,y)dA?
T

(d) Show that —4600 < ffdA — f fdA <5200.
0 U

Fig. 6.17 The liquid volumes in Problem 6.9.

6.9. A liquid of variable density p fills the region D in the large beaker in Fig-
ure 6.17, and another liquid of constant density & = 200 [kg/m?] fills region C. Each
of C and D has volume .05 [m?]. The total mass of liquids is

fddV+fpdV 30.

(a) Find the value of each integral.
(b) Show that the minimum and maximum of p must satisfy

Pmin < 400 < pmax.
6.10. Let D denote the closed unit disk x*> +y? < 1 in the plane and let U denote the
open disk x> +y? < 1.

(a) Describe the boundary of D.
(b) Describe the boundary of U.
(c) What is Area(D)? Area(U)?
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6.2 The integral of a continuous function of two variables

We focus in this section on the definition of the integral in the case where f is a
continuous function on a smoothly bounded set D in the plane.

We shall first define the upper and lower integrals, Iy (f, D) and I (f, D), for con-
tinuous functions f that are nonnegative and show that they are equal; their common
value is defined as the integral of f over D and denoted 7 (f, D). We then verify that
I(f, D) has the four basic properties of the integral introduced in Section 6.1.

(@ I(f+gD)=1(f,D)+1(g,D)
(b) I(cf,D)=cI(f,D) forevery number c
(c) If € < f(x,y) <uforall (x,y) in D, then

CArea(D) < I(f,D) <uArea(D).
(d) If C and D are disjoint or have only boundary points in common,
I(f,CUD)=1(f,C)+1(f,D).

We then extend the definition of the integral to functions that may have negative
values, and verify the four properties listed above.

In Theorem 6.10 we will show that all properties of the integral follow from these
four properties.

Upper and lower integrals of a continuous function f over D. According to the

Extreme Value Theorem 2.11, f is bounded on D. Divide the plane into squares of
side & as described in Section 6.1, and take all s-squares that intersect D. In each of
these h-squares B; we denote by u; and £; an upper and a lower bound for f:

0<t(i<f(x,y)<u; <M, (x,y)inB;. (6.10)
Call the sum
Z hu; 6.11)
J
over all h-squares that intersect D an upper h-sum. Call the sum
Z W 6.12)
J

over all h-squares that are contained in D a lower h-sum.

We claim: For a nonnegative function f every upper hA-sum is greater than or
equal to every lower h-sum.

To see this we observe that for an s-square that is contained in D, the term h?u 5
in (6.11) is greater than or equal to the corresponding term h>f ; in (6.12), since
an upper bound u; is greater than or equal to the lower bound ¢;. The terms in the
sum (6.11) corresponding to s-squares that intersect D but are not contained in D
do not appear in (6.12). Since the function f is nonnegative, so are the upper bounds
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u; and the terms u jhz. It follows that the upper sum is greater than or equal to the
lower sum for the same value of .

Next we show: For a nonnegative function f, given an upper h-sum, there is an
upper //2-sum that is less than or equal to the upper A-sum.

To prove this we observe that if an s/2-square intersects D, so does the h-square
that contains it. An upper bound u; for f in the h-square is an upper bound for f
in each h/2-square contained in it. If all four #/2-squares contained in the A-square
intersect D, their contribution to the 4/2 upper sum (using the same u;) equals the
contribution of the A-square to the upper A-sum. If some of the i/2-squares don’t
intersect D, their contribution to the sum of //2-terms using the same u; is less than
or equal to the contribution of the i-square to the #-upper sum. This shows that the
upper //2-sum can be chosen to be less than or equal to the upper A-sum.

Since f > 0 all upper h-sums are nonnegative, i.e., zero is a lower bound for
the set of upper h-sums. The Greatest Lower Bound Theorem states that if a set of
numbers has a lower bound then the greatest lower bound of that set exists. Call
it U(f,D,h). We have shown that for f > 0 every upper h-sum has a correspond-
ing upper h/2-sum that is less than or equal to the upper h-sum; it follows that
U(f,D,h/2) is less than or equal to U(f, D, h). This shows that

U(f.D.h), h=4, n=12,.. (6.13)

is a decreasing sequence of numbers that are greater than or equal to zero. Therefore
by the Monotone Convergence Theorem it has a limit as n tends to infinity. This limit
is called the upper integral of f. We denote it as

Iy(f.D) = lim U(f,D,2™).

There is an analogous result for lower sums: For f > 0, given a lower A-sum,
there is a lower /#/2-sum that is greater than or equal to the lower A-sum.

To prove this we note that the union of all s/2-squares contained in D includes
all h-squares contained in D. A lower bound ¢; for f in an h-square is a lower bound
for fin all #/2-squares contained in it. An /1/2-square contained in D but that is not
part of an A-square that is contained in D gives a nonnegative contribution to the
h/2-sum, provided we choose a nonnegative lower bound for f. The resulting lower
h/2-sum is greater than or equal to the corresponding lower s-sum.

Each lower h-sum is less than uA, where u is an upper bound for f on D and
A is the area of a square that contains D. The Least Upper Bound Theorem states
that if a set of numbers has an upper bound then it has a least upper bound. Denote
by L(f, D, h) the least upper bound of the lower h-sums. We showed that for f > 0,
for each lower h-sum there is a greater or equal lower 4/2-sum, so it follows that
L(f,D,h/2) is greater than or equal to L(f, D, h). Therefore

L(f.D,h), h=%, n=12,... (6.14)

is an increasing sequence less than or equal #A. By the Monotone Convergence
Theorem this bounded, increasing sequence has a limit, called the lower integral of
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f over D; we denote it as

I(f,D) = lim L(f,D,27").

Theorem 6.5. The upper and lower integrals of a continuous nonnegative
function f over a smoothly bounded set D in R? are equal,

1L(f,D) = Iy(f.D).

Proof. To show that the upper integral and lower integral of a continuous function
are equal we show that for every positive tolerance €, no matter how small, the upper
h-sum and lower A-sum differ by less than € when £ is sufficiently small.

We have shown that for f > 0 every lower s-sum is less than or at most equal to
every upper h-sum.

Differences due to the boundary. The difference between the number of terms in
an upper h-sum (6.11) and the number of terms in a lower s-sum (6.12) is less than
or equal to the number C(h) of h-squares that intersect the boundary of D. We have
shown in Theorem 6.2 that C(h) is less than or equal to c/h for some constant ¢
determined by the boundary of D. Therefore the total contribution of these terms to
the upper h-sum is less than or equal to

MRC(h) < Mhzg - Mch,

where M is an upper bound for the #; in that set. This tends to zero as & tends to
zero. This shows that the sum of the terms in the upper sum that are not in the lower
sum tends to zero as h tends to zero, so is less than % if & is sufficiently small.

Differences due to h-squares in D. We show that the difference of the sum of the
terms that are in both the upper sum and the lower sum tends to zero as & tends to
zero. The difference of the upper and lower sums over h-squares in D is

th(u,-—f,). (6.15)
J

The function f is continuous on a closed bounded set D; therefore it is uniformly
continuous: for every tolerance ¢, we can choose a precision p so small that if the
distance between two points in D is less than p, the values of the function f at these
two points differ less than ¢. Take 4 so small that the distance between two points in
an h-square is less than p. If ; is the maximum of f and ¢; is the minimum of f on
the h-square then

uj— 4 j<t

Using this estimate for the terms in the sum (6.15) shows that the difference between
the sums over interior squares is less than Nh?%t, where N is the number of terms in
the sum. N is the number of h-squares contained in D, which is less than A/ h%, where
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A is the area of a rectangle containing D. This shows that the difference (6.15) is less
than Az. Given the tolerance e, take ¢t = i, then the difference (6.15) is less than §

Adding our two estimates then we have shown that there are upper and lower A-
sums with difference less than € if 4 is sufficiently small. This shows that the upper
and lower integrals are equal, and thereby completes the proof of Theorem 6.5. O

Upper and lower integrals of bounded functions. Although we focused on the
basic case where f is continuous and D includes its boundary, the definitions we
made for Iy (f,D) and I1(f, D) apply to bounded functions f, not necessarily con-
tinuous, on a smoothly bounded set D. In that case the lower and upper integrals
I1.(f,D) and Iy(f, D) both exist but they might not be equal.

Definition 6.5. Let f be a bounded function on a smoothly bounded set D. If
Iy(f,D) = IL.(f, D) we say that f is integrable on D and that the integral of f
over D exists. We write the integral as

1L(f.D) = Iy(f,D) = fD JdA.

The function f is called the integrand. For Cartesian coordinates x,y in the
plane the integral of f over D is also denoted

f f(x,y)dxdy.
D

and is called a double integral.

Remark. By essentially the same argument as for Theorem 6.5 it can be shown
that a bounded function that is continuous on the interior of a smoothly bounded set
is integrable, i.e., that I (f, D) = Iy (f, D).

Example 6.7. Let D denote the rectangle [0, 1) X (0,2), and

) 1
f(X,)’)—ysml xz'

Then 0 < f(x,y) <y <2and f is continuous in the interior of D. Therefore by
the remark above, the integral

exists. O

Approximate integrals. Next we show that the integral of f over D can be estimated
with arbitrary accuracy without calculating upper or lower sums.
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Definition 6.6. Let f be defined on a smoothly bounded set D in the plane.
Divide the plane as before into A-squares and denote by C; = (x;,y;) some
point of the j-th A-square contained in D. Define an approximate integral, or
Riemann sum,

S(f,D,h) = Z F(CHH?, (6.16)
J

where the sum is taken over all #-squares contained in D.

Theorem 6.6. Let f > 0 be an integrable function on a smoothly bounded set
D. As h = 27" tends to zero, every sequence of approximate integrals

S(f,D,h) =" FICHR
J

[ ran

independent of the choice of the points C;.

converges to

Proof. Since f(C;) lies between every lower and upper bound for f on the j-th
h-square, S (f, D, h) is greater than or equal to every lower A-sum. It is also less than
or equal to every upper h-sum since the terms in the upper A-sum corresponding to
h-squares that are not contained in D are greater than or equal to zero, since f > 0.
Therefore S (f, D, h) is contained between the least upper bound of all lower A-sums
and the greatest lower bound of all upper A-sums:

L(f,D,h) < S(f,D,h) < U(f,D,h). 6.17)

Because f is integrable on D, L(f,D,h) and U(f, D,h) tend to the same limit, that
we called the integral of f over D. It follows from inequality (6.17) that S (f,D,h)
also tends to the same limit:

mwmam=ffM,
h—0 D
as asserted. O

Example 6.8. Let f >0 be a continuously differentiable function on a smoothly
bounded set D in the plane, and let R be the region above D and under the
graph of f. See Figure 6.18. R is a smoothly bounded set in R>. We show that

f fdA is the volume of R. By Theorem 6.6 the Riemann sums Z i, yh?
b i
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z =1(x,y) -

e

Fig. 6.18 The sets D and R in Example 6.8.

converge to f fdA as h tends to zero. Every Riemann sum using h-squares

D
is greater than or equal to the s-cube lower volume of R, and is less than or
equal to the upper s-cube volume of R,

VLRI < Y flxisy)h* < Vo(R,h).

Since R is smoothly bounded the upper and lower volumes have the same limit
as h tends to zero, that is the limit of the Riemann sums as well. Therefore

ffdA = Vol (R).
D

O

Example 6.9. Let f(x,y) =1 on a smoothly bounded set D, and let R be the
region under the graph, over D. By Example 6.8

Vol(R) = f 1dA.
D
From our definition of volume we see that
Vol (R) = Area(D)(1).

Therefore
f 1dA = Area(D).
D

e
D

where D is the rectangle 0 < x <5, 0 <y < 3. The graph of f(x,y) =y over D
is shown in Figure 6.19. By Example 6.8 the integral is the volume of the set

Example 6.10. Evaluate
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f(x,y) =y

Fig. 6.19 The graph of f(x,y) =y where 0 <x <5 and 0 <y <3 in Example 6.10.

R of points (x,y,z7) with0 <z < f(x,y), 0<x<5, 0<y<3.

f ydA = Vol(R) = 1(3)(3)(5) = 22.5.
D

]
We next show that our definition of f f dA for nonnegative continuous functions

D
over smoothly bounded sets satisfies the four properties we stated at the start of this
section.

Theorem 6.7. Let D denote a smoothly bounded set, f and g nonnegative
continuous functions in D, and ¢ a nonnegative number. Then

(a)f<f+g>dA=ffdA+fgdA,
D D D

(b)fDCfdA=Cj;fdA,

(c)Ift’Sf(x,y)SuonDtheanrea(D)SffdASuArea(D),

D
(d) If C and D are smoothly bounded sets that are disjoint or have only bound-
ary points in common, and if C U D issmoothly bounded, then

[ue Lrae o

Proof. (a) It follows from the definition of approximate integrals that
S(f+g,D,h)y=S(f,D,h)+S(g,D,h)

provided we use the same points C; in forming all three approximate integrals.
Letting 4 tend to zero gives part (a).
(b) Similarly,
S(cf,D,h)=cS(f,D,h).
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Letting /4 tend to zero gives part (b).

(c) To get an upper bound for the integral of f over D we replace each f(C;) in
the Riemann sum (6.16) by the upper bound u for the values of the function f. This
gives an upper bound for the Riemann sum. The limit of this upper bound as 4 tends
to zero is u Area(D); it is an upper bound for the integral, as asserted in part (c). By

a similar argument £ Area (D) < f fdA.

(d) If C and D are disjoint, theDn for 4 small enough an h-square may belong to
C or D, but not both. In this case a Riemann sum for f over C U D is the sum of a
Riemann sum for f over C and a Riemann sum over D. If C and D have a boundary
curve in common, there are s-squares that belong to C U D but belong neither to C
nor to D. These h-squares intersect the common boundary of C and D. Since the
boundaries of C and D are smooth curves, the number of s-squares they intersect is
less than some constant multiple of 1/A. Therefore their total area tends to zero as
h tends to zero. Therefore the Riemann sum over these squares tends to zero; this
proves part (d). O

Example 6.11. Let f(x,y) =4+y and let D = [0,5] X [0,3] be the rectangular
region
0<x<5, 0<y<3.

From Example 6.10 we know that f ydA =22.5 and from Example 6.9 we
D

know that 4 f 1dA = 4Area(D) = 4(15). So by Theorem 6.7
D

f(4+y)dA=4f1dA+fydA=4(15)+22.5=82.5.
D D D

O

We now extend the definition of the integral to functions that may have negative
values.

Definition 6.7. Let f be a continuous function on a smoothly bounded set D
in R?. Write f as the difference of two continuous functions g > 0 and k > 0:

f=8-k

We define the integral of f over D as the difference of the integrals of g and k

over D,
ffdA:fgdA—f kdA.
D D D

There are many ways of writing f as such a difference. We show that all such
differences give the same value for the integral. Take two decompositions of f
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f=g¢g-k, f=m-n. (6.18)

where g, k, m, and n are nonnegative and continuous on D. We show that calculating
the integral of f using either of these decompositions of f gives the same value, i.e.,
we want to show that

fgdA—f dezfmdA—f ndA.
D D D D

To prove this relation we rewrite it as

fgdA+f ndA=fmdA+f kdA.
D D D D

By part (a) of Theorem 6.7, since g+n > 0 and m +k > 0, we can rewrite the two

sides as
f(g+n)dA:f(m+k)dA
D D

Since it follows from relations (6.18) that g+ n and m + k are equal, so are their
integrals. This proves that the definition of the integral of f does not depend on how
we write f as a difference of two nonnegative functions.

If now f > 0, use the difference

—f=0-F.

fD(—f)dA=fD0dA—fD fdA.

Since f 0dA =0 this gives
D

We get that

fD(—f)dA=—fD fda.

Next we claim that Theorem 6.6—asserting that the integral of f over D is the
limit of the Riemann sums S (f, D, h) as h tends to zero—is valid for all continuous
functions f, not just for nonnegative ones. To see this represent f as the difference
g —k of two nonnegative functions g and k, and use the same points C; for each
function. Then

DA€o =5 (f£.D.h)
=S(g=kD,h) =" ((C)—kC)H*

= > &(CI? = > KCHR = $(g,D,h) =S (k, D, h).
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Then apply Theorem 6.6 to the functions g and k. As & tends to zero, the right side

tends to
fgdA—f kdA,
D D

therefore so does the left side. Since g —k = f, this is by Definition 6.7 equal to

fodA.

The same reasoning, representing the integrand as the difference of nonnegative
functions, shows that Theorem 6.7 on the linearity, boundedness, and additivity of
the integral holds for continuous functions and numbers that may be negative. We
formulate this as follows.

Theorem 6.8. For continuous functions f and g on smoothly bounded sets C
and D, and all numbers c,

(a)f<f+g>dA=ffdA+fgdA,
D D D

(b)chfdA:ch faa,

(c) If € < f(x,y) < u then € Area(D) < ffdA <uArea(D),

D
(d) If C and D are disjoint or have only boundary points in common and CU D
is smoothly bounded then

[ o

Example 6.12. Evaluate

fx3y2dA
D

where D is the closed unit disk centered at the origin. Observe that the inte-
grand f(x,y) = x3y? has a symmetry:

f(=x,y) = =x°y* = = f(x,).

Consider forming a Riemann sum, where for each point C; = (x;,y;) that we
choose in an A-square with x; > 0 we choose the corresponding point (—x;,y;)
for the h-square on the other side of the y-axis. Then the Riemann sum is
exactly zero. Since this can be done for every %, and since the integral is the

limit of Riemann sums, we get
f X y2 dA=0.
D

In Problem 6.23 we ask you to use the properties above to prove the next theorem.

O
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Theorem 6.9. For continuous functions f and g defined on smoothly bounded
sets C and D in R?,

(a) If g(x,y) < f(x,y) for all (x,y) in D then

ngdASfodA,

(b) If C is a subset of D and f > 0 on D then

fcfdAstfdA.

Example 6.13. Let f > 0 be a continuous population density function on D
and denote by a > 0 a number in the range of f. Suppose f > a on a smoothly
bounded set C ¢ D. Using Theorem 6.9 we estimate the population of D as

ffdAfodAZfadA:aArea(C).
D c c

See Figure 6.20. O

)

Fig. 6.20 f>0and f>ainC. SoffdAszdAZaArea(C). See Example 6.13.
D c

As we noted earlier in the chapter, the case of continuous functions on smoothly
bounded sets D is basic, and we focused our attention on them. In fact analogues to
Definition 6.7 and Theorems 6.7, 6.8, and 6.9 hold for bounded functions that are
integrable on the interior of smoothly bounded sets.

Next we show that if a number ¥ (f, D) is defined for all continuous functions f
on smoothly bounded sets D, that satisfies the four properties listed in Theorem 6.8
then .Z(f, D) is the integral of f over D.
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Theorem 6.10. Suppose 7 (f,D) is defined for every continuous function f
on a smoothly bounded set D and that it has the following properties.

(a) #(f+gD)=I(f.D)+.7(g,D)
(b) Z(cf,D) = cH(f,D) for every number c
(c) If € < f(x,y) < u forall (x,y) in D, then

{Area(D) < 7 (f,D) < uArea(D),

(d) For all pairs of smoothly bounded sets C and D that are disjoint or have
only boundary points in common,

J(f,CUD)=J(f,O)+.7(f,D),

Then
L (f,D) = fodA.

Proof. We shall deduce from these four properties that for f >0, Z(f,D) is less
than or equal every upper sum and greater than or equal to every lower sum. To
see this, take an upper #-sum and lower A-sum and partition D into subsets D; that
are the intersections of D with the s-squares. Denote by ¢; and u; lower and upper
bounds for f on D;. By properties (c) and (d) we get

2 < Z ¢; Area(D;)

h—squares in D

< S(f,D)< ) uiArea(D)) < D Wi,

h—squares intersecting D

therefore
L(f,D,h) < Z(f,D) < U(f,D,h).

As h tends to zero we get
1(f,D) < I(f,D) < Iy(f,D).

Since Iy (f,D) = I.(f,D) = ffdA, their common value is .Z(f, D).
D

Now given a continuous function f not necessarily nonnegative, choose a positive
function p so that f + p is positive as well. According to property (a)

J(f+p.D)=I(f.D)+ I (p,D).

So
f(f+p)dA=f(f,D)+fpdA.
D D
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ﬂmm=fu+mﬂ—fpﬂ=ffm.
D D D

Subtract to get

Problems

6.11. Use an area or a volume interpretation to evaluate the integrals.
(a) f 1dA where D is the region 1 <x <2, 0 <y <logx.

(b)fdi where D is the rectangle 0 < x <3, -1 <y< 1.

(©) f NI y2dA where U is the unit disk centered at the origin.

(d)fldVWhereHlsthehalfballx +y?+72<1, z20.
H

6.12. Use a volume interpretation to evaluate f fdA for each function f.
D

(a) f(x,y) =3 and D is the disk of radius 5 centered at (0,0).
) f(x,y) = %y and D is the rectangle where -2 < x <3 and 0 <y <4.

(c) f(x,y) = /x2+y? and D is the unit disk centered at the origin.

6.13. Sketch rectangles D = [—a,0]X[0,b] and E = [0, 1]X[—c, c] in the plane, where
a, b, c are positive. Determine without calculation which of these integrals are posi-

tive.
(a)fdi
D
(b)fdi
E
© [a-na
E

(@fﬁM
E

6.14. Let f(x,y) be a continuous function on a smoothly bounded set D that is sym-
metric about the origin, that is, D contains the negative of each of its points, and

assume f(—x,—y) = —f(x,y) for all points of D.

(a) Find £(0,0) if (0,0) is in D.
(b) Show that there are approximate integrals of f over D that are exactly zero.

(c) Show that f fdA=0.
D
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(d) Evaluate | xydA where D is the unit disk centered at the origin.
D
(e) Which of the following functions satisfy f(—x,—y) = —f(x,y)?

2 2
X, y°, Xxcosy, Xxy-, Xx-—y.

6.15. Use properties of the integral, symmetry, and a volume interpretation to eval-
uate

f (O +3xy+2)dA
D
where D is the unit disk centered at the origin.

6.16. Suppose f is a bounded function and D a smoothly bounded set in R?.

(a) Show that if Area (D) = 0 then the interior of D is empty.
(b) Show that if the interior of D is empty then I1.(f, D) = 0.

(c) Conclude that if f is an integrable function and Area(D) = 0 then f fdA =0.
D
6.17. Justify the following items which prove:

If f is continuous on R? and f fdA =0 for all smoothly bounded sets R, then f is
R

zero at all points of R2.
(a) If f(a,b) = p > 0 then there is a disc D of radius » > 0 centered at (a,b) in which

[y > 5p.
(b) If f is continuous and f(x,y) > p; > 0 on a disk R then

ffdA > p1(Area(R)) > 0.
R

(c) If f is continuous and f fdA =0 for all smoothly bounded regions R, then f
R

cannot be positive at any point.
(d) f is not negative at any point either.

6.18. Write a Riemann sum for

f x*y>dA
[0,11x[0,1]

using points (x;,y;) at the upper right corner of each J—t-square.

6.19. The sum over integers i and j,

DU @+ R?

2+2<10h72

approximates which integral,
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f (x* +y»)?*dA, or f (x* +y»)?dA?
x2+y2<102 x2+y2<10

6.20. Let D be a rectangle [a,b] X [c,d] and consider integrals of the form

f J(®)g(y)dA
D

where f and g are continuous functions of one variable. Use the notion of Riemann
sum to prove that the integral of the product is the product of the integrals:

b d
fD F)g()dA = f Fda f ¢ dy.

6.21. The integral

1
J=f sin( T 5 4
[0,11x[0,1] (I=x5)(1—y%)

exists because the integrand is bounded and is continuous in the interior of the
square.

(a) Find upper and lower bounds on the integrand.
(b) Calculation using Riemann sums indicates that

1
f sin(—————)dA = 423
[0,.999]%[0,.999] (I=x5)(1-y%)

approximately. Assuming that is correct, find bounds on J.

6.22. Let f(x,y) = (4— x> —y?)"1/? in the disk D of radius r centered at the origin,
where r < 2. Is f bounded? integrable on D?

6.23. Prove Theorem 6.9 by justifying the following steps.
(a) For part (a):

() 0 < f(x,y) = g(x,).

(o< [ (F-pan

(iii)Osf(f—g)dAszdA—fgdA.
D D D

(iv) fgdAS ffdA.
D D
(b) For part (b):
(i) Every h-square in C is in D.
(i1) For every Riemann sum for f fdA there is a Riemann sum for f fdA that
c D

is equal or larger.
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(iii) Every Riemann sum for f

(iv)fcfdAstfdA. )

6.3 Double integrals as iterated single integrals

fdA does not exceed f fdA.
D

Now that we have defined the integral

Jyro

for a continuous function f over a smoothly bounded set D in R? we show how to
use definite integrals of a single variable to compute it. We show in this section that
such integrals can be evaluated by performing integration with respect to x, followed
by integration with respect to y.

(d(x))

(b(y).y) D(x)

c (x.c(x))

Fig. 6.21 Left: D is x simple. Right: D is y simple.

We say that a bounded set D is x simple if it has the following property: The set
of all points in D whose second coordinate is y is an interval D(y) parallel to the x
axis, whose endpoints a(y) and b(y) are continuous functions of y:

a(y) < x < b(y), c<y<d.

See Figure 6.21. The integral of a continuous function f(x,y) with respect to x over
the interval D(y)

x=b(y)
Fony)de= f Flny)ds

D(y) =a(y)

is a continuous function of y. We integrate this function with respect to y between ¢

and d, getting
d x=b(y)
| ( | f(x,y)dx) dy.
c x=a(y)
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We call this an iterated integral.

We can make similar calculations for functions over y simple sets: The set of all
points in D whose first coordinate is x is an interval D(x) that is parallel to the y axis
and whose endpoints c(x) and d(x) are continuous functions of x:

c(x) <y <d(x), a<x<b.

See Figure 6.21. We can then calculate an iterated integral

b b y=d(x)
f ( f(x,y)dy) dx = f ( f f(x,y)dy) dx.
a D(x) a y=c(x)

Let’s look at some examples.

/ D(x)/// .
X T /// D(x)/“t

Fig. 6.22 The set D in Example 6.14.

Example 6.14. Let D be the region bounded by the graphs of y=sinxand y=0
for 0 < x < 2. Find the iterated integral of the constant function f(x,y) =7
over D. We sketch the region D in Figure 6.22. D is the union of two y simple
sets. For 0 < x <7 we have 0 <y < sinx, and for 7 < x < 27 we have sinx <
y < 0. So we set up two iterated integrals

X=TT y=sinx X=21 =0
f (f 7dy)dx+f (f 7dy)dx
x=0 y=0 X=n y=sinx

X=n x=2m x=r x=2n
=f 7sinxdx+f —7sinxdx = [—7cosx] 0+[7cosx]
X X

=0 = X= X=m

= —7(-1-1)+7(1 - (~1)) = 28.
O

Example 6.15. Let D be the region bounded by the graphs of x = y* and x =y,
and let f(x,y) = 2xy>. See Figure 6.23. Region D is both x simple and y simple.
Every point (x,y) in D has 0 <y < 1, and for each y between 0 and 1, D(y) is
the interval of points with x values between y” and y. The iterated integral

1 1 X=y 1 v
f ( f 2)cy3 dx) dy = f ( f 2xy3 dx) dy = f [x2y3]x )'2 dy
0 \JD®y) 0 \Jx=y? 0 *=y
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2 — D)

0 1

Fig. 6.23 The set D in Example 6.15.

1 1
1
=f0 (y2y3—y4y3)dy=f0 0 -y =0 -pf =it =

Viewing D as y simple we see that every point in D has 0 < x < 1. The set
D(x) is between x and +/x. The iterated integral

1 Ll ry=vx
f ( f 2xy° dy) dx = f [ f 2xy° dy] dx
0 D(x) 0 y=x
: 4
_ f [%xy
0

We can generalize the notion of an iterated integral over an x simple set to deal
with more complicated sets. Denote by D(y) the set of all points of a set D whose
second coordinate is y. For each value of y, suppose D(y) consists of a finite number
of intervals parallel to the x axis whose endpoints are piecewise continuous func-
tions of y. Since D is bounded, D(y) is empty for all y outside some interval (c,d).
From single variable calculus we know that for such a set D, the integral of a contin-
uous function f(x,y) with respect to x over D(y) is a piecewise continuous function
of y. Integrate this function with respect to y between ¢ and d. Denote the resulting

number as
T1/.D) = f ( f f(x,y)dx) dy.
¢ \Ungy

We call this the iterated integral of f over D. We show now the following.

y= VX 1
B S IO B - N IO N R
. dx—j(;(zx s0)dx=g—13 = 5.

O

Theorem 6.11. Let | be a continuous function on a smoothly bounded set D.

Then the iterated integral T1(f, D) is equal to the integral f fdA.
D

Proof. To see this we show that the iterated integral has all four properties of the
integral listed in Theorem 6.10.
Property (a),
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II(f+g,D)=T1I(f,D)+11(g,D),

follows from properties of integrals for functions of a single variable, since for each
v, the integral of f + g with respect to x over D(y) is the sum of the integral of f with
respect to x and the integral of g with respect to x over D(y). The integral of this
sum with respect to y is the sum of the integrals with respect to y of the two terms.
A similar argument shows property (b):

II(cf,D)=cII(f,D).

(c) To derive the lower and upper bound property of the iterated integral we apply
first the lower and upper bound property of integrals with respect to x. Denote by
L(y) the sum of the lengths of the intervals constituting D(y). Suppose the values
f(x,y) are between ¢ and u. The integral of f(x,y) with respect to x over D(y) lies
between some bounds ¢L(y) and uL(y):

(L(y) < f Flxy)dx < uL(y)
D(y)

for all y. It follows from properties of integrals of a function of a single variable that

{’fL(y)dysfd(f f(x,y)dx) dySude(y)dy.
c c D(y) ¢

From single variable calculus, or by an argument similar to that in Example 6.8, we
know that the integral of L(y) with respect to y is the area of D. So the inequality
above can be rewritten as

{Area(D) < II(f,D) <uArea(D),
which is property (c) for iterated integrals.
To show property (d), additivity with respect to the domain of integration, we

note that if C and D are disjoint or have only boundary points in common, then C(y)
and D(y) are disjoint or have only boundary points in common. Therefore for each y

f f(x,y)dx =f f(x,y) dx+f f(x,y)dx.
(cup)w) cw) D)

Integrating both sides with respect to y we get

JI(f,CUD):f(f f(x,y)dx)dy
¢ \J(cub)y)

d d
=f ( f(x,y)dx)dy+f ( f(x,y)dx)dy=f](f,C)+II(f,D).
c C@y) c D(y)

This completes the proof of additivity for the iterated integral.
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Now that we have shown that the iterated integral has all four properties of the
integral listed at the beginning of Section 6.2, we appeal to Theorem 6.10, that these
four properties imply ZI(f, D) is equal to the integral of f over D.

Reversing the roles of x and y we have the analogous result for iterated integrals,

b
f ( f f(x,y)dy) dx.
a D(x)
O

In the special case where f is continuous on a rectangle D = [a,b] X [c,d] then by

Theorem 6.11 J ,
V= x=
fodA=fy=C (fx=a f(x,y)dx)dy,
x=b v=d
[raa= ( j f(x,y)dy)dx-
b d d b
[ oo L[ )

Example 6.16. Let D be the rectangle given by

and

Therefore

Then

3/ pl 3 3
fxysz=f (f xyzdy)dxzf [%xy3]1=0dx:f %xdng.
D 2 \Jo 2 Y 2

Integrating first with respect to x and then with respect to y we get

1/ 3 1
fxyszzf (f xyzdx)dyzf %yzdyzg.
D 0 2 0

~ |

Fig. 6.24 The region in Example 6.17.
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Example 6.17. We can compute the double integral of f(x,y) = xy> over the
domain D shown in Figure 6.24. D is bounded by the lines y =0, y = 1, and
the graphs of the functions (x in terms of y) x =1 and x = +/y. Then

1/ pl 1
f xy3dA=f (f Xy3dX)dy=f 1= yhHdy=3G-H =5
D o \Jw 0
This double integral may also be evaluated by

| y:x2
fxy3dA=f f xy3dy dx
D 0 y=0

1 1
= fo 3G - 507)dx = fo 1¥dx= 4.

Problems

6.24. Compute

f fx,y)dA
D
where D is the set in the plane bounded by the graphs of y=1, x =y, and x =4 -y,

and f(.x, V) =€ ').
fy
D

where D is the half disk where x*> +y? <1 and y > 0.

6.25. Evaluate

6.26. Evaluate the integrals.
(a) f (x* —y*) dA where D = [-1,1]x[0,2].
D

(b) f x*y*(x+y)dxdy where D = [0,1]x[0,1]
D

6.27. Consider the integrals

f\/ydA, fdi, f(\/§+x)dA,
D D D

where D is the triangular region in Figure 6.25.

(a) List the three integrals in order from least to greatest, using inequalities among
the functions +/y, x and +/y+x on D.
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Fig. 6.25 The set D in Problem 6.27.

(b) Evaluate the integrals as iterated integrals.

0 1 4 5

Fig. 6.26 County D in Problem 6.28.

6.28. The population density [people/area] of County D, Figure 6.26, where every-
one wants to live near the Southwest corner, is

plx,y) = m

The total population is 10° and ¢ is a constant.

(a) Find the average population density.
(b) Express the total population as an integral over D, and set it up as an iterated

integral.
(c) Find c.

6.29. Evaluate

fsinydA
R

where Ris theregion0<x <1, 0<y< +/x

f e’xdA
R

where R is the region bounded by y = x+2 and y = x%.

6.30. Evaluate
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6.31. Supply the missing numbers.

(7) 1 2 (?)
f (?a)cy2 + 5x4y3) dA = (?)f xdxf y2 dy+ (?)f X dxf y3 dy.
[0.2]x[-1,(D] 0 -1 0 -1

6.4 Change of variables in a double integral

A change of variables relates two pairs of variables (x,y) and (u,v) by a function F
from R? to R

Definition 6.8. A continuously differentiable function

F(u,v) = (x(u,v),y(u,v))

from an open set U in the plane to R? is called a smooth change of variables
if F is one to one and its derivative matrix is invertible at each point of U.

If F is a smooth change of variables then the Jacobian

u Yv

JF(u,v) = det DF(u, v) = det [ u ty ]

is nonzero and its absolute value can be interpreted as the local magnification factor
at (u,v) of area under the mapping. To see this take the triangle S whose vertices are

(uw,v), W+h,v), (u,v+h).
These points are mapped into the points
(x(u,v),¥(u,v)),  (x(u+h,v),yw+h,v)), (x(u,v+h),y(u,v+h))

in the x,y plane and are vertices of a triangle 7. See Figure 6.27. We approximate
(x(u+h,v),y(u+h,v)) by (x+hx,,y+hy,) and approximate (x(u,v+h),y(u,v+h)) by
(x+ hx,,y + hy,), where the functions x, y and their partial derivatives are evaluated
at (u,v). Denote by T’ the triangle with vertices

(x,y), (x+hx,y+hy,), +hx,,y+hy,).

For h small the shaded area of F(S) in Figure 6.27 is close to the area of the
triangular region 7. The error in the linear approximation of sides of 7" by the sides
of T’ is less than a multiple of 2. Two of the side lengths of 7" are ||(hx,,hy,)| and
[(hx,, hy,)|l, multiples of &, so changing the length of a side of 7’ by a multiple of
h? changes the area by less than kA3, for some number k. (See Problem 6.33.) So the
area of T differs from the area of 7’ by an amount that is less than k/>. Therefore
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(z(u,v), y(u,v))

(x(u, v+ h),y(u,v+ h))

(z + hxy,y + hyy)
z

Fig. 6.27 Area(T)— Area(T") is less than a constant multiple of /3.

_ Area(T)— Area(T") B @
- Area(S) - %h2

and the limit of the quotient as % tends to zero is zero. Therefore as 4 tends to zero,
Area(T") Area(T)

Arca(S) ¢ Area(s)
vertices are given above is

have the same limit. The area of the triangle 7’ whose

Area(T") = |§ (hxyhy, = hxyhy,)| = 316y, — Xyl
The area of S is %hz. The ratio of these two areas is
[JE e, v)| = X0 yy = XpYul, (6.19)

the absolute value of the Jacobian at (u,v). If the mapping F preserves orientation.
That is if it maps small positively oriented triangles in the u,v plane to positively
oriented approximate triangles in the x,y plane then the ratio of the areas is simply
the Jacobian J of the mapping.

Here is the change of variables theorem for integrals.

Theorem 6.12. Let F(u,v) = (x(u,v),y(u,v)) denote a smooth change of vari-
ables that maps a smoothly bounded set C onto a smoothly bounded set D,
so that the boundary of C is mapped to the boundary of D. Denote by f a
continuous function on D. Then

f f(x,y)dxdy = f fx(u,v),y(u,v)|JF(u,v)|dudy (6.20)
D C

where JF is the Jacobian of the mapping.

Proof. Divide the u,v plane into h-squares and approximate

f f(x(u,v),y(u, v))|JF(u,v)|dudv
C
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by a finite sum

S(f.Chy = ) f(BGuj v DITF G, v IR,
J

where (u,v;) is some point in the j-th s-square, and the sum taken over all h-squares
contained in C. The mapping F carries the A-squares in the u, v plane into smoothly
bounded sets in the x,y plane that we denote as D;. The area of D; is approximately
|JF(uj,v j)|h2, with an error less than some multiple of />.

Let D’ be the union of the sets D;. The integral of f over D’ is the sum of the

integrals of f over D;:
f fdxdy = Zf fdxdy.
r j vDj

We approximate the j-th integral above as f(u;,v;) Area(D;), and we approximate
the Area(D;) by |JF(u;,v;)|h*. The error thus committed in each term in the sum is
less than ch?, for some constant c. The total error committed is less than or equal
to the sum of the individual errors. Since eacgindé\bi()iual error is less than ¢h?, and
rea

n the total error is less than

since the number of terms in the sum is less

Area(D
%()(Cfﬁ) = Area(D)ch.
This shows that

< Ch.

scrcm= [ s

So f(x,y)dA and f f(x(u,v),y(u,v))|]F(u, v)|dudv differ less than some con-
D/

stant times /. For h small enough the area of the set of points that are in D but not
in D’ does not exceed Mch where M is an upper bound on |JF(u,v)| on the closure
of C and c is a number that depends on the boundary of C. Hence the difference

between f(x,y)dA and f f(x,y)dA tends to zero as h tends to zero. |
j24 D

br

Fig. 6.28 The smooth change of variables in Example 6.18 maps the circle to the ellipse.

Example 6.18. Define sets
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C={(u,v):u2+v2§r2}, D={(x,y):(§)2+(£>2§r2},

The boundary of C is a circle and the boundary of D is an ellipse. See Fig-
ure 6.28. The mapping F(u,v) = (au,bv), x = au, y = bv, a > 0, b > 0 sends
points (u,v) in the set C one to one onto the points of D. Find the area of D.

We have
a0

JF(u,v) = det DF = det[ 0b

}:ab>0,

so F is orientation preserving. By the change of variables theorem

Area(D) = f ldxdy = f 1(ab)dudv = abnr?.
D c

2T

27/3

/6

01 2 5

Fig. 6.29 The mapping F in Examples 6.19 and 6.20.

Example 6.19. Let D be the shaded set on the right in Figure 6.29. Find
e "7 dA. The iterated integrals we would obtain in x,y coordinates will

D
not help us evaluate this integral because we cannot find a simple antideriva-

. 2.2 . . .
tive for e* *¥” with respect to x or y. So we try a change of variables F that is
suggested by the polar coordinate transformation

X=ucosv, y=usinv.

Note that F is one to one on an open set that contains the rectangle C given by
2<u<5, 0<v<2nr/3. The Jacobian is

CcosV —usiny
sinv ucosv

2

JF(u,v) = det DF(u,v) = det[ ] = ucos’v+usin®v = u.

The Jacobian is positive in C. By the change of variables theorem,
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v=2r/3 u=>5
2.2 202 0a 2 ain2 2
fe" W dxdy = fe“ COsT i sin Vududv:f (f et udu) dv
D C v=0 u=2

I U R s 1,25 42
_ u _ _ n
—f [EC ] 2dV—‘[ E(e —€ )dV— i(e —€ )?
\% = A%

=0 u= =0
O

Remark: 1t is customary to write (r,8) for polar coordinates instead of (u,v). Then
the change of variables formula is

ff(x,y)dxdy:ff(rcosﬂ,rsin@)rdrd@.
D c

Example 6.20. Let D = {(x,y) : x> +y*> <25} and let C denote the rectangle
0<u<5, 0<v<2n. See Figure 6.29. We evaluate

24,2
fe“y dA.
D

The polar coordinate mapping F(u,v) = (ucosv,usinv) is not a smooth change
of variables on a set that contains C: det DF(0,0) = 0 and also F is not one to
one, F(u,0) = F(u,2n). For 0 < € let

Ce={(u,v):€<u<5,0<v<2n—e}

and set D¢ = F(C¢). Then the change of variables theorem applies. The inte-

2.2 . .
grand e* " is bounded on D and the area of the region C — C, tends to zero
as € tends to zero, as does the area of the region D — D,. Therefore as € tends

to zero, the relation
2.2 2
f er Y dxdy:f e ududy

fex2+y2dxdy=fe”2ududv.
D c

We evaluate the last integral as an iterated integral
V=21 u=>5 ) v=2m1 ) u=>5
=f (f e” udu) dvzf [%e“ ] dv = %(625— 1)2n.
v=0 u=0 v=0 u=0

Example 6.21. Let D be the parallelogram in R? bounded by the lines

tends to

y=—x+5, y=-x+2, y=2x-1, y=2x-4.

and let R be the unit square [0, 1]x [0, 1]. See Figure 6.30. Compute
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y = -X+2

Fig. 6.30 The region in Example 6.21.

fedi.
D

The mapping F(u,v) = (u+v+1,—u+2v+ 1) takes R one to one onto the
parallelogram D.

DF(u,v) = [_11 é} ,  JF(u,v)=det(DF(u,v)) = 3.
So
1 pl
fexcixdyzfe"+v+1|3|dudv=3ef f e'e’ dudy
D R 0 Jo
1 1
= 3ef e”duf e"dv =3e(e—1)°.
0 0 O
Problems

6.32. Consider the mapping

x| |11f|u
ylT101|[v]
(a) Show that the Jacobian is 1.

(b) Sketch the triangle with vertices (1,0), (1,1), and (0, 1) and its image under the
mapping. Show that its image has the same area.

6.33. Figure 6.31 shows a triangle whose sides are multiples of /. The size of the
triangle has been changed by moving one side so that one edge is changed by kh?
for some k. Use the steps below to show that the change in area is less than or equal

to some constant times /3.
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2
h k

hc

ha 1

Fig. 6.31 The triangles in Problem 6.33.

(a) Show that ¢ = k2 for some k;.

(b) Show that m = kyh + kzh?* for some ky, k3.

(c) Show that the change in area is less than some multiple of 43 if & is sufficiently
small.

6.34. For a mapping of the form (x,y) = (f(u),g(v)), verify that the Jacobian is given
by

Xy X
det u v — 7 ’ .
[ Y ] fwg' v)
6.35. Consider the mapping defined by the complex square

x+iy=(u+iv 2,
y = ( )

that is, x = u?> —v?, y = 2uv. It maps the quarter annulus shown in Figure 6.32 to
the half annulus, for example. Find the Jacobian at the point (1,0), and sketch the
approximate image of the small indicated triangle, that has vertices at (1,0), (1.1,0),

and (1,.1).

) A

.25 1 5 1

Fig. 6.32 The mapping in Problem 6.35.

6.36. Use the change of variables (x,y) = (ucosv,usinv) to evaluate the integrals,
where U is the unit disk centered at the origin.

2 2dA,
(a)fU\/x +y

(b) f G+xt+2x5% +yHdA,
U
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(©) f ydA.
U
6.37. Use the change of variables (x,y) = (rcos 6, rsin6) to polar coordinates to eval-

uate the integral
f X1 g4
D

where D is the set of points (x,y) with a> < x> +y? < b%. a,b are positive constants.

6.38. Use symmetries or the change of variables (x,y) = (rcos,rsin) to evaluate
the integrals, where D is the annulus

1< /x2+y2<8.

(a) f (x> +y*)PdA, p any number
D

(b)f(3+y—x2>dA,
D

(c) f log(x* +y?)dA.
D

6.39. Verify that each of the following formulas defines a mapping of the unit square
C to the rectangle D shown in Figure 6.33. In each case, make a sketch that shows
your initials written in C, and their image in D.

(a) (x,y) = (5u,3v)
(b) (x,y) = (5v,3u)
() (x,y) = (5v,3 = 3u)

0 5
Fig. 6.33 The sets in Problem 6.39.

6.40. For each mapping in Problem 6.39,

Xy Xy

], and
u y\)

(a) calculate the Jacobian det[
(b) state whether the mapping is orientation preserving or not.



6.5 Integration over unbounded sets 253

6.41. Substitutions are made in the integral f (1 + xy)dxdy using the mappings in
D
Problem 6.39 and their Jacobians from Problem 6.40. Verify the formulas:

(a) f(l+xy)dxdy=f(1+15uv)15dudv.
D C

(b) f(1+xy)dxdy¢f(1+15vu)(—15)dudv.
D C

(c) f(1+xy)dxdy=f(1+15v(l—u))15dudv.
D c

6.5 Integration over unbounded sets

To integrate a function f over an unbounded set we will require that the unbounded
set D is the union of an increasing sequence

D, CD2CD3C"'

of smoothly bounded sets.
We start by giving some examples.

Example 6.22.(a) The first quadrant D, consisting of all points (x,y) with x
and y nonnegative, is unbounded. Let D, be the square 0 < x<n, 0<y<n.
See Figure 6.34. Quadrant D is the union of the sets D,,.

(b) Let D again be the first quadrant and let D,, be the points where x >0,y >0,
and x+y < n. Again D is the union of the D,,. See Figure 6.34.

(¢) D is the half plane consisting of all points (x,y) with x > 0, and D,, is the
rectangle 0 < x<n, -n<y<n.

(d) D is the whole plane and D,, is the square —n < x<n, —-n<y<n.

(e) D is the whole plane and D, is the disc of radius n centered at the origin,

2

2.2
xX“+y - <n°,
O

456 X 456 X

Fig. 6.34 The first quadrant is the union of increasing squares or triangles.

Integration of a continuous function f over an unbounded set D is defined by
considering the limit of a sequence of integrals of f over smoothly bounded sets.
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Definition 6.9. Let D be an unbounded set in RZ. Denote by D(n) the set of
points in D whose distance from the origin is less than or equal to n. See
Figure 6.35. A nonnegative continuous function f defined on D is integrable
over D if the sequence of numbers

fdA7 n:1,2,3,...

converges. The limit of this sequence is called the integral of f over D. We
say that the integral exists, and write

f fdA = lim f fdA.
D n—= )

Fig. 6.35 The sets D(n) engulf the first quadrant D. The sets D(4), D(5), and D(6) are indicated.

We show now that we may replace the sequence of subsets D(n) by any increasing
sequences of bounded subsets D,, whose union is D:

Theorem 6.13. Let D be an unbounded set, and
DicDycDscC---

an increasing sequence of smoothly bounded subsets of D whose union is D,
and let f be a nonnegative continuous function on D. Then

lim f fdA = lim fdA
m—o0 Dy n—oo D(n)

in the sense that if one limit exists, so does the other, and the limits are equal.
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Proof. Suppose first that lim fdA exists. For a nonnegative continuous func-

m-—0oo Dm
tion f both sequences of integrals above are increasing. We observe that for each
D(n), all subsets D,, for m large enough contain D(n); it follows that

lim [ fdA> | fdA.

Therefore by the Monotone Convergence Theorem lim fdA exists and
n—oo D(Vl)

lim [ fdA>1lim | fdA.

m—00 Dm n—oo D(n)

Now since the sets D,, are bounded, all subsets D(n) for n large enough contain D,,.
From this the opposite inequality follows. Therefore the two limits are equal. The
same argument applies if we reverse the roles of D,, and D(n). O

Here is an example of an integral over the whole plane:

f e dA. 6.21)
RZ

We evaluate this integral over the plane in two different ways.
(i) Choose as the sequence D, the squares —n < x <n, —n <y <n. According to
Theorem 6.11

1 1 1 1
f e ¥ dA = f (f e e dx) dy = f e’ dyf e
Dy -n\J-n -n —n

The two integrals on the right, one with respect to x, the other with respect to y, are
equal. Therefore the right side is equal to

( I e dx)z.

. 2 -
Does this sequence of numbers converge? For x > 1 we have 0 <e™ <e ™ and
00

00
. - . 2 .
since f e " dx exists, f * dx exists as well. By symmetry
0

0 0o
f e f e dx.

1 00
So f  dx converges to f e dx and

n 0

) 2
f e—xz-yszz( f e_xzdx) (6.22)
R2 —00
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exists. Next we find its numerical value.

(ii) Choose as the sequence D, the discs 2+ y2 < n?. In the integral over D,
make a change to polar coordinates x = rcosf, y = rsinf. As we saw in Exam-
ple 6.20, when we make the change of variables we get

f e dA= | e rdrdo
n P71

where P, is the rectangle 0 <r <n, 0 <6 < 2x.
This integral can be carried out explicitly; it is equal to

n 21
f (f dG) e rdr = (1 —e_”z).
o \Jo

The limit is 7 as n tends to infinity. This shows that f e’ dA=n. By equation
R2
(6.22) we conclude that

f e dr= N (6.23)

(o8]

It is curious that we have found the value of the integral (6.23) with respect to a sin-
gle variable by finding the value of the integral (6.21) with respect to two variables.

We remark that the evaluation of the integral (6.23) is basic in the theory of
probability. The graph of the function

I _e
fx) = ﬁe

is the classic bell curve, of the normal distribution. Probability is an important appli-
cation of integration over unbounded sets.
Not all functions describing probabilities are continuous on all of R?. So we

extend the concept of integration over an unbounded set D to functions that are not
continuous on D.

Definition 6.10. Let D be an unbounded set in the plane. Let f be a bounded
nonnegative function on D that is integrable on D(m) for some m (as described
in Definition 6.9) and is continuous on D — D(m). We say that f is integrable
on D if the sequence of integrals

fdA,f fdA,f FdA. ...
D(m) D(m+1) D(m+2)

converges. We denote this limit

limf fdAszdA.
n—e J ) D
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Definition 6.11. We say that a function p is a probability density function if
(a) p(x,y) =0 for all (x,y) in R?, and
® [ penda=

R2

If p is integrable on a set D then the probability that (x,y) is in D is
f p(x,y)dA.
D

Example 6.23. Show that

1.-(20?)
ne

px,y) =

is a probability density function, and find the probability that (x,y) is in the

2_.2
first quadrant. We showed that f e dA=m,so0
R2

2.2
f le"@™ A = 1.
R2

Since p is nonnegative, p is a probability density function. The probability
that (x,y) is in the first quadrant is

1 ,—(2+y%) : (e POTRTING ot =) L
-e YJdA = lim = e rdrdd =75, lim | —e =7
20, y20 4 n—oo Jo ™ Jo Tpooo| 2 0

We might also have reasoned that by symmetry the integral of p on each of
the four quadrants is equal; therefore the probability is }1. O

In the next example p is not continuous on R? but it is integrable on R2.

Example 6.24. Let

2x+c—y

) { Y g<x<land0<y<2
plx,y) =

0 otherwise

Find ¢ so that p is a probability density function. p is not continuous on R>
but by Definition 6.10 p is integrable over R2. The integral of p over R? is

fpdAzf pdA+f pdA
R2 D=[0,1]x[0,2] R2-D

2l 2
2x+c-y l+c—y 2+2c-2 ¢
= ———dxdy+0= dy = ==
fo fo T fo YT T T

So ¢ = 2. We check that p is nonnegative: in the rectangle 0 < x <1, 0 <y <2
we have x >0 and 2-y >0, so
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_ 2x+(2-y) S

0.
4

p(x,y)

O

We end this section by extending the notion of integrability in an unbounded
domain to continuous functions that take on both positive and negative values.

Theorem 6.14. Let D be an unbounded set, and f a continuous function on D
whose absolute value is integrable over D,

f |fIdA exists.
D

Let D,, be an increasing sequence of smoothly bounded subsets of D whose
union is D,
DicDyc---cD,C---, U,D, = D.

Then the limit of the integrals of f over the sequence D,,

lim fdA exists,

—00
n D,

and this limit is the same for all such sequences D,,.

Proof. Decompose f as the difference of its positive and negative parts, f = fi — f_,
where

Jr(xy) = max(f(x,y),0),  f-(x,y) = max(=f(x,y),0).

The absolute value of f is the function

A= fot /o

This shows that the nonnegative functions f. and f_ are less than or equal to |f].
Since |f] is integrable over D, so are f; and f_ (see Problem 6.50).

According to Theorem 6.13, the integral of f; and f_ over D is the limit of the
integral of f; and f_ over any increasing sequence of smoothly bounded subsets D,,
of D whose union is D. It follows that the limit of the integral of their difference
f+ — f- over D, is the difference of the limits of the integral f; and of f_ over the
sequence of subsets D,,. Since f;, — f- = f, this completes the proof of Theorem 6.14.

O

Based on Theorem 6.14 we make the following definition.
Definition 6.12. A continuous function f that takes on both positive and neg-

ative values in an unbounded set D is called integrable over D if its absolute
value |f] is integrable over D.
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Problems

6.42. Describe the sets in which the functions below are positive.

(b) f(x,y) = xy
(¢) f(x,y) = cos2m \/)52—4_);2)
6.43. Let D be the region in R? where 0 < x and 0 < y<1.
(a) Evaluate f e *dxdy
D

(b) Evaluate f e Wdxdy

D
(c) Show that e™ is not integrable over D.

6.44. Let a > 0,b > 0. Use the change of variables theorem to show that

f e_(ax2+b}'2) dxdy — fz R e—(u2+v2) L dudv,
x2+y2<n? %+%Sn2 Vab

f e—(ax2+by2) dA.
R2

6.45. Let U be the open unit disk in R? centered at the origin, \/x2+y? =r < I.
Which of these functions are integrable over R* — U?

and evaluate

(a) logr
1

b) —
(b) rz,l

(©) 21

@r

6.46. Verify the following identities for the positive and negative parts of numbers
x and functions f.

(a) |x] = xy +x_
) x=xy—x_
© Ifl=fe+ /-
@ f=rfi-r-

—00

6.47. Evaluate f e~ (/40 gy by a change of variables.

6.48. Evaluate f e dx by a symmetry argument.
0

6.49. Show that if f is continuous then the positive part of f, f, is continuous.
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6.50. Justify the following steps to prove that if f is integrable on R? and g is a
continuous function with 0 < g < f then g is integrable on R?.

(a) gdA exists.
D(n)
(b)0< f gdA < fdA.
D(n) D(n)

(c) The numbers gdA are an increasing sequence bounded above.
D(n)

(d) lim gdA exists.

n—o0 D(n)
6.51. Let p be the probability density function in Example 6.24.

(a) Sketch the set in R? where x+y < 2.
(b) Find the probability that x+y < 2.
6.52. Let p(x,y) =2xwhen 0 <x<1and 0 <y <1, and p(x,y) = 0 otherwise.

(a) Show that p is a probability density function.
(b) Sketch the set in R? where x > y.
(c) Find the probability that x > y.

6.53. Let p be a probability density function in R?. Each point of R? is either in a
set D or not in D. What does the equation

fpdA+f pdA = pdA
D R2-D R2

tell you about the probability that (x,y) is not in D?

6.54. Suppose f and g are continuous functions on R? so that f> and g? are inte-
grable on R?. Use the inequality

2ab < da®+b*

to show that the following functions are also integrable:

() Ifgl
(b) fg
(©) (f+8)?

6.55. Show that f2 is integrable on R? for each function f:

(a) " wherer= VX2 +y?

1+/4°
(b)e™”

() A

1+r4
(d) ye™"
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6.56. Justify steps (a)—(d) to prove that if a continuous function f from R? to R is
integrable on an unbounded set D then

U;fdA‘stlfldA.
(a)ffdA ff+ ff_dAstf+dA+fo_dA=fD|f|dA

f( f)dA<fIf|dA

6.6 Triple and higher integrals

We outline key definitions, state theorems, and look at many examples of integrals
of functions of three or more variables.

The notion of a smoothly bounded set in R” is defined inductively on the dimen-
sion n.

Definition 6.13. A closed set D in R" is smoothly bounded when its boundary
is the union of finitely many graphs of C! functions of the form

Xk =8(X1, ooy Xk—1s Xt 15---5Xn) SOME k=1,...,7n
defined on smoothly bounded sets in the hyperplane where x; = 0.
The notions needed to define the volume of a smoothly bounded set in R” are
analogous to those we used to define the concept of area of a smoothly bounded set
in R2. In a similar manner we define the lower and upper volumes and say that a set

has volume Vol (D) if its upper and lower volumes are equal. The following theorem
is analogous to Theorem 6.4.

Theorem 6.15. Smoothly bounded sets in R" have volume.

The definition of the integral of a function of n variables mirrors the definition of
the integral of a function of two variables.



262 6 Integration

Definition 6.14. Let f from R" to R be a bounded function on a smoothly
bounded set D in R". We define the upper and lower integrals

IU(f’D)’ IL(st)

for bounded nonnegative functions as we did in R?. If the upper integral equals
the lower integral we say f is integrable over D, and we write the integral

Iu(f.D) = I,(f.D) = fD FAX.

Just as we saw for functions from R2 to R, we can show that continuous functions
are integrable over smoothly bounded sets.

Theorem 6.16. For a continuous function f on a smoothly bounded set D in
R”, the upper integral of f over D is equal to the lower integral, and the
integral of f exists:

Iu(f.D) = I,(f.D) = fD FAX.

We have the four properties of linearity, boundedness, and additivity:

Theorem 6.17. For all continuous functions f and g from R" to R on smoothly
bounded sets C and D, and all numbers c,

e f (f +g)d"X = f FdX+ f d'X,
D D D
(b)fcfd"chf fd*X,
D D

(c) If € < f(X) < u then £Vol (D) < ffd"X < uVol(D).
D
(d) If C and D are disjoint or have only boundary points in common and C U D

is smoothly bounded then fd'X = f fd"X + f fd"'X.
cuD c D

Example 6.25. The constant function f(xy,...,x,) =1 is continuous on R" and
we have 1 < f(X) < 1. It is integrable over every smoothly bounded set D. By
the boundedness property, Theorem 6.17 part (c),

Vol(D) < f 1d"X < Vol (D).
D
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Therefore Vol(D) = f 1d"X. O
D

The integral is characterized by the four properties in Theorem 6.17; we have the
following theorem.

Theorem 6.18. Suppose a number (f,D) is defined for every continuous
function f on a smoothly bounded set D in R" and that it has the following

propetrties.

(a) I(f+gD)=I(f.D)+.7(g,D)

(b) Z(cf,D) = cH(f,D) for every number c

(c) If € < f(x1,x2,...,%,) < uforall (x1,x2,...,X,) in D, then
¢Vol(D) < .Z(f,D) <uVol(D),

(d) For all pairs of smoothly bounded sets C and D that are disjoint or have
only boundary points in common,

J(f,CuD)=J(f,C)+.7(f,D),
Then
SF(f,D) = ffd"X.
D

The proof is similar to the proof of Theorem 6.10 for double integrals.
As with double integrals we often calculate integrals using approximate integrals
(Riemann sums).

Theorem 6.19. The integral fd"X of a continuous function f on a

D
smoothly bounded set D in R" is equal to the limit as h tends to zero of approx-

imate integrals
D@ ph”
J
that are sums over h-boxes in D, with any chosen points P; in the j-th box.

Average of a function. The integral allows a definition of the average of a function.

Definition 6.15. The average of an integrable function over a smoothly

bounded set D is
f o _ JpfeX
Vol (D) 1 X’
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The next theorem gives conditions under which the average of f is a value of f.
We say that a set D in R" is connected if for every two points A and B of D, there is a
continuous function X from some interval [a, b] to D so that X(a) = A and X(b) = B.

Theorem 6.20. Mean Value Theorem for Integrals. Suppose f from R" to
R is a continuous function on a smoothly bounded connected set D in R", with
Vol(D) # 0. Then there is a point P in D at which

Jp,rax

F®) =3 D)

Proof. By the Extreme Value Theorem there are points A and B in D where f has
its minimum, m, and maximum M, on D,

m=f(A) < f(X) < f(B) =M.
By the boundedness property of integrals

Jp X d"X

fA) = Vol (D)

< f(B).

Since D is connected there is a continuous function X from some interval [a,b] to
D with X(a) = A and X(b) = B. Thus

J, FOd"X

foXta < =Dy

< foX(b).

Since f o X is continuous, it follows from the Intermediate Value Theorem that there
is a number ¢ between a and b where

Jp FX)d"X

R VST
Take P = X(c¢). m|

We focus in the rest of this section on integrals of functions of three variables.

Triple integrals. The integral of a continuous function f on a smoothly bounded
set D in R? is called a triple integral and is denoted

fD fdv.

Example 6.26. Let f(x,y,z) = x> and let D be the set 1 < x* +y? +z> < 4. Find

f X dv.
D
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We observe that f(—x,y,z) = —f(x,y,z) and D is symmetric about the y,z
plane. We form approximate integrals Z f@® j)h3 by choosing symmetric
J

points (—x;,y;,z;) and (x;,y;,z;) in the h-boxes of D on opposite sides of the
¥,z plane. If we number the h-boxes on the x > 0 side of the y,z plane from
i=1to N, these approximate integrals cancel

N
DU +(=x)° ) =0
i=1

for all 4. Therefore f ©dV =0. m]
D

Example 6.27. Let D be the set 1 < x? +y? +z> <4 and let

f(x,y,2) = sin(z®) + x° +200.

We saw in Example 6.26 that f x°dV = 0. Similarly since sin(z?) is odd and
D

D is symmetric about the x,y plane we have that f sin(z)dV = 0. Since the

D
integral of the constant function 200 over D is 200 Vol (D),

f (sin(z®) +x° +200)dV = 0+0+200 Vol (D).
1<x24+y2472<4

The volume of D is the volume inside the sphere x> + y* + z> = 4 minus the
volume inside the smaller sphere x> +y?> + 2% = 1, so Vol(D) = 37(2* - 1%),
and

f (200 +x° +sin(z*))dV = 207,
1<x24y2472<4 )

O

Example 6.28. Let D be the set of points (x,y,z) in R? where x> +y? + 7> <4,
let D, be the set where 4 < x2 + y2 +72 <9, and let

2 (x,y,2)in Dg

fy.2) = {1 (x,y,2) in D.

Then D = Dy U D, is the solid ball of radius 3 centered at the origin. The
average value of f on D is

JpfaV o 2dV+ [, 14V ovo1(Dy) + Vol (D2) 4

Vol(D) ~ Vol (D) B Vol (D) 27
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Similar to the case of double integrals, triple integrals can sometimes be com-
puted by computing three iterated integrals. Suppose that D is the set of points in
R3 that satisfy

g1(x,y) <z < ga(x,y), (x,y) in Dyy

where D,y is a smoothly bounded set in the x,y plane and g; and g» are differen-
tiable. See Figure 6.36. Then D is a smoothly bounded set in R3. If f is continuous

on D, f fdV exists. For each (x,y) in D,y let D(x,y) be the interval of points
D

(x,y,2) with
g1(x,y) <z < ga(x,y).

See Figure 6.36. Integrate f with respect to z from gi(x,y) to ga(x,y),

z=82(x.y)
fley,2)dz = f f(x,y,2)dz.

z=g1(x.y)

D(x.y)

Fig. 6.36 A set D is between graphs, g (x,y) <z < ga2(x,y).

The result is a continuous function of (x,y) that we can integrate over Dy,. By
an argument similar to the argument for double integrals we can show that iterated
integrals satisfy the four basic properties of linearity, boundedness, and additivity.
Therefore by Theorem 6.18 the iterated integral equals the triple integral,

2=82(x.y)
f (f f(x,y,z)dz)dAszdV.
Dyy z=g1(x.y) D

If D,, is y simple, with a < x < b and c(x) <y < d(x), where ¢ and d are C!
functions, see Figure 6.37, then we can compute the triple integral by

x=b v=d(x) z=g2(X,y)
ffdvzf (f (f f(x,y,z)dz) dy) dx.
D x=a y=c(x) 7=g1(x.y)
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|

Fig. 6.37 D,, is y simple.

Example 6.29. Let D be the set in the first octant that is bounded by the surface
z=x”+y” and the plane z = 4, and define f(x,y,z) = x. Find

fD fdv.

Figure 6.38 shows a sketch of D. Dy, is the quarter disk in the x,y plane,
bounded by the x and y axes and the graph of y = V4 — x2.

z=4
fdezf (f xdz)dA.
D 'y z=x2+y2

Since Dy, consists of the points (x,y) with0 <x<2and 0 <y < V4-x? we

have »
dezf xz|” dA = x(4—x%—y?)dA
jl; Dx) [ ] —X2+} ny (
x=2 y= V4—x2 x=2 _m
) f [f x(4- "yz)dyJ dx= f [x(@ =2y 7 dx
x=0 y=0 x=0
x=2 x=2
= f Ixd-x)dx=-2@d-x*y" =4
X

=0 x=0

Fig. 6.38 The set D in Examples 6.29 and 6.30.
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Example 6.30. Let D and f(x,y,z) = x be as in Example 6.29. Now view D
as a smoothly bounded set between the graphs of the functions of x and z
given by y =0 and y = Vz— x2 over the smoothly bounded set D, indicated
in Figure 6.38.

[ rav- f[ f;”xdy]dA

x=vz[ ry=Vz-x? x= 1z
:f f f xdy|dx dzzf [fx(z—xz)l/zdx]dz
z=0| Jx=0 y=0 z=0\Jx=0
x=1z
=f [—%(Z—x2)3/2] dz=J~4 1737dz= 8.
z=0 x=0 7=0

Change of variables. The change of variables theorem for double integrals, The-
orem 6.12, has an analogue for triple integrals and integrals of functions of n vari-
ables.

A smooth change of variables F is a continuously differentiable mapping from
an open set U in R” to R” that is one to one on U and DF(P) is invertible for each
point P in U. We recall Definition 3.4 of the Jacobian of a mapping at point P,
JF(P) = det(DF(P)).

O

Theorem 6.21. Let F be a smooth change of variables that maps a smoothly
bounded set C onto a smoothly bounded set D, so that the boundary of C is
mapped to the boundary of D. Let f be a continuous function on D. Then

fD fX)d"X = fC f(F(U))|JF(U)|d"U.

In some of the following examples of the change of variables we make tacit use
of limiting arguments similar to the extension of polar coordinates in Example 6.20.

Example 6.31. Find the integral of f(x,y,z) =z y/x? +y? over the region D that
is bounded by the graphs of z=6, z=0, x>+y? =4, and x*> +y*> = 1, and
where x > 0. See Figure 6.39. The iterated integral in rectangular coordinates

is

7=6

f (f Z\/x2+y2dz) dxdy:f 18 4/x2 +y*dxdy
ny z=0 ny

where D,, is the region where 1 < x? +y* <4 and x > 0. The double inte-

gral involves integrating +/x2 +y? with respect to x or y. Using a change of
variables to cylindrical coordinates, x = rcos#, y =rsin#, z =z the Jacobian is
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Fig. 6.39 The region D in Example 6.31.

cosf —rsinf 0
det
0 01

sinf rcos6 O‘ = r(cos’>0+sin’6) = r.

The map F(r,0,z) = (x(r,0,2),¥(r,0,z),2(r,0,7)) takes the rectangular box C
givenby 1 <r<2, 0<6<n 0<z<6one to one onto D. By the change of
variables theorem

f f(x,y,2)dxdydz = f f(F(r,0,7)) rdrdédz.
D o

Since x? -i—y2 =72, S(F(r,0,7)) = zr and the integral is

z=6 O=1 r=2
ffdxdydz=f (f (f zrzdr) de)dz
D z=0 6=0 r=1

7=6 O=mn r=2
=f zdzf def r*dr=(18)(m)(35!) = 42r.
z=0 6=0 r=1

Here is an example why we need the mapping F to be one to one.

Example 6.32. The mapping F(r,0,z) = (rcos 8, rsiné, z) maps the points in the
rectangular box C given by

1<r<2, 0<6<4n, 0<z<6

onto the region D between the two cylinders shown in Figure 6.40. The vol-
ume of D is m(2% — 1%)6 = 18x. If we were to mistakenly use the change of
variables formula to compute the volume of D we would get

Vol(D) = f ldxdydz =» f |JF(r,6,2)| drd6dz.
D C

The right hand side is
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Fig. 6.40 The region in Example 6.32.

2 g 6
=frdrd9dz=f rdrj‘4 d@f dz
c 1 0 0

= 12? - 1%)@dm6 = 36n.

What went wrong? Even though JF(7,6,z) = r # 0 at each point, the mapping
is not one to one on a set that has positive volume. The points with 27 <8 < 4r

are sent to the same points in the range as those with 0 < < 27. O
e
—_————
vf 3

o

Fig. 6.41 The energy density f in Example 6.33 increases toward the bottom of the tank.

Example 6.33. A chemical reaction occurs in a tank D given by

Suppose the energy density [energy/vol] is f(x,y,z) = 100 — 5z at each point
(x,y,z) in D. Find the total energy and the average energy density in the tank.
The total energy is

0=2m r=2 =3
fde f f (f (100—51)dz) rdrdé
6=0 r=0 z=0

0=21 z=3
f f rdr f (100-5z)dz = (2m)% [ 555 (100— 51)2] = 411007 - 857).
6=0 Iz z=0 z=

=0
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The volume of the cylindrical tank is 7(2%)(3) = 127, so the average energy

density in D is
1
_ dV = 4(100% - 852).
Vol (D) fo w0 )

S v :

_— _ 7
1 1

u/t X/

Fig. 6.42 Left: The prism C, Right: the tetrahedron D in Example 6.34.

Example 6.34. Let C be the prism in R* given by
O<w<l1, u+v<l, u=0, v=0.
Let D be the tetrahedron given by
x+y+z<1, x>0, y>0, z>0.

See Figure 6.42. The function (x,y,z) = F(u,v,w) = ((1 —w)u, (1 —w)v, w) maps
the interior of C one to one onto the interior of D. The Jacobian is

1-w 0 -u
detDF(u,v,w)=det| 0 1-w v |=(1-w).
0 0 1

By the change of variables theorem,

Vol(D):f1dV=f(1—w)2dudvdw.
D C

As an iterated integral this is equal to

W= w=1
f(f (l—w)zdw)dA f[ (1 w)3 0dA=% CdA:%%:%_

Spherical coordinates. Let

(x,y,2) = F(p.¢,0) = (psingcosh,psingsiné, pcos @)
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be the mapping between rectangular and spherical coordinates, p >0, 0 < ¢ <,
0 <6 <2x. F maps regions in (p, ¢,6) space to (x,y,z) space.

singcosf pcosgcosf —psingsinf
DF(p.¢,0) = | singsind pcos¢psinf psingcoso |.
cos ¢ —psing 0

We ask you in Problem 6.62 to verify that
JE(p,¢,6) = det DF (p,$,6) = p’ sin¢.

Note that for p =0, ¢ =0 and ¢ = 7 the matrix derivative is not invertible and F is
not one to one when 8 = 0 and 2x. The change of variable formula can be proved by
taking the limit as p tends to zero, ¢ tends to zero or x, and 6 tends to O or 27r. See
Example 6.20 for an analogous argument for polar coordinates.

Example 6.35. Take D to be the region between the spheres of radius a and

b centered at the origin. Find the integral of f(x,y,z) = +/x%+y?+z2 over
D. Use the spherical change of coordinate mapping F(p,¢,0) that maps the
rectangular box C givenby a<p <b, 0<¢ <m, 0<6<2r onto D. By the
change of variables theorem,

f X2+ Y2+ 22 dxdydz = f \/,15102 sin¢ dpd¢de
D C

=b =1 6=21
= f ' pldp ﬁ singdg do = 10" -a"H2)2n) = n(b* - a*).
P =0

6=0

X

Fig. 6.43 The cone region D in Example 6.36.

Example 6.36. Let D be the cone-shaped region in (x,y,z) space shown in
Figure 6.43. D is described in spherical coordinates by 0 <p <5, 0<¢ < Z,
0 <0< 2n. The volume of D is
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2 /6 5
Vol(D) = f dxdydz = f f p? singdpdgdo
D 6=0 0

¢=0 Jp=

/6 5 2 /6 5
f ( f pzdp)sinqﬁdgb) do = f do f singd¢ f pdp
¢=0 \Jp=0 6=0 $=0 p=0

_ (271)[—005(;5]::60(%53) = an(1-F)s129).

S

O

Example 6.37. A function f gives the electric charge density [charge/volume]
inside the unit sphere p = 1 as

f(p.9.0) = p*sin6.

Find the total charge inside the sphere.

2 T 1
f fdv = f f f p? sin 0p? sin ¢ dpdpdo
p<1 =0 J¢=0 Jp=0

21 T 1
= f sin29d9f sin¢ d¢ p4 do= 71'(2)(%) = 25_”
0 [

=0 =0 =0

O
Variation with a parameter. Often there is a fourth variable in a triple integral. If
f(x,y,z,1) is the energy density at (x,y,z) at time ¢, then the total energy in D at time
tis

f f(x,y,z,t)dxdydz,
D

a function of 7. What is the rate of change of the total energy in D with respect to
time?

Theorem 6.22. Suppose f is a continuous function on D X [a,b] where D is a
smoothly bounded set in R>.

(a) Then f f(X,1)dV is a continuous function of t.
D
(b) If f is continuously differentiable in t then

f F(X,HdV
D

is a continuously differentiable function of t and

ij‘f(X,t)dV=ff,(X,t)dV
dr Jp D
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Proof. (a)

(b)

f X, HdV - f X, s)dV = f (FX,1) - F(X,5))dV.
D D D

According to Theorem 2.12 a continuous function on a closed bounded set is
uniformly continuous; so for every positive € there is a ¢ such that

IfX. D= f(X,5) <€

for |- 5| < 6 and all X in D. Then for |f — s| < ¢ the integral of f(X,) and the
integral of f(X,s) over D differ by less than € Vol (D).
Continuously differentiable in 7 implies that for every € > 0 there is a ¢ such that

'f(X,t+h)—f(X,t)
h

- X, t)‘ <€ (6.24)

for |h| < ¢ for all X in D. Here is why: f; is uniformly continuous, so given € there
is 0 so that if |# — 5] < € then |fi(X,?) — fi(X, s)| < € for all X. Take |h| < J. By the
Mean Value Theorem

’f(X,t+h)—f(X,t)
h

— 0| = k.0 - fix.n] < e

where [c—1] < |h] < 6.
It follows from estimate (6.24) that as / tends to zero

f, X t+m)dv - [ f(X,1)dV :ff(X,Hh)—f(X,t) v
h D h

converges as h tends to zero to f f:X,H)dV. This derivative is continuous by
D

part (a).
O

Example 6.38. Suppose now that the chemical reaction of Example 6.33 has

energy density f(x,y,z,7) = e"2(100 —5z) that depends on time. Find the rate
of change of the total energy in the tank. The total energy is

ffdv:fe—'2(100—5z)dv.
D D

We showed that f (100-52)dV = #£(100? - 857), so the total energy is
D

f e (100—52)dV = e 4 (1007 - 85?).
D
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The time rate of change is then

d
o f e (100-52)dV = f (=20 (100-52)dV = (~20)e ™" 42(100> -85?).
D D

O

Example 6.39. Let p(x,y,t) be a C' function that represents the population
density [people/area] in a region D of R? at each time 7. Express the population
of D at time ¢ and its rate of change with respect to time [people/area/time]
using integrals. The population at time ¢ is

P(t) = f p(x,y,0)dA.
D

d
Its rate of change is P’(¢) = & f p(x,y,H)dA = f pi(x,y,0)dA. m]
D D

Probability density functions. The definition of integrable functions over
unbounded sets in R? can be made analogously to the definitions in Section 6.5.
We also make the following definition of probability density function p from R3 to
R similar to the case in R

Definition 6.16. A probability density function in R3 is a nonnegative function
that is integrable over R and whose integral over R? is equal to 1.

Example 6.40. We have evaluated

5
f e dx=n'2
—00

Set p(x,y,z) =3/ 2e=="=2 5 0. Then p is a probability density function:

2 2.2 . S A - S S
f 1326~V qv = 7732 1im f f f e e e dxdydz
R3 n=oJd nd-nd-n

5 5 © _
=7r_3/2f e’ dzf e dyf e dx =3 Pa 22012 =

Example 6.41. A function of the form

F(p.¢.6) = pe ™ cosp

is used in chemistry to describe a “2p” orbital of an electron. (See also Prob-
lem 9.48.) In the application, the probability density function for finding the
electron at point (p, ¢, 6) is

P(0,6.0) = c(f(p,,60))°
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where ¢ is chosen to make f pdV = 1. To find c, we calculate the integral
R3

2m T
f pdV:f (f (f cp e P cos ¢p sm¢dp) d¢) do
R3 6=0 \Jgp=0 \Jp=

Vs
= C(27T)[ - %cos3 ¢] f de 2 do= c(277)2 f de2 dp.
¢:O p:o p_O

In Problem 6.63 we ask you to show that the last integral is equal to %, thus

1 O

C:n.

Problems

6.57. Let D = [0,a]® be the box in R consisting of all points X = (x1, X2, X3, X4, X5)
where 0 < x; <afor j=1,2,3,4,5. Evaluate the integrals.

(a) Vol(D)
(b) f K} P°X
D

(c) f (x] = x3 + Txsx3) X
D

6.58. Find the average value of the function f(x,y,z) = x> +y> — 7% on the sets

(@) [-1,17°
(b) 2 +y2+22< 1.

6.59. Evaluate the integral f xz2dV for the two regions.
D

(a) the rectangular region D = [1,2]x[3,5] x[-1,10]
(b) the subset of D =[1,2]x[3,5]x[-1,10] where z > x +y.

6.60. Let D be the cube where x,y,z each vary from -2 to 2.
(a) Explain by a symmetry argument why f xz2dV = 0.
D
(b) Evaluate f (8x+2xz22 —4y?>z+10)dV.
D

6.61. A planet is represented by a ball of radius R centered at the origin. Its energy
density [energy/volume] at (x,y,z) is f(x,y,z) = e~ V¥ 2+ Find the total energy
of the planet.

6.62. Verify that the Jacobian for the change from rectangular to spherical coordi-

nates is
JF(p,$,0) = p*sing.
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6.63. In this problem we evaluate the integral

fo pledp=13,

that was used in Example 6.41.

00

. -2 _1
(a) Verify that f(; e Pdp=3.
(b) Let k and n be positive. Show that

n _a—2n 1 -2p
f ple™*dp = n* © —f kot £ dp.
0 2 0 -2

o0 k
(c) Let it = f pre™ dp. Show that for k> 1, ix = Zi-1.
0

(d) Deduce that iy = %.

6.64. An integral over the unbounded set R” is the limit of integrals over an increas-
ing sequence of smoothly bounded sets Dy ¢ D, € ---D,, C --- whose union is R".
Show by a change of variables that

_ L e g =y
=0 (47r)"? '

6.65. Let p be a positive number and define a function f from R? to R by f(X) =0
when [X| < p, and f(X) = e Xl when |X]| > p. Evaluate the integral

fav
R3

using spherical coordinates.

6.66. Let ay,...,a, be positive constants. Show by a change of variables that

fe*(alx%Jr-"JrllnX%)d”X: = 1 .
ke (4n)' yara;—a,

6.67. Consider the integral over the n-dimensional cube

f ||X||2d"X=f x%d"x+m+f K2d"X.
0.1y 0.1y 0.1y

x% d"X as an iterated integral. By symmetry each f x? d"X
[0,11"

(a) Evaluate f
[0,1]"
has the same value.

(b) Evaluate f IX|?d"X.
[0,1]"
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(c) Find the average value of ||X||2 on [0,1]".
(d) Find the average value of ||X||2 on [0,2]".

6.68. Let 0 < a < b and consider the integral
f(x2 +y? +25)7dv
D

where D is the region of R? between the spheres of radius a and b centered at the
origin. For parts (c) and (d), see Definition 6.9 and use the corresponding concept

of integration over unbounded sets in R.

(a) Evaluate the integral for the case g = —3/2.

(b) Evaluate the integral for other values of g.
(c) Verify that >+ y2 +2%)72dV exists and find its value.

x24y2+72>1

(d) Verify that (P + y2 +22)73/2dV does not exist.
x24+y2472>1



Chapter 7
Line and surface integrals

Abstract We use integrals to find the total amount of some quantity on a curve or
surface in space. Examples include total mass of a wire, work along a curve, total
charge on a surface, and flux across a surface.

7.1 Line integrals

In single variable calculus we saw that the total mass of a straight wire that lies

on an interval between x = a and x = b and that has density f(x) [mass/length] is
b

f(x)dx. We also saw that if a force f(x) varies continuously with position x and

a
is in the direction of the motion then the total work done in moving from a to b on
b

the x axis is f(x)dx. In this section we introduce line integrals to find the total

a
mass of a curved wire and the total work along a curve.

Definition 7.1. Let X be a C' function from [a,b] to R3, X(£) = (x(2), y(1), (),
with X’(7) # 0 on [a, b]. The range of X, C, is called a smooth curve from X(a)
to X(b). X is called a smooth parametrization of C. The length of the curve,
or arclength is

b
Length(C) = f ds = f X’ (2]l .
C a
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A piecewise smooth curve is a finite union of smooth curves Cy,...,C,, each
joined continuously, but perhaps not differentiably, to the next. The length of a piece-
wise smooth curve is the sum of the lengths of the smooth parts.

Next we compute some arc lengths.

Example 7.1. The curve C; given by
X () =(,2t,t+1), 0<r<1

is a line segment from (0,0,1) to (1,2,2). The length of C; is the distance
between the endpoints,

\/(1 —0)2+(2-02+2-1)2= V6.
Using the definition for the length of C; we find

Y=@'=1 Y®O=0en'=2, JoO=0+1)=1,

1 1
andwegetf dszf \/12+22+12dt=f Vedr = Ve. O
Ci 0 0

Example 7.2. Find the length of the curve C; given by
Xo(u) = (e*—1,2e"-2,e"), 0<u<log2.

Since X (u) = (e",2¢e",e") we get

log2 log?2
fds:f * \/(e”)2+(26“)2+(e”)2du:f : Vee! du = V6(e'°s? — &) = V6.
Cy 0 0

[}

Note that C; in Example 7.1 and C, in Example 7.2 are the same curve,
parametrized differently. Let

0<uc<log2, 0<¢<1, t=¢e"-1.
Then X, and X; are related by X5(u«) = X;(#(u)). By the Chain Rule
X5 (u) = X (tw)t (),

and by the change of variables theorem for integrals

t=1 u=log2 u=log2
f X (o) = f X ()11 o)l e = f 1)
t u

— =0 u=0

We show by the same argument that the definition of the length of a curve is
independent of the parametrization of the curve. For if t = #(#), @ <u <3 is another

. 1 ..
parameter with W positive, then
u
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dX(t(u)) dX dr
du  df du

B dX dt dX(t(u))
- 1S o= [

Two different interpretations of the integral of ||X’(¢)|. We saw in Chapter 5 that
if

and so by the change of variables formula

Length(C) =

b
-

X(1) = (x(1), y(1),2(1))

is the position of a particle at time ¢ then X'(¢) is its velocity and ||X'(7)|| is its speed.
Then the integral of the speed over the interval from ¢ = a to 7 = b is the total distance
or length of the path traveled from r =ato r = b.

t At

X(t+At)
IX(t+At) X (1)l

X(b)

Fig. 7.1 A parametrization stretches or shrinks subintervals of the domain.

Alternatively, consider the interval [a,b] on the number line and imagine that it
is stretched like a rubber band onto a curve in space. See Figure 7.1. The part of the
band that was originally between ¢ and 7+ At is now on the curve between X(7) and
X(t + 4¢). Originally the length of this part of the band was At. Now that part has
length roughly the distance between X(¢) and X(¢ + 4f), or

[IX (2 +41) — X(@)l.
By the Mean Value Theorem that is approximately
IX @)ll141].

That is, || X’(2)|| is the factor by which the interval from ¢ to 7+ At was stretched when
it was mapped to the part of the curve between X(#) and X(¢ + 4¢). The sum of the
lengths || X’ (#)||4¢ of the pieces tends to the length of the curve.

Arc length parametrization. Denote by C a smooth curve of length L. There are
many smooth parametrizations for C. There is one called the arc length parametriza-
tion that is natural in the sense that it maps the interval [0, L] one to one onto C
without stretching or shrinking the interval at any point in the process. That is, the
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derivative ) at each s in [0,L] is a unit vector, so that the stretching factor,

s
IIX’(®)]l, is 1. In Problem 7.3 we show you an example of such a parametrization.
To see that there is such a parametrization of a smooth curve, let X be a smooth

parametrization of C with domain [a, b] and define s(¢) to be the length of the curve
from X(a) to X(7):

t
s(n) = f IX’ (1)l dr.

By the Fundamental Theorem of Calculus s’ (¢) = ||X’(#)||. Since X is smooth, || X" (?)]|
is not zero, so s’(¢) is positive. Therefore s is increasing and invertible, and we can
write ¢ as a function of s, ¢ = #(s). By the Inverse Function Theorem for single
variable this inverse function is differentiable and

a1
ds  IX'OII

We define the arc length parametrization to be X(#(s)). By the Chain Rule,

dX(1(s)))  dXdr  X'(1)
T ds drds X

which is a unit vector. In terms of speed, the arc length parametrization has speed 1
at each point of the curve.

We have shown that every smooth curve C has an arc length parametrization. It
is useful to know that it exists. The next example shows an unusual case where there
is a simple formula for it.

Example 7.3. Let C be the helix given by the parametrization
X(#) = (acost,asint,bt), ~ 0<t<2x, a*+b*#0.

Then |[X'(#)]| = Va2 +b? for each t. If a> + b> = 1 then X is the arc length
!
parametrization of the helix. If not, then s = f IX'(D)||dT = Va2 + b?t, and
0

0<s<2nVa?+b2,

is the arc length parametrization. O

X(#(s)) = (acos(ﬁ),asin(ﬁ),b_\/aij)’

Line integral To motivate the definition of the line integral consider a wire with
continuous density f(x,y,z) [mass/length] and assume the wire lies along a smooth
curve C parametrized by

X(1) = (x(0),y(0), 2(1)), a<t<b.
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Partition the curve into short segments C;. By the continuity of f, if the segments
are short the density doesn’t vary much in each segment. Estimate the mass m; of
the i-th segment by using the density f(X(7;)) at one end of the segment times the
length of the segment

m; ~ f(X(t;))Length(C;).

The sum of these estimates is an estimate for the total mass of the wire. (See Fig-
ure 7.2) The length of C; is close to the length of the secant, ||X(#;) — X(#i-1)||.
By the Mean Value Theorem and continuity of X', || X(#;) — X(#;—1]| is close to
X’ () |t; — t;—1]. So the mass of the wire is approximately the sum

Dimix T FXE)IX @l = 11

The sum on the right tends to the integral

b
f FEOIX )]l dt

as the subinterval lengths #; —#;_; tend to zero. This motivates the definition of the
line integral of f over C with respect to arc length.

Definition 7.2. Let f be a continuous function on a smooth curve C
parametrized by X(7) = (x(2),y(2),z(¢)), a < t < b. The integral of f over C
with respect to arc length is

b
[ 5= [ sexnixoar
C a

For a piecewise smooth curve C, we define the line integral to be the sum of
line integrals over the smooth pieces.

Just as we saw with the length of C, the integral of a continuous function f over
a smooth curve is independent of the parametrization.

Example 7.4. A wire lies along a helical curve C given by
X(1) = (cost,sint, 1), 0<t<4n

and its density is f(x,y,z) = z [mass/length]. Find the mass of the wire. We
integrate f along C.

b
ffds=f FX®) IX'(@)lldt.
C a ~—— T

mass/length  length

X’(t) = (—sint,cost, 1) and f(X(r)) = t. The total mass is
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Fig. 7.2 The mass of a wire is approximated using short straight segments.

fcfdszf4 t\/(—sint)2+(c0st)2+12dt=f4 t‘/idt:%itz

0 0

A7

=872 V2.

0
O

Example 7.5. The curve C given in Example 7.4 can also be parametrized by
X (1) = (cos(47),sin(41),47), 0<t<nm.

Using this parametrization for C we get that the integral of f(x,y,z) = z over
Cis

ffds = f”f(Xl(T))“XII(T)”dT = fn(4‘r)(4 V2)dr =8 V2.
C 0 0

Definition 7.3. Let f be a continuous function on a smooth curve C
parametrized by X(¢) = (x(2),y(t),z(¢)), a <t < b. The average of f over C
is

o fds 7 X)X @)l dr

Jods 171X @)l de

Example 7.6. In Example 7.4 we saw that the density f(x,y,z) varied at points
along C. To find the average density on C we divide the mass of the wire,

f fds, by its length, f ds. We compute
c

C
Length(C):fdszf4 ||X’(t)||dt=f4 V2dt = 4n V2.
C 0 0
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fcfds B 872 V2
fcds B dn\2

Work along a curve The work done by a constant force F in moving an object
along a straight line from point A to B is

The average density is = 27 [mass/length]. |

F-(B-A).

The work done by a variable force F in moving an object along a smooth curve C
from A to B motivates finding the integral of the tangential component of F over C,
called the integral of F along C.

Definition 7.4. Let F be a continuous vector field on a smooth curve C given
by X(7) = (x(2), y(?),2()), a < t < b. The unit tangent vector to C in the direction
of increasing 7 is
_ X
XN’
and T orients C from A = X(a) to B = X(b). See Figure 7.3. The integral of F
along C (in the tangential direction) from A = X(a) to B = X(b) is

b b
f F-Tds = f F(X(1)- TXO)IX ()l dt = f F(X(1))- X' () dr.
C a a

Fig. 7.3 The unit tangent vector T at the point X(7).

If C is piecewise smooth we define the integral of F along C to be the sum of the
integrals of F along the smooth pieces.

In Figure 7.4 a curve C is traversed from A to B. If C is traversed in the opposite
direction from B to A, we denote that curve by —C. Denote the unit tangents as T}
on C and as T> on —C. The directions of T; and T, at each point are opposite, so

F-Ty=-F-T,, and
f F~T2ds=—fF-T1ds.
-C c

Example 7.7. Find the work done by F(x,y,z) = (y,—x,z) in moving from
(1,0,0) to (1,0,27) along the helical curve C given by X(#) = (cost,sint,t),
0 <t < 2n. At the point X(¢) on C,
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T

A A

Fig. 7.4 Reversing the direction in which the curve is traversed reverses the direction of the unit
tangents, and F-T| = -F - T,.

F(X(?)) = (sint,—cost,1), X'(t) = (-sint,cost, 1), X' (@) = V2

—sint,cost, 1 .
and T(X(?)) = M. The work is
V2

27 :
- 1, 1
fF~Tds=f (sint,—cost,t)-w\/zdt
c 0 V2

27

2r
= (t—l)dt:[%tz—t] =21 - 2.
0 0

O

Example 7.8. Find the work done by F(x,y,z) = (y,—x,z) in moving from
(1,0,2m) to (1,0,0) along a straight curve C,. We parametrize C; by

X(1) = (1,0,27) +10,0,-27) = (1,0,-21t +27), 0<r<1.
F(X(1) = (0,—1,-2nt+27), X'(1) = (0,0,-2n),
X'l =27,  T(X(1)) =(0,0,—-1).

The work done is
1 1
fF'Tds:f F(X(t))-T(X(t))IIX’(t)IIdt=f F(X(0)-X'(r)dr
Cy 0 0

= -21°.

1 1 1
:f(0,—1,—27rt+27r)-(0,0,—27r)dt:f 47 (1—1)dr =27 (t—1)?
0 0 0

]

There are many ways to parametrize the segment in Example 7.8. In Prob-

lem 7.12 we ask you to create two different parametrizations and verify that you
get the same answer for the work.

Example 7.9. Find the work done by F(x,y,z) = (y,—x,z) in moving an object
from (1,0,0) to (1,0,0) along the curve C = C; U C,, where C; is the helical
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Fig. 7.5 Work done by F(x,y,z) = (y,—x,z) along the loop C; U C; in Example 7.9 is not zero.

curve from (1,0,0) to (1,0,27) in Example 7.7 and C; is the straight curve
from (1,0,2r) to (1,0,0) in Example 7.8. The work done is the sum of the
work along the smooth curves,

fF~Tds=f F-Tds
C C1uCy

=f F-Tds+f F-Tds = 2r° - 2n—21° = -27.
Cq Cy

Note that the work by the force F(x,y,z) = (y,—x,z) in moving an object
around the loop C; U C; is not zero. O
-y x

R centered at the origin traversed in the counterclockwise direction. One way

to find
f F-Tds
Cr

is to parametrize Cg. Another way is to use the special geometric relationship
between this vector field at P, F(P), and the tangent to Cg at P, T(P). See
Figure 7.6. We observe that

Example 7.10. Let F(x,y) = ( and let Cg be a circle of radius

F(x,y)-(x,y)=0 and T(x,y)-(x,y) =0
and that F is a multiple of T at each point on Cg. So the angle between F
and T is zero and the tangential component of F, F-T = ||F||||T||cos#, is equal
1
to the magnitude of F. The magnitude of F(x,y) is |[F(x,y)|| = ———, the

X2 +y?
reciprocal of the distance to the origin, which on Cp is 1/R. Therefore

1 1 2R
f F-Tds = f —ds = =Length(Cg) = e,
Cr CRr R R R

In Problem 7.6 we ask you to redo Example 7.10 by parametrizing Ck.
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FANT

Fig. 7.6 In Example 7.10, T(P) and F(P) have the same direction at each point P of the circle.

Evaluation of line integrals For a piecewise smooth curve C parametrized by
X(@) = (x(0),y(1),2(1)),  a<t<b,

the integral of the tangential component of F = (f, f2, f3) over C is

b
f F.-Tds = f F(X(1)- X' (1) dt.
C a

If we denote
Tds = (dx,dy,dz)

then
f F-Tds = ffl (x,y,2)dx+ fo(x,y,2)dy+ f3(x,y,2)dz
C C

:ffl(x’y71)dx+fo(x7y7Z)dy+ff3(x,y’Z)dZ~
C C C

In terms of the parametrization X we then have

b
fcfl(x’yvz)dx: f fl(X(Z))xl(t)dt’

b
fc fxy.dy = f SO (),

b
fc f(x,y,2)dz = f HX@0)Z (r)dr.

The benefit of this approach is that we may use different parametrizations of C for
evaluating the integrals of different components of F. Let’s look at an example.

Example 7.11. Find the integral of

F(x,y) = (x> +3,2)
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Fig. 7.7 The curve in Example 7.11.

along the curve C shown in Figure 7.7, from (1,4) to (3,4). One way to
approach this problem is to parametrize the three segments C;,C»,C3 and
find the sum of the line integrals. Let’s look at the integrals of the component
functions over C and see whether it helps simplify the problem.

fF~Tds:f(x2+3)dx+2dy:f(x2+3)dx+f2dy
C C C C

Consider the integral of the first component

f(x2+3)dx= (P +3)dx+ | Z+3)dx+ | (*+3)dx.
C Cy Gy (&)

On Cy, x'(¢) = 0 because there is no change in x. So (x2 +3)dx =0 and
C
f (x2 + 3)dx = 0 for the same reason. The curve C» is parallel to the x axis
C3

so we can take X(f) = (¢,2), 1 <t<3.Then x =1, dx = dt and

3 3
(x2+3)dx:f (t2+3)dt:f (x2+3)dx=[§x3+3x W=
Cs =1 x=1 1

Similarly considering the second component function

deyzZ(f dy+f dy+f dy):2(2—4)+0+2(4—2):0,
C C (&) C3

sofF~Tds:%. m]
C

Application of line integrals to circulation The velocity of a fluid flow in the
plane, at a moment in time, may be represented as a vector field

U(x,y) = (u(x,y), v(x,y)).
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The functions u and v are the x and y components of the velocity at (x,y).

Example 7.12. (i) The velocity field U(x,y) = (y,0) represents a flow parallel
to the x axis, that depends only on y. The region 0 <y < 1 models the flow of
ariver of depth 1. See Figure 7.8.

(ii) The velocity field U(x,y) = (—y, x) represents a flow that rotates coun-
terclockwise around the origin, with speed |[U(x,y)|| = v/x%+y? equal to the
distance to the origin. O

Fig. 7.8 Sketches of vector fields from Example 7.12. Left: U(x,y) = (y,0). Right: U(x,y) = (-, x).

In contexts where U is the velocity field of a fluid flow, the line integral

fU-Tdszfudx+vdy
c c

is called the circulation of U along C. Of particular interest is circulation along a
curve that is a loop. Let’s look at some examples.

Fig. 7.9 The circulation of U along C is negative.

Example 7.13. The information about the vector field U and the curve C in
Figure 7.9 indicates that U-T < O at every point of C. So the circulation of U

along C is negative,
fU -Tds < 0.
c

If we traverse C in the opposite direction, then the circulation of U along the
resulting curve —C is positive,
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f U-Tds > 0.
-C

Example 7.14. Let C be a circle oriented clockwise as shown in Figure 7.10.
Unit tangent vectors T are sketched lightly. The velocity vector field

O

U(x,y) = (,0)

is sketched using darker vectors. Is the circulation of U along C,

fU'Tds
c

positive, negative, or zero? Let P and Q be two diametricallyopposite points on
C, with P on the upper half of C, Cy, and Q on the lower half C». Unit tangent
vectors T(P) and T(Q) point in opposite directions, and velocity vectors U(P)
and U(Q) only differ in length, with U(P) longer than U(Q). We see that

UP)-T(P)>0, U(Q) T(Q) <0,

and UP)-T(P) > U(Q)- T(P) = U(Q)- (- T(Q)). Therefore

fU~Tds>—f U-Tds
el G

and the total circulation along C is positive:

fU-Tds:f U-Tds+f U-Tds > 0.
C C] C2

Fig. 7.10 The circulation of U along C is positive, in Example 7.14.

In Chapter 8 we will see that the circulation of a vector field around a small closed
loop is related to the local rotation, called the curl of the velocity field, curl U(P),
that we defined in Section 3.5.
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(_y s .X)
(22 +y2)a’
along a circle C of radius r centered at the origin, and oriented counterclock-
wise.

At each point (x,y) of C, the vector (—y, x) is orthogonal to (x,y), and its
direction agrees with the unit tangent to C. Its norm is ||(—y,x)|| = r. There-

Example 7.15. Let U(x,y) = a constant. Find the circulation of U

. . 1 V2 + x2 1
fore the unit tangent vector is T = ;(—y, x).SoU-T= T = a1 The
circulation is
1 1 2
fU'TdS: mfdsz mZﬂr: Tﬂ'Z'
lol r<%- C re4- ret—
O

Example 7.16. Note the special case a = 1 in Example 7.15. The circulation

of

(_ > x)
Uy =7

along circles x> +y? = 72 is 27, independent of the radius 7. As we will see in
Section 8.1, along circles C that do not enclose the origin, the circulation of
U is zero. In Problem 7.17 we outline a geometric reason for this fact. O

Flux across a curve in R”. The integral of the tangential component F - T of a
vector field F along an oriented curve C can be interpreted as work or as circulation
along the curve. The integral of the component of F normal to C is called the flux of
F across C.

Let C be a smooth curve in the plane, parametrized by X(¢) = (x(7),y(r)) with
X' () = (¥’ (1),y'(¢)) # 0. There are two unit normal vectors to C at (x(z), y(7)),

(=Y ®),xX' () ICHORSH0))
N="xor - N Twan

They are orthogonal to X’(¢) and point in opposite directions.

Definition 7.5. Let C be a smooth curve parametrized by X(7) = (x(2), y(?)),
a<t<b,andlet F = (f],f,) be a continuous vector field on C. The flux of F
across C in the direction of the normal

(=y'(0,x(1)

N=NCOYO) = — 500

is

b — ’
[(rnas= [Trexan S 2O xar= [ -pavessan
c A X c

Example 7.17. Find the flux of F(x,y) = (x,y) outward across the circle C of

radius 3 centered at the origin. C can be parametrized by
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X(#) = (3cost,3sint), 0<t<2n.

Then X'(r) = (= 3sint,3cost) and T(¢) = (- sinz,cost). The two unit normals
are
N(r) = (cost,sin?), —N(#) = —(cost,sint).

N points outward at each point on C. The flux outward across C is

21
f F-Nds = (3cost,3sint) - (cost,sint)|| X (r)||ds
c 0

27
= f 3(cos’ ¢ +sin’1)3ds = 9(2x) = 18x.
0

An alternative way to compute the integral is to observe that at each point
on C, F and N are parallel. So F-N = ||F|||[N]|cos0 = ||F||. This is equal to

vx%+y% =3 since (x,y) is on C. Therefore

fF-Nds = f3ds = 3Length(C) = 3(27(3)) = 18x.
c c

O

Line integrals in R". Analogous to Definition 7.1 we define a smooth curve C in
R” to be the range of a C' function X(7) = (x1(£),...,x,(1)), a <t <b, with X'(¢) #0.
X is called a smooth parametrization of C. The length of C is defined as

b
Length(C)zf [IX’(1)||dt.

We note that the length of a curve as defined above is independent of the parametriza-

. . . odr
tion of the curve. For if = #(4), @ <u <} is another parameter, with W positive,

then
dX(t(w)) dX dr

du  dr du
and so by the change of variables formula

Length(C) = f” “d _f H
g fud’“‘“’”

Given a function f from R” to R that is continuous on C, the line integral of f
over C is

b
f fds = f FXONX Dl
C a

In particular taking f(X) = 1 we get
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b
Length(C) = f ds = f X’ ()] dr.
C a

We define the average of f on C as

1
Length(C) j;f ds.

Example 7.18. Show that the average of the first coordinates of the points on
the line segment from A = (ay,...,a,) to B=(by,...,b,) in R" is

$(ar +by).

Let X(r) =A+t(B—A), 0 <t <1 parametrize the segment from A to B and let
f(x1,...,x,) = x1. The average of f over the segment is

Jo FOXONX (lde ' (@ +1(b1 ~an))IB - Alldr

1 1
Iy IX @)l de Jy IIB—Alldr
IB—All [ (a1 + (b1 —ar))dt
= 0 O Ly +by).
IB—All :
In Problem 7.5 we ask you to show this is true for each coordinate. O

Let F be a vector field
FOxp,..o. %) = (f1(X15e 05 Xn)s s (XD ey X))
that is continuous on a smooth curve C parametrized by X,
X(#) = (x1(2), ..., x,(1)), a<t<bh.

X'(1)

We denote the unit tangent in the direction of increasing r as T(X(?)) = Xl

in R3 the line integral of the tangential component of F along C is

f F-Tds = f bF(X(t))~ X' IX’ ()|t = f bF(X(t))~X’(t)dt
C N a ”X,(t)” - a .

Example 7.19. Define F(X) = X in R" and let C be a smooth curve from a
point A = X(a), to B =X(b). Then

b
fF(X)~Tds=f X(1) - X' (¢)dt
C a

b
= f (X1 (DX} (D) + x2(DX5(0) + -+ + X, (1)x], (1)) dt
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b d 1,.2 2 1 2 b 1 2 2
- f SO+ 2= [HXOR| = LB - A1),

Problems

7.1. Let C be a line segment in the x,y plane with endpoints A and B. Consider
two parametrizations of C: first X(r) = A+ (B - A) for 0 < r < 1, and second
Y(u) =B+ %u(A —B) for 0 < u < 2. Calculate the following integrals using both
parametrizations.

(@ f ds,
C
)

(b

f vds,
c
(c) The average of y on C.

Fig. 7.11 The curves C; and C5 in Problem 7.2 are line segments.

7.2. Let Cy and C; be the segments in Figure 7.11, and denote by C; U C the com-
bined curve consisting of C; followed by C. Find the value of the line integrals by
using their geometric meaning.

(a) ds
Cy

(b) ds
(&)

© ds
C1uCy

7.3. Let X(r) = A+t(B—-A), 0<t<1, parametrize the line segment C from A
to B. Find a number k so that the substitution # = ks gives a new parametrization
Y(s) = X(ks), with

Y(0)=A, 0<s<Length(C), Y(Length(C))=B, and [[Y'(s)|| = L.

Y(s) is the arc length parametrization of C.
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7.4. Let C be the smooth curve in R* given by X : [0,27] — R4,
X(?) = (cost,sint, coskt,sinkt)

and k is a constant.

(a) Find X’(¢) and the unit tangent vector T at X(¢).
(b) Find the length of C.
(c) Verify that for each number & the curve C lies on the sphere

x%+x§+x§+xi =2.
(d) Let f(x1,x2,x3,x4) = x1 and g(x1,x2,x3,x4) = x4. Show that the average of f on
C is 0, but the average of g is not zero unless k is an integer.

7.5. Show that the average of the i-th component x; of the points on a line segment

from A = (ay,...,a,) to B=(by,...,b,), in any number of dimensions, is
1ai+by).
7.6. Let F(x,y) = (;i’ xg, and let Cg be the circle of radius R centered at the
Xty

origin and traversed in the counterclockwise direction. Use the parametrization
X(#) = (Rcost,Rsint), 0 < t < 2x to calculate

f F-Tds.
Cr

7.7. Let C be the triangle with vertices (0,0), (1,0), and (1,1), traversed counter-
clockwise. Evaluate the line integral

fyz dx+ xdy.
c

7.8. Let F = (p,q) be a constant vector field, and C a line segment in the plane.
Choose one of the two unit normal vectors N for C. Show that the flux of F across
C is given by

fF -Nds = F-NLength(C).
c

7.9. A smooth curve C has unit tangent vectors T = (¢1,#,). Take the unit normal to
C to be N = (1,,—11) at each point. Let F = (f1, f>) be a vector field, and define a
vector field G = (f2,—f1) at each point. Show that

fF~Tds=fG-Nds.
C C

7.10. Let C be the line segment from (0,0) to (4, 3), parametrized by

(x(),y(1) = (41,31), (0<1<5)
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and let C,, be the circle parametrized by
X(t) = (acost,asint), 0<tr<2r, a>0.

Let F = (8,0), a constant vector field.

(a) Find the normal vector N(x(#),y(¢)) to C, that is obtained by rotating the unit
tangent vector T ninety degrees clockwise.

(b) Find the flux of F across C.

(c) Find the outward pointing unit normal vector N, at each point of C,,.

(d) Find the flux of F outward across C,,.

7.11. Let a smooth curve C be the graph of y = f(x) on [a,b]. Use the parametriza-
tion
X(=(f®), a<t<b

to show that the length of C is given by

fb V1+(F0)de.

Verify that it gives the right answer for y=3x, 0<x < 1.

7.12. Find the work done by F(x,y,z) = (y, —x,z) in moving from (1,0, 2x) to (1,0,0)
along a straight segment C. Create two smooth parametrizations for C and verify
that you get the same total work with each one.

7.13. Let C; be the unit circle centered at the origin and C; be the boundary of the
2 by 2 square centered at the origin of R?. Use symmetry arguments and properties
of integrals to show without calculation:

@@ | Pds=1 | F+yHds

C C
) [ Pds=1 [ PF+yHds
C, C,
(©) | (Z+y»)'"%s = Length(C;)
Cy

7.14. Let C be the piecewise smooth closed curve shown in Figure 7.12 consisting
of graphs, C and C3, of two functions g; and g», traversed clockwise. Let F(x,y) =
(v,0). The work done by F is

f F~Tds=f F'Tds+f F~Tds=fydx.
CuC; Cy C; C

(a) Write a parametrization for C; in terms of g», and show that

b
fF~Tds=fg2(x)dx.
Cy a
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Fig. 7.12 The curves in Problem 7.14.

(b) Write a parametrization for C in terms of g1, and show that

b
fF'Tdsz—f g1(x)dx.
Cl a

(c) Show that the area between the graphs of g and g5 is f ydx.
c

N
NI

p [N/m?]

T 28x1 05 b
X

iR
—

% S, )

105

T
14 1 2 x [m]

Fig. 7.13 The curves in Problem 7.15.

7.15. A container ship is driven by a large diesel engine. The engineer has measured
the pressure p in the cylinders at each piston position x. See Figure 7.13. The curve
marked K is while the piston moves upward to compress the air, and the curve
marked E is while the burning fuel expands to force the piston down. The work
[Joules] done in one cycle is the line integral

f pdx.
KUE

(a) Do f pdx and f pdx have the same, or opposite signs? Why?
K E
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(b) Use the results from Problem 7.14 to show that the work done in one cycle is the
area between the graphs.

7.16. Find the circulation of the vector fields

(a) U(x’y) = (_3);7 2)C)
(b) V(xsy) = —SU(X’)’) = (15)’,_10@

counterclockwise around the circle of radius R, x*+y? = R,

Fig. 7.14 Figure for Problem 7.17.

7.17. Justify the following items to show that the circulation of

(_y’ )C)

Ux,y) = )c2—+)12

around any circle that does not enclose the origin is zero. See Figure 7.14, where W
denotes unit vectors orthogonal to each radial line.

fU-Tds
c

can be well approximated by a sum over pairs of segments 45, 4s, using small
angles 46 as shown, where | and r; are distances from the origin to the segments.
b U=1w

1 1
(©) A0~ ——W-(T1451) ~ —W - (TaAs2)
ry mn

(a) The integral

1 1
(d) fU -Tds =~ Z (—W -(Todsy)+ —W- (T1Asl)) is approximately zero.
c rn r

7.18. Let F(x,y) = Vlogr, where r = y/x2 +y2, and let C be the circle x*> +y* = a?.
Find the flux of F outward across C, and show that it is independent of the radius a.

7.19. Evaluate the following line integrals along C, the line segment from A = (0,0)
to B = (3,4). Which ones are equal to the expressions on the right hand sides?
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(a) f;xdx =9 [%xz]i
®) [ xdy=r o1}

(©) f dx+5dy =, [x+5y]8
C

7.2 Conservative vector fields

Some vector fields have the property that if you integrate along any piecewise
smooth closed curve, X(t), a <t <b where X(a) = X(b), then the integral is zero.
We saw in Example 7.9 that not all vector fields have this property. In this section
we develop some criteria for determining which fields do have it.

Definition 7.6. We say that a vector field F is conservative if it is the gradient
of a continuously differentiable function g,
F(P) = Vg(P)

for all P in the domain of F. The function g is called a potential function of F.

1
= ———. We have seen that

20-1/2
)
(1]

Example 7.20. Let g(x,y,2) = —(x> +y* +2

(xyy X 1 X
(2 +y2+22)¥2XIP X X

Vg(X,y,Z) =

is the inverse square vector field. This shows that the inverse square vector
field is conservative and that —ﬁ is a potential function. O

Theorem 7.1. Suppose F is a continuous vector field from an open connected
set D in R" to R", n > 2. Then the following three statements are equivalent,
that is, each implies the others.

(a) F is conservative,
(b) For every piecewise smooth closed curve C in D, f F-Tds=0.
C

(c) For any two points A and B in D, and for any two piecewise smooth curves
C1 and Cy in D that start at A and end at B

fF-Tds=fF-Tds
C (&)
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Proof. We show that (a) implies (b), (b) implies (c), and (c) implies (a). From that

it follows that each statement implies both of the others, and so if one is false the

others must be false too. We write out the case for a vector field from R3 to R3.
Suppose (a) holds. Then there is a function g such that

F(-x’y’z) = (8x(x,y,Z),gy(x’yvz)vgz(x,)’:l))'

For a smooth curve C in D given by X(f), a <t < b,
b b
fF -Tds = f F(X(0)-X'(r)dt = f Vg(X(0)- X () dr.
C a a

d
By the Chain Rule for curves, Vg(X(7)) - X'(¢) = & g(X(®)). Therefore

b b d
fc F-Tds = f V(X (D) X' (1)dt = f S8X(0)di = g(XB) - ¢(X(@). (7.1

If C is closed then X(b) = X(a) and g(X(b)) — g(X(a)) is zero. If C is piecewise
smooth, say one smooth piece from X(a) to X(c) and a second smooth piece from
X(c) to X(b) = X(a), then we evaluate the integral over the smooth pieces, getting

8(X(0)) - g(X(@)) + g(X (b)) - g(X(0)) = —g(X(a)) + g(X(D)) = 0.

Similarly for any number of smooth pieces. This proves that (a) implies (b).

Suppose (b) holds. Let A and B be two points in D. Let C; and C, be any two
piecewise smooth curves in D that start at A and end at B, and let C = C{ U (-(C3).
Then C is a piecewise smooth closed curve, and by (b)

fF-TdszO.
c

Using properties of line integrals we have

f F-Tds:f F-Tds+f F~Tds=f F~Tds—f F-Tds=0.
C1u(=C2) C -G C &)

Therefore
fF-Tds:fF-Tds.
C Cy

This proves that (b) implies (c).

Suppose (c) is true. We state without proof that open connected sets in R have
the property, that every two points in the set can be joined by a piecewise smooth
curve in the set. Now let A be a point of D. Because D is open and connected, for
each point (x,y,7) in D there is a piecewise smooth curve C in D from A to (x,y,z2).
Define a function g by
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x

Fig. 7.15 A curve from A to (x,y,z) that ends parallel to the x axis.
g(x,y,2) = fF~Tds, (x,y,z)in D, C any curve in D from A to (x,y,z).
C

We will show that Vg = F. Since (c) is true, any curve we choose from A to (x,y,z)
will result in the same number g(x,y,z). Since D is open and connected there is a
point (c,y,z) in D with ¢ < x, so that the straight line C; from (c,y,z) to (x,y,2) is
in D and can be combined with a curve C in D from A to (c,y, 7). See Figure 7.15.
Using these curves,

g(x,y,z)=f F-Tds:f F-Tds+f F-Tds.
C=C1UCy C C

Parametrize C; by X (¢) = (£,y,2), ¢ < t < x. Writing components of F = (fi, >, f3)

we get
X X
fF-TdszfF(t,y,z)'(l,0,0)dtzff](t,y,z)dt.
C c c

The derivative of g with respect to x is

a X
gx(x,y,2) = —(f fl(t,y,z)dt+f F-Tds).
Ox c Cy

The second integral does not depend on x so its derivative with respect to x is zero.
By the Fundamental Theorem of Calculus,

a X
gx(x,y,2) = (9_f filt,y,2)dr = fi(x,y,2).
X Je

Similar arguments show that g, = f> and g; = f3. So Vg =F, and F is conservative.
This concludes the proof that (c) implies (a), and is the last implication in our chain.
O

In the proof of Theorem 7.1 we showed that if F = Vg then the integral of F
along every piecewise smooth curve from A to B is simply g(B) — g(A). (See equa-
tion (7.1).) This is often called the Fundamental Theorem of Line Integrals.
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Theorem 7.2. Fundamental Theorem of Line Integrals. If C is a piece-
wise smooth curve from A to B in the domain of a continuously differentiable
function g, then

fc Vg-Tds = g(B) - g(A).

We say the integral of a conservative vector field is independent of path since
g(B) — g(A) depends only on the values of the potential function at the endpoints of
the curve.

Knowing that a vector field is conservative is helpful in evaluating line integrals.

A=(1,0,1)

B =(1,0,0)

Fig. 7.16 The curve in Example 7.21.

Example 7.21. Find the integral of F(x,y, z) = (x,y,z) along the curve C shown
in Figure 7.16. By inspection we see that F is conservative because

F(x,y,2) = Vg(x,5.2) = V(3(x* +y* +2%)).

By the Fundamental Theorem of Line Integrals,

fFTdS =g(1,0,0)—g(1,0,1) = %_1 = —%.
C

O

Example 7.22. Find the integral of F(x,y,z) = ()c2 +y,siny,z) along the curve
C shown in Figure 7.17. We find by inspection that
V(%x3 —cosy+ %zz) = (xz,siny,z).

We can write the integral as a sum,

fF.Tdszf((x2+y)dx+sinydy+zdz)
C C
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Fig. 7.17 The curve in Example 7.22.

=f(xzdx+sinydy+zdz)+fydx.
C C

The first integral can be evaluated by the Fundamental Theorem of Line Inte-
grals:

fxzdx+3inydy+zd2=fV(%x3—cosy+%zz)'Tds
c c

023
1.3 1 2]( )

:[gx —Cosy+ 52 =(—cos(2)+%32)—(%23—1+0).

(2,0,0)

For the second integral we see there is no change in x along C; or C;. There-

fore
j~yd)c=jv ydx:f 2dx.
C C3 C3

Again by the Fundamental Theorem

dexszQx)-Tds:
C3 C3

ThusfF-Tdsz—cos(z)+g—§+1-4. O
. 3

(0,2,3)
=4,
2,2,1)

2x

In Example 7.21 we saw that F(x,y,z) = (x,y,z) is conservative by producing a
potential function g. In Example 7.9 we saw, as a result of calculating some integrals,
that F(x,y,z) = (v,—x,z) does not satisfy the independence of path property, so by
Theorem 7.1 (y, —x,z) cannot be a conservative vector field. The next theorem gives
us a useful criterion for a vector field in R or R? to be conservative.

Theorem 7.3.(a) If F is a conservative C' vector field from R> to R?, then
curl F = 0.
(b) IfF is a conservative C' vector field from R? to R?, then curlF = 0.

Proof. We prove part (a). If F = Vg then F = (f1, /2, f3) = (gx, &y, &) and

curl F = (f3y = fz=fax + fizs fox _fly) = (gzy —8yz» —(8ox — gxz)’gyx _gxy)~
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Since F = Vg is continuously differentiable, g is twice continuously differentiable,

so its second mixed partial derivatives do not depend on the order of differentiation.
This shows that curl F = 0. O

Example 7.23. Let F(x,y,z) = (y,—x,z). Then
curlF =(0-0,-(0-0),-1-1) =(0,0,-2).

According to Theorem 7.3, since curl F # 0, F is not conservative. O
The next example shows that while curl F = 0 is a necessary condition, it is not

sufficient to imply that F is conservative.
y
X

Fig. 7.18 Sketches of the vector field in Example 7.24. F is not conservative.

- X
x2+y27 x24y2°

V2 x2 V22
24y (2 +y2)2) -

Let Cr be the circle of radius R in the x, y plane, centered at the origin traversed
counterclockwise. See Figure 7.18. Notice that at each point along the circle
Cr, the vector F(x,y,0) has magnitude R~ !and points in the same direction as
the unit tangent T(x,y,0). Hence F-T = R~ and

Example 7.24. Let F(x,y,7) = (
Then

0), defined for (x,y) # (0,0).

curlF = (O —-0,-(0-0),

f F-Tds = R"'Length(Cg) = R™'27R = 2n1.
Cr

Even though curlF = 0, F is not conservative since the integral along the
closed curve Cy, is not zero. O

Example 7.25. Figure 7.19 shows some level sets for a C! function f in R?,
and some piecewise smooth curves C; and C; in RZ,

IfF=Vf,ﬁndf F-Tds and F-Tds.
C (&)

fF~Tds=fVf~Tds=f(Q)—f(P)=30—40=—10.
C C
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Fig. 7.19 Level sets and curves in Example 7.25.

f F-Tds=0,
(&)

because F is conservative and C; is a closed curve. a

The line integral

Example 7.26. Show that F(x,y) = (x+y,y* + x) is conservative by finding a
potential function g so that F = Vg. That is,

gx=Xx+y, gy=y2+x.
An antiderivative for g, with respect to x is
g(x,y) = 1x7 +xy+ h(y)

where h(y) is some function of y. The partial derivative with respect to y is
then

gy =x+h(y).
Take h(y) = 1y* so that gy = ? + x. We have found

V(%x2 +xy+ %ys) = ()c-i-y,y2 + X).

O
Example 7.27. Ts F(x,y) = (x+y,y?) conservative? We compute
curl F(x,y) = fox— fi,=0-1#0.
By Theorem 7.3, F is not conservative. O

Problems

7.20. Find a potential function for each of these conservative vector fields.
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(a) (x,0,0)

(b) (0,z,)
(c) a constant vector field (a,b,c)
(d) F+G, if F and G are each conservative.

7.21. Let

o ey

U G S S et

x2+y27 x2 452

(a) Find a potential function g(x,y) so that Vg = G. What is the domain of g?
(b) Find Vtan™' (X) Why is tan™! (X) not a potential function for F?
X X

7.22. Show that the vector fields in the integrands below are conservative by finding

potential functions, and evaluate the integrals on any smooth curve C from (0,0,0)
to (a, b, c) using the Fundamental Theorem of Line Integrals.

(a) f 2dz
C
(b) f V(xy)-Tds
o
(©) fzdx+ydy+ xdz
C
7.23. Let C be a smooth curve from (0,0,0) to (a, b, c). Which of the integrals below

can be evaluated by the Fundamental Theorem of Line Integrals? Find the values of
those that can.

(a) f x*dy
C

(b) f (V(xy)—3V(z*cosy)) - Tds
C

(c)fdx+ dy
c

7.24.(a) Use the fact that

2(x,y) -1

to evaluate

X Y
dx+ d
fc(x2+y2)2 ey
where C is any smooth curve from (1,2) to (2,2) not passing through the origin.
(b) Why do we restrict C to curves that do not pass through the origin?

7.25.(a) Use the fact that V(][ X||"!) = —||X||">X to evaluate

f —X1 d)C1 — X2 dXQ — X3 d)C3
c (x% + x% + )c%)3/2
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where C is any smooth curve from (1,1,2) to (2,2,1) not passing through the
origin.
(b) Why do we restrict C to curves that do not pass through the origin?

7.26. Each of the vector fields below is some variant of the inverse square field
XX = V(= IX]I 7).

Find a potential function for each of them.

2(=x,=y,—2)
2)3/2

(a)

(2 +y2+z
3
b) ————=5(x».2)
()c2+)12+12)3/2
(x’y_s’z)
(2 +(y-52+2)%?
3(x+17y_5’Z) (L)”Z)
(x+12+(=52+22)%  (2+y2+22)°2

7.27. The inverse square vector field in Problem 7.26 finds uses in modeling gravity
forces of point masses, and of electrostatic forces of point charges. Let Py, ..., Py be
k different points of R3 where the masses or charges are located. Let cy,...,cr be
numbers that represent the masses or charges, all of one sign in the case of gravity.
Then the vector field

k
F(X) =

¢jIX=Pj[>(X-P))
j=1

can represent the force on another mass or charge due to the k given particles. Show
that F is conservative by finding a function g(X) so that F = Vg.

Fig. 7.20 The orbit of the moon around the earth, for Problem 7.28.

7.28. The elliptical orbit of the moon around the earth can be expressed in the form
discussed in Chapter 5,
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y=—19x2+y2+7.2x10°. [meters]

See Figure 7.20, where the ellipse is to scale, and almost circular. (Moon and Earth
are drawn too large so you can see them better.)

(a) Verify from this orbit equation that the Earth-Moon distance at apogee, that is
farthest from Earth, at the bottom of the figure, is 400 x 10° meters, and at perigee,
closest to Earth at top of figure, 360 x 10° meters.

(b) Over a six month interval, the work done on the moon to pull it from apogee

down to perigee is
f F-Tds
half orbit

1
—— [_]
Va2 +y?
m and M are Moon and Earth masses, and G the gravity constant. Use the Fun-
damental Theorem 7.2 to show that the work is equal to

where the force is

Ve ———
yperigee apogee’”

7.29. Let the conservative field
F(X) = XX = V(- [IXII"")
represent the electric field due to a positive charge at the origin.

F(X+(h,0,0))-FX .
(a) For each small & > 0 the field (X+( )~ FX) can represent the electric

field due to a strong positive charge at (—/,0,0) and a strong negative charge at

the origin. Show that it is conservative.

. F(X+(1,0,0)) -F(X) . .
(b) Show that ]hn(l) is conservative.
—>

(c) Denote by g a function that is three times continuously differentiable, and set
G = Vg. Show that each of the partial derivatives Gy, Gy, and G; is a conservative
field.

7.30. We have seen in Problem 7.27 that a finite number of point charges produce
an electric field that is a linear combination of inverse square fields. Suppose there
is a continuous distribution of charge density ¢(X) [charge/volume] at each point X
in a bounded set D in R3. The potential at any point P outside of D is

c(X)

P) = .
sP)= | IX=Pl

(a) Suppose P is at least one unit distance from every point of D. Show that the
integrand
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c(X)
IX P

is a bounded continuous function of X in D.
(b) Integrate the Taylor approximation (See Problem 4.29)

IX =PI~ ~ 1P +IP| P - X+ JIPI 3P X)* ~ |[PIP[IXII%)

to get an approximation for the potential:

3
4P~ ( |, c(X)dV)uPu“ +Z( | c(X)x,-dV)p,-nPn‘3
D =1 \WD
3
+%[Z( fD c(X>3xkx,dV)p,-pk||P||5— fD c<X>||X||2dV||P||3].

k=1

(c) Show that the integrands ¢(X)x;, c(X)xxx;, and c(X)|IX|[? are bounded continu-
ous functions in D.

(d) Show that as P tends to infinity the three terms of the approximation are bounded
by a1|[P||™", a2||P||~2, a3||P||~3, for various constants a;.

Remark. The gradients of the three terms of the approximation are known in Physics
as the Coulomb, dipole, and quadrupole parts of the field.

7.3 Surfaces and surface integrals
We introduce smooth surfaces in R?, using parametrizations.

Definition 7.7. Let X be a C' function from a smoothly bounded set D in R? to
R3, denoted X(u,v) = (x(u, v), y(u, v), z(u, v)). Suppose X satisfies the following
conditions on the interior of D.

(a) X is one to one.
(b) The partial derivatives of the component functions of X are bounded.
(c) The partial derivatives

X, v) = (51, v), yu(u,v),2u(u,v),
X, @, v) = (o (0, v), yo (1, ), 20(u, v))

are linearly independent so that X,,(u,v) X X, (u,v) # 0.

The range S of X is called a smooth surface, parametrized by X. The plane that
contains the point X(«, v) and has normal vector X,,(u, v) X X, (1, v) is called the
plane tangent to S at X(u,v), and X is called a parametrization of S.
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to

s

r

0 T

Fig. 7.21 The surface in Example 7.28.

Example 7.28. Let
X(u,v) = (3cosvsinu,3sinvsinu, 3 cosu)
with O <u <7 and 0 < v < 2. Since
X (u, WII* = 3% (cos? v+ sin® v) sin® u + 32 cos? u = 3%,

the points X(u,v) lie on a sphere of radius 3 centered at the origin. See Fig-
ure 7.21. X is one to one on the interior of the domain, where 0 < u < 7,
0 < v < 2n. The partial derivatives

X, (it,v) = (3cosvcosu,3sinvcosu, —3 sinu)

X, (u,v) = (=3 sinvsinu, 3 cosvsinu,0)

are linearly independent where sinu # 0. We compute a normal vector to the
tangent plane,

X, (u,v) x X,,(1,v) = 9sinu(cosvsinu, sinvsinu, cosu),

and its norm
[1X, (e, v) X X, (u, v)|| = 9sinu.

O

One way to parametrize the graph of a C! function f(x,y) = z is to define a new
function X(x,y) = (x,, f(x,y)) from the x,y plane to R3.

Example 7.29. Let f(x,y) = \R?—x%—y2, R > 0. Define

X(x»)’)z(x’)’» R2_x2_y2)
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for x*> +y? < a® < R%. See Figure 7.22. The partial derivatives

Xx:(170,_;]’ Xy=(0’15_+]7
RI—x2—)2 RT—x2—)2

are linearly independent because the pattern of zeros and ones prevents either
vector being a multiple of the other. Since 0 < x> +y? < a” < R? the derivatives
are bounded:

R

< < R
\/RZ_XZ y2 \/RZ a2 \/R2—x2

VR =&

R

The range S of X is the part of the upper hemisphere of radius R centered
at the origin, that sits above the disk of radius a > 0 centered at the origin in
the x,y plane. See Figure 7.22. A normal vector to the plane tangent to S at

X(x,y) is
X y
X (X’Y)XX(X,Y):( £ 71)
* Y V-2 R
. . R
and its norm is | X (x,y) X Xy (x,y)]| = —————. |
R2—2—y2

Xe(w,y) x Xy, y))

Fig. 7.22 The surface S in Example 7.29.

We call X(x,y) = (x,y, f(x,y)) the (x,y) parametrization of the graph of f. Here

Xx(x9y) = (190’fx(-x’y))’ Xy(x’y) = (0’ l’f;’(x’y))

and a normal vector at the point (x,y, f(x,y)) is

Xx(x’)’) XXy(x’y) = (_fx(x’)’), _B(x’y)’ 1)
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Area Now that we have a definition of a smooth surface, we define its area.

Definition 7.8. Suppose S is a smooth surface parametrized by X from a
smoothly bounded set D in the u, v plane into R3. The area of S is defined
as

Area(S):fdo-:fHXu(u,v)va(u,v)Hdudv.
s D

Take the case where S is the graph of a function f on D, and § is parametrized
by X(x,y) = (x,y, f(x,)). Then [ Xx(x,y) X X,(x, )l = /1 + f7 + /7 and the surface

area of S is
Area(S):f 1/1+fx2+fy2dxdy.
D

We show that Definition 7.8 is a reasonable definition for the area of a smooth
surface by looking at some estimates for the area. Take a point X(u,v) on S and
three nearby points X(u +4u,v), X(u,v+4v), X(u+du,v+A4v). See Figure 7.23.

By holding v fixed and letting u vary, X(u,v) parametrizes a curve in S. Since X
is C!, the secant vector X(u + Au,v) — X(u,v) is well approximated by the tangent
vector X,,(u,v)Au. Similarly if we hold u fixed and vary v we get another curve in §
with a secant vector X(u,v +4v) — X(u,v) well approximated by the tangent vector
X, (u,v)4v. By Definition 7.7, X,(u,v) and X, (u,v) are linearly independent. The
area of the parallelogram determined by the two tangent vectors is

|1X, (u, v)Au X X, (u, v)AV|].

Itis a good estimate for the area of the two triangles determined by the secant vectors
in Figure 7.23.

X (u,v+ Av)

X(u+ Au,v + Av)

Fig. 7.23 Two secant triangles.

The sum of the areas of the secant triangles tends to the integral formula for the
area of S,
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Area(S)szIXuvalldudv.
D

(u+ Au,v)

Fig. 7.24 Approximating area by parallelograms.

Example 7.30. Find the area of the sphere S of radius R > 0, using the

parametrization
X(u,v) = (Rcosvsinu, Rsinvsinu, Rcosu), O<u<gm 0<v<2n).
We get

X, (u,v) x X, (u,v) = R*sin u(cosvsinu,sinvsinu, cosu)

and |IX,,(u,v) X X, (u,v)|| = R?sinu. So

21
Area(S):fHXuxXVHdudv:f fstinududv
D 0 0

2 T
=R’ f dv f sinudu = R*(27)2 = 4nR>.
0 0

]
Remark. The parametrization of the surface of a sphere in Example 7.30 is
inspired by spherical coordinates, where u and v play roles similar to latitude and
longitude on a map. This suggests denoting the parameters by (6,¢) rather than

(u,v).

Example 7.31. Find the area of the part of the upper hemisphere given by the
(x,y) parametrization in Example 7.29,

X(x,)’):(x,y, Rz_-xz_yz), D: X2+y2 Saz

where 0 < ¢ < R?. In Example 7.29 we showed that
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R
X (6, 9) X Xy (e, W) = e,
RZ—x2—y2

SO
dxdy.

R
Area(S):fda':f—
s D AJRZ—x2—y?

The integral is easier to evaluate if we change variables to polar coordinates.
The region D in polar coordinates is 0 <6 < 27, 0 < r < a. So

rdrd@

R 21 ra
Area(S) = ——dxdy = Rf f ——
) fD VRZ—x2—y? g o Jo VRZ-p2

r=a
=27R(R - (R* - a*)'/?).

r=0

= 2nR[—(R2 -2

In Problem 7.34 we ask you to deduce from this formula a classical discovery

by Archimedes. Note that as a tends to R, the area tends to 27R?, the area of

the upper hemisphere of radius R. O

Now that we have shown that the area formula works for spheres let’s look at
some other simple examples where we may not know the area.

v
2n
S .
| —
3
X y 1 3 u

Fig. 7.25 The surface in Example 7.32 is the part of the cone between z = 1 and z = 3. The u,v
rectangle is for the parametrization in Example 7.33.

Example 7.32. Let S be the part of the surface z2 = x> + y? that lies between
the planes z = 1 and z = 3. See Figure 7.25. Find the area of S. We need to find
a parametrization of S, and the simplest approach is the (x,y) parametrization
since S can be thought of as the graph of the function

2= f(x,y) = (X2 +)2,

defined on the annulus D in the x, y plane where 1 < x> +y> <9. Let

X(x,y) = (5,3, f(x,) = (x,y, x> +¥?)
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on D. Then
Xa(6y) = (1,0, fi(x. ) = (1,0,x(x* +y%)7172)

Xy(x,y) = (0, 1, £,(x,)) = (0, Ly(x* +y*)™'/?)
Xx(x’y) X Xy(-x’y) = (_fx(%y),_fy(x,)’), l)

X2 (e, )X Xy ()l = 2+ £+ 1

and we find

2 2
2. 2,12 * y -
N+ fR+l= \/x2+y2+x2+y2+1_ V2.

Therefore

Area(S)zfdcr:fIIXx(x,y)ny(x,y)lldA
N D

= f V2dxdy = V2Area(D) = V2(r3% - 71%) = 87 V2.
D
o

Example 7.33. Another way to compute the area of S, the part of the surface
7> = x% +y? in Example 7.32, is to use the parametrization

X(u,v) = (ucosv,usinv,u), 1<u<3,0<v<2n

suggested by polar coordinates. D is the rectangle [1,3] % [0,27]. When u = k
the points
X(k,v) = (kcosv,ksinv, k)

are on a circle of radius k in the z = k plane in R centered at (0,0,k). As k
increases, larger circles are mapped into higher planes. We calculate

X, (u,v) = (cosv,sinv, 1)
X, (u,v) = (—usinv,ucosv,0)

2

X, (u,v) X X, (1, v) = (—ucos v, —usinv, ucos> v + usin’ v)

11X, (1t,v) % X, (1, V)| = V2u

and

Area(S):fda':f V2ududy
S D

21 3 32_12
:f V2ududv =27 V2 3 =87V2.
0o J1
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We have seen some examples where two different parametrizations of a surface
are used to calculate the area for the surface. Here is another class of such examples.
Take first the case where the surface S is part of a level set

g, y,z)=c

with Vg # 0. According to the Implicit Function Theorem, Theorem 3.13, one or
more of the variables is a function of the other two, locally near any point of S.
Suppose we have

= f(-x’y)7 (x’y) in D. (72)
8y

Then f, = —&, fy =——, and the area of § is

8z 8z
f 1/fxz+fyz+1dxdy.
D

Example 7.34. Find the area of the part of the surface g(x,y,z) = x> +y*—z> =0
that lies over the set in the x,y plane where 1 < x*>+y? <9. (See Examples 7.32
and 7.33.) By the Implicit Function Theorem for z = f(x,y),

-2x =2y

A

So the area is

22 242
fJ%+%HM@=f,V2yHM®
D Y& 2 D z

:f V1+1dxdy = \/EArea(D):87r\/§.
D

O

Suppose that the surface S expressed in (7.2) can also be expressed as the graph
of
vy =h(x,z2), (x,2)in E.

Then h, = _&’ h, = —&. We show now that

8y 8y
f /fxz+fy2+1dxdy=fw/h)25+h§+1dXdZ-
D E

There is a mapping F from E onto D,
F(x,2) = (x,h(x,2)) = (x.).

See Figure 7.26. The Jacobian of F is
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0]=hzz_g_z_

1
JF(x,z) = det [ h b o

The change of variables formula, Theorem 6.12, gives

dxdz = f R+ 1+h2 dxdz.
E

&
)

2 2 2
+gi+
f1/f§+fy2+ldxdy=f 78S g_; &

il
|

Fig. 7.26 S is both the graph of z = f(x,y) and the graph of y = h(x,z).

More generally suppose we have two parametrizations, one X («,v) from Dj onto
S, and another X»(s, #) from D, onto S, and a differentiable “‘change of parametriza-
tion” G so that

(s,1) = G(u,v)
Xa(s,1) = Xo(G(u,v)) = X (u,v)

for all (s,f) in Dy and (u,v) in Dy. See Figure 7.27. By the Chain Rule
DX5(G(u,v))DG(u,v) = DX (u,v) (7.3)
In Problem 7.45 we guide you to a proof that (7.3) implies that
Xos(u,v) X Xor(u, v) det DG(u, v) = Xy, (u, v) X X1,,(1t, v). (7.4)

By (7.4) and the change of variables formula,

Area(S) = | [ Xas(s,1) X Xo,(s,0)||dsdr
Dy

=f IIX25(G (1, v)) X X0/ (G(u, v))|| | det DG (u, v)| dudv
Dy

= X 10 (2, v) X X (1, v) || dudy.
D
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The area of S is independent of the parametrization of S.

*x
v

u

Fig. 7.27 § is parametrized by both X; and X,.

Surface integrals. Suppose at each point (x,y,z) on a surface S we know the charge
density f(x,y,z) [charge/area]. What is the total charge distributed over S ? Given a
parametrization of S, X(u,v) defined on D, we can approximate the charge on the
patch of S that is the image of a Au by Av rectangle in D by multiplying the density
at a point on the patch, f(X(u,v)), by the approximate area of the patch:

F X, )IX, (u, ) A X X (u, VAV = (X, )IIX (1, v) X X (i, V)| [Audv].

The total charge is the sum of the charge on the patches. This motivates the definition
of the surface integral of f over S.

Definition 7.9. Suppose S is a smooth surface parametrized by X from a
smoothly bounded set D in the u, v plane to R3, and suppose f is a contin-
uous function on S. The surface integral of f over S is defined as

f fdo = f FX )Xo x Xl duedy.
S D

In particular the surface area of S is the integral of f = 1.

Example 7.35. Let S be the surface x> +y? = z2, 1 <z <3 of Examples 7.32,
7.33, and 7.34. Suppose the charge density at each point (x,y,z) of S is

2_\2
fey.g=e 7.
Find the total charge on S. We parametrize S by
X(u,v) = (ucosv,usinv,u), (1<u<3,0<v<2n).

The total charge is
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27 3
ffdazff(X(u,v))IIXuXXVIIdA=f e V2ududv
s D o Ji

3 3
=2r \/Ef e udu=2n \/5[ - %e_“z] =aV2(e ' -e™).
1 1
The average charge density on S, using the area we found previously, is

P B fsfdo' B 7V2(e ' -e™)
average — fs Ao = & \/E

—1 —
= %(e —e™).

O

Properties of surface integrals. From properties of double integrals, surface inte-
grals have these properties: If f and g are continuous functions and c is a constant,
then

° ﬁcfdachsfdv
o L(f+g)d(r=ﬁfd0‘+£gd0’

° IfmeSMthenmArea(S)Sffdo-SMArea(S).
S

We also define the integral over piecewise smooth surfaces. If S is a union of
finitely many smooth surfaces S 1,S2,...,S,, that intersect only pairwise on common
boundaries, such as the six sides of a cube that meet along their edges, we have

f fdo = fdo+---+ fdo.
S1USU-US Sy Sm

Flux of a vector field across a surface. In Chapter 1 we defined the volumetric
flow rate or flux of a constant velocity field U across the parallelogram determined
by V and W in the direction of VX W as

U-(VXW).

VxW
See Figure 7.28. Let N be the unit normal N = ———
¢ IV X W

S'; then the flux of U across S in the direction VX W is

X W
IV W]

and call the parallelogram

U-(VxW)=U IVXW| =U-NArea(S).

Suppose now F is a vector field whose domain contains a smooth surface S,
parametrized by X from the u, v plane to R3. By Definition 7.7 the vectors X,,(u,v)
and X, (u,v) are linearly independent and determine a plane tangent to S at X(u,v).

The vector {
N(X(u,v)) = Xy (u,v) X X, (u,v)
( ) (X e, v) X X ()| !
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\

Fig. 7.28 Flux of U across the parallelogram determined by V and W.

is a unit normal to the tangent plane at X(u,v). See Figure 7.29. We call

X (u,v) X X, (u,v)
[1X (2, v) X X (e, V)|

F(X(u,v))-N = F(X(u,)) -

the normal component of F at X(u,v). Next we define the flux of F across S.

Fig. 7.29 Left: A unit normal vector N at X(u,v) on S. Right: F(X(u,v)) - N(X(u,v)) is the normal
component of F at X(u,v).

Definition 7.10. Let S be a smooth surface parametrized by X from a
smoothly bounded set D in the u,v plane to R>.

Let F(x,y,2) = (fi(x,y.2), /2(x,¥,2), f3(x,y,2)) be a continuous function on
S . The integral of the normal component of F, F-N, over S is called the flux
of F across S in the direction of N. Using Definition 7.9 it is

fF-Ndo-: fF(X(u,v))~N(X(u,v))||Xu(u,v)XXV(u,v)Hdudv
S D

= f F(X(u,v)) - (X, (1, v) X X, (e, v)) duedv.
D
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F G

V

Fig. 7.30 Positive flux of F across S at the left, and negative flux of G across S at center. For the
flux of H at the right we can’t tell the sign of the flux at a glance.
Example 7.36. Let S be the surface x> +y*> = z2, 1 <z < 3. Find the flux of
F(x,y,2) = (=y,x,z) across S, f F -Ndo, where N points away from the z

S
axis. We know from Example 7.33 that
X(u,v) = (ucosv,usinv,u), 1<u<3,0<v<2r
is a parametrization of S and that

X, (u,v) = (cosv,sinv, 1)
X, (u,v) = (—usinv,ucosv,0)

X, (u,v) X X, (1, v) = (—ucosv,—usinv, u)

11X (0,v) % X, (11, V)| = V2u

The vector

Xy (u,v) XXy (u,v)  (—ucosv,—usinv,u)

N(u,v) = = = 1 (—cosv,—sinv, 1)
[1X, (2, v) X X (ut, V)| V2u 2

isnormalto §. Atu=2,v=73, N(2,5) = \/LE(O, —1,1) points toward the z axis.
See Figure 7.31. To get the net flux of F across S in the direction away from
the z axis we use the opposite unit normal

N(u,v) =

X, (u,v) X X, (u, v) L (cosv,sinv, 1)
= — v,sinv,—1).
11X, v) X X (u,v)| - V2

21 3
fF ‘Ndo = f f F(X(u,v)) - N(u, v)[IX, (1, v) x X, (u, v)|| dudv
S v=0 Ju=1

27 3
=f f (—usinv,ucosv,u)-L\f(cosv,sinv,—l)\/zududv
v=0 Ju=1 2

27 3 3
=f0f 1(—u2)dudv=27r[—%u3]l=%27r(—26).
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Fig. 7.31 A unit normal M at the point (0,2,2) in Example 7.36 points toward
M1, (o, v) X X (VI

the “inside” of the cone, toward the z axis.

Orientation of surfaces. An important thing to notice in the definition of the flux

integral f F-Ndo is that the sign of the integrand depends on the order in which
S

the cross product of X,,(u,v) and X, (u,v) is taken. The resulting unit normals

X, (1, v) X X, (1, v) X (u,v) X X, (1, v)
X0 (1, ) X X @I 11X, v) X X (e, V)|

can be used to distinguish the two sides of a surface. For example, a sphere S has a
set of unit normals that point outward and a set that point inward. In Example 7.28
we parametrized a sphere of radius three centered at the origin by

X(u,v) = (3cosvsinu,3sinvsinu,3cosu), O0<u<m 0<v<2nm.

Which way do the unit normals

X, (u,v) x X, (u,v)
X (2, v) X X (1, V)|

point? We found that X,,(u,v) X X, (1, v) = 9sinu(cosvsinu,sinvsinu,cosu). Where
sinu is positive, this is a positive multiple of X(u,v), a point on the sphere, so these
normals point outward.

When we choose a side for the normals we say the surface is oriented. If a surface
S is a union of n oriented surfaces S,...,S,, then § is orientable if we can choose
unit normals so that if edges between the surfaces were smoothed, we would be able
to extend the normals continuously across the smoothed edges. Let’s look at another
example.

Example 7.37. Let squares S'| and S, be parametrized by
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X y X y X y

Fig. 7.32 The surfaces in Example 7.37. The left and center surfaces are oriented. The surface on
the right is not oriented.

Xi(x,y) = (x,y,4) 0<x<1,2<y<3,
Xo(x,2) = (x,3,2) 0<x<1,4<z<5.

See Figure 7.32. The unit normals to S are (0,0,1) or (0,0,—1), and unit
normals to S, are (0,1,0) or (0,—1,0). For § = §;US, to be an oriented
surface we need to choose unit normals that are consistent, so

(0,0,-1)on Sy, (0,1,0)on S,
as at the center in the figure, or
(0,0,1)on S, (0,—1,0)on S,

as at the left in the figure. O

At the right in Figure 7.32 is a surface that has two sides and is orientable, but
this way of assigning unit normals does not result in an oriented surface.

Not all surfaces are orientable or have two sides. Take a strip of paper, give it a
half twist and tape the two short ends together to make a Mobius band. The strip
before you joined the ends was an orientable surface. It had two sides. But after you
put the twist in and joined the ends any normal you try to move around the surface
comes back the opposite way after one loop.

The notion of the flux of a vector field across a surface only makes sense for
orientable surfaces; therefore we only work with orientable surfaces.

x 2 \J?’Sﬁ\\y

Fig. 7.33 The surface S of the box in Example 7.38.
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Example 7.38. Find the flux of F(x,y,z) = (xz,y +1,z—y) outward across S,
the surface of the box [0,2] X [0,3] % [0,4] shown in Figure 7.33.

fF-NdO':f F-Ndo
S S1USUS3US4US5US 6

=f F-Ndo’+f F~Nd0’+f F~Nd0’+f F-Nd0'+f F~Nd0’+f F-Ndo.
S S» S3 Sy Ss Se

Parametrize S| by X;(y,z) = (2,y,z). The outward unit normal vectors are

(1,0,0) and
3
fF~Ndo-=ff (2%,y+1,z—y)-(1,0,0)dydz = 4(12) = 48.
S z=0 Jy=0
Similarly

3
f F-NdO':f 0,y+1,z-y)-(-1,0,0)dydz = 0O,
So z=0 Jy=0

2
f F~Ncla=f4 (x%,3+1,z-3)-(0,1,0)dxdz = 4(8) = 32,

S3 7z=0 Jx=0
2

f F-Nda-:f (x%,1,2-0)-(0,-1,0)dxdz = —1(8) = -8,
S4 =0 Jx=0

3 2 3
fF-Ndo-:f (2.y+1,4-)-(0,0, dxdy = 2[- 3 (4 -y)*| =15,
Ss y=0 Jx=0 0

3 2 3
fF~Ndo-:f (xz,y+1,0—y)~(0,0,—1)dxdy:2[%)12] -9,
Ss y=0Jx=0 0

ThereforefF‘Ndo'=48+O+32—8+15+9=96. |
N

Alternative ways to find the flux of F across S. If S is a graph of a C! function
z= f(x,y) over D, we can also think of S as the level set of the C ! function g from
R3 to R,

g(x,y,z) = Z—f(x,y) =0.

Since the gradient of g is normal at each point of S,

Vg(x’y’z) = (_fx(x’y)’_f;i(x’y)’ l)a

the two possibilities for a unit normal to S at a point (x,y, f(x,y)) are

+(_fx(x’y)s _f;'(-xry)s 1)

e+ [+l

N =

Note that
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1

is plus or minus the cosine of the angle between the tangent plane to S at (x, y, f(x,y))
and the x,y plane. See Figure 7.34. That gives us a way to estimate the area of the
part of S that sits above a small part of the domain D in the x,y plane. It is the area in
the x,y plane times the reciprocal of the cosine of the angle between the two planes,

do~ \[f?+ f?+ 1dA. So the upward flux of F across S is

N-(0,0,1)==

\L‘F'Ndo_:\fDF(x’ysf(-xvy))'(_fX(x’y)?_fy(xsy)v1)dXdy

where D is the domain of f and S is the graph of f over D.

Fig. 7.34 The angle between the tangent plane and the x,y plane. N is drawn upward.

Example 7.39. Let the surface S be the part of the graph of f(x,y) = x> +y*
above the rectangle R = [0, 1] x [0,3], with unit normal vectors N having a
negative z component. The flux of F(x,y,z) = (—x,3,z) across S is

fSF-Nd0'=fDF(x,y,f(x,y))'(fx(x,y),fy(x,y),—l)dxdy

3

3 1 1
:f (—x,3,x2+y2)-(2x,2y,—1)dxdy:f (=322 =y* +6y)dxdy = 15.
y=0 Jx=0 y=0 Jx=0

]
Evaluating f F-Ndo geometrically Sometimes we can evaluate a flux integral

without parametrizing the surface, by making use of special geometric relationships
between the vector field F and the surface S.

X
Example 7.40. Let F(X) = _W be the inverse square vector field. Find the

flux of F outward across a sphere Sk of radius R centered at the origin. The
direction of F(X) is in the opposite direction of X, and |[F(X)|| = ||X||"> = R2.
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The outward unit normal vector N(X) = — points in the opposite direction

X
of F(X). Therefore
F(X)-N(X) = [FX)|[[IN(X)[|cos 8 = [FX)[|(1)(-1) = -k

The flux of F outward across S is

1 1 1
fF-Ndo-zf ~—do = —— Area(Sg) = ——4nR" = —4r.
Sr SR R R R

O
If in Example 7.40 we had computed the flux of the vector field info the sphere
we would have used the inward pointing unit normals and the cosine of the angle

between F and N would have been 1 instead of —1. The inward flux of F across S is
4.

Example 7.41. Suppose at each point of a surface S, F(X) is tangent to S.
Find the flux of F across §S. Since F(X) is tangent to S, F(X)-N(X) =0 at

each point. So
fF -Ndo =0.
s

Example 7.42. Find the flux of F(x,y,z) = (x,y + 3x2,z) outward across a
sphere S of radius R centered at the origin. The outward pointing unit nor-
mal vectors are

O

(x,y,2)

N= 229
X2 +y2 +22

1
= E(x,y,z)

at every point (x,y,z) of the sphere. The flux is then

1
fF-Nda:f(x,y+3x2,z)~(—(x,y,z))d0
s s R

1 1
=—f(x2+y2+3x2y+z2)d0'= —(f(x2+y2+z2)d0'+3f(x2y)da').
R Js R\Js s

OnS, X2+ y2 +72 = R2, s0 the first integral is

f(x2+y2+z2)d(r=R2fdaszArea(S)=47TR4'
S S

The second integral f (xzy) do is zero due to symmetry. (See Problem 7.37.)

s
Therefore the flux is R™!(47R*) = 47R3. |
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Problems

7.31. Set up integrals for the areas of the graphs of z = x> +y? and z = x> —y* over
a smoothly bounded set D in R?. Show that for all D, the two graphs have the same
area.

7.32. Let S| be the part of the plane

%x+ %y+ gz =10,
that lies over the rectangle 0 < x <1 and 0 <y <1 in the x,y plane. Let S, be the
part of the same plane that lies over the rectangle 0 <y <1land 0<z<1inthey,z

plane. Show that Area(S) = % and Area(S,) = %

7.33. Suppose a® +b*> +c> = 1, and let S be the part of the plane ax + by +cz = d that
lies over a rectangle D in the x,y plane. Show that

|c|Area(S) = Area(D).

7.34. Let R be the radius of a sphere. It is part of a classical discovery by Archimedes
that the area of a spherical cap of height i, 27Rh, is the same as the area of a cylinder
of the same height / and radius R.

(a) Verify that the expression (R — (R> —a*)'/?), found in Example 7.31, is the height
of the spherical cap there, thus proving Archimedes’ result.

(b) Without evaluating any further surface integrals, deduce another discovery by
Archimedes: that the area of every section of height / of a sphere has the same
area. See Figure 7.35.

Fig. 7.35 All sections of equal height through a sphere have the same surface area, in Prob-
lem 7.34.

7.35. Let X(u,v) = (V2uv,u?,v%), (1<u<2, 1<v<2).

(a) Calculate X,,, X,, and X, X X,.

(b) Show that X parametrizes a surface S in R3, and at each point (x,y,z) of S,
X% =2yz.

(c) Find the area of S'.
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(d) Calculate the integral f ydo.
S

7.36. Let S be the surface of the cylinder in R3 where x% + y2 =r2and0<z<h,
where r and & are positive constants.

(a) Verify that a parametrization of S is
X(u,v) = (rcosu,rsinu,v), 0<u<2m 0<v<h.

(b) Use X(u,v) to show that the area of S is 2zrh.
(c) Evaluate f ydo.
S

(d) Evaluate f y2 do.
S

7.37. Let S be the unit sphere in R? centered at the origin. S has a symmetry, that
for each point (x,y,z) on S there is another point (—x,—y,—z) also on S. Show that

fxzyda' =0.
N

7.38. Let S be the unit sphere centered at the origin in R3. Evaluate the following
items, using as little calculation as possible.

(a) f 1do

f IXIP do

(c) Verify that f x% do = f x% do = f x% do using either a symmetry argument or
N S S
parametrization without evaluating the integrals.

(d) Use the result of parts (b) and (c) to deduce the value of L x% do.

7.39. Let S be the unit sphere centered at the origin in R3.
(a) Show that x1 + x‘zL + x3 +2(x2 x2 + x%x% + x3 2) =1lonS.

(b) Evaluate fs X3 do using spherical coordinates.

(c) Evaluate L xlxz do using items (a), (b), and a symmetry argument.

7.40. Let S be the flat parallelogram surface determined by vectors V and W, and
VXW
letN = ||V>>E—VV|| Verify that the flux of a constant vector field F across S is

fF-Ndo- =F-NArea(s).
N
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X

Fig. 7.36 Surfaces in Problems 7.41 and 7.42.

7.41. Find the flux of the constant vector field F = (2, 3,4) through each of the four
oriented surfaces in Figure 7.36.

7.42. Find the flux of the vector field F = (2y,3z,4x) through surface (a) in Fig-
ure 7.36.

7.43. Find the flux of the vector field F = (2y,3z,4x) across the parallelogram deter-
mined by the vectors V = (1,1,1) and W = (0,0,2) in the direction of VX W.

S

Fig. 7.37 The oriented surface in Problem 7.44.

7.44. Let S be the oriented surface shown in Figure 7.37. Determine without calcu-
lation which of the following fluxes are positive.

() f(O,l,O)-Ndo-
S

) f (0,3y.0)-Ndor
S

(c) f(l,Sy,O)-Nda’
N
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(d) f(x3,0,5)-Nd0'
S

7.45. Suppose A,B,C,D are vectors of R3 written as columns, and that

[AB][?Z} —[CD].
3x2 3x2

Justify the following statements to prove that
(ad—bc)AxB = CxD. (7.5)

Remark. We used this formula in the “change of parametrization.”

(a) If we adjoin any third column Y to create square matrices, then

ab(

[ABY]|cdO|=[CDY].
S—— S——
3x3 001 3x3

(b) Then Y- (A xXB)(ad—bc) =Y -(CxD).
(c) Conclude (7.5).

7.46. As we will see in the next chapter, the flux of fluid mass across a surface S is

fpV-Ndo-,
s

where p is the fluid density and V the velocity. Evaluate this integral for two cases:

(a) S is a square of area A parallel to the x,y plane with unit normal vector
N = (0,0,1), p is constant, and V = (a, b, c) is also constant.

(b) S is a square of area A with a unit normal vector N, p is constant, and V is a
constant k times N.

7.47. As we will see in the next chapter, the flux of fluid momentum across a surface
S is vector valued (integrate componentwise):

j; (oV)V-Ndo,

where p is the fluid density and V the velocity. Evaluate this integral for two cases:

(a) S is a square of area A parallel to the x,y plane with unit normal vector
N = (0,0,1), p is constant, and V = (a, b, c) is also constant.

(b) S is a square of area A with a unit normal vector N, p is constant, and V is a
constant k times N.

7.48. Let S be the part of the plane
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3x-2y+z=10

over the square D = [0,1] % [0,1] in the x,y plane, and take the normal vectors N
upward, that is with positive z component.

(a) Express the plane as the graph of a function of x and y, and find N.
(b) Find the area of § and verify that the area of S is not less than the area of D.
(c) Let F be a constant vector field (a, b, ¢). Find the flux of F across S.

7.49. Let S be the sphere of radius R > 0 centered at the origin of R?. Consider the

X
inverse square vector field F(X) = W Show that the outward flux

fF-Nda'=47r,
s

thus the flux does not depend on the radius of S. See Figure 7.38.

7.50. Let S be the sphere of radius R > 0 centered at the origin of R>. Consider a
vector field of the form
F(X) = k(IXIDX,

where k is a function only of the norm ||X]|. Suppose the outward flux f F-Ndo
s
does not depend on the radius of S. Prove that k(]|X]|) is some multiple of IX]|73.

See Figure 7.38.

Fig. 7.38 Flux of inverse square field through sphere, in Problems 7.49 and 7.50.

7.51. Suppose surface S is parametrized by X(u,v), (u,v) in some smoothly
bounded set D, and k is a positive number. Let T be the set of points

Y(u,v) = kX(u,v), (u,v) in D.
Show that T is a smooth surface parametrized by Y. Show that

Area(T) = k> Area(S).



Chapter 8

Divergence and Stokes’ Theorems and
conservation laws

Abstract Green’s and Stokes’ Theorems are extensions to functions of several vari-
ables of the relation between differentiation and integration.

8.1 Green’s Theorem and the Divergence Theorem in R”

The Fundamental Theorem of single variable calculus asserts that differentiation
and integration are inverse operations. More precisely, if f is a function that has
continuous first derivative f” then

b
f f ) dx = f(b) - f(a). 8.1)

The analogue of this result for C! functions of two variables is called the Divergence
Theorem. As we will see it is obtained by applying the single variable result in each
variable and integrating with respect to the other variable.

Take first the case that D is a smoothly bounded set in the plane that is both x
simple and y simple. Denote by dD the boundary of D. Let ¢ and d be the smallest
and largest numbers y for which there is a point (x,y) contained in D. Since D is
x simple, for every value yy between ¢ and d, the set of points (x,yp) in D is a
single horizontal interval [a(yg),b(yo)] and both a(y) and b(y) are continuous on
[c,d]. Denote by a and b the smallest and largest numbers x for which there is a
point (x,y) in D. Since D is y simple, for every value xy between a and b the set of
points (xp,y) in D is a single vertical interval [c(x(),d(xo)] and both c¢(x) and d(x)
are continuous on [a, b]. See Figure 8.1.

Figure 8.1 shows a set that is both x simple and y simple and Figure 8.2 shows
two that are not. Let f be a function that has continuous first partial derivatives f
and f, in D. Fix y and apply the Fundamental Theorem of Calculus in one variable.
We get
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y y d(x)
g ~

/ b(y) \

a(y)

C
T X T T X

Fig. 8.1 Left: D is x simple with boundary functions x = a(y) and x = b(y). Right: D is y simple
with boundary functions y = ¢(x) and y = d(x).

y

Fig. 8.2 Left: D is x simple but not y simple. Right: C is y simple but not x simple.

b(y)

fx(x,)’)dx = f(b(y)’y) _f(a()’)s)’),

a(y)
where y lies between ¢ and d.
Integrating this relation with respect to y from ¢ to d we get

x=b(y)
f Ly TR dxdy= f (F®BG).») - Flak),)dy.

The iterated integral on the left is the integral of f, over D, f frdxdy. Next we

D
observe that the integral on the right side is equal to the line integral

L fey

taken counterclockwise along the boundary of D, using parametrizations X;(y) =
(b(y),y) on the graph of b(y) with y running from ¢ to d, and X»(y) = (a(y),y) on the
graph of a(y) with y from d down to c. Therefore the integral formula can be written

as
ffxdxdyzf fdy. (8.2)
D oD

Let g be another continuously differentiable function on D. We derive an analogous
formula for the integral of g, over D:

b d(x) b
| f( = | (et gtrctn)ax
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The left side is f gydxdy and the right side is equal to a line integral of g taken

D
over 0D in the clockwise direction. Taking it in the counterclockwise direction we

get
fgydxdy:—f gdx. (8.3)
D oD

Adding the two formulas (8.2) and (8.3) we get

f(fx+gy)dxdy=f fdy—gdx. (8.4)
D aD

We restate this result in vector language. Let X(s) = (x(s),y(s)) be the arc length
parametrization of the boundary of D increasing in the counterclockwise direction.

dx d
s is between 0 and the length of dD. Since the tangent vector (d—x, d—y) has length 1
S S

dy d
at each point of D, N = (d—y, _d_x) is the outward pointing unit normal. Recall in
s ds
Section 3.5 we defined divF = f, + g, where F = (f, g). Then we can write (8.4) as

fdiVFdxdyzf F-Nds. (8.5)
D oD

This is called the Divergence Theorem.

Fixy) = (xy) Fixy) = (xy)

Fig. 8.3 In Example 8.1 the unit normals and F are parallel on the boundary of the disk.

Example 8.1. We verify the Divergence Theorem in the case F(x,y) = (x,y)
and D is a disk of radius R centered at the origin. At each point on the bound-
ary, the outward pointing unit normal to dD is parallel to F. See Figure 8.3.
Therefore at each point on 9D, F-N = ||[F|| = R. The line integral is

fF-Nds:f ||F||ds=Rf ds = RQ27R) = 27R2.
oD oD oD

0 0
Since divF = a—(x) + a—(y) = 2, the integral of divF over D is
X y
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fdiVF dA = 2f dA =27R%.
D D

Example 8.2. Let F(x,y) = (x,y) and let D be the rectangular region where
-3<x<5 and -7<y<2.

Find the flux of F outward across dD. See Figure 8.4. Since divF = 2, by the
Divergence Theorem

f F~Nds:fdiVFdA:f2dA:2Area(D):2(8)(9):144.
oD D D

y
boof G o
~— . X
-3 5
c, C,
Vo7l o

1

Fig. 8.4 The rectangle in Example 8.2 with outward pointing unit normals.

Example 8.3. We can also compute f F-Nds of Example 8.2 by computing
aD
four line integrals.

fF-Ndssz-Nds+f F-Nds+f F-Nds+f F-Nds.
aD e C Cs Cs

We get
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5 5
fF-Nds:f(x,—7)~(0,—1)dx:f 7dx = 56,
C -3 -3
3

5
fF~Nds:f(x,2)~(0,1)dx:16,
c -3
2 2
fFdeszf(S,y)v(l,O)dyzf 5dy =45,
_7 _7

Cy

2
fF-Nds:f(—3,y)~(—1,0)dy:27.
Cy -7

Therefore F-Nds=56+16+45+27 = 144. This agrees with the calcu-
oD
lation in Example 8.2. O

Example 8.4. Let F(x,y) = 2x +y%,y + cosx), then divF = 3. The flux of F
outward across the boundary of a smoothly bounded set D with area 10 that
is both x simple and y simple is

f F-NdszfdideAz?)fdA=3(10)=30.
oD D D

We next extend the Divergence Theorem to sets that are finite unions of smoothly
bounded sets that are both x simple and y simple and have boundary arcs in common.

Let D be a smoothly bounded set in the x,y plane. Divide D into two parts D and
D; by a piecewise smooth curve C in D that connects two points of the boundary of
D. See Figure 8.5.

O

Fig. 8.5 Sets D; and D, with outward pointing normals. Curves By, By, and C are shown thin,
thick, and dotted, respectively.

‘We show now:
If a C! vector field F satisfies

fdiVFdAzf F-Nds and fdiVFdAz F-Nds (8.6)
Dy aDl Dy 3D2

over the two sets D and D5 then
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fdiVFdA:f F-Nds
D aD
over the union D = D; U D5.

To prove this, add the two equations in (8.6). The sum of the left sides is the
integral of divF over D. We claim that the sum of the right sides is the integral of
F-N over the boundary of D. To see this, note in Figure 8.5 that the endpoints of the
curve C divide the boundary of D into two parts B and B;. The boundary of Dy is
the union of By and C, and the boundary of D; is the union of B, and C.

We note that the normal to the connecting curve C that is outward with respect to
D; is the negative of the normal to C that is outward with respect to D,. Therefore
in the sum of the right sides of (8.6) the integrals of F-N over C as the boundary
of Dy and as boundary of D, cancel! The sum of the remaining integrals over the
boundary of D; and D is the integral of F - N over the boundary of D.

We can extend the Divergence Theorem to smoothly bounded sets that are the
union of sets that are both x simple and y simple.

Definition 8.1. We call a smoothly bounded set D regular if it is the union of
a finite number of smoothly bounded subsets, each of which is x simple and y
simple and any two have only a boundary arc in common.

We have proved the Divergence Theorem for a vector field that is C' on a
smoothly bounded set that is x simple and y simple. We have also shown that if
a set D is a union of two subsets for which the theorem holds, then it holds for D.
Using this proposition repeatedly we conclude the following theorem.

Theorem 8.1. The Divergence Theorem. If F from R? to R? is C' on a reg-
ular set D then

fdiVFdAz F-Nds.
D oD

All sets of practical or theoretical importance are regular; therefore we confine
our studies to regular sets.

Y q

D

AN

x=a(y) X

d
Fig. 8.6 Area(D) = f (b)) —a(y)dy = f xdy. See Example 8.5.
c oD
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Example 8.5. For the function F(x,y) = (x,0), divF(x,y) = 1. Let D be a reg-
ular set in R?. By the Divergence Theorem

Area(D):fldA:fdideA:f xdy.
D D oD

This shows that the area of D can be computed using only measurements taken
on its boundary. See Figure 8.6. O

SN

Fig. 8.7 The set D in Example 8.6.

S

Example 8.6. Let F(x,y) = (x,—y). Find the outward flux of F across the
boundary of D shown in Figure 8.7. We compute

P 9
divF = (1) + a—y(—y) =1-1=0.

By the Divergence Theorem the outward flux of F across 9D is

fF-NdszfdideAszdAzO.
oD D D

Next we show how to use the Divergence Theorem to find the integral of the
tangential component of F along 0D,

f F-Tds.
oD

Suppose Fis C! on a regular set D and 4D is traversed in a counterclockwise direc-
tion. If the outward unit normal vector at a point on 9D is N = (ny,n3), then the unit
tangent vector there is T = (¢1,%) = (—n2,n1). See Figure 8.8.

So for F = (f, g),

fF‘Tds=f(ft1+gt2)ds=f(gnl—fnz)ds.
oD oD oD

By the Divergence Theorem and the definition of curl from Section 3.5 we have

O
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N
Y (t1,t2) = (—n2,m1)

T (n1,n2)

T

Fig. 8.8 The unit normal and tangent vectors.

f(gn1+<—f>nz>ds=f(a—g+@)dA=f(a—g-a—f)dA=fcur1FdA.
oD p\dx Oy p\dx 0y D

So we have proved Green’s Theorem.

Theorem 8.2. Green’s Theorem If F = (f,g) is continuously differentiable
on a regular set D in R? then

fcurleA= F-Tds,
D D

where the boundary of D is traversed in the counterclockwise direction.

F(X,Y) = (_y!X)

(xy)
F(y) = (yX) f (xy)
\y

Fig. 8.9 In Example 8.7 the unit tangent and F(x,y) point in the same direction at each (x,y) on
the circle.

Example 8.7. Find the work done in moving a particle in the counterclockwise
direction along a circle of radius R centered at the origin in the presence of a
force field F(x,y) = (—y,x). Green’s Theorem can be applied as follows. The
work is

f F-Tds:f(i(x)—i(—y))dA:f(1+1)dA=2Area(D)=27rR2.
oD p\0x dy D

Alternatively, without using Green’s Theorem note that T and F have the same
direction at each point on D. Hence F- T = ||F|| = /x> +y? =R and
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f F-Tds= f Rds = R(Length(0D)) = R(2nR) = 2nR?.
oD oD

O

4 ) and let D be the disk of radius R

X2 4327 x2 442

f F-Tds,
oD

where we traverse dD in the counterclockwise direction. We cannot use
Green’s Theorem to evaluate this integral because the domain of F does not
contain (0,0), hence F is not differentiable (or even defined) on all of D. Let’s

Example 8.8. Let F(x,y) = (

centered at the origin. Find

compute f F-Tdsand f (gx— fy) dA and compare the results.
oD D

F and T are in the same direction, and we see F-T = ||F|| = %. Therefore,

1 1 1
f F-Tdszf —ds = —Length(dD) = =2nR = 2.
oD oap R R R

On the other hand

0 X 2+ yz) —x(2x) y2 —x2
b L) .

ax 2 +y2) T 2y (2422
2z ):(x2+y2>(—1>—(—y><2y>: v -
dy x2+y2 (x2+y2)2 (x2+y2)2'

Iy

Therefore, f (gx—fy)dA = f 0 dA = 0. The two integrals are not equal. O
D D

Fig. 8.10 Left: the loop C in Example 8.9 encircles the origin. Center: the boundary of D is CUCkg.
Right: D comprises two subregions D and D>.

—y x '
x2—+y2, xz—+y2) and C is the
loop shown in Figure 8.10 traversed in the counterclockwise direction. F is
not defined at (0,0) but F is defined on the regular region D between C and
Cr, a circle of radius R centered at the origin that does not intersect C. The
boundary of D is C U Cg. We know from Example 8.8 that

Example 8.9. Find fF -Tds, where F(x,y) = (

0 X 0, -y \_
P e e G Rl
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f F~Tds=f0dA=0.
oD D

Splitting D into two regions Dj, D as in Figure 8.10 and using that Cg is
oriented clockwise we get

O:f F'Tdszf F-Tds+f F-Tds
oD 8Dy 0D,
:fF~Tds+f F-Tds
C Cpg clockwise

In Example 8.8 we saw that the integral along Cg counterclockwise is 27, so

By Green’s Theorem

clockwise it is —2m. Therefore | F-Tds =2n. |
c

Problems

8.1. Let R be the rectangular region where |x| < 4 and |y| <2, U the closed unit disk
centered at 0, and S the disk where x> +y*> < 25. We define two more sets in R” as
follows. Let D be the closure of the set obtained by removing U from R. Let D; be
the closure of the set obtained by removing R from S. Sketch D; and D; and show
that they are regular sets.

8.2. Show that for a regular set D with boundary oriented counterclockwise,

fxdy:—f ydx = Area(D).
oD oD

8.3. Use the Divergence Theorem to evaluate the outward flux

f(x+6y2,y+6x2)-Nds
c

where

(a) C is the unit circle x> +y> = 1,
(b) C is the boundary of the rectangle [a,b] X [c,d].

8.4. Use the Divergence Theorem to evaluate the following integrals where D is a
regular set and the unit normals N are outward.

(a) f V(x> —y?)-Nds
oD

(b) f Vf-Nds, where f is a C function that satisfies fy, + fyy =0o0n D.
oD
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8.5. Let D be the right half of the unit disk,
x2+y2§ 1, x>0,

and let F(x,y) = (1 + x2y%,0). Verify the Divergence Theorem by evaluating both

sides of
f F~Nds=fdiVFdA
oD D

where the unit normals N are outward.

8.6. Let F(x,y) = (—y,x), and let D be the quarter disc with outward unit normals N,
x2+y2S I, 0<x,0<y,

and denote by R the set drawn in Figure 8.11.

fdideA, f F-Nds
D oD

without using the Divergence Theorem.
(b) Find the flux of F outward across OR.

(a) Compute the integrals

Fig. 8.11 The regions D and R in Problem 8.6.

8.7. Let D be a convex polygonal region in R? with vertices Po,Py,...,P,. Let N;
be the outward unit normal on the i-th edge, D;, from P;_; to P; (D; is P, to Py).
Justify the following items to prove

n
D IIP; P [IN; = 0.
i=1
See Figure 8.12 for the case n = 3.

(a) Let F1(x,y) = (1,0) and let the unit normals N = (n1,n;) be outward. Apply the
Divergence Theorem to show that

f n ds=0,
oD
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(b) Let Fo(x,y) = (0, 1) to show that

f ny ds =0.
oD

(c) The integral of a vector valued function is computed componentwise. Conclude

that
f Ndsz(f nlds,f nzds)z().
aD aD aD

(d) Show that f N;ds =|[P; = P;_;|IN;.
D

n
(e) Show that Z IP; —P;_1|IN; = 0.
i=1

Fig. 8.12 a, b, and c are the edge lengths, and aN, + bN;, + cN. = 0 in Problem 8.7.

8.8. Consider a rectangular region with edges parallel to the x and y axes.

(a) Make a sketch of such a region showing the vector field F(x,y) = (0,cosx) at
various points on the boundary. Explain why the net flux across the boundary is
Zero.

(b) Make another sketch to show that the net flux of the vector field G(x,y) = (y2,0)
across the boundary is zero.

(c) Show that the net flux of the vector field H(x,y) = (y*,cos x) across the boundary
of the region is zero.

8.9. Suppose C is a circle in the plane that does not go through (0,0). Show that the
circulation of
-y X
Fooy) =5 5—
Ce) (x2 +y?2 X2 +y2)

along C in the counterclockwise direction is either O or 2.

8.10. Suppose Fis a C! vector field on an annulus D in R? whose boundary consists
of an inner circle C, of radius 1, oriented clockwise, and an outer circle C; of radius
3, oriented counterclockwise. If

fF-Tdszll andfF'Tds=—9,
C (&)
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find the average of the function curlF over D.
8.11. Let g from R? to R and F from R? to R? be C! functions on a regular set D.

(a) Show that div (gF) = gdivF +F - Vg.
(b) Suppose g =0 on dD. Use the Divergence Theorem to show that

fmwm@A=ifFng
D D

(c) Suppose g is C?, and take F = Vg. If g = 0 at all points of the boundary of D,

show that
f (Ag)gdA = - f VgPdA.
D D

8.12. Let g;(x,y) = sinxsiny in the region D where 0 < x<mand 0 <y <.

(a) Verify that g is zero at all points of the boundary of D, and that 4g; = —2g;.

(b) Suppose that g is some C? function that is zero at all points of the boundary of
D, and that 4g = 2g. Use the results of Problem 8.11 to show this is not possible
unless g is identically zero.

8.13. Suppose F(x,y) = (f(x,y),g(x,y)) is C! and let X(¢) = (x(£),y(t)) be a smooth
curve that satisfies the differential equation

X’ =F(X),
that is,
X (1) = f(x(1),y(1)), ¥ (1) = g(x(),y(1)).

We say that X is a periodic orbit of period p if p is the smallest positive number for
which
X+ p) = X(@).

A periodic orbit is the boundary of a regular set. Use the Divergence Theorem to
show that if divF > 0 then a curve X that satisfies X’ = F(X) cannot have a periodic
orbit.

8.14. Suppose P is a regular region in the plane whose boundary is a polygon. We
list the n vertices

(x1,31), (x2,%2), .oy (Xn,Yn)

in order counterclockwise around the boundary. Justify the following steps to show
that

2 Area(P) = (=y1x2 + x1y2) + (=y2x3 + X2¥3) + - -+ + (=Y X1 + X, )1).

(a) f —ydx+xdy = 2 Area(P)
oP
(b) If C denotes a straight segment from a point (a, b) to point (p,q) then

f —ydx+xdy = -bp+aq.
C
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8.2 The Divergence Theorem in R’

The Divergence Theorem can be proved for vector valued functions with three com-
ponents of three variables on a smoothly bounded set D in R? that is x and y and z
simple. The idea of the proof is the same as for two variables. We apply the Funda-
mental Theorem of Calculus in one of the variables and then integrate with respect
to the other two variables. Let

F(x,y,2) = (f(x,y,2),8(x,y,2), (x,y,2)).

Since D is x simple let Dy, be the set of all points (y,z) for which some point
(x,y,2)is in D. See Figure 8.13. We assume D), is a smoothly bounded set in the y, z
plane, and that

a(y,2) £ x<b(y,z)

describes the interval of points (x,y,z) in D for which (y,z) is in Dy;.

Fig. 8.13 A set D inR?, and Dy, in the y, z plane.

By the Fundamental Theorem of Calculus we have that

b(y.2) o f
f a—(x,y,z)dx = f(b(y,2),y.2) = f(a(y,2),y.2).
a(y,z) X

Integrating this over D,, we get

b(y.2)
f a—fdxdydz = f (f a—f(x,y,z)dx) dydz
D ox Dy, a(y,z) ox

(8.7)
= fD (f(b(y.2).y,2) = f(a(y,2),y,z)) dydz.

At each point on the surface x = b(y, z) the cosine of the angle between the tangent
plane to the surface and the y,z plane is N -i = ny, the x component of the outward
pointing unit normal N. See Figure 8.14.
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n

Fig. 8.14 Tangent plane and unit normal N where x = b(y,z) and n; is positive; n; do = dydz.

do\ dydz

-Q
N1
ﬁ\ 1

x

Fig. 8.15 The ratio of dydz to do is nj.

Therefore the relation between integrating with respect to dydz in the y,z plane
and the corresponding surface area do- above it on x = b(y,z) is

nydo = dydz

so f(b(y,2),y,z)n1 do = f(b(y,2),y,z) dydz. Similarly the cosine of the angle between
the y,z plane and the plane tangent to the x = a(y,z) surface is —n, where n; is
the x component of the outward pointing unit normal. As a result on the graph of
x = a(y,z) we have

nydo = —dydz

and f(a(y,2),y,z)n1 do = —f(a(y,z),y,z)dydz. See Figure 8.16.

Fig. 8.16 Tangent plane and unit normal N where x = a(y,z) and n; is negative; nj do = —dydz.
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So summing over the graphs of x = b(y,z) and x = a(y, z),
B (f(b(y,2),y,2) - f(a(y,2),y,2)) dydz = faD fnido.

Combining this with (8.7) we have

0
f—fdxdydzzf fnido.
p 0x aD

Now repeating the argument in the other two coordinates we have

fgdxdydz+fa—gdxdydz+f%dxdydz
p Ox p dy D 07

= fn1d0'+f gnzda'-i-f hnz do,
oD oD oD
giving

fdidexdydz:f F-Ndo (8.8)
D aD

where N is the outward unit normal to the boundary of D. Just as in R? we can extend
the result (8.8) to sets D that are regular, i.e., a finite union of smoothly bounded
sets in R3 that are x, y, and z simple and have only boundary points in common. This
result is known as the Divergence Theorem.

Theorem 8.3. The Divergence Theorem. Let F be a C' vector field on reg-
ular set D in R and let N be the unit normals to dD that point out of D.

Then
f F-Ndo-:fdideV.
aD D

Example 8.10. Let F(x,y,z) = (x,y,2) and let D be the solid rectangular box
2<x<4, T7<y<10, 1<z<5.

Find the flux of F outward across the boundary of D. By the Divergence The-

orem
f F~Nd0'=fdiVFdV.
oD D

SincedivF=@+@+@:1+1+1:3,wehave
ox  dy 0z

f F-Ndo = f 3dV =3Vol(D) =3(2)(3)(4) =72.
D D
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<

X y
Fig. 8.17 The cone in Example 8.11.

Example 8.11. Let D be a solid cone with base B of area A and height & as
shown in Figure 8.17. We use the vector field F(x,y,z) = (x,y,2) to show that
the volume of the cone is %hA. Since divF = 3, the Divergence Theorem gives

f F-Ndo-:fdideV=3Vol(D).
oD D

The boundary of D consists of the base B and sides S. The unit normal to B is
k = (0,0, 1), and the normals to S are perpendicular to F. Therefore

f F-Ndo-:fF~kdo-+fF-Ndo-=fhdo-+0=hA,
oD B S B

and Vol(D) = 1hA. O

(x,,2)

Example 8.12. Let F(x,y,z) = (162+)’2—+22W

. The divergence of this field is

zero: since

0 X B (2 +y?+2%) =37
Ox (2 +y2+22)32 (2 +y2+72)5?
] y (P 4y ) -3)y?
Ay (2 +y2 +22)32 T +y2422)52 7
0 Z (P +y?+7H) -3
07 (2 +y2+22)32 (2 4+y2+22)52
0 0 0
their sum on + of2 + ofs =divF = 0. In the next examples we will compute
ox dy 0z
the flux of F across various surfaces. |
(x,5,2)

Example 8.13. Let F(x,y,2) = Find the flux of F outward

(2 +y2+72)3/2°
across a sphere Sk of radius R centered at the origin. We cannot apply the
Divergence Theorem since F is not defined at (0,0,0). So we compute the

surface integral. At each point on the sphere, the direction of F is radial and

1
normal to the surface, so F-N =||F||. At each pointon S, ||F|| = 7R Therefore
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1 1
fF-NdO'z ||F||d0':f —2d0'=—247rR2:47r,
SR Sr sz R R

Fig. 8.18 Left: A regular set D with the origin interior, Right: A regular set W that does not contain
(0,0,0). See Example 8.14.

(x,y,2)

(2 +y2+72)3/2°
across the boundary of a regular set D that contains the origin in its interior.
Because F is not defined at the origin, we cannot apply the Divergence Theo-
rem directly to compute the flux of F across dD. Since (0,0, 0) is in the interior
of D, there is a small sphere Sy of radius R centered at (0,0,0) contained in
the interior of D. See Figure 8.18. The region between S g and dD is a regu-
lar set that does not contain (0,0,0). Call it W. We can apply the Divergence
Theorem to F on W and get

f F-Ndo-:fdideV.
ow w

In Example 8.12 we found divF = 0. Therefore | divFdV =0. By the Diver-
14

Example 8.14. Let F(x,y,z) = Find the flux of F outward

gence Theorem the outward flux of F across
OW =(0D)U SR

is also zero. Using the result from Example 8.13 we get

Ozf F-NdO':f F~Nd0'—f F-NdO':f F-Ndo —4nr.
W aD Sk oD

Therefore f F-Ndo =4n. a
oD
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Problems

8.15. Let F(X) = X. Use the Divergence Theorem to evaluate

f F-Ndo
oD

for each of the following sets D in R3.

(a) D is the unit ball, || X]|| < 1.
(b) Disaball, | X—AJ <r, Aandr> 0 constant.

8.16. Let D be a regular set in R, let N be the outward pointing unit normals to 4D,
and let F be a C? vector field. Show that

(curlF)-Ndo =0.
oD

8.17. Use the Divergence Theorem to evaluate the integrals over the sphere S given
by x% +y? + z> = 8% with unit normals N pointing away from the origin.

(a) f(x+2y,3y+4z,5z+6x)-Nd0'
s

(b) f(l,0,0)-Nda
s

(©) f(x,0,0)-NdO'
s

(d) f(x2,0,0)~Ndcr
S

(e) f(o, x%,0)-Ndo
s
8.18. Use the Divergence Theorem to find the flux of F outward across the boundary
of the rectangular box D = [a,b] X [c,d] X [e, f].

(@) F(x,y,2) =(p+gx+ rx2, 0,0), p,q,r constants
(b) F(x,y,2) = (0, p+ gx+rx>,0), p,q,r constants
(c) F = Vh, if his a C? function with A4h = 0.

(d) F(x,y,2) = (e*,e”,e%).

8.19. Let F be a C! vector field on a regular set D in R>. Justify the following steps

to show that
f curlFdV = f NxFdo.
D oD

Here N is the outward unit normal and the integral of a vector means to integrate
each component of the vector.

(@) (NxXF)-C=N-(FxC) where C = (c1,c2,c3) is a constant vector.
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(b)f N-(FxC)dazfdiv(FxC)dv.

oD D

(c)f N-(FxC)da-zf(curlF)-CdV.
oD D

(d) (NXF)-CdO'—f(curlF)-CdeO.
aD D

(e) (f Ndeo-—fcurleV)-Czo.
oD D

(f)f Ndeo-—fcurleV:O.
oD D

8.20. Let p be a C! function on a regular set D in R>. Justify the following steps to

show that
prdV=f Npdo.
D oD

Here the integral of a vector means to integrate each component of the vector. Let
C = (cy,c,c3) be a constant vector.

(a)f N-(pC)d0'=fdiv(pC)def(Vp-C+pdivC)dV=pr-CdV.
aD D D D

(b)Ozf di0'~C—prdV-C:(f diO'—prdV)-C.
aD D oD D

(c)f di(f:prdV.
aD D

N\

<\

Fig. 8.19 The sum over all the faces, of face areas A times unit normal vectors N is the zero vector,
in Problem 8.21.

8.21. Suppose a polyhedron D has faces S1,...,S. Let N; be the outward unit nor-
mal vector of §;. Justify the following items to prove that the sum of areas times
unit normal vectors of the faces is zero:

k
Z Area(S;)N; = 0.
i=1

See Figure 8.19.
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(a) Use the Divergence Theorem for the constant vector field F = (1,0,0) to show

that
f nydo =0,
oD

where N = (n1,n3,n3) is the outer unit normal.

(b) Show that Ndo = 0, where the integral of a vector means to integrate each

oD
component of the vector.
(¢) For each face of D, f N;do = Area(S;)N;.

Si

. B (x,,2)
8.22. Denote the inverse square vector field F(x,y,z) = (212120 of Exam-

ple 8.12 as
F(X) = XX,

and define a vector field G(X) = F(X—A), a translation of F by a constant A.

(a) What is the domain of G?
(b) Show that divG = 0.

(c) Show that the flux
f G-Ndo
ow

of G outward through the boundary of a regular region W is zero or 4 according
to whether A is outside or inside W and A is not on OW.
8.23. Let GX) =1 FX-Ay)+---+¢,F(X—-A,) be a linear combination of inverse
square vector fields, where F(X) = IIX]|3X.

(a) What is the domain of G?

(b) Show that divG = 0.
(c) Show that the flux of G out of each regular set W is

where the sum is over indices k for which Ay is in the interior of W and none of

the Ay is on the boundary.

8.24. Let X = (x1,x2,x3) and let H(X) = (||X||‘3X)xl , the first x| partial derivative
of the inverse square vector field. See Figure 8.20.
(a) Show that H = |[X||"3(1,0,0) — 3x; |[X||°X.

(b) What is the domain of H?

(c) Show that divH = 0.
(d) Use the Divergence Theorem to show that the flux of H out of every regular set

D that does not contain the origin is zero.
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Fig. 8.20 The field H in Problem 8.24, drawn in any plane containing the x; axis.

(e) Evaluate

H-Ndo
9B

directly when B is the region where ||X]| < 1. Explain why the Divergence Theo-
rem does not apply here.

8.25. Let u and v be C? on a regular set D in R?. Show that div (vVu) = vAu+Vv-Vu,
and use the Divergence Theorem to derive

(a) f (udu+|Vu?)dv = f uVu-Ndo
D oD
(b)f(vAu—uAv) def (vWVu—-uVv)-Ndo.
D oD

8.26. Let f(x,y,z) = sin(x)sin(y) sin(z).

(a) Show that A4f = =3 in the cube [0,7]° and that f =0 on the boundary of the
cube.

(b) Suppose a function g has the properties 4g = 3g in the cube and g = 0 on the
boundary. Use the result in Problem 8.25(a) to show that g is identically O in the
cube.

8.27. Let D be a regular set in R?. Suppose f is a C> function on D and A a number
such that

Af = Af
in D and f =0 on dD. Show that if A > 0 then f is zero in D.

8.28. Define F(X) = (||X||2 —2)X, where X = (x,,2), and let D be the set || X|| < r
where r is a positive number. Find r so that

fdideV =0.
D
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8.3 Stokes’ Theorem

Green’s Theorem says that for a C! vector field F(x,y) = (fi(x,y), f>(x,y)) on a reg-
ular region D in the plane we have

fcurleA: F-Tds.
D oD

Suppose we have a flat surface S that lies in a plane z = ¢ in R?. Denote by S xy the
“shadow” of § in the x,y plane, that is the set of points (x,y,0) such that (x,y,c) is
in S. See Figure 8.21. We see for G(x,y,z) = (g1(x,y,2),g2(x,¥,2),83(x,¥,2))

f(curlG)-Nda'zf(curlG)-(0,0,l)do-
s S

_ 0g2 0g1 )
—fs( o (x,y,¢) Iy (x,y,c)|do
Xy

:f gl(x,y,c)dx+g2(x,y,c)dy:f G-Tds.
05 1y as

Therefore
f(curlG)~Nda- = G-Tds. (8.9)
N N
z N
e
Sy
X T y

Fig. 8.21 Left: A flat surface S and its shadow. Right: A surface that is the union of polygons.

Equation 8.9 also holds for surfaces in every plane, not just in planes parallel to
the x,y plane. Hence if our surface is the union of finitely many plane polygon faces
S; that meet along their edges then we can use the additivity of surface integrals and
line integrals to add the formulas for the faces:
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See Figure 8.21. This suggests Stokes’ Theorem, that equation 8.9 holds for piece-
wise smooth surfaces that are images of sets where Green’s Theorem holds.

Theorem 8.4. Stokes’ Theorem. Let G be a vector field that is C' on a piece-
wise smooth oriented surface S in R3 whose boundary S is a piecewise
smooth curve, and that the domains of the parametrizations of S are regu-
lar sets in R. Then

fcurlG-Ndazf G-Tds, (8.10)

S a8

where the orientation of the unit normal vector N to S and of the unit tangent
vector T to the boundary are chosen as in Figure 8.22.

N N

Fig. 8.22 A surface S oriented two ways, and the corresponding boundary orientations in Stokes’
Theorem.

We give two proofs. The first proof approximates the surface by triangles and
applies Green’s Theorem to those. The second proof uses Green’s Theorem on the
preimages of S.

Proof. (Approximation argument) Let X from D in the u, v plane to R be a
parametrization for one of the smooth surfaces that compose S'. Since X,,(u,v) and
X, (u,v) are linearly independent, a triangular region 7 with vertices

(uo,vo),  (uo+h,vo), (uo,vo+h)
is mapped to a “curved triangular” region X(7') on S with vertices

X(uo,vo), X(ug+h,vo), X(up,vo+h).



8.3 Stokes’ Theorem 357

Denote by 77 the triangle in R? with those vertices. See Figure 8.23.

Fig. 8.23 Triangles 7 and 7" in the proof of Stokes’ Theorem.

By the Mean Value Theorem
X(uo + h,vo) — X(uo, vo) = Xu(@t, vo)h,

X(uo,vo +h) —X(uo, vo) = Xy (), V)h.

The norm of the cross product of these vectors is twice the area of the triangle 7”.
The area of T is %hz. Since X, and X, are continuous functions, for every € > 0 we
can choose & so small that for each point (u,vy) in T

f 1,1t ) X Ko 110) — Xy t1,v1) % Ko (e, vl duedy < €(112).
T

Denote by X (u,v) the linear approximation of X(u,v) through T’. Since the first
derivatives of X(u,Vv) are continuous, for every € > 0, for £ small enough

lcurl G(X(u,v)) — curl G(X (4, v))|| < €.

Also since Xi(u,v) is the linear approximation of X(u,v) through 7”7, for & small
enough
X, v) =X (u, )l < €

for all («,v) in the triangle 7. We show that the difference between the flux of curl G
across X(7') and the flux of curl G across T’ is small:

(curlG)-Ndo— | (curlG)- Ndo-'
X(T) T’

= 'f ((curl G(X(u,v))) - Xy x X, — (curl G(X (1, ))) - X1, X le)du dv
T
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By the triangle inequality this is

<

f ((curl G(X(u,v)) - curl G(X; (u,v))) - X, X Xv) dudv
T

; ' f ((curlG(Xl(u,v))) Xy xX, =X, xXlV))dudv
T

< f lleurl G(X(u, v)) — curl G(X (e, )| IX,, X X, || dudy
T

+ f llcurl G(X (u, W)INIX, X Xy, — X, (i, vo) X X, (ug, P)|| dudy
T

h2
<keArea(T) = ke?,
Area(D
for some constant k that depends on the maximum of ||curl G||. There are r§:+§)
2

triangular regions in the region D. The error in using triangular regions to approxi-

mate
f (curlG) -Ndo
UiX(T;)
is bounded by the sum of the errors in each triangle,

Area(D)( h?
ITL()(ke—) = Area(D)ke.
h? 2

By taking /& small enough we can get the difference between the integrals less than
€

f (curlG)-Ndo, - (curl G)-Ndo| < e. (8.11)
U; X(T) U,'TI.’
Now in each flat triangle 77 we use Green’s Theorem,
(curlG)-Ndo = G-Tds

T/ ary
to get

(curlG)-Ndo — G-Tds=0. (8.12)

T/ aT]

We use an argument on the boundaries similar to the one we used for the triangular
regions to show that for # small enough

G~Tds—f G-Tds| <e (8.13)
U,‘l’)Ti, U;0X(T;)
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Similarly for 4 small enough

f(curlG)-Ndo-—f (curl G)-Ndo| < € (8.14)
S U; X(T})

and
< 2e (8.15)

G-Tds— f G-Tds
aS U;0X(T;)

Adding relations (8.11)—(8.15) we get by triangle inequalities that

f(curlG)-Ndo'—f G-Tds
S as

can be made as small as we like by taking & small enough. This proves (8.10) of
Theorem 8.4. O

Fig. 8.24 Preparing to view Stokes’ Theorem as a curved version of Green’s Theorem.

The second proof uses Green’s Theorem in a different way. See Figure 8.24.

Proof. We consider first the case where the surface S is the range of a single smooth
parametrization X from the u, v plane to R*. So § = X(D), where D is a regular set
in R? and X(AD) = S . Then

f(curl G)-Ndo = f(curl G)X(u,v))- X, xX, dudv.
S D

By the Chain Rule and some simplifying that we ask you to carry out in Prob-
lem 8.38 we see that

(curl G)(X(u,)) - Xy x X, = (GX(u,v))), - X, — (GX(u,))), - Xy
We define a vector field on D in R? by

F(u,v) = (GX(u,v)) - Xy, (u,v), GX(u,v)) - X, (u,v));
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then

3 9
curl F(u,v) = 5(G(X(u, V) Xy (u,v)) - 5(G(X(u, V) X, (1))

=G X(u,v)) - Xy (u,v) + X, (u,v) - %G(X(u, V)

~ GOX,) Xun 1) = Kol )- - GOX )
= (curlG)X(u,v)) - X, x X,,.

So

f(curlG) ‘Ndo = f (curl G)(X(u,v)) - X, x X, dudv
N D

= f curl(G(X(u,v))-Xu(u,v),G(X(u,v))-Xv(u,v))dudv= f curl Fdudv.
D D

fcurleudv:f F-Tds.
D oD

Now let R(7) = (u(2),v(¢)), a < t < b parametrize dD. Then X(R(¢)) parametrizes S .

b
fF-Tdssz(R(t))-R'(t)dt
oD a

b
= f (G(X(R(t))) Xu(R(®)), GXR()) - X, (R()), ) R(n)dt

By Green’s Theorem

b
= f (100 + 823+ 8320810+ 23 + 833,) - R dt
a
b
= f (g1 + 2yu+ g3z’ + (g1 + g2y + g3z ) dt
a

=f grdx+grdy+gsdz= G-Tds.
as as

This concludes the case where S has a single parametrization.

Suppose now that S is a union of such surfaces that meet pairwise on common
edges. We assume these are oriented so that the line integrals associated to adjoin-
ing parts cancel on these common edges. See Figure 8.25. The edges that are not
common to two parts constitute 4S5, so Stokes’ formula for S is obtained by adding
the Stokes’ formulas for the parametrized parts of S. |

In Example 3.32 we saw that if F = V f then curl F = 0. We now show that under
an additional condition on the domain of F the converse holds. Suppose that every
closed loop C in the domain of F is the boundary 0S of a smooth surface S in D.


http://dx.doi.org/10.1007/978-3-319-74073-7_3
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Fig. 8.25 A surface parametrized in two parts, in the proof of Stokes’ Theorem. The common edge
is drawn apart to show why the line integrals cancel there.

By Stokes’ Theorem if curl F = 0 we have

f F~Tds=fcurlF-Nd0'=O,
C=0S N

and by Theorem 7.1 there is a potential function g so that Vg = F. Domains that
have the property that we need are called simply connected.

Definition 8.2. We say that a set in R” is simply connected if it is connected
and if every simple closed curve in the set can be shrunk continuously within
the set to a point.

We state without proof the following result: If a set is simply connected then
every piecewise smooth simple closed curve in the set is the boundary of a piecewise
smooth surface in the set.

So we have the following theorem.

Theorem 8.5. Suppose a vector field F is C' on an open simply connected set
U in R? on which curlF = 0. Then there is a function g from U to R so that
Vg =F.

Example 8.15. The set D of points in R3 with |IX|| £ 0 is simply connected.
The set D of points in R3 not on the z axis is not simply connected.

If Fy is a C! vector field with curlF; = 0 on D, then F; has a potential
function.

If F5 is a C! vector field with curl F; = 0 on D5, then we cannot conclude
anything about the existence of a potential function for F. O


http://dx.doi.org/10.1007/978-3-319-74073-7_7
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Fig. 8.26 The hemisphere in Example 8.16.

Example 8.16. Verify Stokes’ Theorem for F(x,y,z) = (z%,—2x,y°) and S the
upper hemisphere of radius 1 centered at the origin. See Figure 8.26. We com-
pute curl F(x,y,z) = (5y4,21, —2). At each point (x,y,z) on S, the unit normal
vector is N = (x,y,2).

f(curlF)'Nda'zf(5y4,21,—2)'(X,y,Z)d0'
s s

=f5y4xd0'+f2zyd0'—f21d0'.
s s s

By symmetry the first two integrals are zero. Using the parametrization of the
upper hemisphere

X(x,) = (60, J1-22=32), 0<x*+y* <1, X xXyll=
I—x*-y

with domain the disk D : 0 < x> +y? < 1 we get

,/1_ 2 _
f(curlF)-NdO':—f2zd0'——2f il d dy =-2Area(D) =-2r
s VI-x2=y2
To compute F-Tds we use X(#) = (cost,sint,0), 0 < r < 27 to parametrize

as
0§ consistent with the upward pointing unit normals on S. We get

27 27
f F-Tds= (0,—-2cost, sin’ t)-(—sint,cost,0)dt = f —2cos?tdt = -2
as 0 0

Example 8.17. Let F(x,y,z) = (x2+x2 , x2+y2 ,0)

(a) Find the circulation of F around a piecewise smooth simple closed curve
C that does not encircle or intersect the z-axis.

(b) Find the circulation of F around a piecewise smooth simple closed curve
C, that encircles the z-axis once (but does not intersect it).

See Figure 8.27. For (a) let S be a piecewise smooth surface with dS = Cj.
Then since curl F = 0 we have by Stokes’ Theorem
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X

Fig. 8.27 Left: The curves and Right: the surface in Example 8.17.

f F-Tds:fcurlF'Ndcrzo.
C,=0S S

For (b), since F is not defined on the z axis, curlF is not defined there either.
Every surface with boundary C, would include a point on the z axis. Stokes’
Theorem cannot be applied on such a surface. Consider a circle Cg of radius R
centered on the z axis in a horizontal plane z = k that does not intersect C;. Let
S be a piecewise smooth oriented surface whose boundary is Cgr U C,. Stokes’
Theorem applied to this surface gives

fF-Tds+f F-Tds:f F~Tds=fcurlF-Nd0'=dea'=0.
C Cr S =CRruUC, s N

Suppose C» encircles the z axis “counterclockwise” as in Figure 8.27. Then
Cg goes clockwise. Parametrize Cg by X(¥) = (Rcost,—Rsint, k), 0 <t <2m.

We get
0=fF~Tds+f F-Tds
C Cr

2 :
Rsint Rcost
=f F-Tds+f (o5, o0, 0) - (~Rsint, ~Rcost,0)dt
e o R R

27
=f F-Tds+ (—l)dt=f F-Tds—-2n.
Cy 0 Cy

The circulation of F around C» is 2x. Similarly if C; encircles the z axis once
in the other direction the circulation is —2. O

Consider two smooth surfaces S| and S, that have the same oriented boundary
0S8 =08,

as illustrated in Figure 8.28, and a vector field F that is C I on both surfaces. Since

f F-Tdszf F-Tds,
a8 aS o

Stokes’ Theorem implies that the fluxes of curl F across S 1 and across S, are equal,
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fcurlF-NdO':fcurlFNda'
S1 S2

where the normal vectors N are consistent with the boundary orientation.

Example 8.18. Let F(x,y,z) = (z2,—2x,y°) and let S be the upper unit hemi-
sphere as in Example 8.16. Let S | be the unit disk x> +y? < 1 in the x,y plane,
with unit normal vectors (0,0, 1). Then

fcurlF-Ndcr:f curl F-(0,0,1)do
s S,

=— f do=-2Area(S)=-2n.
S

N

Fig. 8.28 Two surfaces S| and S, that have the same boundary.

Electromagnetism examples. Stokes’ Theorem is often used in the study of elec-
tromagnetism. The electric field denoted E [force/charge] and magnetic field B
[force/charge/velocity] are known to satisfy the system of Maxwell’s differential
equations

HoeoE; = curl B—ppJ, B;=—curlE, divE= B, divB =0,
€

where po, €y are constants, p [charge/vol] is the density of electric charge, and J
[charge/time/area] is the current density. Several of the Problems explore relations
among these to illustrate the use of vector calculus.

Problems

8.29. Use Stokes’” Theorem to evaluate the line integrals

fF-Tds
C
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(@) F(x,y,2) = (0,x,0) and C is the circle x> +y*> = 1 in the plane z = 0, traversed in
the counterclockwise direction as you look at the plane from the positive z axis.

(b) F(x,y,2) = (¥,0,0) and C is the triangular path consisting of the three line seg-
ments from A = (a4,0,0) to B = (0,5,0) to C = (0,0,¢) to A, where a,b,c are

positive.

8.30. Verify Stokes’ formula

fcurlF-Ndo-:f F-Tds
N oS

for the following cases by evaluating the integrals on both sides.

(a) F(x,y,2) = (=y,x,1), and S is the top face of the cube [0, 113, with N toward +z.
(b) F(x,y,2) = (=y,x,1),and S consists of the other five faces of the cube [0, 173, with

N inward.

8.31. Verify Stokes’ formula

fcurlF~Nd0':f F-Tds
N as

for the following cases by evaluating the integral on both sides.

(a) F(x,y,2) = (=y,x,2), and S is the hemisphere 24+ y2 +72 =72, 7> 0, r constant,

with N toward +z.
(b) F(x,y,z) = (—y,x,2), and S is the disk x> +y*> < %, z=0, r constant, with N toward

+z.

Fig. 8.29 The flow in Problem 8.32.

8.32. A C! vector field V models the fluid velocity in a rotating storm as in Fig-

ure 8.29. The surface S in the figure is a vertical cylinder open at top and bottom,

where C and C, are boundary circles, and V; and V; denote the values of V on C

and C», respectively. We suppose two properties hold:

(a) curlV = (0,0, h(x,y,z)) is parallel to the axis of the cylinder, and

(b) V1 and V; in the figure are tangent to C and C, respectively, and have constant
norms [[Vi| <[[V2]|.

Use Stokes’” Theorem to show that the properties are not consistent with each other.
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8.33. Suppose S is a sphere and the vector field F is C' on S. Show that

fcurlF-NdO' =0.
N

8.34. Let S be the hemisphere x < 0 of the unit sphere centered at the origin in R3,
oriented with normal pointing away from the origin. Evaluate

f curl (xSZ, x3y,y) -Ndo.
S

8.35. A wire of radius R along the z axis (see Figure 8.30) carries a constant current
density J = (0,0, j) and there is a magnetic field of the form

Cl (_y’x’ O) (r < R)
B=1 (0
Czr—p (r > R)
where r = y/x2 +y? and ¢y, ¢, and p are some constants. Outside the wire J = 0, and
there is no dependence on the time ¢ in this problem.

(a) Use the Maxwell equation 0 = curl B — oJ inside the wire to find c;.

(b) Find p so that 0 = curl B — oJ holds outside the wire.

(c) Find ¢; so that B is continuous in R3.

(d) Let D be a disk of radius Ry > R, center on the z axis, parallel to the x,y plane
and with normal N aligned with J. Then curl B is not continuous on D. Show that

Stokes’ formula
fcurlB~Nd0'=f B-Tds
D oD

holds. Be sure to explain the meaning of the surface integral of the discontinuous
function.

8.36. We say a vector field F is a vector potential of a vector field G if G = curlF.
Show that if F is a vector potential of G then the flux of G across a surface S depends
only on the values of F on the boundary of S. As a result, we say if G has a vector
potential its flux is “independent of surface.”

8.37. Ampere’s original law related magnetic field B along the boundary of each
oriented surface S with the electric current J passing through S by

f B-Tds:,uoledo-,
aS S

(a) Use Stokes’ formula to deduce

Mo a constant.

curl B = uoJ.
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—4‘\‘\

Fig. 8.30 Left: Current in a wire for Problem 8.35. Right: The displaced surface acquires displace-
ment current in Problem 8.37.

(b) Show that part (a) contradicts the conservation of charge law
p;+div] =0,

where p is the density of electric charge that can vary with time.

Remark. Maxwell later replaced Ampere’s law curl B = poJ with
curl B = puo(J + eEy),

calling E, the “displacement current.” This change allowed the unification of light
with electromagnetism. See Figure 8.30 for a sketch of a surface displaced into the
region of changing magnetic field in a capacitor.

8.38. Show that if G is a continuously differentiable vector field in a set containing
a smooth surface S, and S is parametrized by X(u,v) with domain D in the plane
then

((curl G(X(w,1)) - (X, xX,) = (G oX)y- X, = (GoX), X,

We used this formula in our second proof of Stokes’ Theorem.

8.39. Use Stokes’ formula to deduce

i\fB-Nda‘z—‘f E-Tds
dr Jg as

from the Maxwell law B, = —curl E. See Figure 8.31.
Remark. This relates to generation of electric power.

8.40. Which of these sets are simply connected?

(a) The set of all points (x,y,z) in R3 that are not on the x axis.
(b) The set of all points in R? other than (0,0).
(c) The set of all points in R? in a solid torus (doughnut).
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Fig. 8.31 Changing magnetic flux is related to electric field in a loop, in Problem 8.39.

8.4 Conservation laws

We illustrate an application of multivariable calculus by discussing conservation
laws. A conservation law expresses the fact that the rate at which the total amount of
some substance (mass, momentum, energy) contained in a set D changes is equal to
the rate at which that substance enters the set. We denote the density of the substance
as s [substance/volume], and denote the rate at which it flows [substance/area/time]
as F. Then the total amount of the substance in D at time ¢ is

fst.
D

The amount of substance that flows out of D per unit time is

f F-Ndo
oD

where the unit normal vectors N are outward. According to the conservation law the
rate at which the amount of substance contained in D changes,

d
— dv
dths

is equal to the rate at which the substance flows inward through the boundary of D.
So conservation of substance is expressed by the equation

ifsdvz—f F-Ndo- (8.16)
dr Jp oD

On the left we can carry out differentiation with respect to ¢ under the integral sign,
and on the right we use the Divergence Theorem to transform the integral over the
boundary of D into an integral over D. We get
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fs,dV:—fdideV.
D D

Combining the two sides we get

f (s;+divF)dV = 0.
D

Since this relation holds for all regular regions D it follows that the integrand must
be zero (see Problem 6.17):
s;+divF =0. (8.17)

This is the differential form of a conservation law.

Conservation laws for fluid flow. We shall describe now the three basic conser-
vation laws of mass, momentum, and energy of a fluid as instances of the general
conservation law (8.17).

Fluid dynamics, the study of the flow of fluids, is an extremely interesting and
important branch of science, encompassing aspects of mathematics, physics, and
engineering. It is basic for understanding the flight of airplanes.

A. Conservation of mass. We denote the density [mass/volume] of a fluid by the
Greek letter p. Flow velocity [distance/time] is denoted by V = (u,v,w). Therefore
the rate at which material is transported is pV [mass/area/time]. Setting

s=p, F=pV
into the conservation law (8.17) gives the law of conservation of mass:
pr+div(eV) =0. (8.18)

For an incompressible fluid the density p is a constant, independent of space and
time; for such a fluid the equation of conservation of mass is then

divvV =0. (8.19)

B. Conservation of momentum. As above we denote the density of the fluid by p
and velocity by V = (u,v,w). The pressure is P [force/area].
We will show that
p(V;+V-VV)=-VP,
N——
accel.

a version of Newton’s law of motion.
The density of momentum in the x direction is the x component of pV, pu. We
assume it is transported into a set D by two mechanisms:

(a) Itis carried by the substance flowing across dD into D.
(b) It is imparted by the x component of the fluid pressure acting on dD.

We describe now these mechanisms in detail.


http://dx.doi.org/10.1007/978-3-319-74073-7_6
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a) The rate at which x momentum is carried into the domain D by the flow is

- f puV -Ndo,
oD

where N = (n1,n3,n3) is the outward unit normal.
b) The rate at which x momentum is imparted to the fluid at the boundary is the
pressure force on dD in the x direction,

—f Pniydo.
oD

We assume no forces act other than pressure forces. The total rate of change of x
momentum is the sum

—f (ouV-N+ Pnj)do.
oD

Thus the law of conservation of x momentum in the form (8.16) is
d
— | pudV=- (ouV-N+ Pny)do = - (ouV +(P,0,0))-Ndo-.
dt Jp oD oD

In the differential form (8.17) it is
(ou); + div (ouV + (P,0,0)) = 0.

We use the mass conservation equation (8.18) to express p; as —div (oV) in the equa-
tion above; we get
pu; —udiv (pV) +div(ouV) + P, = 0.

Using differentiation rules we have div (ouV) = Vu- (V) + udiv (pV). Substitute and
simplifying we get
pur+pVu-V+P, =0

or
o(u; +uuy +vuy +wuz) + P, =0.

Similar equations hold for the other two coordinates; we write all three as the vector
equation

Uy u u u P, 0
0 0
ol v +ua— v +V6_ v +W(9_ vI{|+|Py|=1]0
Wy Hlw Ylw “lw P, 0
or
p(V;+V-VV)+VP=0. (8.20)

We ask you in Problem 8.44 to identify the vector

Up + Uty + Vity + Wit
vituvy+vy+wy, | =V;+V.VV
Wi+ UWx + YWy + W,
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as the acceleration X" (r) of the fluid at the point (x,y,z,t). Thus equation (8.20)
states that
(density)(acceleration) + V(pressure) = 0,

a version of Newton’s law of motion.
C. Conservation of energy. The total energy in a fluid contained in a set D is
the sum of its kinetic and internal energy. Internal energy density, denoted as e, is

defined as internal energy per unit volume, and depends on the density of the fluid p
and fluid pressure P. We assume energy is imparted to a set D by two mechanisms:

(a) Energy carried by the substance flowing across the boundary into D,
(b) The work done by the fluid pressure on the boundary of D.

The rate at which energy, both internal and kinetic, is flowing out of D is

f (e+1pV-V)V-Ndo. (8.21)
oD
where N is the outward normal. Therefore the rate at which energy is flowing into

D is the negative of (8.21).
The rate at which the fluid pressure does work on the boundary of D is

—f PV -Ndo.
oD

Therefore the total rate at which energy is imparted to D is
—f (e+3pV-V+P)V-Ndo;
oD

the function e+ pV -V + P is called enthalpy.
The total energy E(D) of fluid contained in D is the sum of the internal energy
and kinetic energy of fluid contained in D:

E(D) = f (e+1pV-V)dv.
D

Therefore the conservation law in the form (8.16) is

d%fD(H 1oV-V)dv = —LD(H 1pV-V+P)V-Ndo.
In the differential form (8.17) it is
e+ 5pV-V+pV-V, = ~div((e+3pV-V+P)V).
Rearrange this equation as

er+div(eV) =—1p,V-V—pV-V,=div((}pV-V+P)V).
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We show now that the right hand side simplifies to —Pdiv V. By the differentiation
rule div(fW) = fdivW + W -V f we get

div((3pV-V+P)V) = 1div(oV)V -V + LoV V(V- V) + div(PV).
Therefore
e, +div(eV) = —1p,V-V—pV-V, = Ldiv(oV)V- V- 1pV-V(V-V) - div(PV).

Using the mass conservation law p; +div (pV) = O the first and third terms cancel on
the right side, giving

e, +div(eV) = —pV -V, = 2pV-V(V-V) - div(PV).
Using again div (fW) = fdivW + W -V f the right side is
=—pV-V,—1pV-V(V-V)-V.VP-PdivV.

In Problem 8.43 we ask you to verify that V-V(V-V) =2V .(V.VV). Therefore the
last expression becomes

=-V-(oV;+pV-VV+VP)—-PdivV,
and by the momentum conservation law (8.20) this is
=—PdivV.
So the energy equation is
e;+div(eV) = —PdivV. (8.22)

The energy equation has to be supplemented by an equation of state, that specifies
the internal energy e as a function of density and pressure. The three conservation
laws (8.18), (8.20), and (8.22) supplemented by an equation of state are the equa-
tions governing the flow of fluids when the only force is that due to the gradient of
pressure.

Problems

8.41. The integral form of the mass conservation law is

d

— pdV:—f pV-Ndo.
dr Jp aD

Take the case where V = (#,0,0) is aligned with the x axis, p and V depend on x
only, and the set D is a cylinder of cross section area A, with axis a < x < b. Show
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that the mass conservation implies
0= (pB)u(b) ~pl@yu(@)A.
8.42. Show for all differentiable functions p and V that
p:+div(pV)=p;+V-Vp+pdivV.
8.43. Show for all differentiable functions u, v, and w that

Ully + VUty + Wil
Uvy +vvy +wy,
UWx +VWy +ww,

u(u2 7+ wz)x + v(u2 7+ wz)y + w(u2 7+ wz)Z =2(u,v,w)-

to verify the formula V-V(V-V) =2V . (V-VV) that we used in the energy equation.

8.44. Let X(¢) be the path followed by one particle moving with the fluid. This
means that the velocity agrees with that of the fluid at each point of the path:

X' (1) = V(X(2),1).
Use the Chain Rule to show that

Uy + Ully +Vily + Wik,
Vit uvy +vvy +wy,
Wy +uwy +vwy +ww;,

V:+V.VV =

is the acceleration of the particle, that is,
X"(1) = Vi(X(0),1) + V(X(®),1) - VV(X (1), ).

Remark: Note that V-VV = (DV)V where DV is the matrix derivative of u, v, w with
respect to x,y,z.

8.45. Take the fluid velocity to be V(X) = ¢|IX||73X where c is a constant.

(a) Show that divV = 0.

(b) Show that the acceleration (See Problem 8.44) is —22IX]I7°X.

(c) This is a model for flow in a conical duct. For each of the three cases indicated
in Figure 8.32, indicate the direction of acceleration.

Remark: Maxwell used this flow as an analogy for a static electric field.

8.46. Use either direct calculations or the Divergence Theorem to verify that

fVPdV:f NPdo
D oD

for the functions in (a) and (b), where D is the ball of radius r given by IXI? < 2.
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e T
o T . — o __

c>0 c<0

Fig. 8.32 Flows using V in Problem 8.45.

(a) P(X) = a|lX|?>, a> 0 constant
(b) PX)=B-X, B # 0 constant
(c) Using the notion of pressure,

- f NPdo = pressure force on D,
oD

which of (a) or (b) gives a nonzero force on the ball?

8.47. Let the fluid velocity be

1
VX, = E‘X

(a) Describe the fluid velocity at times f =0 and at r = 1.
(b) Show by computing the divergence div V that this is a compressible flow.

(¢) Find a number « so that the functions

1
_ a 2 _
o(X, 1) = (1+5X]J7, VX,t) = 1+tX

satisfy the conservation of mass equation
p;+div(pV) =0.
8.48. Take the case where the flow only depends on x and ¢, and the velocity is
parallel to the x-axis, V = (#,0,0). Show that the mass, momentum, and energy

equations become

pt+(pu)x =0

X
Up+ Ul = ——
P

e;+ (eu), = —Pu,.

Remark. Problems 8.49-8.51 introduce sound waves. The wave equation is also

discussed in Chapter 9.
8.49. For an ideal gas the pressure and energy are related to the density by

ck
szys = % 7’
£ e Rp
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where k, ¢, R, and y are constants. Show that for flows of an ideal gas the energy
equation (8.22) is implied by the mass equation (8.18) if we set

R
y=1+—.
C
8.50. Use the result of Problems 8.48 and 8.49 to derive the equations

Pr+ (pu)x =0
U+ Ui, = —kypy_sz

for flows of an ideal gas.

8.51. In the equations of Problem 8.50, consider the case where the velocity u is
very small, and the density p is close to a constant, say

u=€f(x,1), P =po+egx,t),
€ small. Show that

8t +p0fx =0
fi+ Gyl g =0

approximately, ignoring powers of €. Deduce that g satisfies the wave equation

—1
g = (kypy )8

8.52. If in addition to the effects we’ve considered, there is a gravitational accelera-
tion (0, —g,0) acting on the fluid, the conservation law in the y direction is

d
—fpvdV:—f (va+(O,P,()))~Nd0'+f—png.
drt Jp oD D

Show that the resulting differential equation becomes

P +uvy +vvy+wv, +g)+ P, =0.

8.5 Conservation laws and one-dimensional flows
One way of stating the Fundamental Theorem of Calculus is this:

b
f f'(0dx = f(b) - f(a), fiscCl.

The higher-dimensional analogue of this result is the Divergence Theorem, which
states that
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f divFdv = f F-Ndo, Fis C', N is outer. (8.23)
D oD

As we saw in the last section, the right side of (8.23) has an interesting interpretation
when F is the rate of flow of some physical quantity like mass, momentum, or energy
(stuff per area per time). The dot product F - N is the rate of flow in the direction N.
Therefore the integral on the right side of (8.23) is the rate at which stuff is flowing
out across the boundary of D.

The one-dimensional situation is even simpler. There the rate of flow f(x) is a
scalar quantity (stuff per time), denoting the rate at which stuff is flowing in the
positive x direction. The quantity f(b) is then the rate at which stuff is flowing out
of the interval [a, b] at its right endpoint, and f(a) is the rate at which stuff is flowing
into the interval [a, b] at its left endpoint. So f(b) — f(a) is the rate at which stuff is
flowing out of the interval [a, b].

There is another way of calculating the rate at which stuff contained in an interval
is changing. Denote by p the density (stuff per length) of the stuff under considera-
tion (mass, momentum, energy). The total amount of stuff contained in an interval

[a,b] is the integral of the density
b
f p(x)dx.
a

If density depends on time 7, as well as on position x, so will the total amount of

stuff contained in [a, b],
b
f p(x,t)dx.
a

The rate of change of the total amount contained in [a, b] is the time derivative

d b
Py fa p(x,t)dx.

Assume now that no chemical reactions take place, therefore stuff is not created
nor destroyed. Then the only way the total amount of stuff in [a,b] can change is
through stuff entering or leaving across the boundary of [a,b]. According to the
previous discussion, the rate at which stuff is leaving [a, b] through its boundary is
f(b,t)— f(a,t). The rate at which the amount contained in the interval [a, b] changes
is the negative of the rate at which stuff leaves through the boundary,

d b
4 f p(6,0)dx = —F(b, 1) + f(a, D). (8.24)

If we assume that p and f are continuously differentiable functions of ¢ and x, we can
carry out the differentiation with respect to # on the left of (8.24) under the integral
sign, and rewrite the right side using the Fundamental Theorem of Calculus
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b b
fp,dxz—f frdx. (8.25)

b
f (o + fo)dx = 0. (8.26)

We can rewrite this as

This relation holds for every interval [a, b]; from this we conclude that
prt+fi=0 (8.27)

for all values of x and . For if there were a location x¢ and time 7y where (8.27)
is violated, say (or + fx)(x0,%0) is positive, then, since the partial derivatives p; and
fx are assumed to be continuous, it would follow that p; + f is positive in a small
enough interval [xog — €, xg + €] in [a, b]. But then the integral

Xo+€

(o1 + fr) dx

X)—€

would be positive, contrary to (8.27).
As we saw in the last section, the same analysis was carried out in three dimen-
sions to obtain the law of conservation of mass expressed as the differential equation

p;+div(pV) =0.

Deriving differential equations that the rates of flow must satisfy is only the first
step in studying flows. The major task is to find solutions of these equations. This
will tell us how flows behave. As an example, we present, and solve, a simplified
model of the flow equations in one space dimension. The simplification is that we
assume that the rate of flow [stuff/time] is a function of density alone, f = f(p).
Then equation (8.27) for the flow becomes

pi+f(p)x=0. (8.28)

For the sake of simplicity we also assume that f is a quadratic function of density,
flp) = %pz. Then the equation for the conservation law is

pr+ppx =0. (8.29)
If the values of density p at time ¢ = 0 are known,
p(x,0) = po(x),

we shall show how to use equation (8.29) to obtain the values of the density p for
future times.
Consider functions x that satisfy the differential equation

dx
i p(x,1). (8.30)
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The graph of x is a curve on which we examine the values of p. Denote the starting
point of a curve by xo:
x(0) = xo.

Next compute the derivative of p(x(¢),f) along such a curve. Using the Chain Rule
we get

d dx
Ep(x(t),t) =pxg HPr (8.31)

According to (8.30), ‘31—“; = p. Setting this into (8.31) gives

d
Ep(xu), 1) = pxp +pr- (8.32)

But according to the differential equation for the conservation law (8.29) satisfied

d
by p, the right side of (8.32) is zero! This shows that Ep(x(t),t) =0, which is the

case only if the density at x(7) at time 7, p(x(?),1), is independent of z.
It follows that the right side of equation (8.30) is constant and therefore the graph

d
of x is a straight line! The speed d—): with which this line propagates can be deter-

mined at = 0: p(x(r)x,t) = p(xp,0), the initial value of p at the point xo. Denote
p(x0,0) as po; the solution of equation (8.30) is

x(t) = xo + pot (8.33)
and the solution of (8.29) satisfies

p(xo +pot) = po. (8.34)

The geometric interpretation of formula (8.33) is this: from each point xg of the line
where t = 0 draw a ray propagating with speed pg in the positive ¢ direction. Set
p(x,t) = po on this ray. Using the Inverse Function Theorem we can show that if the
initial value for the density po(x) is a smooth function of x, then for ¢ sufficiently
small p(x,1), as defined here, is a smooth function of x and ¢, and is a solution of
equation (8.29). We guide you through this argument in Problem 8.62.

The interesting question is: what happens when ¢ is no longer sufficiently small?
Suppose that for two values x; < x2, po(x1) is greater than pg(x7).

Then the rays given by equation (8.33) intersect at some critical positive value of 7.
At this point of intersection (x, ), the density p(x,?) is defined to be both equal to
p1 =po(x1) and py = po(x2), a contradiction. This shows that no solution of equation
(8.29) with such prescribed initial values po(x) exists for ¢ greater than this critical
value of ¢.

The following example points a way of resolving this problem. Take for the initial
values pg the continuous function
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X(t) = %, + pyt

X
0

Fig. 8.33 The rays in the x,7 plane on which p(x,?) is constant, have a slope that depends on that
constant. Note the time evolves upward.

t

X1 X

Fig. 8.34 Two rays may intersect at a certain time.

1 ifx<-—1,
po(x)=q—x if —1<x<0, (8.35)
0 ifO<ux.
For this choice of pg the rays are as follows.

(a) For xg < —1, x(t) = xo +1.
(b) For —1 < xg <0, x(t) = xo — xot.
(c) For 0 < x, x(t) = xp.

For ¢ < 1 these lines look as in Figure 8.35.

%t
X
—1 0

Fig. 8.35 The rays of constant p(x,?), for the initial value in equation 8.35.

The rays don’t intersect for ¢ < 1, but as 7 tends to 1, all rays issuing from points
of the interval —1 < x < 0 intersect at x = 0. So the value of p(x,f) att = 11is

1 forx<O
)= 8.36
pD) {o for 0 < x, (8.36)
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a discontinuous function.

The solution p of p; + pp, = 0 for this example is indicated in Figure 8.36, for
0 <t < 1. It satisfies the initial values (8.35). We ask you in Problem 8.57 to verify
the values of p indicated in the figure.

Fig. 8.36 Solution p of (8.29) with initial values (8.35).

We show now how to continue such a solution p of
prt f ©=0

as a discontinuous solution. This sounds like nonsense, for a discontinuous func-
tion is not differentiable at the points of discontinuity, therefore cannot satisfy the
differential equation at such points. To give meaning to the concept of a discon-
tinuous solution we have to go back to the integral version of the conservation law,
equation (8.24), from which the differential version (8.28) was derived. Whereas the
differential version makes no sense for discontinuous functions, the integral version
does!

Suppose p is a function that has a discontinuity across a smooth curve in the x, ¢
plane. On each disk that does not intersect the curve, p is continuous. Describe this
curve of discontinuity as x = y(¢) in Figure 8.37.

t x=y()

a b
Fig. 8.37 A discontinuity of p(x,) can occur across a curve x = y(z).

Choose the interval [a, b] so that the discontinuity y(¢) lies between a and b during
the time interval we are investigating. Since p is continuous on each side of the graph
of x = y(f) we can write the total amount of stuff in [a, b] as
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b V(1) b
f pdxzf pdx+f pdx.
a a (®)

We differentiate the above integral with respect to 7, using the rule (see Prob-
lem 8.53)

d o 0 ) /
T f glx,t)dr = f &(x,0)dt+ g(y2(), )y, (1) — g(y1 (), )Y (D)
t 1) y1(0)

for differentiating an integral whose integrand and limits both depend on 7. We get

d (* d Mo d ?
— dx=— dx+ — d
dt a pex dr a pex dr y(t)p o
() b
=f Ptdx+.0(L))’t+f prdx—p(R)yr. (8.37)
a (0

Here p; and y, denote derivatives with respect to ¢, and p(L), p(R) denote the limiting
value of p on the left and right sides of the discontinuity.

We apply the integral conservation law (8.24) to an interval [a,z] with z < y(?).
Since p is differentiable on this interval,

ditfapdx:faptdpf(a)—f(z)

Now let z tend to y(¢). Then f(z) tends to f(L), the value of f on the left side of the
discontinuity. So we get

Y
f prdx = f(a)— f(L)
a
Similarly
b
f prdx = f(R)— f(b)
y
where f(R) is the value of f on the right side of the discontinuity. Setting these
relations into the right side of (8.37) yields
d b
5 | pdx=Sf@=fL)+pLyy:+ fR) = f(b) = p(R)y:. (8.38)

d b
According to the integral conservation law, T f pdx = f(a)— f(b). So we con-
a

clude from (8.38) that

J@®) = f(L)+(p(L) — p(R))y; = 0 (8.39)

It is convenient to denote the jump of p and f across the discontinuity by brackets:
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p(R) —p(L)=1[pl,  fR)-f(L)=I[f]

So we can rewrite (8.39) as y; = % The derivative y; of y is the speed with which
the discontinuity is propagating. Let’s denote it by s: s = y,. Then

_ A

= A
s ol (8.40)

2,

-1 0

Fig. 8.38 A shock wave at speed % continues the solution shown in Figures 8.35 and 8.36.

We return now to our example p; + pp, = 0, where f(p) = %pz and p(x, 1) is given
by the discontinuous,
1 x<0
p(x, 1) = {

0 x>0.

The solution p(x,f) for r > 1 consists of two regions separated by a discontinuity
issuing from the point (0, 1); see Figure 8.38. To the left of the discontinuity p(x,?) =
1, and to the right of the discontinuity p(x,f) = 0. The discontinuity is a straight
line with speed s = % This moving discontinuity is called a shock wave. Here

[pl=0-1=—1and for f = 1p?, [f1=0-1=-1, s0by (8.40)

_@_‘% 1

s = = .
el -1 2
Similar calculations of discontinuous solutions of conservation laws for functions

of two or three variables yield the analogue of formula (8.40), where s is the speed
of propagation of the discontinuity in the direction normal to the discontinuity.

Problems

8.53. Apply the Fundamental Theorem of Calculus, and the Chain Rule in the form
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d ’ ’
d—tg(a(l),b(l),t) =Vg-(d',b',1),
S
to the function g(r, s,7) = f f(x,t)dx to show that
r

d b(t) (1)

a o fGx,tydx = f(b(t), )b (1) - f(a(t),t)a’ (1) + . fi(x,0)dx,

for C! functions f.

x . . .
8.54. Show that p(x,f) = 3 is constant along certain rays x = xo +mt and give a

formula relating m and xo.
8.55. Show that the function p(x,7) of Problem 8.54 is a solution of p; + pp, = 0.

8.56. Verify that the conservation law

d h
5[ p(x,t)dx = —f(b,t)+ f(a,r1)

holds for the function p(x,7) of Problem 8.54, the flux function f = %pz, and the
interval [a,b] = [2,5].
8.57.For0<r<1let

1, x<tr-1
plx,t)=4 2, t-1<x<0
0, 0<x
as illustrated in Figure 8.36.

(a) Show that p is continuous for 0 <7 < 1.
(b) Sketch the graphs of p(x,0) and of p(x, 1).
(c) Show that p;+pp, =0 for 0 < ¢ < 1 except along the segments x =¢—1 and x = 0.
(d) Equation (8.34) applied to this function says that
p(xo + (=x0)t,1) = —Xo, (=1 <xp <0).

Use this to derive the til part of the formula for p.

8.58. A solution of p; + pp, = 0 has initial value

10, x<0
p(x,0)=410-10x, 0<x<1
0, 1<x

At what time ¢ does a shock wave form?
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8.59. Suppose instead of the conservation law (8.24) there is some mechanism to
generate stuff within the interval at rate g:

b b
%fp(x,t)dxz—f(b,t)+f(a,t)+f g(x,t)dx.

If this holds for all intervals [a,b] and the functions are all continuously differen-
tiable, show that the differential equation form of the conservation law becomes
pi+fx=8g.

8.60. For the equation p; + (%pz)x =0, show that the jump speed formula s = %

gives the speed as
s = 3(p(L) +p(R)).

the average of the left and right limits at the discontinuity.

p=3 p=32 " =1 p=0 x

Fig. 8.39 Five shock waves for p; + pp, = 0 in Problem 8.61.

8.61. Use the result of Problem 8.60 to find all the shock speeds indicated in Fig-
ure 8.39. The initial value p(x,0) is a piecewise constant function whose values are

shown along the x axis.

8.62. The solution of p; + pp, = 0 with differentiable initial value p(x,0) = po(x)
requires that p be constant on rays x = xo+pot. That means we need to find a function
p(x,1) that satisfies

p(x+po(x)t,1) = po(x).

Define a function F(x,7) = (x + po(x)t,1), so that we need p o F(x,#) = po(x). Justify
the following steps using F to prove the existence of such a function p.

(a) Find the matrix derivative DF.
(b) Show that DF(x, ) is invertible when ¢ is small.
(c) Apply the Inverse Function Theorem to conclude that F~! is locally defined and

differentiable.
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(d) The formula p = pg o (the first component of F~!) defines a differentiable function
that solves p; +ppx = 0 for small 7 and has p(x,0) = po(x).

8.63. Suppose we draw two rays x = xo + pot, one starting from xo = 0 where we
assume pg = 2, and the second starting from xo = 3 where pg = 1.5. Find the critical
value of 7 and the value of x at which these two rays intersect.

Fig. 8.40 Values p(x,) of the solution in Problem 8.64 are indicated in the x, ¢ plane.

8.64. Consider the equation p; + (%pz)x = 0 with initial data p(x,0) =2 if x <0,
p(x,0)=1i1f0 < x < 1, and p(x,0) = 0 if x > 1. See Figure 8.40.
(a) Show that the speeds of the shock waves starting from x =0 and x = 1 are 3/2

and 1/2.
(b) Find the point J where the shock waves meet.
(c) Find the speed of the single shock that continues the solution beyond the time at

point J.
(d) If you could stand at the point x = 2 at time 0 and wait, would you observe one,

or two, shock waves passing by?

8.65. Suppose p; + xp, = 0. Sketch curves in the (x,7) plane on which x'(¢) = x(¢).
Show that on those curves,

d
ap(x(t),t) =0,

so that p is constant on each such curve. Find p(x, 1) if p(x,0) = X2



Chapter 9
Partial differential equations

Abstract In this chapter we derive the laws governing the vibration of a stretched
string and a stretched membrane, and the equations governing the propagation of
heat. Like the laws of conservation of mass, momentum and energy studied in the
previous chapter, and like the electromagnetism laws, these laws are expressed as
partial differential equations. We derive some properties and some solutions of these
equations. We also state the Schrodinger equation of quantum mechanics, derive a
property of the solutions and explain the physical meaning of this property.

9.1 Vibration of a string

Imagine a string stretched along the x-axis. When we pluck the string each point of
the string vibrates in a direction perpendicular to the stretched string, call it the u
direction. See Figure 9.1. Assume the vibration is in the x, u plane. The displacement
u of each point x of the string is a function of x and 7. We use Newton’s law, force
equals mass times acceleration, to derive a partial differential equation satisfied by
u(x,t).

‘ \%M X
Fig. 9.1 A string displacement is shown at one value of the time. The displacement and slope of
the string are assumed very small everywhere and are exaggerated here for visibility.

Let T be the magnitude of the tension force in the elastic string, that we take to
be the same at all points of the string and at all times. Consider small vibrations of
the string, where the slope of the vibrating string differs little from the direction of
the undisturbed string.
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Take a small piece of the string between x and x +h, h positive. There are two
forces acting on this piece of string, the tension at each end of the piece. Let 6(x) be
the angle between the tangent to the string at the position x, and the x axis,

tan6(x) = (9_u ©.1)
ox
See Figure 9.2.
O(x+ h)
0(x)
x z+h

Fig. 9.2 Tension forces depend on angles 6(x), 6(x+ h) at the ends of a bit of the string. The angles
are drawn too large in order to make them more visible.

The forces in the (x, ) plane acting on the piece of the string at x and x + & are
—T(cosf(x),sin6(x)), T(cosO(x+ h),sinO(x+ h)).

We consider the motion of the string only in the u direction.
The force on the small piece in the u direction at x + 4 is T sin8(x + h). The force
at x is —7 sin6(x). The total force is the sum of these two forces:

total force = T sinf(x+ h) — T sin6(x).

We use the Chain Rule and the Mean Value Theorem to express the right side as

do
total force = hT cos(@)d—, 9.2)
X

do
where 0 and P are evaluated at some point between x and x + A. Since 6 is small,

X
we approximate cosf as 1, and tan6 as 6. Since at each point the slope of the line
tangent to the string is the tangent of § we get

— =tan(6(x))
: sin@ N 6
T cosh 1
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0
Replacing 6 by B_M and cosf by 1 in formula (9.2) we get
X

0u

total force =hT —. 9.3
e 9.3)
The mass of the piece of string of length 4 is AW, where W is the mass per unit
length of the string. The acceleration of the piece of string in the u direction is uy.
We apply the law
total force = mass times acceleration

to the motion of the piece of string. Using formula (9.3) for the total force acting on
the piece of string, and AW for its mass, we get

o%u
hTﬁ = hWMtt.
Dividing by hW gives
% Uxx = Uzt 9.4)

Since T and W are both positive, so is % We write ¢ = \/% and set it into equation
(9.4); we get
Uy — czu“ =0. 9.5)
Equation (9.5) is called the one-dimensional wave equation.
It follows from equation (9.5) that ¢ has the dimension of velocity; but velocity

of what? We shall show that +c are the velocities with which certain waves in the
string propagate along the x direction.

Example 9.1. Take u(x,t) = cos(x—1). Then u is a solution of the wave equa-
tion with ¢ = 1 because

Uy — Uy = —cos(x—1) —(—cos(x—1)) = 0.

This is a wave that propagates to the right at speed 1. See Figure 9.3. In Prob-
lem 9.5 we ask you to identify the speed and direction that other waves move.

cos(x)  cos(x-1) cos(x-2)

Fig. 9.3 The wave in Example 9.1 plotted at times ¢ = 0, 1,2.
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Example 9.2. The function
u(x,t) = cos(x —ct) +cos(x + ct)

is a sum of a wave moving to the right and a wave moving to the left, both at
speed c. By the addition formula for the cosine function,

u(x,t) = cos xcos(ct) +sin xsin(ct) + cos xcos(ct) —sin xsin(ct) = 2 cos xcos(ct).

This is a wave that oscillates up and down. See Figure 9.4. O

Fig. 9.4 The sum of waves in Example 9.2 is illustrated at several times.

It follows from the rules of calculus that every function of the form
u(x,t) = f(x—ct)+g(x+ct)

where f and g are twice differentiable functions of a single variable, is a solution of

Uy — iy = 0. The theorem below shows that every solution is of this form.

We introduce the following notation: D denotes the trapezoid
a+ct<x<b-ct, H<t<np 9.6)

in the (x,¢) plane. We number its sides as C1,Co,C3z and Cy4. See Figure 9.5.
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Fig. 9.5 The trapezoid defined in (9.6).
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Theorem 9.1. Every solution u of the wave equation
U — czuxx =0
in the trapezoid D where a+ct<x<b—ct, tj <t <t is of the form
u(x,t) = f(x—ct)+ g(x+ct), 9.7)
where f and g are twice differentiable functions.
We derive Theorem 9.1 from Theorem 9.2 below. First we introduce the notion

of initial data. Denote by u(x, t) a solution of the wave equation in the trapezoid. The
pair of functions

u(x,t1), u(x.ty), a+cti <x<b-ch (9.8)

are called the initial data of u at time f.

Theorem 9.2. Let u be a solution of the wave equation

Uy —czuxx =0

in the trapezoid D where a+ct < x<b-—ct, tj <t<ty. Suppose the initial
data of u at time t| are zero. Then u(x,t) is zero in the whole trapezoid.
Before giving the proof of Theorem 9.2 we show how it implies Theorem 9.1.

Proof. (of Theorem 9.1) Let u be a solution of the wave equation in D. We show
first that there is a solution v of the wave equation of the form (9.7) whose initial
data are the same as the initial data of u. We construct two functions f and g that
satisfy the relations

u(x,11) = f(x—cty) +g(x+cty), u(x, 1) = c(g' (x+ct))— f'(x=ct)) (9.9)

for a + ct; < x < b—cty. Differentiate the first equation with respect to x and add
% times the second equation to get u, + %u, = 2g’, or subtract % times the second
equation to get u, — %u, =2f". Therefore

g (x+ct) = Juc(x, i)+ sux, 1), f'(x—ct) = Jur(x,t) = sug(x, 1), (9.10)

from which f and g can be determined by integration. These formulas show that,
since u is twice differentiable, so are f and g.
Define the function v as

v(x.t) = f(x—ct)+ g(x+ct). 9.11)
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Then v is a solution of the wave equation in D. It follows from (9.9) that the initial
data of v and u at time #| are equal:

vix, t) = ulx,t1),  vi(x,t1) = ux, 1). 9.12)
Next define w as the difference of u and v,
w(x,t) = u(x,t) —v(x,t).

Being the difference of two solutions, w also is a solution of the wave equation. It
follows from (9.12) that the initial data of w are zero:

W('X:’tl):ov Wl(-x7t1)=0

Therefore according to Theorem 9.2, w = u — v is zero in the trapezoid. This shows
that u = v in the trapezoid; therefore u is of the form (9.7). m|

We turn now to the proof of Theorem 9.2.

Proof. Multiply the wave equation in Theorem 9.2 by u,; and integrate over the
trapezoid D; we get

f (ustty _czu[uxx) dxdr=0.
D

We observe that the integrand is a divergence with respect to the (x,¢) variables in
that order:
2 1.2 2 2
0= uy(uy = ttxx) = (1), — ¢ (Uylty) x + C Uyl
2 2
= (—C utux)x 2(”; +C u )t

= div(—czu,ux, E(”t +c uz))

Using the Divergence Theorem for F = (- c2u,u,, z(u, +c?u?)) and divF = 0 we get

Ozfdidexdtz (= Pugty, 5u? +c*u))-Nds
D oD

= —f %(u, +c uz)dx+f %(u, +c uz)dx
Ci &3

+ | (-c u,ux,z(u, +c2u?))-Nds
C3

(—c u,ux,z(u, +c uz))-Nds.
Cy

We have used N = (0,—1) on Cy and N = (0,1) on C,. Denote the integrals over Cj

1
and C; as E(t1) and E(ty). Using N = (I,c) on C3z and N = ( 1,¢)
V1 +¢c2 V142

on Cy4 we get
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1(-c utux)+c2(u +c uz)

E(fz)—E(t1)+f

C3 V1 +c2
—1(—c u,ux)-i-c (u, +c2 u
+ ds=0. (9.13)
»fC4 V1+C

The integrands in both integrals in (9.13) are perfect squares, %c(u, + cuy)?. There-
fore both integrals are nonnegative. This proves that E(t;) — E(¢1) is nonpositive.
Therefore

E(t) <E(t) (9.14)
Denote by C(¢) the portion of the string represented by a horizontal line segment
drawn across the trapezoid at time ¢. The term %utz dx is the kinetic energy of

@)
the C(¢) portion of the moving string, and the term f 5 ? uy 2 dx is the elastic energy
c@)

in the C() portion of the stretched string. Their sum is the total energy stored in the

C(1) portion of the string. So inequality (9.14) says that the energy stored in the C(¢)
portion of the string is a decreasing function of time.

In particular if E(#;) is zero, it follows that so is E(t>). Since E(t) is the integral
of u,2 +c2u? < over C», it follows that if E(#,) is zero, u, and u; are zero in C.

Since the argument applies to every value of 1, it follows that u(x,?) is constant
in the whole trapezoid. Since u is initially zero, that constant is zero. This completes
the proof of Theorem 9.2. O

Example 9.3. We solve
Uy = gy, u(x,0)=0, u(x,0) = cos(3x).
According to Theorem 9.1 we can express
u(x,t) = f(x—ct)+ g(x+ct).
By equation (9.10) in the proof the data give
, 1 , 1
gx)= % cos(3x), f(x)= ~5 cos(3x).
Integrating, we get

gx) = i sin(3x) + ¢y, f(x) = —i sin(3x) + ¢>.
6¢ 6¢

Since 0 = u(x,0) = f(x) +g(x) = ©52 we get ¢1 = ¢2, and

u(x,t) = —g-sin(3(x—ct)) + ¢ sin (3(x + c1)).
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Example 9.4. We imagine a sound wave bouncing off a wall at x = 0 where
the displacement u is zero. Take f(x) = —g(—x) in the wave equation solution
u(x,t) = f(x—ct)+ g(x+ct), so that

u(x,t) = —g(—x+ct) + g(x+ct).

Then u(0,1) = —g(ct) + g(ct) = 0 for all #. Suppose g(x) is zero on all but some
positive interval, as in Figure 9.6. The resulting solution « can be viewed, for
x>0, as a wave g traveling left to a wall at x = 0, then reflected to the right,
as an echo. O

0 VAV .

AN X

vV
u(x,0)

VA /\V/\ X
N/ \/ !
u(x,t)

<7/\\/\ E Ja\ x

E VAR

Fig. 9.6 The waves in Example 9.4 model an echo.

The string with tied ends. We turn now to studying the motion of a stretched string
that is tied at its two ends, located at x = 0 and at x = a(a > 0). See Figure 9.7. The
displacement of the ends is zero; we express this as the boundary conditions

u(0,6)=0, wu(a,t)=0 forall+. 9.15)
Suppose u is of the form
u(x,t) = f(x—ct)+g(x+ct)

and satisfies the boundary conditions.
The boundary conditions state that

f(=ct)+glct)=0, fla—ct)+gla+ct)=0.
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Fig. 9.7 The band 0 < x < a, —oo <t < oo corresponds to locations on the string at all times.

Denoting ct as x, the first relation says that f(—x) = —g(x). Setting this into the
second relation we get
—glx—a)+g(x+a)=0.

Denoting x —a as y we rewrite this as

gy +2a) = g(y).

In words: g is a periodic function with period 2a.

Since f(y) = —g(—y), it follows that also f is periodic with period 2a. Therefore
u(x,t) = f(x—ct)+ g(x+ct) is a periodic function of ¢ with period 270

A function with period p also has periods 2p, 3p, and so forth. Thus a string that
vibrates with period 2(—“ also vibrates with period 2%, n any whole number.

Example 9.5. The functions
sin(x)cos(ct), sin(2x)cos(2ct), sin(3x)cos(3ct),

and so on are vibrations of a string with ends tied at x =0 and x = 7. O

The frequency of vibration is the reciprocal of the period; so the lowest frequency
is 5. We recall from our derivation of the wave equation that = % So we get the
following theorem.

Theorem 9.3. A string of length a and weight W per unit length stretched

with tension T can vibrate with the frequency ﬁ N/ % and each whole number
multiple of this.

This formula shows that the lowest frequency of vibration increases if

(a) the tension in the string is increased,
(b) the string is shortened,
(c) the string is replaced by a thinner string.
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All vibrations of a stretched string are multiples of the lowest frequencys; it is this
property that makes string instruments musical. We show in the next section that, in
contrast, a vibrating elastic sheet does not have this property.

Problems

9.1. Suppose u is a solution of u; — cuy, = 0, and that at a particular time ¢, the
graph of u as a function of x is convex (uyy > 0). Is the acceleration u;; of the string
up or down?

9.2. A violin A-string has length 330 [mm] and vibrates at 440 cycles per second.
Let A4 = 27(440) and
u(x,t) = sin(%)cos(Au).

Find the value of % so that u;; — %uxx =0,

9.3. A violin A-string produces a vibration

u(x,f) =c sin(_%ﬁlg) cos(A4t) + ¢ sin ( 2’;(33()’“) )cos(Egt)

where ¢ and ¢, are some constants and uy; — cuy, = 0. Find Eg > 0 in terms of Aq4.

9.4. Show that the function u(x, ) = Asin(bx)cos(bct) is a string vibration with ends
tied at O and 7, that is,

U — e =0,  w0,0=0,  umt)=0,

for certain values of the constants A, b. Show that A is arbitrary but b must be an
integer.

9.5. At what speed and direction (left or right) do these waves move?

(a) cos(x+31)
(b) 5cos(x+ 31)
(c) =7sin(t —4x)

9.6. Show that the following functions are solutions of u;, — uy, =0.

(a) cos(x +ct),

(b) u(kx,kt) if k is a constant and u(x, ) is a solution,
(c) au(x,1), if u is a solution and a a number.

(d) uy +uy, if u; and u, are solutions.

(e) sin(2x —2ct) + cos(3x + 3ct)

9.7. Verity that every function of the form

u(x,t) = f(x—ct)+g(x+ct)
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where f and g are twice differentiable functions of a single variable, is a solution of
2
Uy — C Uy = 0.

9.8. Consider the string vibrations

uy(x,1) = sin(x —2¢)

up(x,t) = sin(x + 2¢)

u3(x,t) = uy(x, 1) + uz(x, 1).
(a) Sketch graphs of each one as a function of x, for times # = 0, 1,2.
(b) Which one moves to the left and which to the right?
(c) Show that u3(0,¢) = 0.

(d) Find values of a that give u3(a,0) = 0, and then show that for those a, u3(a,t) =0
for all ¢.

9.9. Assume 2c¢ < 7. Find the energy
b
E®=1 f (u? +c*u?)dx
a
of the vibration u(x,t) = cos(x + ct) for:

(a) the interval [a,b] = [0,x] at time ¢ = 0,
(b) the interval [a,b] = [ct,m—ct] at time ¢ = 1.

Which is larger?

9.10. Take the case of a string with tied ends, u(0,t) = u(a,t) = 0.

(a) Why is u, also zero at the ends?
(b) Show that the energy in [0,a] is conserved, that is, E’(t) = 0, where

a
E®=1 f (u? + *u?)(x, 1) dx.
0
9.11. Find a solution of each problem in the form
u(x,t) = f(x—ct)+ g(x+ct).

(@) uy — Cuye = 0 with u(x,0) = sinx and u,(x,0) = 0.
(b) sy — uy = 0 with u(x,0) = 0 and u;(x,0) = cos(2x).
() uy —25uy, = 0 with u(x,0) = 3sin x + sin(3x) and u,(x,0) = cos(2x).

9.12. Suppose the wave g(x + ct) in Example 9.4 is a brief sound made by an
observer who waits for the echo —g(—x+ cf) to return, and notes the time #; elapsed.
Show that the distance to the wall is %ctl, and can be determined using any brief
sound g (as one knows of echos).
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9.13. For x > 0 let u(x,t) be a solution of the wave equation as in Example 9.4. Let
p be a positive number. Show that the energy remaining near the wall,

P
%f (u,2+c2u)25)dx,
0

is zero for large values of the time.

9.2 Vibration of a membrane

Consider an elastic membrane stretched over a frame in the x,y plane. When the
membrane is displaced in the direction perpendicular to the x,y plane and then
released, it will vibrate in the perpendicular direction. We derive the differential
equation governing this vibration and study its solutions.

T e
/

X a ath

Fig. 9.8 Left: A small portion of the membrane. Right: We approximate the perpendicular compo-
nent of the elastic force on the a + i edge as hT sin@ =~ hT tan6 = hTz(a+ h,y,1).

Denote by z(x,y,?) the displacement at time ¢ of point (x,y) of the membrane in
the perpendicular direction. See Figure 9.8. We study the motion of a small portion
of the membrane

(xx,y,z(x,y,1)), a<x<a+h, b<y<b+h, hsmall. 9.16)

The motion of this portion is driven by the elastic forces acting on its four sides.
The elastic force acting on an edge of this portion of the membrane lies in the tan-
gent plane of the membrane and is perpendicular to the edge on which it acts; its
magnitude is some constant 7 times the length of the edge. We shall study small
vibrations, that is where the displacement z(x,y,?) and its derivatives z, and z, are
small. The vibrations are produced by forces in the direction perpendicular to the x,
y plane. We analyze them similarly to the forces on a piece of string in Section 9.1.
In this case the component of the force acting on the side x = a is well approximated
by —hTzx(a,y,t) and the force on the side x = a + & is equally well approximated by
hTz(a+h,y,1).
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The resultant of these forces is AT (zx(a + h,y,1) — zx(a,y,1)), and for h small is
well approximated by #>T'z,,. Similarly the forces acting on the sides y = b+ and
y = b, in the direction perpendicular to the x, y plane, are well approximated by
h*Tzyy. The sum of these forces is A>T (zyy +zyy). The mass of the portion of the
membrane is i%p, where p [mass/area] is the density of the membrane. Therefore
the equation governing the motion of this portion of the membrane, using Newton’s
law that total force = mass times acceleration, is

h2 T(zex+ Zyy) = thztt’

which we rewrite as
2t = € (Zax + Zyy) 9.17)

where c = /% This equation is called the two-dimensional wave equation .
We investigate now some simple motions of a membrane spanning the square

0<x<m, O0<y<m (9.18)
The membrane is fixed at the boundary of the square, therefore
2(x,y) =0
on the boundary of the square. Define

z1(x,y,1) =sin( \/ict) sin(x) sin(y),
22(x,y,1) =sin( \/gct) sin(x) sin(2y).

A simple calculation shows that both z; and z, are solutions of the wave equa-
tion (9.17), and they are zero on the boundary of the square (9.18). The solution z;
is periodic in time, with period 2—;, and the solution z is periodic with period %,
and all integer multiples of these periods. Since no integer multiple of \ZF—;T is equal
2r

R It follows that the sum

to an integer multiple of
z1 +22,

that is a solution of the wave equation, is not periodic in time. It can be shown that
only very special solutions of the two-dimensional wave equation are periodic in
time.

We express this result as follows: Vibrations of one-dimensional elastic systems
are periodic in time, but the vibrations of two-dimensional systems are in general
not periodic in time. This explains why all musical instruments are essentially one-
dimensional vibrating systems. Violins and cellos use vibrating strings to generate
sound, wind instruments like flutes and clarinets use vibrating thin columns of air to
generate sound. One can point to drums as a truly two-dimensional instrument; but
the sound of a drum of is muffled, without a definite pitch!
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Problems

9.14. Show that the following functions are solutions of the wave equation

it = cz(zxx + Zyy)'
(@) x* —y?
(b) cos(ct)cos(x)
(c) cos(ct)sin(y)
(d) sin( V2ct) cos(x + y)

9.15. Show that the following functions are solutions of the wave equation
_ 2
2 = (Zax + Zyy)'

(a) u+v, if u and v are solutions.

(b) kz, if k is a constant and z is a solution.

(c) z(=y, x,t) if z(x,y,?) is a solution, i.e., rotate /2.
(d) z(kx,ky,kt) if z(x,y,t) is a solution.

9.16. Show that these functions are solutions of the wave equation
_ 2
2 = (Zax + Zyy)'

(a) cos(y+ct)
(b) cos(x+y+ V2ct)
(c) cos(x—2y— V5c1)

9.17. We have said that the function
21 + 22 = sin( V2¢r) sin(x) sin(y) + sin( V5¢7) sin(x) sin(2y)
is not periodic in ¢. Show that the function

sin(1.414ct) sin(x) sin(y) + sin(2.236¢t) sin(x) sin(2y)

2
is periodic, repeating every 100022 seconds.
¢

9.18. Suppose a tension T [force/length] causes a force perpendicular to any short
edge drawn in an elastic membrane, the force coplanar with the material. For exam-
ple there are forces on three edges in the plane of the triangle in Figure 9.9. Denote
by @ and k the angle and hypotenuse length indicated. Show that the forces are as

follows.

(a) The force on the right edge is (Tksina,0).

(b) The force on the bottom edge is (0,—Tkcos ).
(c) The force on the hypotenuse is Tk(—sina,cos @).
(d) The net force on the triangle is the zero vector.
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This is why we assume a constant 7" in the derivation of the wave equation (9.17).

\\\\k\\\ -
[TT1

Fig. 9.9 Forces on a triangular portion of the membrane in Problem 9.18.

9.19. Let n and m be positive integers, and

2(x,y,1) = cos( Vn? + m?t) sin(nx) sin(my).

(a) Show that z is a solution of the membrane vibration equation z;; = zyy + Zyy that is
zero on the boundary of the square 0 < x<m, 0 <y<m.

(b) Show that the number of such solutions that have frequency Va2 +m? < 1000 is
roughly 27(1000)%.

9.20. Take the case ¢ = 1 so that the wave equation becomes z;; = zxy + Zyy, and the
solutions z; and z» in the text become

21 = sin( V2e)sin(x)sin(y),  zz = sin( V57)sin(x) sin(2y).
(a) Suppose f is a twice differentiable function of one variable. Define
2(x,y,1) = flax+ by +1),

which is called a fraveling wave. What is required of the constants a and b so
that z is a solution of the wave equation?

(b) Verify that sin(u)sin(v) = —%(cos(u +v) —cos(u—v)). Use that and similar iden-
tities to express z» as a sum of four traveling waves.

(c) The solution z; +z> can be expressed as a sum of how many traveling waves?

9.21. Let z(x,y,7) be a function of the form
z(x,y,1) = f(r)sin(kt)

where r = /x2+y? and k is a constant, so that z depends only on the time and the
distance to the origin. Show that z is a solution of the wave equation z;; = Zyy + Zyy if
f satisfies

1
Fr @O+ —f (0 +Kf(r)=0.
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9.22. The wave equation for a function u(X, ) in three space dimensions is

Uy = A Au.
(a) Find constants k so that the function u(X,t) = cos(2x; + 3xp + 6x3 + kf) is a solu-

tion of the wave equation.
(b) Find the constant vectors A so that C? functions of the form

u(X,t) = f(A-X£c1)

are solutions of the wave equation.

T I
? 100

Fig. 9.10 A spherically symmetric solution of the wave equation in R approaches the origin. See
Problem 9.23.

9.23. Let p = /x2+y2 + 22 in R3. For waves u(p, ) that are spherically symmetric
about the origin the wave equation u;, = Au becomes

— 2
Uy = Upp + Eup.

=)
(a) Show that C? functions of the form u(p,?) = AGE) are solutions of the wave
Jol
equation for p > 0.
(b) Suppose a solution has the form
Slo+1)

u(p,t) =

where f(p) is nonzero only in a small interval near p = 100, and the maximum
value of u(p,0) is 1. See Figure 9.10. Approximately what is the maximum value
of u(p,99) and where does it occur?
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9.3 The conduction of heat

In this section we show that the distribution of temperature in a medium that con-
ducts heat satisfies a partial differential equation. It is a conservation law as we have
discussed in Chapter 8.

We start with the one-dimensional case, the conduction of heat in a rod. Let the
rod be on the interval [0, a] along the x axis. We denote by T'(x, ) the temperature at
the position x and at time 7. Assume 7 is a C? function. We assume that heat energy
density is proportional to temperature, so that the heat energy in the section [b, c] of
the rod at time ¢ is

f CpT(x, ndx 9.19)
b

where p is some positive constant.

Next we assume that heat energy is conducted from a hotter to a colder region, at
a rate proportional to the gradient of temperature. Here “gradient” refers to the rate
of change of temperature with respect to position, so in the one-dimensional case,
to T,. Therefore heat enters the section [b, c] at its endpoints, at the rates

oT oT
—r—(b,t) and r—~(c,1) (9.20)
Ox ox
where r is some positive constant. The energy conservation law states that the rate

at which heat flows across the boundary of [b,c] is the time derivative of the total
heat energy in [b,c],

ngpT(x,t)dx= (b t)+r (C 1. 9.21)
dt b

On the left side we carry out the differentiation with respect to ¢ under the integral
sign; we get

¢ T
fbpadx— (b t)+r (c 1.
The right side is a difference of the values of the function
oT
—(x,t
roa (0

between x = ¢ and x = b. We express it as the integral of its derivative; we get

¢ aT < 9T
61‘ —dx= Lrﬁ(x,t)dx.

We see that this is in the conservation law form of equation (8.25),

C C
f prdx = —f frdx,
b b
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if we take f = —rT and p = pT. We rewrite it as

c 2
fb (p%—f(x, - V%(x, t)) dx=0.

Since this integral is zero over all intervals [b, c], it follows that the integrand is zero,

aT 0T 0
—-r—=0.
P T ax
We rewrite this equation as
T;,—hT, =0, 9.22)

where /i = _ is a positive constant. Equation (9.22) is called the equation of heat
p
conduction.

Example 9.6. Verify that the function
T(x,f) =e "sinx
is a solution of the heat equation (9.22). We have
Ty(x,1) = —he " sinx = —=hT(x,1)

and since T (x,1) = =T(x,1), this is a solution. It decays toward zero as time
increases, due to the exponential. See Figure 9.11.

Since T, = e cos x the flow of heat energy is to the left at x = 0, is zero at
x =7, and is to the right at x = 7. m|

Fig. 9.11 Graphs of the heat solution T'(x,7) = e sinx as a function of x at times #; < f». See
Examples 9.6 and 9.7.

Example 9.7. Suppose T is a solution of the heat equation, such that at some
time ¢ the graph of T as a function of x is convex, Ty, > 0. It follows from the
heat equation that 7, > 0. Therefore T'(x,?) is an increasing function of z. See
the left half of Figure 9.11 where T is convex. O

We derive now some of the basic properties of solutions of the equation of heat
conduction in a rod whose endpoints are kept at some constant temperature.

Since the heat equation only involves the derivatives of T, it follows that if T'(x,7)
is a solution of the heat equation, so is T'(x,) — k, where k is a constant. Choose k to
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be the constant temperature at the endpoints; then T — k is zero at the endpoints. So
it suffices to study solutions of the heat equation that are zero at the endpoints of the
rod.

We show now the following property of such solutions:

Theorem 9.4. Let T be a solution of the heat equation T; —hTx =0 for x in
[0,a] that is zero at the endpoints. Then the maximum of T (x,t) over x in [0,a]
is a decreasing function of t.

TO,H) =0 T(a,t)=0

0 T(x,0) a

Fig. 9.12 Temperature 7'(x,f) inarod 0 < x < a.

Proof. We show first that for > 0, T'(x,¢) is never larger than its maximum at # = 0.
We argue indirectly; suppose for some time s > 0 and some y in (0,a), T(y,s) is
larger than the maximum of 7'(x,0). Then there are positive numbers M and € such
that for all x in [0, a],

T(x,0) <M< M+ ea’ < T(®,s).
Let R be the rectangular set [0,a] X [0, s] and consider the function
u(x,t) = T(x,1) + e(x—y)*

on R. Since T'(x,t) is zero at the endpoints and 7'(x,0) < M,

u(0,0)=T(0,1)+ 6y2 <ed®

u(a,t) =T(a,t)+€e(a —y)2 <ed®

u(x,0) = T(x,0) + e(x—y)* < M + ed®. (9.23)
Since
u(y,s)=T(y,s) > M +ed®

the maximum of « on R is at least T'(y, s), and according to (9.23) it must occur at
some point (x,¢) with # > 0 and x not at either endpoint of the rod. Therefore at this
maximum we have u,, <0 and u, > 0. Then
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0>ty — ity = Tax+26— 1T = 2€.

This is a contradiction since € > 0.
To complete the proof suppose 0 <t <t and set v(x,7) = T'(x,t; +1). Thenvis a
solution of the heat equation. Let v(c,0) be the maximum of v(x,0) on [0,a]. Then

max T (x,t) = maxv(x,tr —t1)
X X
<v(c,0)=T(c,11)
<maxT(x,t).
X

O
Since —T(x,?) is a solution as well of the heat equation that is zero at x = 0
and x = a, it follows that the minimum value of 7T'(x,¢) over all x is an increasing

function of . Combining the two results we deduce from Theorem 9.4 the following
corollary.

Corollary 9.1. Let T be a solution of the heat equation T; — hTy = 0 for x
in [0,a] that is zero at the endpoints. Then the maximum with respect to x of
|T (x,1)| is a decreasing function of t.

We can now prove the uniqueness theorem:

Theorem 9.5. Suppose T\ and T, are two solutions of the heat equation in
[0,al, t > O, that are equal at t = 0, equal at the endpoint x = 0 and equal at
the endpoint x = a. Then T1(x,t) = T2(x,t) for all t > 0 and x in [0, a].

Proof. SetT =T, —T,. Then

Ty —hTy =0
T(x,00=0
T0,/)=0
T(a,t)=0.

According to Corollary 9.1, |T'(x, )| decreases from its initial value. But that is zero.
So T is identically zero, and T = T>». O

Examples of the heat equation in higher dimensions The conduction of heat in a
plate can be analyzed similarly to the way we analyzed the conduction of heat in a
rod; we look at the flow of heat into a small portion of the plate b < x<c¢, d<y<e
across its boundary. We obtain an equation analogous to 7; — hTy, = 0,

T, — hAT =0, (9.24)
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where AT =Ty +T),. In Problem 9.31 we outline a derivation of this equation using
the Divergence Theorem.

Example 9.8. Define T(x,y,) = e sin(bx + cy). We find the relation of a,b,c
so that T is a solution of the equation Ty — hAT = 0.

T, —hAT = —ae™“ sin(bx + cy) — he™ ™ (—b* — ¢?) sin(bx + ¢y)
=(—a+D*+cHN)T.
That is zero if a = (b* + ¢2)h. So

N
e~ CHOM Gin(bx + cy)

is a solution of the heat equation for all numbers b, c. m|

Example 9.9. You have seen in Problem 4.7 that the function
T(X, 1) = (4rr)y "2 IXIP/GD)
is a solution of the heat equation in n space dimensions,

T,—A4T =0.

Problems

9.24. Show that these functions are solutions of the heat equation 7; = hT .

(a) mx+k for all constants m, k

(b) T1 + T, if Ty and T, are solutions.

(c) e cos(x)

(d) some functions e ¥ sin(mx); find the relation between k and m,
(e) u(x,ht) where u(x,1) is any solution of u; = u,,.

9.25. Show that these functions are solutions of the heat equation T; = T'yy.

(a) e‘”ztsin(nx) forn=1,2,3,...,

(b) P&~/ for a certain exponent p; find p,

(c) e"** cos(ax — bt) for some constants a, b; find the relation between a and b.
(d) u(kx, k1) for any constant k if u is a solution.

9.26. The temperature at a moderate distance x below the ground is modeled as

T(x,t) = e “*cos(ax— bht)
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~

Fig. 9.13 Earth in Problem 9.26.

where the value of the constant b depends on whether we are discussing daily (sun-
rise, sunset) or seasonal (winter, summer) variations. See Figure 9.13.

(a) Show that T, = hT ., if b = 24>.
(b) Is b larger for daily or seasonal variations?
(c) Considering the factor e™**, do daily or seasonal variations penetrate deeper into

Earth?
9.27. A rod is held at zero temperature at the ends, so that

T, =Ty, T(t0)=T(n)=0.

(a) Fill in the missing numbers so that

T(x,7) = (7)e™ sinx+ (7e™ sin(2x)

is a solution with initial value 7'(x,0) = sinx + % sin(2x).

(b) Sketch the graph of T as function of x at times ¢ =0, % 1.
(c) Which of the two terms decreases faster as ¢ increases? Note the maximum tem-
perature is located left of the center point of the rod initially. Does the hot spot

move to the left or right as time increases?

9.28. We can calculate approximate solutions of the heat equation 7; = T, by
approximating the derivatives by difference quotients, where At and Ax are posi-
tive numbers,
T(x,t+40)—T(x,t)  T(x+4x,0)-2T(x,0)+T(x—4x,1)
At B (4x)? ’

(a) Solve that approximation for T'(x,t+ 4t) in terms of the earlier values at time ¢.

(b) Take (AATt)Z = % Show that the approximation becomes

T(x,t+41) = 3(T(x—4x,0) + T(x + 4x,1)).
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(c) Initial values 7'(x,0) are given in the table. Fill in values of T for five time steps
using the approximation in (b). One of the values, T (—4x,4t) = %(16 +0) =38, is
indicated as an example.

54t
44t
34t
2At
At 8
of o o] 0O 0] O0TV]]O]|l6/l6|O|O]O]O|O0O]|O
—64x|-54x|-44x|-34x|-24x|—-Ax| 0 |Ax|24x|34x|44x|54x|64x|74x

9.29. A simple model for temperature y(f) of an object at time 7 in an environment
of temperature s is Newton’s Law of Cooling,

Y =—k(y—s)
where k is a positive constant. Consider two heat equation solutions
Ty(x,1) = e’ sin(x), T>(x,1) = e ' sin(x) + e sin(3x)

for a rod located in the interval [0, ]. We imagine the environment s = 0, and define
the average temperature of the rods to be

1 (" 1 ("
y@=- f T1(x,1)dx, »n)=- f Ta(x,1)dx.
T Jo T Jo

Show that Newton’s Law of Cooling holds for y; but not for y,.

9.30. A steady state solution of 7, = hT,, is one that does not vary with time, thus
T =0.

(a) Find a steady state temperature function 7' (x,¢) for 0 < x < a with 7(0,#) =50 and
T(10,1) = 100.

(b) Verify that for your steady state function, the total rate that heat enters (see equa-
tion (9.20)) at left and right ends is zero,

oT orT
—rg(O, 1+ ra(a,t) =0.

(c) Verify that the total heat energy (see equation (9.19)) for your steady state func-
tion,
fa pT(x,t)dx
0

9.31. In this problem you can derive the heat equation in 2 space variables

is independent of the time.

T, —hAT = 0.
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The analogue of the heat conservation law (9.21) states that for all regular sets D in
the plane,

d
—pr(x,y,t)dAzr VT -Nds.
dr Jp oD

Justify the following items.

(a) The rate of change of total energy is f pT,dA.
D

(b)prtdAzf div(rVT)dA.
D oD

(c) f (pT;—rd4T)ds =0.
D

(d) T, — hAT =0, where h = i.

9.32. Suppose a solution of the two-dimensional heat equation has the form
T(x,y.1) =" f(r),

where r is the polar coordinate » = +/x% +y2. Thus T only depends on time and on
the distance to the origin. Substitute into 7, = h4T and use the Chain Rule to show
that f satisfies

1
1)+ —f () +ef(r) = 0.

9.33. Show that T'(x,y,?) = x> + y* + 4ht is a solution of the two-dimensional heat
equation T; = hAT, and describe the direction of heat conduction.

9.4 Equilibrium

In Section 9.2 we derived the differential equation governing a vibrating membrane,
_ 2
Zit = € (Zax + Zyy)s

and in Section 9.3 we derived the differential equation governing the flow of heat in
a plate,
T = h(Tyxx+Tyy).

We consider now the case of equilibrium, that is membranes in which the elastic
forces are so balanced that they do not vibrate, and heat-conducting bodies in which
the temperature is so balanced that it does not change.

The equations of equilibrium can be obtained from the equations of time change
by simply setting the time derivatives in these equations equal to zero. So we obtain
from the equation of of a vibrating membrane the equilibrium equation

Zxx Tty = 0,
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and from the equation of heat conduction the equilibrium equation
Tyx+Tyy,=0.

We observe, with some astonishment, that except for the symbols used, these equa-
tions are identical. The equation
Au=0

is called the Laplace equation and the solutions are known as harmonic functions.
There is no physical reason why the equilibrium of an elastic membrane and the
equilibrium of heat distribution should be governed by the same equation, but they
are, and so

Their mathematical theory is the same.

This is what makes mathematics a universal tool in dealing with problems of
science.

We state and prove an important property of solutions of the Laplace equation.

Theorem 9.6. Let u and v be two solutions of the Laplace equation on a con-
nected regular set D in R? that are equal on the boundary of D. Then u and v
are equal in D.

Another way of expressing this theorem is: Solutions of the Laplace equation in
a regular set D in R? are uniquely determined by their values on the boundary of D.
We give now a mathematical proof of this proposition.

Proof. Denote by z the difference of u and v,
z(x,y) = u(x,y) = v(x, y).

Since u and v are solutions of the Laplace equation, their difference z is a solution.
Since u and v are equal on the boundary of D, z is zero on the boundary. Multiply
the Laplace equation 4z = 0 by z and integrate the product over D. We get

f zAzdxdy = f 2(Zxx +2yy)dxdy = 0. (9.25)
D D
Using the product rule for div we get

div (zVz) = 24z +||Vz])*. (9.26)

Therefore
0= f z74zdxdy = f (div(zVz) - ||Vz||2)dxdy.
D D

Since z = 0 on 9D we get from the Divergence Theorem that

ozf sz-Nds—f||Vz||2dxdy=—f||Vz||2dxdy.
oD D D
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Therefore
- f (23 +25)dxdy = 0. 9.27)
D

One says that (9.27) has been obtained from (9.25) using “integration by parts” and
the product rule for div in (9.26).

The integrand in (9.27) is a sum of squares and therefore nonnegative. Since the
integral is zero, so is the integrand; therefore

2, =0, zy=0 in D.

A function z whose partial derivatives are zero in D is a constant in D; since z is
zero on the boundary, that constant is zero. Since z = u — v, this proves that u and v
are equal in D, as claimed. m]

We observe that the uniqueness result in Theorem 9.6 is intuitively clear if we
interpret z as the displacement of an elastic membrane. For if the boundary of the
membrane is constrained to lie in the plane z = 0, then the whole membrane will lie
in that plane.

We note that Theorem 9.6 and its proof can be extended to functions of three, or
any number, of variables.

A further basic result about the Laplace equation in D is that given any contin-
uous function on the boundary of D, there is a solution of the Laplace equation in
D with these prescribed boundary values. The result is plausible, for if we stretch a
membrane over a frame on the boundary of D, the membrane will take on a shape in
equilibrium. The proof of this proposition is beyond the scope of a calculus book.

Problems

9.34. Show that these functions are solutions of the Laplace equation u,, +uy, = 0.

(a) x* —y?

(b) x> = 3xy?
(c) e sin(by) for some constants a, b; find the relation between a and b.

9.35. Show that these functions are solutions of the Laplace equation u,, + uy, = 0.

(a) uy +up if uy and uy are solutions

(b) u(xcos@—ysinf,xsinf+ ycos6) if u is a solution and 6 is a constant angle, i.e.,
rotate the solution.

(c) the product uv of two solutions, if the gradients Vu and Vv are orthogonal.

9.36. Figure 9.14 shows a region bounded by two level sets of T and two curves
tangent to VT, for a function T with T, + T, = 0. Justify the following items.

(a) The curves are orthogonal at the corners.
(b) The flux of VT toward the right is the same across the two level sets.
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Fig. 9.14 The region in Problem 9.36.

(c) The flux of VT is zero across each of the other two curves.

9.37. Show that z(x,y) = log(x* +y?) is a solution of the Laplace equation Az = 0.

9.38. Recall that the Laplacian of f, Af in any number of dimensions is divVf.
Show that A(||X||_1) is zero in three dimensions, but not in 2 or 4 dimensions.

9.39. Suppose u, v and w are C2 functions in a regular set D in R3. Derive item (a)
from the Divergence Theorem for the vector field wVw, and justify the following

items.

(a) If w = 0 on the boundary of D, then f(Aw)w dv = —f Vw-VwdV.
D D

(b) If u solves Laplace’s equation

Au=01in D
u=0o0ndD

then u(x,y,z) = 0 at all points of D.
(c) Suppose u and v are two solutions of the Laplace equation

Au =0, Av=0

in a regular set D that are equal on the boundary of D. Show that u and v are
equal in D. [Hint: apply item (b) to u—v.]

9.40. We derived the wave equation (9.17) from Newton’s F = ma law of motion,
assuming that the only forces on a portion of the membrane were due to the tension.
Suppose instead that the membrane is in equilibrium subject to a uniform pressure
p [force/area] on the top surface. See Figure 9.15. Then the sum of edge forces on
the portion a < x <a+h, b <y <b+h are balanced by the force due to p. Justify

the following statements.

(a) The upward force is —ph* when the slopes zy, Zy are small.
(b) z satisfies the differential equation zy +zyy, = % where T is the tension.
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s

Fig. 9.15 Pressure above a membrane in Problem 9.40.

9.41. Show that the following functions are solutions of a pressurized membrane
equation z,y +zyy = 1 as in Problem 9.40

@) 3% +5%)

(b) 5>+ 3y

(c) kz+ (1 —k)w, if z, w are solutions and k constant,

(d) z+w, if z is a solution and w satisfies the Laplace equation wy, +w,, = 0.

9.42. Here Au = uyy, +uyy. Let h > 0, and denote the values of u at four points of the
compass as

ug =u(x+h,y)
us =u(x,y —h)
uw =u(x—h,y)
un =u(x,y+h).

See Figure 9.16.
(a) Use Taylor’s theorem to show that

1
Au(x,y) = ﬁ(uE +ug +uw +uy —4u(x,y)) + O(h?).

(b) We use part (a) to approximate a solution of the equation
Au=1

in the square 0 < x < 1, 0 <y < 1 shown on the right side of the figure, with
boundary values indicated. Use the approximation

1
Au(x,y) ~ ﬁ(ug +ug +uw + uy —4u(x,y))

to set up a system of linear equations for values uj,us,us,us at the indicated
points.

9.43. Let z(x,y) = sin(nx) sinh(ny), where n is a positive integer.

(a) Verify that 4z = 0.
(b) Verify that z = 0 on the boundary of the region 0 <x <, y > 0.
(c) Show that z(x,y) is unbounded.
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20 30
N ——e—o ——
u=10¢ » s e 40
Y| We =« -E Uy, U,
R 204 ° ° e u=50
U1 U3
S Lo o
X 30 40

Fig. 9.16 Notation for Problem 9.42. Left: part (a) Right: part (b).

Remark: This does not happen with the heat and wave equations, and shows that
we need to specify some boundary values all the way around the boundary for the
Laplace equation. Or, as we may say, an initial condition cannot be specified.

9.44. We consider the vector field Vu where u is a solution of the Laplace equation.

(a) If Au = 0, show that Vu has divergence equal to zero.

(b) Show that the functions x> —y* and 2xy are solutions of the Laplace equation.

(c) Show that the vector fields F = V(x* —y?) and G = V(2xy) have divergence zero
and are orthogonal to each other at each point (x,y).

(d) Show that at each point (x, y), the vectors F(x,y) and G(x,y) have the same length.

(e) Sketch the vector fields F and G. These are simple models for the velocity of an
incompressible fluid flow.

e A e e A B e e e R
P T o - e N R G
e A I . B I R T e e T
e T e d e T T T Y
e e T I T e A A e T T T T e e T
e s T T T R e A N N S s 5 5 5
e e R S A NS s s o o o
- > > > > > o o~ R e e
e e T e e e e e e e
e e N R T R S R T T S S 2
5 5 5 5 5 - - = s - 5 5 5 5 o
e T RN P e X
e e T SN P A e e I
> 5 5 o5 = = = N\ A o 5 5 5
- 5 5> -5 -5 = =S N\ A A 5 2 5 5 5 5
e T e T N I A e e
e T I N G e I e
e e e e e e A A A I I A g
e e T T i A e R I R 3
e e T T T e e A P

Fig. 9.17 The vector field in Problem 9.45 models incompressible fluid flow around a cylinder.

x
9.45. Let u(x,y) =x+ ——.
u(x,y)=x 21y

(a) Show that u is a solution of the Laplace equation; therefore the vector field F = Vu
has divergence equal to zero. See Figure 9.17.
(b) Show that F is tangent to the unit circle, that is, for all points on x> +y? = 1,

(x,3)-F(x,y) = 0.
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(c) Show that as x> +y? tends to infinity, F(x,y) tends to (1,0).

9.46. Suppose u(x,y,z) is a solution of the Laplace equation in R3
Uy +Uyy + Uz = 0.

Define a vector field F = Vu. Show that divF = 0 and curlF = 0.

9.5 The Schrodinger equation

The Schrodinger equation is the basic equation of quantum mechanics. It is for
complex valued functions ¢ = f +ig where f and g are real valued functions of
X = (x,y,2) and of ¢, and i> = —1. The function ¢ = f —ig is called the complex
conjugate of . Complex valued functions can be differentiated by treating i as a
constant.

The Schrédinger equation is of the form

W =~ + Vi (9.28)

where V is a real valued function with the property that V(X) tends to zero rapidly
as |IX|| tends to infinity. We consider solutions ¢ that tend to zero rapidly as ||X]|
tends to infinity.

The physics interpretation of solutions of Schrodinger’s equation is based on the
following property of its solutions.

Theorem 9.7. Let ¥ be a solution of Schrodinger’s equation whose partial
derivatives tend to zero rapidly as ||X|| tends to infinity. Then the integral

f (X, 0> &*X (9.29)
R3

is independent of t.

Proof. We write f (X, > d*X = f (X, NY(X,1)d>X and differentiate with
R3 R3

respect to ¢. Since y and its ¢ derivative tend to zero rapidly as ||X]|| tends to infinity,
we have

4 2 13 _f d — 3
& fR \ (X, 0" d’X = B dt(w(X,z)¢(x,t))d X

= f (X, DX, 1) + (X, (X, 1) X

R3

We use the Schrodinger equation to express ¢; and ;. Since V is real, the integral
on the right becomes
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L} (=i(—dy+ Vg + yi( - 40 + Vi) d*X = ifR3 ((dwyw - waw)d*X

Since ¢ and its first partial derivatives with respect to x, y and z tend to zero rapidly
as X tends to infinity, we show in Problem 9.50 that the integral on the right side is
zero. It follows that

d 243
— X,n*d"X =0.
5 | ko
This proves Theorem 9.7. o

We give now the physical interpretation of Theorem 9.7. Suppose that at # = 0 the
function  satisfies

f W (X,0)?d*X = 1.
R3

It follows that for all ¢
f (X, d*X = 1.
R3

Let
(X, 0)* = p(X,1).

For each ¢, p(X,7) is a nonnegative function on R? whose integral over R? is 1. Such
a function is a probability density function. Suppose p is integrable with respect to
X on aset S in R?. Then

P(S,f) = f pX,nd’X,
S

is the probability associated with the set S at time #. What is the physical interpreta-
tion of this probability? According to quantum mechanics, P(S,?) is the probability
that a particle governed by the Schrodinger equation is located at time 7 in the set S'.

This formulation is a radical philosophical departure from the Newtonian picture;
instead of having a definite position in space, at each instant of time there is only a
probability of a particle’s location. Many physicists had to struggle to accept such a
probabilistic description, Einstein among them. He famously remarked “God does
not play dice with the Universe.” But the great success of quantum mechanics has
led to the universal acceptance by physicists of the probabilistic interpretation of
solutions of the Schroédinger equation.

Problems

9.47. Let ¢(X) be a solution of the equation
Ep=—-A¢p+Ve

where E is a real number.
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(a) Show that the function A
Y(X,1) = e Fp(X)

is a solution of Schrodinger’s equation (9.28).
(b) Suppose that f |¢(X)|2 d*X = 1. Show that the probability that the particle is
R3

located in a smoothly bounded set S is
Ps.n= [600PEX.
s

independent of the time.

9.48. Define the function ¢(X) = 7~"/%ze™ Xl where X = (x,y,2).
(a) Show that

b= —dp+ 2o
Bl

(b) Define ¥(X,r) = e’¢(X) as in Problem 9.47, so that  is a solution of the

-4
Schrodinger equation with V(X) = m We have shown in Example 6.41 using

lp(X)|?

is a probability density function. Set up an iterated integral for the probability
that the particle described by ¢ is in the set S given by ||X]| < 3.

spherical coordinates that

Figure 9.18 illustrates a level set of the probability density in (b).

Fig. 9.18 Sketch of a level set in Problem 9.48. The plane z = 0 is indicated for reference.

9.49. Take V(x,y,2) = 2+ y2 + 7% in the Schrodinger equation, and consider the
corresponding equation

Ed = —-A¢+ (x> +y* +20)é. (9.30)
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(a) Suppose X, Y and Z are functions of x, y and z respectively, and

EX =-X"+x’X
E)Y =-Y" +y*Y
E.Z =-7"+7°Z

for some numbers E,, Ey and E,. Show that the function ¢(x,y,z) = X(x)Y (y)Z(z)
satisfies (9.30) for some number E expressed in terms of E,, E; and E.
(b) For each of the numbers E,, = 1, 3 and 5, find a function of the form
Ww) = (a+bw+ cwz)e_wz/ 2
that satisfies E,,W = —W”" + w?W.
(c) Using functions from (b), create functions ¢ that satisfy (9.30) with energy levels

E=3,5,7,9,11,13 and 15.
(d) Show that the probability density Ie‘iE’gS(X)I2 associated with the £ = 3 case is
62 = a3 2

9.50. The integral of a complex valued function f = a +1ib, where a and b are real
valued functions, is the integral of a plus i times the integral of b.

(a) Let F = (f1, 2, f3) have complex components f; that are C ! functions on R3,
that is, the real and imaginary parts of each f; are C ! Then divF and curlF are
complex. Show that the Divergence Theorem 8.3 and Stokes’ Theorem 8.4 hold
for complex valued functions.

(b) Let f and g be complex valued functions on R that are C? functions, that is,
the real and imaginary parts of f and g are C2. Then Vf and Vg have complex
components and 4f and 4g are complex. Prove the formula that we used in the
proof of Theorem 9.7: if f, g, Vf and Vg tend rapidly to zero as X tends to
infinity then

fR (Ag-84/) X =0
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Answers to selected problems

Problems of Chapter 1

Section 1.1
1.1 3.5

1.3

(@) a(l,-1)+b(1,1)=(a+b,—a+b) =(0,0).
Add the equations a+b =0 and —a+b = 0 to get 2b = 0, so a = b = 0. Therefore
the vectors are linearly independent.

(b) a(1,-1)+b(1,1)=(a+b,—a+b)=(2,4).
Add the equations a+b =2 and —a+b =4 to get 2b = 6, so b = 3. Then the first
equation gives a+3 =2soa =—1.

© a(l,-1)+b(1,1)=(a+b,—a+b)=(x,y). Now 2b=x+yso b = %(x+y). Then
the first equation gives a + %(x +y)=x,50a= %(x—y).

1.5 ¢(x,y) = ax+by. We need a +2b = 3 and 2a + 3b = 5. Subtract twice the first

from the second to eliminate a, giving —b = —1. Then the first equation gives a = 1.

So &(x,y) =x+y.

1.7

(a) The line through 0 and U consists of all points cU; that through V and U+ V is
all V+dU. They don’t intersect because cU = V +dU gives a nontrivial linear
combination. Therefore they are parallel. Alternatively the line through 0 and U

has slope “ (oris vertical if u; = 0), and the line through V and U +V has slope
uj

(uz +v2)—v2

(1 +v1)—vi
(b) Similar to (a).

19W=-U-V,soU+V+W=0.

(or is vertical). These are equal, so those two sides are parallel.
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1.11 L(U+V) = (u; +v1)—8(upz +v7), while £(U) + (V) = (u; —8up) + (vi —8v;), and
these are equal. {(cU) = cu; —8cuy, while c£(U) = c(u; —8uy), and these are equal.
So ( is linear.

113 a+3b=4, 3a+b=5

1.15 (4,8) = 4(1,2) = 2(2,4) = =3(1,2) + %(2,4) and many other combinations
U and V are linearly dependent.

1.17

(a) Rotation carries Uto V, V to W, and W to U, so it carries U+ V + W to itself.
No vector except 0 is rotated to itself, therefore U+V + W = 0.

(b) The sines are the y coordinates of U, V, and W where 0 is the angle from the
x axis to one of the vectors.

(c) The sum of n equally spaced vectors on the unit circle is the zero vector by the
same rotation argument; the cosines are the x coordinates and therefore their
sum is zero.

1.19 £(.5,0) = -£(.5,0) =-100
Section 1.2

1.21

(@ U-(V+W) =u (vi +wy) + uz(v2 + wy) is equal to
U-V+U-W = (u1vy +usva) + (uywyi + ugwo).
(b) U-V= Uvy +uxvy = viuy +vaup =V-U

1.23 All but (d) because all have norm one except for the last one.

1.25 If {(x,y) = ax + by then we are given 2a+b =3, a+ b = 2. Subtract to find
a=1,thenb=1,50 C=(1,1), {(U)=C-U.

1.27 Replace V by =V in (1.8), or expand (uj +v1)? + (12 + v2)* = uf + 2u1vy +vi +
u% +2upvy + v%. Collecting terms gives ||U + V|? = |U|? +2U-V+||V|>?.

1.29

C-U
(@) U-C=aC-C+bD-C=4aC-C,s0a=—=.

ICII D.U
(b) By similar argument, or interchange the symbols, b = W

(@) (%, %) and (- ‘5—‘, %) are orthogonal unit vectors. Therefore a = 245;36 =12.
—(-L L -

131U=(~5.5). V=0 V2,0).

Section 1.3

1.33 b(U+W,V) = (u; + wi)vy = uyvy +wivy = b(U, V) +b(W, V), and
b(aU,V) = (auy)vy = a(uyvy) = b(U, V).
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1.35 Because of the term gr, the variables ¢ and r are not both in the same vector.
Similarly r and p are not in the same vector.
SetU=(q,p) = (u1,up) and V = (r,s) = (v1,v2). Then

f(p,q,r,8) = qr+3rp—sp =uivi +3upvi —uovy = b(U, V).
Section 1.4

1.37

(a) (vi +wy,...) = (w] +vq,...) because addition of numbers is commutative

) ((vi + uy) + wi,...) = (v + (ug + wy),...) because addition of numbers is
associative

() c(uy +v1,...)=(c(uy +vy1),...) = (cuy +cvy,...) = (cuy,...)+ (cvy,...) =cU+cV

(@) (c+d)(uy,...)=((c+duy,...)=(cu; +duy,...) = (cuy,...)+(dvy,...) =cU+dU.

1.39 X = c1U; + Uy + 53Uz = (x1,x2,x3) = (¢c1 + ¢ + 3,60 + €3,C3) gives first

c3=x3,thency) = xp—x3, ¢ = x1 —Xx2.

141 1f
ci(1,1,1,1) +¢2(0,1,1,1) + ¢3(0,0,1,1) + ¢4(0,0,0, 1)
=(c1,c1+c2,c1+Cr+c3,c1+cr+c3+c4) =(0,0,0,0)

then the first component gives c¢; = 0, the second then gives ¢, = 0, etc. Therefore
the vectors are linearly independent.

143 1If a(3,7,6,9,4) + b(2,7,0,1,-5) = (- 3,-2,3,1.,7) then the third component,
6a = 3, shows that @ must be % Then the last component, 2 —5b =7 gives b = —1.

Checking the other three components shows that indeed %U -V=(- %, —%, 3, %,7).
1.45

(@) €(cU) = ci(cuy) + -+ + cy(cuy) = ccruy + - - - + ccpuy, = c£(U), and
() L(U+V)=ci(ug +vi)+---+cp(uy+vy,) = (cruy +c1vy) + -+ - + (cplty, + V)
=(ciur +---+cuuy) +(crvi +---+cuvy) = C(U) + (V).

1.47 (1,2,3) + (3,2,1) = (4,4,4) and this is 4(1,1,1). So —4(1,1,1) + (1,2,3) +
(3,2,1) = 0 is a nontrivial relation among the vectors, and they are dependent.

1.49 (a), (b), and (d) are bilinear. Only (d) is symmetric, only (b) antisymmetric.
1.51 (a) and (d) only.
Section 1.5

1.53

(a) Since U-(V+W) =uj(vi +w) + -+ u, (v, +wy,)
=upvi 4+ uvp+uwy + - +u,w, =U-V+U-W the dot product is distribu-
tive and
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U-(cV) =ui(cvy) + -+ +uplevy) = c(uyvy + -+ upvy) = cU-V, similarly (cU)-
V =cU-V, therefore b is a bilinear function.

®U-V=upvi+---+u,v, =viug +--- +vu, = V-U shows that the dot product is
commutative and b is symmetric.

1.55 Three dot products are set equal to zero:

wi+2wy—2ws =0
—2W1 +W2+2W3 =0
2wy +w3+2ws=0

Since w4 is not in the system W = (0,0,0, 1,0) satisfies the equations.
1.57 (b) and (c) only

1.59 Add the identities (1 —vi)* = ui — 2ugvy +v{ for k = 1,....n and recognize
Siup =02, Zi_ wevi =U-Vand T}_ v = [[V|[%.

1.61

(@) (c,c,c,0+,0)
(b) nc®> =1 givesc=n"
(c) ¢ =n~'/? tends to zero as n tends to infinity.

12,

1.63 Equations for a vector V orthogonal to W and W, are:
vi+vy+v3 =0, vo+v3+vg =0.
With any choice of v, and v3 these equations give v = v4 = —v, —v3. Therefore
V =(-v2-v3,v2,v3,—v2 —v3).

Take for example v, and vz as 1,0 and 0,1. This gives independent vectors
V=(-1,1,0,-1)and (-1,0,1,-1).

1.65

@C=0-nh1,2), D=(+hn,1,2).

(b) 2h

(c) The icosahedron is regular, so all edges have the same length, 2.

(d) ID-A|P =2h)%, so(1+h=2)2+(1—-(1-h)2+Q2-1)2 =(h—1)*+h*+1 =4h?,
orh>+h—1=0.Thenh = %(1 + V1+4), and it must be the plus sign since £ is
positive.

1.67

(a) By the triangle inequality |a| = l[a— b+ b| < |a—b| + |b|

(b) Subtract || from both sides in (a). That gives |a|—|b| < |a —b|.

(c) Switch the numbers a and b in part (b) to get |b| —|a| < |a — b|. Combining that
with part (b) gives |lal - |bI| < |a - b|.
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(d) Mimic parts (a)—(c): |IX]| = IX-Y + Y| < X = Y]||+|[Y]], subtract and switch X
and Y to get [[IX]| - [YI[| < IX - Y]|

Section 1.6

1.69 Denote U = (uy,uy) etc. Then

uy+wi vy
(a) det Uy + Wy V2] = (up +w)va — (w2 + w2)vy = (u1va —upvy) + (wiva —wovy)

=det[U V] +det[W V], and similarly for det[U V + W].
(b) det [C“’ V1 ] = (cuy)va —(cuz)v1 = cdet[U V] and similarly det[U ¢V] = cdet [U V.

Ccup v
1.71 (a) 1 (b) =1 (¢) 1 (d) =6 (e) —6

1.73

(a) In a permutation pp---pn+1, move the number n + 1 past k smaller numbers
to its right; this can be done using k transpositions. Then the first n numbers
remaining to the left of n+ 1 are some permutation of 123---n. Complete the
argument inductively since none of the numbers 123---n will need to be moved
to the right of n+ 1.

(b) In 1237456 there are three cases where a larger number is to the left of a smaller
one: 74,75, 76. So s(1237456) = —1.

(c) In 1273456 there are four cases where a larger number is to the left of a smaller
one: 73, 74,75, 76. So s(1273456) = 1.

1.75 The signature of permutation p = pips--:p, is the number s(p) that gives

equality in
[ [ =) = s | Jexi—x).

i<j i<j
The composite of p and ¢ = q1g> - - - g, can be expressed as
P49 =PqiPq " Pyn-

Denote xp, = yg;, that is, x,, = y for any k. Then

[ 10y =20, = [ |00 =300 = s@] J0i=yp = s@] [ =) = s@sw) | [(xi =)

i<j i<j i<j i<j i<j

This shows that s(pq) = s(q)s(p).

100
1.77 det (E,E3,E») = det [8 (]) (1) ] = —1 and the permutation 132 is one transposition
from 123, so s(132) = —1.

Section 1.7

1.79
(a) %(base)(height) = %IIUII(||V|| sinf)
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(b) 1—(i)2 = V1—cos26 = sind

vl

(© HIUIIVIIsing) = SIUNIVI\ 1= (%) = § VIUIPIVIE= (U - V)2

(d) ORI = (U-V)? = (uf +u3)(vi +v3) = (v +uzv2)?
= u%vé + u%v% —2uviuavy = (u1vy —upvy )2

1.81 Area is twice the area of the triangle ((0,0)(1,3)(2,1)),
so itis 2(3)I(D(1) = (3)(2)| = 5.

V+W
‘ cV
’ s v =)
w s(v)
0

Fig. 9.19 Figure for Problem 1.83.

1.83 See Figure 9.19.
The figure shows s(V + W) = s(V) + s(W) for vectors on the same side of the line
at left, and s(cV) = ¢s(V) for ¢ > 0 at the right.

Section 1.8
1.85 (a) [_ﬂ ()0  (¢)-10 (d) b;;

1.87 The function M is defined by M(V) = viM| + --- +v,M,, where the My, are
vectors. M is linear because:

M(cV)=(viM +---+(cvp) M, =c(viMj +---+v,M,) = cM(V),

and
MV+W)=w;+wp)M; +---+ (v, +w,)M,,

=viM;+---+v,M,, + wiMi +---+w,M,, = M(V)+ M(W).

1.89 () x([(l) g}y) (b) x([_‘l) é]y) x([} _ﬂy)

1.91 NMX) =N Y ; x;ME; = ¥ ; x,;N(ME}) and
(NM)X = 3’ x;(NM)E;. So we must show that N(ME;) = (NM)E:
(NM)E; is the j-th column of NM that has i-th coordinate ', njumy;.
N(ME)) is N times the j-th column of M, that has the same i-th coordinate because
the i-th row of N is (n;1,n;2,...).
Therefore N(MX) = (NM)X.
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1.93

(a) By Property (v) of the determinant, since det A = 0 the columns of A are linearly
dependent. By Theorem 1.20 there is a vector W not representable as AV. This
proves (a).

(b) For any vector U, BU is some vector and for any such vector, by part (a),
A(BU) # W. This proves (b).

By Theorem 1.20 the columns of AB are linearly dependent. By Property (v) then
det(AB) = 0.

Section 1.9

1.95

(a)x=0

(b) Take N =(0,1,1)x(-3,0,0) = (0,-3,3). The equation is =3y +3z = 0.

(c) Since the planes are parallel we can take the same normal N = (1,-3,5). The
equation is (1,-3,5)- (X—=(1,1,1)) =0 or x—3y+5z = 3.

1.97 All of them.
1.99 All of them.

1.101

(a) X=(0,s,s)
(b) X =(-31,0,0)
(c) X =(-3135,59).

1.103 Using equation (1.37),
det [U A% W] = M1(V2W3 - V3W2) — MQ(V1W3 — V3W1) + u3(v1w2 - V2W1).

Since det[UV W] =U-VxW we get

VXW = (vaw3 —v3wy, =(viwsz = v3wi),viwa —vawy) = (VaW3 — V3w, V3w — Viw3, Viwz — vawy).

1.105

(a) (1,0,0)x(0,1,0) =ixj=k

®) jx(i+k) =-ixj+jxk=-k+i

(¢) Qi+3k) X (ai+bj+ck) =2bixj+2cixk+3akxi+3bk X j
=2bKk —2cj +3aj—3bi = —=3bi+ (3a—2c)j+2bk
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7/ _—

Fig. 9.20 Figure for Problem 1.107.

1.107 See Figure 9.20.

200
(2) U-(VXW) =det |02 0]=28.
007

(—200
(b)) U-(VxW)=det| 020|=-28.
| 007

217
© U-(VxW)=det|127|=21.
007
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Problems of Chapter 2

Section 2.1

21
(@ (1,2)-X
) (1.2,0)-X
10
©| 2]X
100
m)124x
0-101
21 010
©1 s 190X
BEEER
F 10
50
@] 0-1|x
20
L0 1
"1 0000
5 0000
@] 0-1000[x
=2 0000
0 1000

2.3 The level set f = 0 is the origin together with all the points X with ||X|| > 1. The
level sets f = ¢ with 0 < ¢ < 1 are (a) the two points + v/c, (b) the sphere of radius
¢, and (c) the sphere in R> centered at the origin of radius +/c. All other level sets
are empty.

2.5 {(x,y,z) = 2x+ 3y —z defines a function ¢ : R? — R for which {(x,y,z) =0 gives
the plane z = 2y + 3y. Any nonzero multiple of 2x + 3y —z would also work.

2.7
(a) Subtract [|A|]? +2A - U from each side of ||A +U]||> = ||A|]* + 2A - U +||U||?, giving

A +U|1* - (IAlI* +2A - U) = |[U|1*.

Since the first term ||A + U]|? is equal to £(X) and the second is g(X), this proves
what we want.

(b) We are assuming |X — A|| < 1072, That is, ||U|| < 1072, Part (a) gives
FX)—g(X) = IUJ, so

|£(X) - gX)| = IUI? < 1074,
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> > ) 2 “ . 2 X 2
2.9 Take x* —y” = c¢(x~ +y°) when y # 0 and ¢ # 1. Divide by y~ to get (;) -1=
C((f)z + 1), from which (J_VC) = —}’_fz This gives two lines (minus origin) x = i—}ny.

Note that }%z can be any nonzero.

2.11

(a) Level sets are the origin, unit circle, and circle of radius V2.
(b) Level sets are the origin, unit circle, and circle of radius 2.
(c) Level sets are empty, unit circle, and circle of radius %

2.13
1

(a) Level sets are spheres of radius 7 1, V2 centered at the origin.

(b) Level sets are spheres of radius %, 1, 2.

(c) Level sets are spheres of radius \/5, 1, %

dX=aU+V, fX)=aU-U+U-V=a=c. SoX=cU+V, V any vector
orthogonal to U. This is a plane through cU and orthogonal to U.

C11X1 + -+ CinXn

C21 X1+ -+ ConXy

Cm1 X1+ + CounXn

Cln
C2n j|
Cmn

the numbers multiplying x; are the first column, x, the second, and so on.
SoLX)=x1Vi+--+x,V,.

2.15 According to Theorem 2.1, L(X) = . Since this is equal to

C11
21

x1 +ot Xy

Cml

2.17 We have f(X) =1 and g(X) = IX||=2 for all X # 0. So the level set fX)=1is
R3 — {0}, g(X) = 1 is the unit sphere in R* where |[X|| = 1, g(X) = 2 is the sphere of
radius %, and g(X) = 4 is the sphere of radius % There are no points where f =2
because f = 1 everywhere it is defined.

2.19

(a) F(t,0) = (tcos0,tsin0).
(b) The rectangle maps to a segment of the unit disk

2.21 ||L(x,y,2)|| = 2+ +y2 =1, so L maps the sphere into itself. The right half-
plane goes into the unit disk. The unit disk goes into the left half-plane.

2.23

(a) This uses two statements of Taylor’s Theorem

f@) = FO)+ O, f)=fO)+f Ou+3f"O)u’

using the first, and then second derivative remainders.
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(b) Apply part (a) with @ = ||A]| and u =2A-U+ 10|12
(c) Reading from the first derivative Taylor formula we see L;(U) = IIA]73U,

“large” = (- 3(IAIP +61) A +U)-U)(A+U)

with norm less than some multiple of ||U]|, and L,(U) = # - 3&;}%&

“small” = —3||AI”|[UJI% + L (IAI? +6,) 7> QA - U+|[UI*)*(A +U),

with norm less than some multiple of |JUJ?.
Section 2.2

2.25

(a) Combine continuity of g and of F: given € > 0 there is § so that
if [[F(B) - F(A)|| <6 then |g(F(B)) — g(F(A))| <€
and there is 7 so that if ||B —A|| < r then [F(B) — F(A)| < 6. Therefore if
1B —All <7 then |g(F(B)) — g(F(A))| < e.

(b) Linear functions are continuous.

(c) Combine (a) and (b).

(d) Take g(x,y) = xy in (a). To show that g is continuous at (a,b), show that if
ll(x,y) = (a,b)l| < 6 then

|xy —ab| = |xy— xb+ xb—ab| < (la| + 6)6 + b < M6.
2.27

(a) €/2
(b) 36

(c) We know that |x —da| < ||(x,y) — (a,b)|| and [y — b| < ||(x,y) — (a,b)|. If
I(x,y) = (a,D)|| < m then

[cos(2x) cos(3y) — cos(2a) cos(3b)| = |(cos(2x) — cos(2a)) cos(3y) + cos(2a)(cos(3y) — cos(3D))|

< [ cos(2x) — cos(2a)| | cos(3y)| + | cos(2a)| | cos(3y) — cos(3b)|
<cos(2x) — cos(2a)| + | cos(3y) — cos(3b)| < 2m + 3m.
Take m = €/5.
2.29

(a) True. Observe that 0 is between the values f(1,0) and f(O, }‘). Consider the
continuous function of one variable g(r) = f(X(#)) where X(¢) parametrizes the
line segment from (1,0) to (0, %). By the Intermediate Value Theorem for con-
tinuous functions of one variable, there is a #{ where g(#;) = 0.

(b) True.

(c) False, that is, there are such functions f for which this does not hold.

(d) True; this is part of being continuous at (0, %).


http://dx.doi.org/10.1007/978-3-319-74073-7_2

432 Answers to selected problems

2.31 These are all compositions and products and sums of continuous functions.
Therefore they are continuous.

2.33 The graph is part of a plane in R?. The maximum value of f occurs, by
inspection, at the boundary circle x% + x% = 2 where x; is as large as possible. This

is the point (x1,x2) = (0, \5), so the maximum value is V2.

2.35 The inequality x*> +y* < 1 confines (x,y) to the open unit disk, and places no
restriction on z. Around any point of the unit disk you can center a small open disk
contained in the unit disk. For each point (x,y,z) then there is a small open ball of
that same small radius centered at (x,y,z) and contained in the cylinder. Therefore
the cylinder is open.

2.37

(a) Boundary is the three edges x =0,y =0,and x+y=1.

(b) The point is .0001 from the left edge, and .0001 vertically thus .0001/ V2>
.00005 distance from the hypoteneuse. Take » = .00001. If Q is any point within
distance r of (.0001,.9998) then Q is certainly inside a square

0001 —r < x<.0001 +r, 9998 —r <y <.9998 +r,

that is,
.00009 < x <.00011, 99979 <y <.99981.

The top right point of that square is (.00011,.99981), still inside T because
00011 +.99981 =.999982 < 1.

Since this little square is contained in 7, a disk of radius r centered at
(.0001,.9998) is also contained in 7.

2.39
(a) ¢ can be taken to be the matrix norm, V12+52+52+12 = v/52, or any larger
number.

(b) d = ¢, using linearity of F.
(c) Yes, by part (b): if | X-Y]| < % then |[F(X) —F(Y)|| < e.

241

(a) If C = 0 the function is constant so is uniformly continuous. Otherwise:
/X)) =Y =1C-X=-Y)I <|IClX-Y]I.

Let € > 0. For any X and Y with X - Y]| < ﬁ then |£(X) - £(Y)| < e.

(b) One way: this is a polynomial in the variables (xi,...,X,,V1,...,Yn), therefore
continuous. Or we can prove directly that g is continuous at each point (U, V):

g(X,Y)-g(U,V)=X-Y-U-V=X-(Y-V)+(X-U)-V
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has absolute value
<IXIY = Vi +[IX=U[lIiv]]

If ||X,Y) - (U,V)|| <6, then each of || X—UJ| and |[Y — V]| is less than &, and
our estimate becomes

l8(X,Y)) = g(U, V) < [IX]I6 + SIIVIl. < (Ul +6)6 + Sl VII.

This is sufficient to show that g is continuous at (U, V), but since the estimate
depends on (U, V) we don’t get uniform continuity.

1
2.43 Since ||X|| > 2 you have — < 1 Similarly for Y. Therefore

X
1 1 IYI=1XI_ 1
X1l T X < 23 [IXI=1Y]l = zIX =]

This shows uniform continuity.
Section 2.3

2.45 6 runs from O to &, and r > 0, so your sketch ought to show a “rectangle” of
height 7 that extends infinitely far to the right.

247 (a)0<r<1,any6.
(b)0<rand0<6<7.

249 (a) 1 =rr~ ! = r(a+bcosh) = ar+bx = a+/x> +y? +bx.
(b) Subtract bx and square: 1 —bx = a/x2 +y2, 1 —2bx+b*x> = a>(x> +y?)
So 1 = (a? — b*)x? + 2bx + a*y*. Complete the square to get

oo 2.2
a2—b2) TRty

1= (az—bz)(x+

b’ P 22 b V., 2.2 : a*-b’
Add g to get o5 =(a"—b )(x+ aZ—bZ) +a~y”. Multiply by p

5— to get

2
b
(x + a’-b? ) 2

P
<a2—b2) a2-b?

That is an equation for an ellipse.

1=

2.51 (a) (1) (b) () (c) (i) (d) (v)

2.53

(a) 1, spheres
(b) 52(1,4,6) = 0.
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(c) zero.
(d) 3cos? ¢ — 1 is zero where cos¢ = + +/1/3, a cone.
(e) negative because the cos® ¢ is less than 1/3 there.

2.55

(a) In the expression (xu — vy, yu + xv), each of the two components is a continuous
function of (x,y,u,v). So multiplication zw is a continuous function of z and w.
In particular, the function 72 is continuous, and then z° = 7%z is a product of
continuous functions so it is continuous, and so forth for all the powers of z.
Also multiplying z¥ by py is continuous. And the sum of continuous functions
is continuous as we already know. Therefore polynomials are continuous.

(b) Squaring doubles the angle 6 and squares the polar r:

(r(cosf+isin t9))2 = r2( cos(20) +isin(26)).

Therefore to find a square root of a complex number, take half the angle, and the
square root of the absolute value. Similarly to find a cube root, divide the angle
by three and take the cube root of the absolute value, etc.

(c) |x+1iy| = +/x2 +y? is the same as the norm in R2, that we know is continuous.
When z = r(cos8 +1isin6) you have |z| = r, so [zw| = |z]|w| follows from

ri(cosf +isind)ry(cosBs +isindy) = rira(cos(d; +62) +isin(0; + 6,)).

(d) In the first part you can take P = |p,—1|+ -+ +|pol.

(e) We are assuming |p(z)| is positive, and we know it is continuous and tends to
infinity as |z| tends to infinity. Therefore f is continuous on all of R? and tends
to zero as |z] tends to infinity.

(f) By the product rule

d N2
@(q(a)+q’<a>(z—a)+q”(a>%+ @ =Y “))
=@ +q" @G-+ @D+ @S- D s (@~ - )

sy (z— ) my, —z— ay"!
4 @S @

Since ¢ has degree n, ¢""*"(a) =0, and all other terms cancel in pairs, so the
derivative is zero. The contradiction follows from part (d), using a rather than z
as the variable. Finally taking a = z evaluates the right hand side as g(a) since
all other terms become 0.

(g) The contradiction arises because the terms indicated as --- all involve higher
than the k-th power of €. The sum of these terms is smaller than me* when e
is sufficiently small, giving |p(z + €h)| < m, contradicting part (e).

2.57 The Cartesian coordinates of the points are
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(sin¢q cosBy,sin¢; sinfy,cos¢y), (singy cos 6, sin ¢ sin 6, cos ¢y),
so the dot product is
sin¢ singy(cos; cosd +sinf; sindh) + cos ¢y cos Py
= sing sin¢, cos(6 — 601) +cos 1 cos ¢,

=sin¢; sing cos(6r —61)+cos(dr — 1) —sing singy = cos(da — @) —singy sing (1 —cos(6>—6y)).



436 Answers to selected problems

Problems of Chapter 3

Section 3.1

3.1 (a) 6x, (b) 4. These are the x and y partial derivatives of 32 +4y,

33

(@ fi(xy) = =207, £2,0)=0,
(b) xe” +e*

(c) —ysin(xy) + cos(xy) — xysin(xy)
3.5

[ (ny) [(1,2)]01,.02)]
(1+x+3y)7[2.89 [1.1449
l+x+3y (17 [1.07
1+2x+6y 24 [1.14

3.7 Level sets of m are closer, and Vm is longer.

3.9

(a) Any linear function is given by some matrix.

(b) A vector tends to zero if and only if each component tends to zero.

(c) With these substitutions the fraction becomes the definition of partial derivative.
The fraction tends to f; x; by definition. And the j-th component of row C; is the
(i, j) entry of the matrix C.

3.11 Vf(x,y) = (—sin(x+y),—sin(x+y)) so fy— f; = —sin(x+y) — (=sin(x+y)) = 0.
Ve(x,y) = (2cos(2x—y),—cos(2x —y)) so
gx+2gy =2cos(2x—y) +2(—cos(2x—y))=0.

3.13 Vg(x,y) = (ae™*by pe®™*by) = e4¥+by(q, b)
Section 3.2

3.15

(@) z= £(0,0)+ £x(0,0)x + £,(0,0)y = x

() z=f(1,2)+ fi(1,2)(x = D+ f,(1,2)(y=2) =5+ (x = 1) +4(y - 2)
3.17

(a) If a® + b2 =1 then

f(a,b) = e (@b _ e !, gla,b)y=¢"!

(b) V£(x,y) = e ") (=2x,-2y) and Vg(x,y) = e~ (x* +y2)2(2x,2y)
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(c) At point (a,b) where a® + b*> = 1 you have by part (b)
Vf(a,b) =e"' (—2a,-2b), Vg(a,b) = —e~ ' (2a,2b)
and f(a,b) = g(a,b) by part (a). Since the values and gradients of f and g agree,

the graphs are tangent.
Section 3.3

3.19

(a) fxx =2, fxy =0, fyy ==

(b) fxx =2, fxy =0, f;’y =2

(C) fxx = 2’ fxy = 27 fvy =2

(d) fix=¢" cosy, Sy =—e T siny, f,, =—eFcosy

(e) fux = —a’e Vsin(ax), fu =—a’e " cos(ax), fyy=a

3.21 (a) (b) and (c) only

26~ sin(ax)

323 Vf(x,y) =B +y,2+x), Vf(1,1)=(4,3). The directional derivatives are
Vf-V=4,5 30, -4

The second one, the largest, is equal to |[Vf(1,1)|| because V is in the direction of

V(1 1).

3.25
(a) If u(x,t) = f(x—3t) then according to the Chain Rule,
= f'(x-31), u, f'(x=36)(-3), so u; +3u, = 0.

(b) Dvu =V-Vu= \/—170(3, 1) (uy up) = m(3ux+u,) 0.

(c) The slope of a line (x horizontal, ¢ vertical) parallel to V is 1/3, as is the line
that goes through (x—3¢,0) and (x,1).

(d) Since u(x,t) is constant on the line through (x — 3¢,0), it follows that u(x,t) =
u(x—3t,0). This shows that every solution is a function of x —3z.

3.27

(@) (¥ +y?) =75, and ((x* +?)%), = 6x(x? +y?)?, similarly for y. Then
x(6x(x2 +y2)2) +y(6y(x2 +y2)) =(6x° + 6y2)(x2 +yz)2 =62 =6r°r = r—(r ).
(b) r = x2+)2, s0if f(x,y) = g(r) then f = g'(r)ry = g'(r)%, and similarly for f,.

Then B
xfet+yfy=g'(r) (x; +y§) =g (nr.

© fu=(g(2) =g (P +g' = fry=g"()+ +fy=g"+r7g.
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3.29 Differentiate the change of variables x = rcos6, y = rsinf to get
Xr=co0s6, y,=sinf, xg=-—rsinf, yg=rcosé.
The Chain Rule gives for any differentiable function v of x and y
Vr =Vxc0sf+vysiné
Vg =Vy(=rsinf) +v,rcosf
Multiply the first by r and use the change of variables again to get

TVp =XV + YV

Vo =—YyVy+xvy

The formula for v, applied to u gives u, = u,cos6+u,sinf, and the r partial of this
is

Upr = Upyx COSO + Uy SING.

The formula for v, applied to u, and u, gives
Upr = (Uxx COS O + Uy, SING) COS B + (1 COS O + 11y, SN 6) Sin 6.
The same process gives
gy = —rcosOuy — yityg — rsinfuy, + Xityg

= —XUy — YUy —y(_yuxx + xuyx) + x(_yuyx + xuyy)‘

This gives ugg = —ru, + P (g + uyy). Divide by % and add u,, to get

1

1
—Ugyg+ Uy = ——u, +Au,
r2 r

_ 1 1
or Au = upy + Lup + 5 Ugp-

3.31
(@) ux =2x, vy =2X = uy, uy = -2y, vy =2y =—u,
(b) uxy + Uyy = Vyx t (_ny) =0
(©) wx,y) = u? =v* = (& =y7)* = (2xy)* = x* — 62%y% +y*,
SO Wy +Wyy = 12x% = 12y* = 12x% + 12y* = 0.
(d) w(x,y) = r(p(x,y),q(x,y)) gives wy = rypy +ryqx and wy = r,py +ryqy. Then

Wax = (FxxDx + Py @) Px + TPy + (Fyx P+ Fyy @) G + FyGax

and
Wyy = (FxxDy + FxyQy) Py + FxPyy + (ryxDy + 1yyGy)gy + 1y

Therefore



Answers to selected problems 439

Wxx +Wyy = (Pf + pi)rxx +(2qxpx+2pyqy)rey + (Q§ + qg)ry_v + re(Px + Pyy) + 1y(Gxx + Gyy)-

Since py = gy and py = —¢g the last expression is

Wxx +Wyy = (P)zc + P%)(Vxx + ryy) +re(prx + pyy) + ry(‘]xx + ny)~

But pxx + pyy, Gux + qyy and 7y, + 1y are all zero, so wy, +wy, = 0.
3.33
() (x+iy)? = x> —y? + 2ixy so u = x> —y* and v = 2xy.

(b) (z+h)? = 22 +2zh+ h%. The term 2zh is a complex multiple of A, and 4 is small
2

h
in the sense that — = & tends to zero when /4 does. Therefore (z2)" = 2z.

(c) If h is real then z+h = (x+ h) +1iy and by Taylor’s Theorem applied to u and v
you have

f@z+h) =u(x+h,y)+iv(x+h,y) = u(x,y) + uch +i(v(x,y) + vih) + s

where s is small. That says f(z+h) = f(z) + (ux +ivy)h+ 5, 50 f/ = uy +iv,.
(d) Take h = ik pure imaginary. Then

f+h) =ulx,y+k)+iv(x,y+k) = u(x,y) + kuy, +i(v(x,y) + vyk) + s

= f(@) + (uy +ivy)k + s = f(2) + (y +1vy)(=ih) + 5.

Therefore f’ = —iuy +vy.

() f' = ux+ivy = —iuy +v, gives u, = v, and u, = —v,.

() If C? then wyy = (Vy)y = Vay = (—ty)y SO Uyy + Uy, =0,

similarly Av = 0. For z? you have A(x*> —y?) =2-2 =0, A(2xy) =0+0,
and for z* = x> + 3x%iy — 3xy> — iy’ you have A(x> —3xy?) = 6x+ (=6x) = 0 and
ABx*y—y¥) =6y—6y=0.

Section 3.4

3.35

e“cosy —e¥siny
e*siny e*cosy
(b) det DF(x,y) = €**, det DF(a,b) = e* is not zero for any a.
(c) F(x,y+2r) = F(x,y) because of the sine and cosine.

(a) DF =

3.37
@ (-D*+2(-D(D+1=0and 1 =1
_ 4x3 +2y 2x
(b) DF = [ 0 1]
(c) detDF(—1,1) = det [_(2) _ﬂ =-2%0

1
(d) DF1(0,1) = DF(-1,1)"' = ["(5) "ﬂ
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2

F'(u,v)~F10, 1)+

F'(2,1.0)~(-1,1)+

3.39

(a) No, since f;(1,2,-3) =0.
(b) Yes, since f,(1,0,3) #0.
(c) Yes, since f,(1,2,3) #0.

(d) No, because the y values are different:

-1 _1][u-0] .
0 1lly_1]eives

_% -1
0

|l

01
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2}_( 1.11, 1.01).

0= gpart(b)(1a3) #2= gpart(c)(1’3)'

(e) No, because f,(1,0,3) =0.
341

(@) 3(0)+ (4)2 +4(=4) =0, 4(0)® +4 +(-4) =

[fly. flyz] [ 327
f2y1 f2y2 12yl

there is a function G.

] and at (y1,y2) = (0,4) this is [8 ﬂ that is invertible. So

(c) From fi(x,g1(x),82(x)) =0, fa(x,g1(x),g2(x)) =0 we get

f2x

At x = —4 this gives

[flx} [flvl fl}z
fZH f2y2

i

g1 (=4)

] [g’z(—4)

SO
g4 _ [38]'[4]_
s~ "lo1] [1]7
3.43
@[3 )

(b) The determinant is not zero when y; # 0.

©y=+Vl-x2, v=-%Y=x
d)x=++1-y2, u=

Section 3.5

3.45

ll1-lo}

|

i

(a) div(3F +4G)(1,2,-3) = 3divF(1,2, -3) + 4div G(1,2,-3)

=3(6)+4(1> -=2(-3)) = 46

(b) diveurl F(x,y,z) = div(5y+7z,3x,0) = 6X(5y+7z) + 5 g (3x) + £ (0) =


http://dx.doi.org/10.1007/978-3-319-74073-7_3
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(¢) curl BF+4G)(1,2,-3) = 3curl F(1,2,-3) + 4curl G(1,2,-3)
=3(5(2) +7(-3),3(1),0) +4(5,7,9) = (-13,37,36)

3.47 The vectors H(1,0) = (0,1), H(0, 1) =(-1,0), H(-1,0) = (0,—1),and H(0,-1) =
(1,0) suggest counterclockwise rotation. But:

curlH = ((x2 fy2)p )x - ((x2 ;);2)" )y

1 ’ X N 1 ) y
= —-————— _x —
B e N PO T
_ @) -2p + (P +yH)-2py?  (2-2p)
(x2 +yH)pH! (X2 +y)P
The sign depends on p: negative when p = 1.05 or any p > 1, positive when p = .95
or any p < 1, and the curl is zero when p = 1.

3.49

(@) nx:(ply_v)x:plyx_vx:plxy_vx:uy_vxzo

(b) p2x:p1x=l4, p2y =p]y_Cy :V+n_Cy =V

(c) my = (pZZ_W)x = Poxz —Wx = Uy —Wx = 0 and my = (pZz_W)y = P2y; =Wy =
v.—w, =0.

) p3:=pr—L=wtm-m=w

3.51

(a) The Chain Rule gives X" = (DV)X’+V, =V, +(DV)V.
(b) Since X(r) = C; +17'Cy, V(X(1),1)) = X'(t) = —t2C; and X" = 2t73Cy).
Since V(X) = t~1(C; —X), you have V, = —r2(C; —X) and DV = —t"'I. Then
Vi(X(1),0) + DV(X(0), ) V(X(0),1) = —12(C1 = X) — ' V(X(1),1))

=1 2(C1—(C1+1'C) -1 1 (-172Cy) = -2,
and this is equal to X" (X(1),1).
3.53 The first term is, by the Mean Value Theorem,
~(f(x0 + 4%, Ymszm) = f (X0, Ym»> 2m))(1,0,0)4y4z = (= fo(F, Yi» zm), 0,0)4xAy Az
for some point 7 between zg and zo + 4z. Similarly for the other two terms.

3.55 For each k = 1,2,3, the product rule gives (uv)y,x, = Uy, V+2Uy Vi, +UVy, -
Sum over k.

3.57 Begin with the right side. First calculate, writing terms in cyclic 123123 order,

(divG)F+G-VF
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= ((glxl +g2X2 +g3X3)f1 + (glfl)q +g2f1x2 +g3f1x:;)’
(82x, + 83x; + 81 )2 +(82/2x, + 83 f 223 + 81./2x,)s

(83x3 + 811y +82::)3 + (€333 + 81.3x; +82/3x0))
Interchange F and G and subtract to get

(divG)F +G - VF - ((divF)G+F-VG)

= (820, /1 = o 81 + 82.f 13y — 281x) + 831351 — F3x381 + 83153 — 38135
&332 = 3382+ 83203 — 3823 + 810, 2 — 12,82 + 81 /24, — [182x1 >
8332 = 3382+ 83f2x; — 38233 + 81 2 — [1x, 82 + 81.fox, — [182x,)

Group terms using the product rule:

=((fig2— f281)x, — (381 = f183)x3»

(283 — f382)x; — (182 — 281,
(381~ f183)x; — (283 — [382)x,) = curl (F X G).

3.59
(a) Identity (g):

curlcurl F

= ((fax; = fix)xs = (fixs = By xs»
(f3xy = fixa)xy = (foxy = fix)xr»
(fizy = frx)xy = By = fres)xy)
= (faxyxy = fivgx, = figs + foxy g
Bxoxs = Pz = oy + fioxs
Jixsxn = By = By + foxsx)
+(fixyx, = fixixrs Poxs = Proxys Braxs = Brsxs)
= V(divF) - 4F
(b) Identity (h):
A(f8) = (f®)xix + (&) xrxy + (f&)x3x3
= fax18+2fx &x) + [ 8xyxy +-- =8Af+2V[-Vg+ fAg.

(c) Identity (i): By Identity (d) and curl Vg = 0 we have curl (fVg) =V fxVg.
Since Vfx Vg is a curl and divcurl H = 0 we get div(VfxVg) =0.
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Problems of Chapter 4

Section 4.1

4.1

@) fi= =22+ +22) 72 foo = =2 +y* + )32 4322 (% +y? +22)7/? and by
symmetry f,. = —(x% +y> +22) 32 +322(2 +y* + 222

(0

(©0

(d) hxj = aj is constant, so second derivatives hxjxk are 0

4.3 fi(x,y) = 3(x2 +yH12(2x) = 3x(x? +?)!/2, and when (x,y) # (0,0)

Fo(y) = 332 +y1) 712 (2y) = 3xy(xP +yH) 2

4.5

(@) gy = qefxtbyrezrdw _ ag

(b) a2d260x+by+cz+dw, bZCZeaerby+cz+dw.

(¢) a?d? + b*c* = 2abed = (ad — be)? = 0 so ad = be.
(d) 2d? + b3t -2 =0.

2 2
e/ X2 XII© 0 e _ X
4.7 u, = -3t 1=n/2 =X /4t+—” ! 21X M’z—%t Tu —” !
41‘1 4t
Xi X 2
Similarly u .:——ju, Upo = ——u+(—=L u, SO
Y hay = =gty = =gt (= 5,)
1 XP4 XD
Uy, +oo Uy, =n(—2—t)u+ g T

. . X
4.9 Differentiate r2 = x% +o 4 xﬁ to get 7y, = 2 Therefore )y, = pr"_zxk. Then
r

by the product rule ("), = p(p - 2)rP~*xpx; + prP~2. Sum over k to get
APY = p(p 2"~ +nprP™ = p(p =2+ n)r’ 2.
This is zero if p=2—n.
4.11
(@) ((x2 +y? +zz)1/2)x =x(x>+y*+7%)7 % and
(2 +)? +Z2)1/2)” G T e N e

So by symmetry A((x> +y> +z22)1/?) = B = (X2 +y* +22)~1/2.
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2 2
_ _ X _ X —1 X G
(b) uy =v,ry = v, 3 and uyy = Vel F1T V= Vs similarly for uyy and u,,. Then

24y 42

2

X2 +y2+ 72

Au=v,, +3r_1vr—v, = vr,+2r_1vr.

r r
(c) Using parts (a) and (b),

AAr = AQ2r™Y = 2((=D(=2)r 3 +2r (= 1) 2) =22 -2 3 = 0.
Section 4.2
4.13

(@) V(x,y) = (=2 +2x,4—8y+3y?) = (- 2+2x,(y—2)(3y—2)) is zero at (1,2) and
at (1,2).

(b) H(x,y) =

20
[ 8+6 ML $ = [0 | HAD= [0 4]'
(c) H(1,2) is positive definite because U-H(1,2)U = 2u? + 41 is positive except at
the origin. H(1, %) is indefinite because 2u” —4v? has both positive and negative
values. Therefore f has a local minimum at (1,2) and a saddle at (1, %).

4.15

32
(a) 3x7 +4x1x2 + X3 =X.([2 l]x

_12})
21X
5

53

4.17 Vf = (=3x% + 2x+y, x + 6y). The first derivatives at (0,0) are zero, and

(b) —x% +5x1x0 + Sx% =X (

frx(oo) fxv(oo) [2 1]
F$x(0,0) £5(0,0) 16

is positive definite. Therefore £(0,0) is a local minimum.

2
4.19 Complete the square: x>+ gxy +y> = (x + %qy)2 + (1 - %)yz. That is positive
definite if |¢| < 2.

4.21 At (0,0), [f” f"y}

[2 0] [g” Exy } = [O 0}. The corresponding quadratic
Jay oy

04 |gxy &y 04
forms are
S p(u,v) = 2u® +4v*

which is positive definite, and S ,(u,v) = 4v2 which is not because the values S ¢(u,0)
are not positive.

4.23 The closest point is (— %, 1, %). This is also a normal vector to the plane because
the equation for the plane can be written as

1 1 _3
X ty+aT=3
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A sketch makes clear that the distance to the origin is minimum when that distance
is measured along a line normal to the plane.

Section 4.3

4.25

(a) Vf(x,y,2) = (%,log(l + x)e¥,cosz) is nowhere the zero vector, so there are no
local extrema.

(b) £(0,0,0)=0, V£(0,0,0)=(1,0,1), and

__e & 0 -110
(1+x)? I+x

Hfxyd=| £ logl+xne’ 0 | Wf(0,0,0)=[ 100\,
0 0 —sinz 000

SO

p2(H) = £(0,0,0)+V £(0,0,0)- H+ LH" H £(0,0,00H = hy + 3 + S (=ht +2h1 o).
4.27
@ VI(x,y,2)=Qx+y,x+2z+y,2y+ 3z2). This is (0,0,0) when
y=-2x, z=—dx+x, 2(-2x)+3(1x*) =0,
giving (x,y,2) = (0,0,0) and (x,y,2) = A = (1¢,-2.%).
(b) 210 210 210
Hieno=(jig] Hrooo=[fi2]. #rw=[{1]

For H f(A) you have determinants 2 >0, 1 > 0, —=2(4) + (16) =8 > 0 so f(A) is
a local minimum.

(¢) For H £(0) the determinants are 2 >0, 1 > 0, and —8 < 0 so the determinant test
for positive definiteness doesn’t help. But £(0,0,z) = z> has the same sign as z
so £(0,0,0) is a saddle.

4.29
@) fX)=(F+) 50 f,(X) = =13 +-) P20 = ~(xF ++-)7*x; and

- _3/20x; - -
Fin () =354 Py = (4R 0= 300+ By =0 07

where ¢ is 1 if j=kelse 0.
(b) f(A) = [|AlI"" and from part (a), f;(A) = [|A]a; and

Fen(A) = 3lIAl P axa; —IAII76 ¢ = 1A Baga; - IAI%6 ).

So the Taylor approximation is
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3 3
IA+HI™ ~ po(A+H) = A7 +IAI7 )" ajh;+ SIAIT )" (Baxa; — IAIPS j0)h
j=1 Jk=1

= AIT" + 1A A-H + LA (3(A - H) —[|A|%|HII?).

431 piX) = x1+x0 +x3 + x4 = p2(X) = p3(X) and ps(X) = x; +xp + X3+ x4 +
x1x2x3x4 = p5(X).

Section 4.4

4.33 V(3x% +2xy+3y?) = AV(x? +y?) gives (6x+2y,2x+6y) = 1(2x,2y). So we have
to solve

(6-2Dx+2y=0, 2x+(6-20y=0, Z+y*=1.

We gety = (=3+)x, x+B=A)(-3+)x=0,s0x=00r1-(1-3)>=0.S01=2
or 4. Using 4, y = x and Q(%,%) =(3+2+43)i=4= Q(%,%). That is the

: o __ 1 _1y_n_ 1_9_
maximum because using A =2 you find y = xandQ(ﬁ, ﬁ)_(3 2+3)5=2=
A% +5)

4.35 We solve V(||X - A||?) = AV(C - X) with C-X =0, or

2X-A)=1C, C-X=0.

This gives
X=A+1C,  C-X=C-A+lACP=0.
Therefore
_ 2C-A B C -AC
ICII> ez —
C-A
and the minimum distance is l Cl |.

4.37 We maximize f(x,y) = [x y] B _;} [ﬂ = x% +4xy — 2y” subject to g(x,y) =

x?>+y?=1. We solve Vf = AVg or
2x+4y,4x—-4y) = A(2x,2y).
Note this says that 2AX = A12X. Dividing by 2, these give
(1-Dx+2y=0

2x—(2+ )y =0.

Either (x,y) = (0,0) or the determinant

(1=2)(=2-)-4=0.
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We get A =2 or —3. Therefore 2 is the maximum, and it occurs where
—x+2y=0.

This gives x = 2y with x> +y? = 5y> = 1, or

2 2
V5 V5
4.39 Let f(x,y,2) = (x+ 1)> +y> +z% and g(x,y,2) = x> +y> +z> = 1. Find solutions
to Vf=AVgand x> +y*> + 72 = 1.
2x+1)=13x%), 2y=AQ2y), 2z=1022).

Case 1: If y or zis not 0 then A = 1 and x = 22202 - li;ﬁ.

Since y? +z° =1— (“%ﬁf is negative, the plus sign is not possible. Therefore only

X= I_T\ﬁ is possible. Then

y2+22=1—(1_3\ﬁ)3=1+(‘ﬁ3_1)3,

Oy =1+ 502 1y 4 2 = 14+ 50 1 (2 < 2P +14+(2)P <3,

Case 2:If y=0and z =0 then x’ = 1 and x = 1 and £(1,0,0) = (1+1)> = 4.
Therefore f(x,y,z) = (x+ 1)? +y? +z> subject to x> +y* + z> = 1 has a minimum
on the circle of points

1-V7 y2+z2=1+(‘ﬁ3")3.

Problems of Chapter 5

Section 5.1

5.1
(a) velocity X’(7) = 0, acceleration X" (r) = 0, speed || X' (?)|| = 0
(b) (1,1,1),0, V3
©) (=1,-1,1),0, V3
(d) (1,2,3),0, Vi4
(e) (1,21,37), (0,2,61), V1 +4¢2+9¢*
53
(a) V(1) = X' (¢) = rw( - sin(wt), cos(wt)) so V() - X(#) =0
®) IVl = rwI( - sin(wt), cos(wn)|l
1
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(¢) X”(f) = —rw?(cos(wt), sin(wt)) is a negative multiple of X(7), so is toward the
origin.
(@) X" (0]l = re? [I(cos(wr), sin(wn))|
1
5.5 Differentiate X - X =constant to find X" - X = 0. Since X(¢) is on the sphere, this
means X'() is tangent.

5.7 X(t)=A+Br+ ﬁth with constant F gives X'(r) =B + %Ft and X" (¢) = %F SO
F=mX". X(0)=A, X' (0)=B.
5.9

(a) X(¢) is a multiple of A, so the motion is along the line through the origin
containing A (or remains at 0 if A = 0). Many planes contain the line.

(b) Same as (a).

(c) X(#) is a linear combination of A and B so lies in the plane through the origin
containing A and B. If it happens that A and B are linearly dependent, then the
motion is along a line (or remains at 0) and there are many planes containing it.

5.11 X(0)=C, X' (1) =MD, X' (0) = D, X" (1) = —ke ¥D = —kX'(¢). As ¢ increases
from O to infinity, X(#) goes from C to C + %D, so the particle is displaced %X’(O).
5.13
(@) Vx(0,0,b) = (vii+vaj+v3K) X (bK) = —bv1j + bvai = (bva, —bvy,0)
(b) If X(¢) = (asin(wt),acos(wt), bt) then
V(1) =X/ (1) = (awcos(wr), —awsin(wt),b), V') =X" (1) = (—aw? sin(wt), —aw* cos(wt), 0).
and
(bvy (1), —bv(1),0) = (—baw sin(wt), —baw cos(wt), 0)

so V' =V xB as required.
(c) The force and acceleration are horizontal and point toward the x3 axis.

Section 5.2

5.15

(a) From (x(7), y(¢)) = (acoswt,asinwt) we get

x? +y2 = a* cos® wi +a’ sin wt = a°
sor=a.
(b) From (x(7), y(t)) = (acos wt,asinwt) we get
(x',y") = (~awsin wt, aw cos wt), (x",y") = (—aw? cos wt, —aw’ sinwt).

Observe that (x”,y"") = —w?(x,y). Using that with part (a) we get

+ X 1 y
(2 +y2)32

_(_, 2 -3
=(—w +a)x, y +—(x2+y2)3/2

7’

=(- W+ a_3)y,
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These are zero if w?a® = 1.
(c) The constant A is defined as

A=xy —yx’ = (acoswi)(awcos wr)—(asinwt)(—awsinwt) = a>w(cos’ wi+sin® wt) = a*w.

5.17

(a) The error is small compared to & by definition of derivative.

(b) See Problem 1.80.

(c) This is direct from equation (5.11).

(d) The rate of change of area is %A area/time, and T is the time required for one
loop, so the area must be %AT.

5.19 We are assuming

f _ " g 3
e S e

Replacing f by —f has the same effect as multiplying the first equation by —1, so f
can be replaced by —f. The original value of xy’ —yx" = fg’' —gf".

The new value is xy’ —yx’ = (=f)g’ —g(—f") = =(fg’ —gf’), that is positive if the
original value is negative.

fl/ +

5.21
(a) —pr is positive so ¢ —y must be positive.
and a

(b) On the y axis, r = |y|, so —ply| = g —y has a positive solution y = 1 q

negative solution y = % But since the orbit is left-right symmetric (due to
P

the x?), it can only be an ellipse.

9 _, P9

1-p 1+p 1-p2

(c) One axis has length

The other must be at the middle where y = % ( 9 + A ) -1 5 and there
1-p 1+p 1-p
—pPr=q-y=4- 7_- i’

1-p2 1-p?
So at the middle

2,2 _ 2

x=xfr-y=x, |21 2q2 =1
(1-p7) pr-1
Therefore the semiminor axis is , the semimajor —Pq .
/pz 1 pr-1
V4

ﬁ

(d) Using (5.18) and (5.22) we get A = /_—qp, therefore

q
= A
V-1 +p*-1

= A(semimajoraxis)'/>.
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(e) Therefore %AT = (semiminor)(semimajor) = rA(semimajor axis)3/ 2,

5.23

(a) Since V|IX|| = |IX||"'X, the Chain Rule gives V(}‘HXH“‘) = —|IX|7VIX|| =
~[IX]I7°X.
(b) The energy %HX’II2 - %IIXII‘4 is constant; since X’ = (—asinf,acos0)d’ it is

%az(é")2 — La™*((1 + cos 6)* + sin? 9)_2 = %112(6')2 - %a_4(2 +2cos6)2.

1
1 1
S ork= > \/§
(d) Your sketch will show that f(6) = 6+sin6 is an increasing function of 8 on [0, ],
so it has an inverse. Then solve 6+ sinf = kt by setting 6(¢) = f ~Lke).
(e) This motion follows a semicircle into the origin at the time ¢ when 6(¢) = «
because at that time X(#) = (a + acosm,asinn) = (0,0). Since 6(¢) is defined by
6+ sin6 =kt and () = m we get m+sinm = kt, or t = 7 /k.

5.25

1 1
Using (b), =a’k? = —— =0s0 k* =
(c) Using (b) 2a Tod SO

_ 2 a_lY :_a3 2 Y
lla='Y|P? YR

Y (1) = ab*X" (bt) = —ab* ——
X113

Problems of Chapter 6

Section 6.1

6.1

(a) 14
(b) Yes

6.3

(a) 36, 3% =9;

(b) 64, & =16;
(c) 39, 3 =9.75;
(d) 39 > 64— 36.

6.5 The h-cubes in D U E that intersect the common boundary have total volume
less than some multiple sk, where s only depends on the smooth common surface.
Since this tends to 0 with 4 the volumes add.
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6.7

(a) The plate measures 15 by 21. Using the upper and lower bounds, the mass is
between 2(15)(21) = 630 and 7(15)(21) = 2205.
(b) Dy measures 15 by 9, and D, 15 by 12. So bounds give

2(15)(9) =270 < mass(D;) <4(15)(9) =540, 720 <mass(D>) < 1260.

Additive property gives 990 < mass(D) < 1800.
(©) 2(9)(12) +2(3)(9) +4(5)(12) + 6(10)(12) = 1230 < mass(D)
<4(9)(12)+2(3)(9) +6(5)(12) + 7(10)(12) = 1686

6.9
(a) fédV =0 Vol (C) = 200(.05) = 10, and the sum is 30, so fpdV =20.
c D

(®) pmin(.05) < fD pdV = 20 < pmax(.05). Therefore pmin < % = 400 and
Pmax 2 9§ = 400.
Section 6.2

6.11

(a) f 1dA = Area(D). From single variable calculus we know this area is (use
D

integration by parts)
2 2 1
f logxdx = [xlogx]% —f x—dx=-1+2log2
1 1 X

(b) fdi, D the rectangle 0 < x <3, —1 <y < 1. The graph of z = x is a plane
D

and z>0on D, so | xdA is the volume under the graph of z = x over D. That
D
region R is a wedge.

f xdA = Vol(R) = 1(3)(3)(2) =9.
D

(c) half the volume inside the unit ball, %%Tl’
(d) same as part (c)

6.13 (b), (c), and (d) only

6.15 Let D be the unit disk centered at the origin.

f(y3+3xy+2)dA=fy3dA+3fxydA+2fdA.
D D D D
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By symmetry fy3 dA =0 and fxydA =0 and f dA = Area(D), so f(y3 +
D D D D
3xy+2)dA =2r.

6.17

(a) Suppose f(a,b) = p > 0. Since f is continuous (take € = % p) there is an r > 0 so
that if
(x—a)+(-b)? <r?
then
lf(x.y) = fla.b)l < 3p-

Therefore f(x,y) > % p for all (x,y) in D.
(b) Part (b) is the lower bound property.

(c) Parts (a) and (b) give f fdA > 0 which contradicts f fdA =0.So f cannot
disk any
be positive at any point of R2.
(d) Apply (c) to the function —f. By part (¢), —f cannot be positive at any point of
R2. Therefore f cannot be negative at any point.

6.19 The limits on the sum are i> + j> < 10h~2. When j = 0 this gives i*4> < 10 or
—10 < ih < V10. Similarly when i =0, — V10 < jh < V10. So it is the second
integral.

6.21

(a) The sine function only takes values from —1 to 1, so these are bounds on the
integrand.

(b) J =423+ Lsin(m)d& where C consists of all points of the square
that are within .001 of the right edge or top edge. Since Area(C) < .002 the last
integral is between —.002 and .002, and we get

421 < J < 425.

6.23

(a) (1) g < fis given.
(ii) Use Theorem 6.8 part (c): since 0 < f—g, 0 < f(f—g)dA
(iii) Use Theorem 6.8 parts (a) and (b): f(f— g)dA = ffdA - fgdA
(iv) Add f gdA to both sides of the inequality.

(b) (i) Because C C D.

(i1) Create a Riemann sum for f fdA using the same points as for the Riemann
D

sum for f fdA, then any additional terms in the D sum are nonnegative
C
because f > 0.

(iii) The sums for D tend to f fdA, and they are all larger than the C sum.
D
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(iv) By part (c), f fdA is an upper bound for the C sums, so the limit f fdA <
D c

fodA.

Section 6.3

1 Vi-x2 1
6.25f f ydy dx:f 1a-xHdx=402-%)=1
-1 0 -1

6.27
(@) In D, x <0< 4fy, 50 x < 4fy+x < +/y. Therefore

fdiSf(\/}+x)dASf\/§dA.
D D D

b)InD, -1<x<y-land0<y<1.

1T -1 1
fbdisz [L xdx]dyzfo Ho-D?-Ddy=L[ -1 -y =-4+1=-1.
17 -1 1 |
fD«&dA=f0 Ul de]dy=f0 V- 1-(-1)dy=|5"?] = 2.
jD‘(\/}+x)dA=%—%.

1 1 1
fsinydA:f [f sinydx] dy:f(l—yz)sinydy
R 0 x=y2 0

1 ! 1 !
=[(1—y2)(—cosy)] —f 2ycosydy=1—2([ysiny] —f sinydy)
o Jo 0 Jo

=1-2sin(1)—2(cos(1)—1) =3 —2sin(1) —2cos(1).

6.29

6.311,3,2,5,1:

(2) 1 2 (1)
f (3)cy2 + 5x4y3) dA = (3)f xdxf y2 dy+ (5)f X dxf y3 dy.
[0,2]x[-1,(1)] 0 -1 0 -1

Section 6.4

6.33

(a) Corresponding parts of the triangles are proportional, so

kh* + he B hc
{+ha  ha’

_ 1Pka
Solve to get £ = =*.
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hk+h

h—c, giving m = hb+ 2ki?.
c

(c) The change in area is

m
b) Similarly — =
(b) 1m1aryhb

hka ab
c

Im(C+ha)— L (hahb) = L (hb + ékhz)( +ha) - (hahb) = Jk—n? +k2@h4.
C C C

If A is small this is less than a multiple of /3.

6.35 det [éz _gz = 4(1,12 + v2), that is 4 at (1,0). The vertices of the triangle map to

(1,0), (1.21,0), and (.99, .2), so the area is about four times as large.

2 b 2 b
f e IXilga = f f erdrdd = f deo f e rdr.
D 0 a 0 a

Using integration by parts,

6.37

b b b b
f e rdr= (—l)re_"] +f e "dr= [— re”" — e_’] =(-1-be’+(1 +a)e ™
a a

a a

So
f eI 4A = 27((=1 = bYe + (1 + a)e™).
D

><|.° ||| =><<

—=| | g—

Fig. 9.21 Initials in Problem 6.39.

6.39 See Figure 9.21. (a) stretches horizontally by a factor of 5, and 3 vertically
(b) interchanges u, v then goes by (a)

(c) right edge (1 = 1) goes to the bottom (y = 0), and left edge to the top

6.41

@ 5)3)+ T3 =y 15+(15)211 yes.
(b) off by a minus sign
© G)B)+ T3 =y 15+ 152 (L)1 - 1) yes.

Section 6.5

6.43 D, = [0,n] X [0, 1] is an increasing sequence of bounded rectangles whose
union is D.

1
(a) e_xdxdyzf(—e_"+1)dy—>lsofe_xdxdyzl.
Dy 0 D
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]_—nw 1
® [ e Vdrdy= [ =

—————dy. Set y = £, then this integral is equal to
D, oW

1 e -1
f(—e*"wl)zdt: 24252
0

n

o) f e Wdxdy = 2.
D

(c) In each subrectangle where % <y< % you have e ™ > e~*/"_ Then

1l .4 71
n . 1 _ _
j(; j;;le ”dydxzﬁ -e ki dx = %(l—e f> ﬁ

Adding these, L e VdA> %(1 + % + % +oo %), which diverges. So fD e Ydxdy

does not exist.

6.45 The third and fourth only.

6.47 Setx= - in f e dx = Vi to get Vanr.
m e

6.49 First proof: If f(X) = p > 0, then by the definition of continuity (take € = %)
there is a small disk centered at X where f > %, so f = f; in that disk. Therefore f.
is continuous in that disk, and in particular at X. If f(X) < O there is a disk where
f <0, sointhat disk f; =0. Therefore f; is continuous in that disk, and in particular
at X. If f(X) =0 let € > 0, then there is a small disk centered at X where |f] < €.
Since f.(Y) is equal to either O or f(Y) at every point Y of that disk, we also have
|4+ (Y) = f+:(X)| = |f+(Y)| < € there. Therefore f; is continuous at X.

Second proof: f, = %( f+1f1) is a sum of continuous functions, so it is continuous.

6.51
(a) The set is the part of the rectangle [0, 1] X [0,2] below the line y =2 — x.

(b)
1 2—x
2x+2-
f p(x,y)dA=0+f f 22 7) dydx
xhy<2 o Jo 4

:fl[(2x+2)y—%y2]2xdx:fl (2x+2)(2_X)—%(2—X)2d_x:Q
0 4 y=0 0 '

4 24
6.53 The probability that (x,y) is not in D is 1 minus the probability that (x,y)
isin D.
6.55

2 . \2 3 "
(a)foﬂf()n(m) rdrdd =21 ;mdr=27r[—}—1(l+r4) 1]0 converges as n — oo.
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(b) e™" goes to zero much faster than : a so it is also integrable.

(c) Since |x| £ /x2 +y? = r, this function is integrable by comparison with part (a)
also.

(d

27 i n .,
f f (ye*r)2 rdrdg = 2”f e X rdr < 27Tf e rdr
0 0 0 o

=2 fn e rPdr<2n fn e "max(e”"r)dr < (const.) fn e "dr
converges as Sz — 00, ' '
Section 6.6
6.57
(a) @ by definition.
(b) f ’ x% dx;(a*) = %a7 by iterated integral.

(c) %a7 - %a7 +7a3 foa x5dxs foa x3dxz = 7513(%612)2 = %a7 by part (b) and iterated
integral.

6.59
(a)

2 5 10

3 1000+1
f xzde=fxdxf dyf Pdz=2(2)—5— = 1001,
[1,2]X[3.5]X[1,10] 1 3 -1 2 3

(b)

x=2 ry=5 rz=10 x=2 ry=5
f xz2dV = f f f xz> dzdydx = f f 1x(1000~ (x+y)*)dydx
D x=1 Jy=3 Jz=x+y x=1 Jy=3

x=2 - -
:fx_l %x[1000y—%(x+y)4]i:3dx=fx_l 12(2000- 4((r+ 5)* — (r+ 31%) dx

2
=3 f (2000x - £(4x*(5 = 3) + 6x°(57 = 3%) +4x(57 = 3%) + 5* = 3*) dx ~ 821.6
1

6.61 Using spherical coordinates

R R
f e Ve gy —gp f ePpidp = 471'[(—,02 —2p- 2)e”’] = 4n((-R* - 2R-2)e R +2)
IXII<R 0 0
6.63

U
1
(a) f e Pdp = —E(e_z” —1) tends to % as n tends to infinity.

0
(b) Integrate by parts.
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(c) Let n tend to infinity in part (b).
(d) Using part (c) and (a) we get ij = +ip = L. Using part (c) again i» = 2i; = +.
gp g 2 1 gp g 3 3
Then i3 = %iz = % Soiy = %i3 = 43_1
6.65

21 T n n
f fdV = lim f f f e p? singdpdgdd = lim 4ﬂ[—e_p(p2+2p+2)] =4ne P (P> +2p+2).
R3 0 0 ) n—oo P

n—oo

6.67
1
(a) xfd"xzf (f xfdxl)dx2~.~dxn=f Tdxydx, =1
v [0,1]" [0,177-1 0 [0,1]7=1
(b) 5
© 5
2 an _
n Lxed'’X p8on-1
(d) Joap X n =4n

Vol ([0,2]") 0

Problems of Chapter 7

Section 7.1

7.1 Write X(1) = A + (B~ A), Y(u) = B+ L u(A - B).
Then | X' (0|l = [IB-All, Y’ = 1|A-B|| = 31X’ (D).

1 2
(a) f ds = f X (1)l d = B~ All, and f ds = f IV o)l due = 2(5) 1B - Al
C 0 C 0

1
(b) fcyds = fo (a2 + tby = a))IX'OIIdt = (a2 + 5(b2 = a2))IB - All

2
= Yay + bn)IB ~ All and f yds = fo (ba + Sutar — b)Y (lldu = (26
C

2_0n2
+ 555 (a2 = 02))51|IA =Bl = 5(a2 +by)B - All.
(c) Both parametrizations agree about the integral of y and about the length of C,

so both give average = %(ag +by).

7.3 X(1) =X(ks) =Y(s) = A+ks(B-A).

1
Length(C)=£ IX'(0)lldr = |IB—All.

and Y'(s) = k(B—A) is a unit vector if k = |[B—A||"!. Then since 0 <#< 1, s runs
from O to 1/k =||B — A]|. So Y(Length(C)) = B.

7.5 Parametrize the segment C from A to B as X(r) = A+¢t(B—-A),0<tr< 1. Then
the average of x; is
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fcxids B 1 fl( i(h )IB A||dt—[ "+ ltz(b )]1 ~ l(b +ay)

Length(C)  IB—AJl J, T d =|ait+ 2t bima)| =5bita.

7.7 fyzdx + xdy = f yzdx + xdy + f yzdx + xdy
c (0.00—(1,0) (1,00>(1,1)

+ f y* dx+ xdy
(1,1)=(0,0)
Parametrizations for the 3 segments are (x,y) = (¢,0), (1,1), (1-¢,1-)with0<r< 1

in each case. We get the integral

1 1 1
=f(0dt+0)+f((tz)(0)+1dt)+f((1—t)2+(1—t))(—dt)=0+1—%—%=%.
0 0 0
79 G-N=(f2,-f1)-(t2,—11) = oo + firy =F - T.

7L X' () = (1, /(1) 50 X' (D)l = /1 + (f'(1))%. For the segment y =3x,0 < x < 1,

1
f V1+32dr= V1+32
0

agrees with the length that is given by the Pythagorean theorem.

7.13

(a) A rotation by 71/2 changes x” to y* and takes C| to itself without stretching, so

f xzdszf yzds.
e C

Therefore % (o + yz)ds = f x> ds.
C C

(b) Same reason.
(c) Holds because (x> +y*)'0 = 1.

7.15

(a) f pdx = f (v,0)- Tds. The integrals have opposite signs for physical reasons

and because F = (y,0) is in the direction of T on K roughly, and opposite that of
TonE, thatis, F-T>0onKand F-T<O0OonE.
(b) The coordinates in the figure are x, p instead of x,y, so the work done is the

same as f ydx. Problem 7.14 shows that this is the area between the graphs.
KUE

717

(a) This is because for small 40 the segments are small, so can be used in a good
Riemann sum approximation.

(b U= 201wl

r
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(c) The factors T4s are approximations for arc length segments, and the dot
products give the projection in the W direction. Dividing by r gives the change
in 6 by definition of radian measure.

(d) This combines parts (a) and (c).

7.19

(a) f xdx = yes equal

(b) f xd($x) = $13% not equal to (3)(4).

(c) f dx+ Sd(gx) =(1+ 5(%))(3), yes, equal to 3+ (5)(4).
0

Section 7.2

7.21

(a) An antiderivative for g, = is %log(x2 +y?) + h(y). But checking gy we

X
242
see that we can take / = 0. So a potential is g(x,y) = % log(x* +)?), defined on
R?-0.
(b) Due to algebraic simplification the rules for V tan™! (X) and F(x,y) are the same
X

where their domains agree. But the domain of tan™! (X) is R? minus the y axis,
X

not RZ—0. So

y x
Vtan™! #
nt( o, (x2+y 24y =)
7.23
(a) Not.
(b) [xy—322cosy]("7) = ab -3¢ cosb,
A Y10.0.0)
(c) [x+y]§8:8:6; =a+b
7.25
) The integral is equal to | V(IXJI™)-Tds =[x 7)) = 1 - &
(a € 1mtegral 1S equal to §= (1.12) =3 6

c
(b) The integral has not been defined since the integrand is not defined at (0,0, 0).
7.27 The Chain Rule together with ||X||_3X = V(—IIXII_I) gives

IX~P|~(X~P) = V(-IIX-P|)
for any constant P. Then
X P[> (X~P) = V(~c|X-P| ™)
for any constant c. Take k different such expressions and add them to get

k k

DX =PARX =Py = V(= > cIX-Pj ™)

j=1 Jj=1
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7.29

(a) By the Chain Rule, —F(X) = V(|IX||™") and F(x+A,y,2) = V(=|[(x+ k,y,2)|I 1),
50 F(x+1,y,2) = F(X) = V(=[x + Ay, 21" +1XII7").

(b) The limit is %F which is conservative because of the interchange of mixed
partial derivatives: %Vg = V% g.

(o) g—xG is conservative because of the interchange of mixed partial derivatives:

%Vg = V%g. Similarly for {%G and %G.

Section 7.3

7.31 Let f(x,y) = x> +y? and g(x,y) = x> —y*. Then V f(x,y) = (2x,2y) and Vg(x,y) =
(2x,—2y). The areas of the graphs are

f 1+fxz+fvsz=f‘/1+4x2+4y2dA
D i D
f 1+g§+g§dA=f,/1+4x2+4y2dA.
D D

and

These are equal.

7.33 S is the graph over D of z = %(d—ax—by). Sozy=-%, zy= —lg and

Area(S)sz/(‘;—i+/C’—§+1dA=f 1€ 4 1dA = L Area(D).
D D

7.35

() Xy (1t,1)=( V2, 2u,0), X, v)=( V2, 0,20), X,y X Xy =(4uv, =2 V202, -2 V2u%)
(b) X, and X, are bounded because 1 < u <2, 1 <v <2, and are linearly
independent by inspection since u# and v are not zero. X is one to one because if

(V2uv,u® v?) = (V2ugvi,ud,v3)

with u,u;,v,v; positive then

So the range S of X is a smooth surface. At any point of S, (x,y,z)=( 2uv, 1, v2),
you have x* —2yz = 2u®v? — 2u*v? = 0.
(c) The area of S is

2 2 2 2
fdo-:ff IIXMXXVIIdudvsz\/(4uv)2+(—2\/§v2)2+(—2\/§u2)2dudv
N 1J1 1 JI1

2 2 2 2
:ff \/16u2v2+8v4+8u4dudv:ff V8@ +v*) dudy
1 J1 1 Ji
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—\/_f u+vu] dv—‘/_f(7+v2)dv—\/_(7 %:\/_%

2 2 2 2
fydaszuzllXuvalldudvzffuz\/g(uzﬂzz)dudv

—\/_f L+ vug] dv—\/_f (3l+ vz)dv—\/_(31 )

(d)

7.37 Define G(x,y,z) = (—x,—y,—z). Using any parametrization X (u,v) = (x;(u,v),
yi(u,v),z1(u,v)) we get

fxzydff=ffx%(u,V)m(M,V)ll---Ildudv
S

and using Xo(u,v) = Go X = (—x1(u,v), —y1(u,v), —z1 (1, v)) we get

fxzyd(rzfx%(u,v)(—yl(u,v))||-~||dudv.
S

Since these are equal the integral is zero.

7.39
(a) x% +x§ +x§ = 1. Square this to get
1= (x1 + x5 +x3)2 =X +x§ +x2 +2(x1x2 +x2x3 +x3x1)

(b) x3 =z=cos¢, so

21
fxg do = f f (cos¢)* singdpdo = %( —cos’ (1) +cos>(0)) 27 = %71'
0 Jo

(c) Integral of expression (a) using symmetry and Area(S) = 4x gives

7r)+2(3)f x1x2 2do = 4r,

—

_lg_ 12y _ 4
soj;xx2da c(d—-3)r= .

7.41 (a) F-NArea(S) = (2,3,4)-(0,~1,0)(1) = -3
(b) =3+(2,3,4)-(0,0,-1)(2) = -3 -8 = —11

) +11

d)-11+11=0

7.43 Use parametrization X(u,v) = uV +vW = (u,u,u+2v), O0<u<1,0<v< 1.
Then X, =V, X, =W, X, XX, =VXxW=(2,-2,0), and the flux is
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1 pl
fF (X, xX,)dudv = f f (2(u)(2) + 3(u+2v)(=2))dudv
0o Jo

1 1
:f f (—2u—12v)dudv=-1-6=-7.
0 0
7.45

(a) Multiplying we get
V1
Y211
Y3
This is equal to [C D Y] by assumption.

(b) Take the determinant of each side and use the multiplication rule for
determinants. Use the definition of cross product det[P Q R] =R - (Px Q).

(c) Use the fact that if Y-X =Y -Z for all Y, then X = Z. This can be seen by taking
Y =(1,0,0), (0,1,0) and (0,0, 1).

7.47

(a) f(pV)V - Ndo = f(p(a,b,c)) (a,b,¢) - (0,0,1)doc = p(a,b,c)cf
dfT = pcA(a,b,c). > g

(b) f (pV)V-Ndo = f (0kN) AN -Ndo = pk®N f do = pk*AN.

7.49 ]S)enote by a the ra(;ius of S, then N = X/aq, anz onS, | X]||=aso

X X :
fF-Nda':f—-—da':fa—da':a_z(4na2)=47r.
S Sa3 a Sa“

7.51 Y(u,v) is a constant times the parametrization X(u,v) so Y is differentiable on
the same set D, is one to one, and Y,, = kX, and Y,, = kX, are linearly independent.
Therefore Y is a parametrization and T is a smooth surface. Also

ab0
cdO
001

[ABY] aA+cB bA+dB

Y, (u,v) XY, (u,v) = (kX)) X (X, (u,v)) = k2XM x X, (u,v)

SO
Area(T):f||Yu><YV||dudv=fk2||Xu><XV||dudv=k2Area(S).
D D

Problems of Chapter 8

Section 8.1

8.1 One way is shown in Figure 9.22. D = R— U is a union of 6 parts that are x
simple and y simple. D, =S —R is a union of 4.
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Fig. 9.22 Figure for Problem 8.1.

8.3 The divergence of the field is 2, so flux across C is

(a) 2 Area(disk) = 27,
(b) 2 Area(rectangle) = 2(b —a)(d —c).

8.5 divF = 2xy?
fdideA:flfmzx 24 dx:flﬂ(l—xz)wzdx: S(1— 2= .
° 0 J-Vi-2 T 0o 3 3 52715
Parametrize the vertical part of the boundary as (x,y) = (0,1 —1¢), 0 <t <2 and the
curved part as
(x,y) = (cost,sint), -f<i<3.

Then

2 /2
f F-Nds = f (1 +x2y2)dy = f (—dt)+f (1 +cosztsin2t)costdt
oD oD 0 —n/2

/2 /2
= —2+f (1+(1-sin®r)sin’f)costdr = -2 + [sint+%sin3t— Lsin’t

)2 > /2

=-2+2(1+3-1H=£.
8.7
(a) (1,0)-Nds=fdiv(l,O)dA:deAzO
oD D

(b)f (0,1)~Nds:deA:0
oD D
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(c)Sof Nds:(f nlds,f nzds):O
oD oD oD

(d) N; is constant on D; so f N;ds = N;Length (D;) = |[P; - P;_1||IN;
D;
© [pNds=0=3 [} Nids =3[P~ P;1[IN:.

8.9 If the loop does not surround (0, 0) then the integral is zero by Green’s Theorem
since curl F = 0 throughout the region enclosed. If the loop does surround (0, 0) then
the integral is 27t by Example 8.9.

8.11
(a) Adding the product rule (8f))x; = &x; fj + &/jx; for j=1,2,3 you get
div(gF) = gdivF+F - Vg.

(b) Apply the Divergence Theorem to gF. The integral over the boundary is zero
since g = 0 there, so the result follows from part (a).
(c) This follows from part (b) because when F = Vg, divF =divVg = 4g.

8.13 Suppose there were a periodic orbit. Denote by D the region with the orbit as
its boundary. Then

0<fdiVFdA= F-Nds.
D oD

Use the periodic solution to parametrize the boundary. That could be either
clockwise or counterclockwise, but in either case Green’s Theorem gives

0# fo ’ Jx(@), () dy = g(x(1), y(1)) dx = fo ’ X0y () di -y ()x'(1)dt =0,
a contradiction.
Section 8.2
8.15 Since divX = 3, the integrals are 3 times the volume of D. (a) 4, (b) 4np3.

8.17

@ | (1+3+5)dV=9(4r8?%)
ball .

(c)f (HdV = $n8°
ball

(d) f (2x)dV = 0 by symmetry.
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8.19
(a) This is a property of the dot and cross product,

(NxF)-C=det[NF C]=N-(FxC).

(b) Use the Divergence Theorem.
(c) Use
div (F X C) =div (f263 - f3€2,f3€1 - f1 C3,f1 Ccy— fzcl)
= (21— fip)es+(=f51+ fiz)ea + (32— f23)c1 = (curl F)-C

and part (a).

(d) Use parts (a) and (c).

(e) Factor out the constant C.

(f) Since C was any constant vector that means the vector in parentheses in part (e)
must be the zero vector.

8.21
(a) By the Divergence Theorem, f (1,0,0)-Ndo = f 0dv, or f nydo =0.
oD D oD

(b) Using (0,1,0) and (0,0, 1) similarly each component of f Ndo is zero.
oD
(c) A face S of D is a flat surface with a constant normal vector. So

deo-:Nfdo-: Area(S)N.
S S

8.23

(a) all points of R? except the Ay
(b) divF = 0 50 by the Chain Rule div G(X) = ¢;divE(X — A ;) +--- = ¢, (0)+ - = 0

(©) f F(X)-Ndo = 4r if 0 is in the interior of D and 0 is 0 is in the exterior, so
D

G-Ndo = ckf F(X-Ay)-Ndo = 4rcey.
fener=2e [, 2

Ak in W

0 or 4

8.25 For C? functions
div(vVu) = (Vuy) y +(Vity)y + (Vity); = Vil +Vylhy + Vo lty + Vit +Vikyy + VU, = Vv-Vu+vAu

so the Divergence Theorem in a regular set D

fdiv(vVu)dV:f vVu-Ndo
D oD

gives
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f(Vv~Vu+vAu)dV:f vVWu-Ndo.
D

oD

Taking v = u gives part (a). Since Vu- Vv = Vv- Vu, we can interchange u and v and
subtract to get part (b),

f(vzlu —udv)dV = f (wWVu—-uVv)-Ndo.
D oD

8.27 The identity
f (FAf +IVfR)AV = f VS -Ndo
D oD
gives

f(/lfz +|Vf»)av = 0.
D

If A > 0 then that integrand is nonnegative, so it must be zero in D. Therefore f is
zero in D.

Section 8.3
8.29

(a) fF Tds—f curl F-Ndo = (0,0,1)-(0,0,1)do =n
disk disk
(b) Since C is orlenltsed from A to B to é to A we need N to point away from 0.

B-A)x(C-A)
F~Tds=f curlF~Nda'=f 0,0,-1): =——————do
fC triangular surface triangular surface I(B—A)x(C-A)l

b b
=f 0,0,—1). —Leacah)
triangular surface ”(B _A) X (C _A)”
@ ; e p _Ay=_1
B-A)x(C—A) Area(triangle) = [B-A)x(C_A) 7IB=A)x(C-A)||=—5ab

8.31
(a) curl F = (0,0,2). On the hemisphere z = g(x,y) = vr? —x2—y?and N = (x,y,2)/r.

X2 y? r
0'=1/1+g)2€+g§dxdy= l+—+=—=dxdy= dxdy.
8 8 g(x,y)

fcurlF-Nda-:f(O,O,Z)-Mdo-zfzg(x’y) " dxdy
s s r p T gxy

where D is the disk of radius r. This is equal to 2 Area(D) = 2xr2. Since z = 0
on d§, the line integral is, using Green’s Theorem and dS = 0D,

So
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fF~Tds:f —ydx+xdy+2dz:f —yd)c+)cdy:j‘2dA:27rr2
oS as as D

(b) The line integral is the same as in part (a) and the surface integral is

f (0,0,2)- (0,0, 1)ds = 2 Area(D) = 2(rr?).
D

8.33 Write the sphere as the union of hemispheres H and K. Then H and K have
the same but oppositely oriented boundary circle, so by Stokes’ Theorem applied to
each of H and K,

fcurlF~Ndo-=fcurlF-Ndo-+fcurlF-Ndo-=f F-Tds+f F-Tds=0.
N H K oH oK

8.35
(a) The Maxwell equation gives 0 = (0,0,2)c; —uoJ, so ¢ = %,uoj.
(b) We know that curl(“?%o)) =0andJ=0s0p=2.

(c) We need for continuity on r = R that %yo j= %, N %,uo JjR?.

(d) The surface integral side of Stokes’ formula is the sum over the continuous parts

fcurlB.Nda:f qu-Nd0'+f 0-Ndo = pojnR* +0.
D r<R r>R

The line integral side of Stokes’ formula is, since T = £2.x0)

Ry >
T 1 1
fB~Tds=f cr—-Tds=-uojR* | —ds
oD op T 2 op R1

1 27TR1
= —pojR*=—— = po jnR>.
2MOJ R Hojmt

These are equal, so Stokes’ formula holds in this discontinuous case.
8.37

(a) Stokes” Theorem applied to Ampere’s original law gives

fcurlB~Nd0'=/10fJ~Nd0'
s s

for all §, so curl B = ppJ.

(b) p; = =divJ = —(up)~'divcurl B = 0 does not allow any time dependence of the
charge density.

d
8.39 T f B - Ndo= f B; - Ndo. By Maxwell’s equation this is equal to
s s

f(—curl E)-Ndo. By Stokes’ Theorem this is equal to —f E-Tds.
s as
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Section 8.4

8.41 The left hand side is zero because the time derivative is zero. The integral
over the boundary of the cylinder becomes —p(b)u(b)A(1,0,0) at the right end plus
—p(a)u(a)A(-1,0,0) at the left, so the conservation law is

0= (= pb)u(b) +playu(a))(A,0,0).

8.43

2

V-V(V-V) = u(u2 +2 +w2)x+v(u2+V2+w2)y+w(u2+v +w2)Z

=2u(utty + vy +wwy) + 20(uuy + vy + wwy) + 2w(ui; +vv, + wwy)

= 2uuuty +vity + witz) + 20(Uvy +vvy +wiz) + 2w(uwy +vwy +ww,) =2V (V- VV),
8.45 (c) The acceleration is to the left in the left figure, and to the right in the others.

8.47
(a) VIX,00=X, VX, 1) = %X, both radial outward, slower after one second.

(b) divV = lLﬂdiv (x,y,2) = 1%1 is not zero, so the flow is compressible.

(©) pr +pdivV+V-Vp = a(l + ) XIP + (1L +)9XIP 2 + =X ((1 + t)“ZX)
=1+ YX|*(a+3+2). So take a = —5.

8.49 ck 1 ck
e;+div(eV)+ PdivV = Eypy_ o+ Ediv (©"V) +kp?divV

k k
= CE?’P% Lo+ %diV (V) + kpdivV

k k
= %w‘/‘lpz + %(py‘ldiv (pV)+pV - V(py_l)) +kp?divV

k k
= %ypy_lpt + %(py_ldiv(pV) -1’ V- Vp) +kp?divV
Using the mass equation p; = —div (pV) that becomes

= %k(—w Dp?~Ldiv (pV) + %(«y— Dp? 'V -Vp+kp?divV = %(—ﬂ DpYdivV +kp?divV.
This is zero if y =1+ .

8.51 p, + (pu), = €g; + (po€f + €2 £2)x = €(g; + po f+) if we ignore €2.

iy + i + kypp = €y + (ef)ef) + kylpo + €9) 2 (egx) = €(f +kyp}y gx)

if we ignore €, because the Mean Value Theorem gives (a+eg)? = a” +b(a+6g)" '€
for some 0 between 0 and €. Then
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8 = _pOfxr = pO(kypg_z)gxx~
Section 8.5

8.53 Using
d *
o | roa=-re)
r r

S
we get Vg = (—f(r, 1), f(s, t),f ﬁdx). Then the Chain Rule gives the result as
Ve-(d,b',1). '

X X

)
(t+8)2 t+81+8

8.55 pr +ppx =

-1 0
Fig. 9.23 The graph of p(x,0) for Problem 8.57.

8.57

(a) The three parts of the formula for p are continuous in their respective sets, and
agree on the common boundaries of those sets, so p is continuous.

(b) The graph of p(x,0) is shown in Figure 9.23. Your graph of p(x, 1) ought to show
the constant 1 for x < 0, the constant O for x > 0, and a point of discontinuity at
x=0.

(c) In the regions where p is constant, the partial derivatives are zero, so p; +ppx = 0.
In the region where p = ﬁ, we have

X x 1

tppr=———"+———=0.
N VI [P P

(d) In
p(xo + (=x0)t,1) = —xo

. X
set x = xg + (—xp)t. That gives xo = — SO

X
) = ——.
p(x,1) =

8.59 The Fundamental Theorem gives

b
f (o + fx—g)dx=0

and it holds for all [a, b], with continuous integrand, only if that integrand is zero.
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86151 =3(1+0)=13, s=3G+D)=3, s53=338+ =73, su=30+

s

NI
Al

)=

B —

8.63 x=2tand x =3+ 1.5¢ intersect, have the same x, ¢ values, when x =2t =3+1.5¢.
That gives ¢ = 6, then x = 12.

8.65 The curves satisfying x’ = x are (x,f) = (ce’, 1), one for each number c. These
rise from (c,0) on the horizontal x axis and separate as ¢ increases vertically. p is
constant on each such curve when

d ,
Ep(x(t),t) =0,X +p; = pr+xpx = 0.

If p(x,0) = x> we get p(ce',t) = p(c,0) = ¢* = ((cee™)?. Therefore

p(x,1) = (xe™)? = x?e 2.

Problems of Chapter 9

Section 9.1

9.1 Since u,, > 0 the wave equation implies that also u;; > 0, so the acceleration is
upward. This agrees exactly with our derivation of the equation based on tension
forces, because these forces on the two ends of any bit of the string have an upward
resultant when the shape is convex.

9.3 u,= —Ai(cl sin (%’3’—6‘) cos(A4t)) - Eé(cz sin ( 2’;(330") ) cos(E6t)) and

Upy = —(3%)2(61 sin(%%‘)cos(A;;t)) - <2;(3) )2(C2 sin(zgg‘%ox))cos(Eﬁt)). Then

Uy = CPutyy gives

2 2
2( 2 _ A2 2(273)\* _ 2
C(%) = A}, C(sao) = Eg.
E2
Divide these to get A—g = 32, so Eg = 3A4.
4

9.5

(a) speed 3 to the left
(b) speed 3 to the left
(c) speed 1/4 to the right

9.7 By the Chain Rule, u; = —cf'(x—ct) + cg’(x +ct), uy = f'(x—ct)+ g’ (x+ct),
uy = f" (x—ct)+ g (x+c), uy = [ (x—ct) +g" (x+ct).

Therefore u;; = c*uy,y.

9.9 u, = —csin(x+ct), uy = —sin(x +cr), s0 u? + c2u? = 2c sin*(x + ).
t X
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T
(a) E(0) = ¢? f sin’ xdx
OR*C

(b) E(1)=¢? f sin’(x + ¢)dx. E(0) is larger because
c

T—2¢ T
E(l) = sz sin”6df < c2f sin®6dg = E(0).
0 0

9.11
(a) u(x,0) =sinx = f(x)+ g(x) and u;(x,0) = 0= —cf’(x) + cg’(x). Then f" =g’ so
f=g+C, then sinx =2g(x)+C. So

g(x)=1sinx=C), f(x)=3(sinx+C), u(x,r) = §sin(x—cr)+ 1 sin(x+ec).

(b) Here c = 1. u(x,0)=0= f(x)+g(x) and u,(x,0) = cos(2x) = —f'(x)+ g’ (x). Then
f = —g 50 cos(2x) = 2¢’(x). Thus g(x) = § sin(2x) + C. So

g®) =1sin@x)+C, f(x)=-1sin@x)-C, u(x,t)=—-1sin(2(x—1)+ §sin(2(x+1)).

(c) Similarly
u(x,1) = 3(sin(x = 5¢) + sin(x+ 50)) + 3 ( sin (3(x— 5) + sin (3(x + 51)))
+552 (= sin (2(x = 50) +sin (2(x + 50))).
9.13 u(x,t) = —g(—x+ct)+g(x+ct) and its derivatives are nonzero only when —x + ct

or x+ct is in the short interval where g # 0. As 7 tends to infinity, with x confined to
[0, p], neither of those numbers is in that interval. Therefore the integral is zero.

Section 9.2

9.15

(@) gy + vy = Uy + Vix + Uy +Vyy); add the wave equations for u and v
(b) Let u = kz. Then uy; = kzyy = kc?Az = A(kz) = Au.
(c) Set w(x,y,t) = z(-y,x,t). Then
wi (X, 3,0 = zu(=y, x,0)  wx(x,y,0) = zy(=y.x.0) Wix(X, 3, 1) = Zyy(=y.x.1)
wy(6y,0) = =2u(=yxd) w6y, 0) = (=120 (=y.x0)
S0 Wit = Zu (=, X, 1) = 2 (Zax + 2y ) (=, X, 1) = H(Wyy + Wi

(d) Set w(x,y,0) = z(kx,ky,kt), then wy(x,y,1) = k*zy(kx,ky,kt), Wyx = k*Zur,
Wyy = k2 2Zyy, 80 Wi — 2 (W + Wyy) = k2 (21 = €2 (Zax +299)) = 0.

2
9.17 sin(1.414¢(r + 1000=2)) = sin(1.414cr + 1414Q21) = sin(1.414cr), and
C

similarly for the 2.236 term. The 1000 insures that we’ve added a whole multiple of
2.
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9.19

(@) 2y = —("* + M)z, zex = —N°2, Zyy = —M>Z, SO Zy = Zyx + Zyy. Since n and m are
positive integers, from sin(nz) = sin(mm) = sin(0) = 0 you have the boundary
value 0.

(b) There is one such solution for each integer pair (n,m) inside the first quadrant
of the disk of radius 1000. Since each (n,m) sits at the corner of a 1 X 1 square,
the number of them is roughly equal to the area of the quarter disk.

9.21 z, = f'rysin(ke), and ry = 3 (% +y?)712(2x) = x/r.
2= ("5 + () 25 sin(kr). Similarly 2y, = ( f"§+ £/ =25 sin(kr). Adding,

1
Zer+ gy = (f7(N)+ ;f '(r)) sin(k?).

Since z;; = —k* f(r) sin(kt) we see that " + %f’ + k2 f =0 implies z; = zyx + Zyy-
9.23

@) up = —p > flp£0)+p~ f/(p+1) and
Upp =203 flp£t) =202 f (p+ 1) +p " (p+1). So

2 -1
Upp + Sty = p S (o+1).

But u,; = p~' f”, so u is a solution of the wave equation.
(b) u(p,0) = p~' f(p) has maximum of 1 near p = 100. Therefore the maximum of f
is approximately 100 near p = 100. Then

u(p,99) = p~" f(p+99)

has a maximum of approximately 100 near p = 1. That is, the maximum of the
wave was 1 on a spherical shell of radius 100 and becomes after 99 seconds a
maximum of 100 on a shell of radius 1.

Section 9.3

9.25
(a) (e sin(nx)), — (e sin(nx)), = (-1 +n>)e™"" sin(nx) = 0
(b) (tPe=>"/) = pp=le=x/(40 1 pp %e—xz/(m and (Pe=*"/40) = -4 Pe=x 1140
(e~ /) = — 3 tPe” 214 +(%)2t”e‘x2/(4’>. Therefore p = —
(c) (e™* cos(ax —bt)), = be™ sin(ax — br),
(e™**cos(ax—br)), = —ae™* cos(ax — br) —ae™** sin(ax — br),

1
3

(e™cos(ax—br)),, = a*e™™ cos(ax — bt) + 2a*e~ sin(ax — bt) — a*e~™ cos(ax — bt).

Therefore b = 24>
(d) With T(x,) = u(kx,k*t) you get T, = k*u;(kx,kt), Ty = k2uo(kx, k1),
S0 Ty = Ty = k*(u; — tty) = 0.
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9.27
1

@ 1, -1, %, —4: T(x,n)=e'sinx+ Je ¥ sin(2x)

(b) Your sketch ought to indicate the progression described in part (c).

(c) The second term decreases much faster because of the e™* factor. So the first
term is more important as ¢ increases, and the hot spot moves toward the center,
to the right.

9.29 y((f) = %foﬂ e 'sin(x)dx = %e" satisfies y| = —%e‘t = —(y; —0), so Newton’s

Law of Cooling holds for y;.
=1 fon (e7'sin(x) + e~ sin(3x))dx = Ze~' + £ e~%. We observe that Newton’s
Law of Cooling

Y5(t) = —%e*’ - ge*% = —k(%e*’ + %679[)
does not hold for y, for any choice of k.

9.31

(a) Take the ¢ derivative under the integral sign.

(b) Use the Divergence Theorem in R2.

(c) Properties and definition of Laplacian

(d) Since D is arbitrary, the integrand must be zero.

9.33 (x? +y% + 4ht)yy = 2 = (x? +y? + 4ht)yy, and (x* +y? +4ht), = 4h. So T is a
solution. The heat flux is —#VT = —r(2x,2y) so is toward the origin, that happens to
be the coldest place.

Section 9.4

9.35

(@) A(uy +up) = Uy xx +Upyy + Uty + Uoyy = Auy + Aup = 0+0=0.
(b) Write v(x,y) = u(xcosd—ysiné, xsinf + ycos6). Then

Vx = Uy COSH +uysing, vy = —u,sinf+uycosf,

Vix = (Uxy COS O+ Uyy sin6) 0SB + (uyy cOS O + 1y sin6) sin b,
Vyy = —(—Uxy SINO + 1y, COS 6) SIN G + (— 1ty SiN G + 11y, cOs ) cOS

SO Viy +Vyy = Uyr(cos2 0+ sin? 0) + uy,(0) + uyy(cos2 0+ sin’ 0) = Uy, +uy, = 0.
(c) A(wv) = (Au)v+2Vu-Vv+u(dv) =0+0+0=0.

9.37 z(x,y) = log(x* +y?), so

- 2 B ) 2x(2x) 3 2 2y(2y)
Zy Txx = x2+y2 (x2 +y2)2’ x? +y2 (x2 +y2)27

S x24y?’

Zx Lyy =

x2+y?2°

SO

_ 4 _2(2x2+2y2)_
TR @i
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9.39

(a) div(wVw) = wadw + Vw - Vw, so by the Divergence Theorem

Ozf wVw-NdO':f(wAw+Vw-Vw)dV
aD D

(b) Use part (a) with w = u. That gives 0 = —f ||Vu||2 dV. So [|Vu|| = 0. That makes
D

u constant in D, but since u is zero on the boundary it must be zero everywhere.
(c) u—v solves the Laplace equation and since it is zero on the boundary it is zero
everywhere by part (b).

941 (a) 2+2)=1 (0 :@Q+3@ =1 (0) k(zax+2yy) + (1 =) (Wyx + Wyy) =
k+(1=k)=1 (d)zax+Wex+2yp+Wyy = 2+ 2yt W Wy, = 1+0=1

9.43

(a) Txx = _n2Z7 Zyy = 7122, SO AZ = O

(b) 2(0,y) = sin(0) sinh(1y) = 0, z(x, y) = sin(rr) sinh(ny) = 0, z(x, 0) = sin(nx) sinh(0) =
0.

(©) 2(3;,y) = sinh(ny) = %(e”y —e ™) is nearly %e”y that is very large when y is large
positive.

9.45

_ ( y2 —x2 —2xy

(a) F=Vu= V(x+ ta R By

=) )= 102 2y

where 2 = x*> +y?. So

Au=divF = 0+ r4div(y? — x2, =2xy) = 4r2V(r) - (% — X%, —2xy)

= (x— 2wy — a5 )
.

O =%, =2xy) = 1 (=4x) — 4 O(=xy* - x)
=dxr (=142 +x%)) =0

(b) (x.y)-F(x,y) = (x.y)- ((1,0) +r*(* — x>, ~2xy))
=x+ 1’74(—)cy2 —x°) = x+r *(=xr?). This is zero when r = 1.
(c) Since |x| < rand |y| <, [|(y? = x%,—2xy)|| is less than a multiple of r2.
Therefore ||F —(1,0)|| = ||r‘4(y2 - X2, —2xy)|| tends to zero as r tends to infinity.

Section 9.5

9.47
(a) Y; = —iEe Elg and Ay = e £ A¢. Therefore

iy, = Ee g = e (—Ap+ V) = Ay + Ve Elp = Ay + V.

(b) WX, D = gy = eF'p(X)e Flp(X) = |p(X)> does not depend on ¢. Therefore
the probability P(S,1) that is an integral of that, does not depend on ¢.
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9.49
(@) ¢x = X'YZ, —Prx = -X"YZ = (E, —XZ)XYZ etc., so

~Ap+ (P +Y + 2= ~(X"'YZ+XY'Z+XYZ")+ (> +y* +22)XYZ = (Ex + Ey + E)¢.
Therefore £ = E, + Ey+ E,.
(b) W(w) =(a+bw+ cwz)e‘wz/ 2 gives
W =(b+2cw—wla+bw+ cwz))e_w2/2 =(b+Q2c—ayw—bw* —cw’ )e_Wz/2

SO

W+ wrW
= ( - ((26 —a)=2bw—3cw? —w(b+ (2c —a)w —bw? — ch)) +wl(a+bw+ cwz))efwz/2

=(—-2c+a+3bw+ SCWZ)e’WZ/2

For this to be E,, W requires
—2c+a+3bw+5ew? = Ey(a+bw+cw?).

Looking at the w? terms we find that E,, = 5 or ¢ = 0. In case E,, = 5 we get
b =0, a arbitrary, and ¢ = —2a.
In case ¢ = 0 we need

a=E,a, 3b=E,b.

So Ey, =3 or b=0.In case E,, = 3 we find a = 0 and b arbitrary.
In case b = 0 we find E,, = 1 and a arbitrary.
We have found solutions

W=ae"/? E, =1, W=bwe /2 E, =3  W=a(l-2w?e /2 E, =5.

(c) Taking for X(x), Y(y), Z(z) the various functions found in (b) as listed in the
table by their E values, we get solutions ¢ with £ = E, + E, + E;.

X(| 111 {35133
Y||1{3|3|5|5]5]5(51|3|5
Z|[1{1[3[1(3|5]|5|5|3|3
E|[3(5|7|7(9(11|13[15|9{13

(d) The E = 3 case is (some multiple of) ¢(x,y,z) = e /2?2212
2

2,,2,,2 . . .
|p|> = e~ *"+2) We know that to normalize this requires a factor of 773/2,

SO
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Symbols arc length, 279
—C opposite curve to C, 285 parametrization of curve, 281
A — B set difference, 86 area
C! continuously differentiable, 112 in plane, 209
C?, 127 lower, 208
c", 161 of surface, 313
DF matrix derivative, 109 upper, 209
0,18 average
A B, 10 of f on a curve, 284
F-VG,U-VU, 156 of f onregion, 263
Af Laplacian, 156 of f on surface, 320
R", 18
R,5 B
R2, 1 ball
T unit tangent to curve, 285 open, 84
dA, 216 basis
dv, 216 standard, 28
d"X, 262 bilinear
do, 313 function
I,,52 RZtoR, 15
Vf gradient, 111 inR", 22
D, 86 boundary, 86
dD boundary, 86 bounded
E; standard basis vector, 22 function, 89
set, 87
A smoothly bounded set
acceleration in R”, 261
of fluid, 371 in 3 space, 213
of particle, 192 in plane, 210
angle
between vectors, 13 C
inR", 27 Cauchy—-Schwarz inequality, 26, 65
antisymmetric, 24 Chain Rule
approximation for curves, 119
linear, 104 general, 125
of integral, 227 second function scalar, 125
Taylor, 179 change of variables
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in R", 268
in R2, 245
in double integral, 246
in multiple integral, 268
charge
conservation, 367
density, 364
circulation
and curl as local rotation, 153
in plane fluid flow, 290
closed
curve, 83, 300
set, 86
closure, 86
complete the square, 173
complex valued function
and Schrodinger equation, 416
Fundamental Theorem of Algebra, 100
component
function, 63
of vector, 1, 18
composite function, 73
conjugate, 416
connected, 83, 91, 264
simply, 361
conservation
energy
of fluid, 371
of particle, 197
law, 368
mass of fluid, 369
momentum of fluid, 369
conservative vector field, 300
and curl, 304, 361
constraint, 186
continuity equation, 369
continuous
at a point, 79
compositions, 82
on a set, 79
sums, products and quotients, 81
uniformly, 90
contours, 67
convergence
and continuous function, 79
of Riemann sums, 227
of subsequence, 89
sequence in R", 79
convex, 396
coordinates
cylindrical, 95
in triple integral, 268
polar, 94
in double integral, 249

spherical, 96
in triple integral, 272
cross product, 58
curl, 149
conservative vector field, 304, 361
curve
helix in R3, 69
in R", 83
parametrization, 83
smooth, 279
cylinder, 88
cylindrical coordinates, 268

D
deformation, 40
density
charge and current, 364
divergence as flux, 152
electric charge, 367
fluid, 369
linear mass, 279
mass of material, 205
population, 206
probability
inR3, 275
in R2, 257
dependence
linear
inR", 19
derivative
directional, 122
Jacobian, 110

matrix, 109
of integral with parameter, 273
partial, 105
second, 127, 168
rules

Chain, 119, 125
for div, V, curl, 156
sums and products, 156
derivative test
first, 166, 184
second, 171, 181
determinant
key properties, 33
of list of vectors, 37
of matrix, 39
differentiable, 103, 104
continuously, 112
n times, 161
function R” to R, 109
locally linear, 103
dimension
n-dimensional space, 18

Index
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n-dimensional vector, 18
two-dimensional vector, 1
directional derivative, 122
divergence, 148
Divergence Theorem, 335
analogue of Fundamental Theorem, 375
in R3, 348
dot product
in R", 25
inR2, 10
double integral, 226

E
Earth
Moon orbit, 308
temperature, 407
eigenvalue, eigenvector, 186
endpoints, 83
energy
internal of fluid, 371
kinetic
fluid, 371
of particle, 197
of particle in gradient, 194
potential
of particle, 197
enthalpy, 371
equilibrium and Laplace Equation, 410
Extreme Value Theorem, 89

extremum
constrained, 184
local, 166

F

fluid dynamics, 369

flux

across curve in R2, 292
across surface, 321
through parallelogram, 59
force
gravity, 196
on membrane under pressure, 413
on string, 388
on vibrating membrane, 398
pressure, 155
frequency, 395
function
bilinear, 15, 22
bounded, 89
component, 63
composite, 73
constant, 64
continuous
at point, 79

curve, 83
sequence of points converges, 79
uniformly, 90
differentiable, 104
continuously, 112
domain, 63
from R” to R, 63
from R” to R” vector field, 70
from R to R”, 69
harmonic, 411
implicitly defined, 140
integrable, 226
inverse, 135, 140
level set, 67
linear, 5, 21, 49
represented by matrix, 50
locally linear, 103
multilinear, 33
one to one, 63
onto, 63
range, 63
Fundamental Theorem
of Algebra, 100
of Calculus, 375
of Line Integrals, 303

G
gradient, 111
graph of function

R3 to R, 68

RZto R, 66
gravity, 196

is conservative, 300

linear approximations to, 77
Greatest Lower Bound Theorem, v
Green’s Theorem, 340

H
heat equation, 404

higher dimensions, 406
helix, 69
Hessian matrix, 168
hyperplane, 19

I
image, 63
Implicit Function Theorem, 140
multivariable, 144
indefinite matrix, 169, 173
independence
linear
inR”, 19
inR2, 4
of path, 303
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of surface, 364
inequality
Cauchy—Schwarz, 26
triangle, 27
initial data, 391
integrable
on smoothly bounded set, 226
over unbounded set, 254, 258
integral
additivity, 219
approximate, 227
continuous nonnegative function, 225
definition, 226
determined by properties, 234
double, 226
iterated, 239, 240
line
arc length, 279
Fundamental Theorem, 303
of scalar, 283
of scalar in R”, 293
of vector, 285
of vector in R”, 294
lower and upper bound, 219
Mean Value Theorem, 264
of bounded function, 226
of continuous function
as difference, 230
properties, 232
of scalar over surface, 319
of vector over surface, 321
over unbounded set, 254
Riemann sum, 227
triple, 264
variation with parameter, 273
integrand, 226
interior, 85
inverse
matrix, 53
Inverse Function Theorem, 135
in R", 140
inverse square vector field, 72

J
Jacobian, 110

in change of variables, 246
jump, 381

K

Kepler, 201

kinetic energy
fluid, 371

Index

L
Lagrange multiplier, 184
Laplace
equation, 411
operator, 156
Law of Cosines
inR", 28
inR2, 14
Least Upper Bound Theorem, v
length
of vector, 9
inR", 25
level set, 67, 140
line, 56
linear
approximation, 104
combination
trivial, 18
combination of vectors, 18
inRZ, 3
dependence
inR”, 19
function
R" to R™, 64
R"to R, 21
R’R,5
represented by matrix, 50, 65
function R" to RX, 49
independence
inR", 19
inRZ 4
linearity of integral, 218
locally, 103
lower and upper volume in R”, 261
lower integral, 223

M
mass
conservation law for fluid, 369
density of fluid, 369
line integral, 283
of object, 205
of particle, 192
matrix
nxk, 50
derivative, 109
eigenvalue, 186
Hessian, 168
identity, 52
inverse, 53
norm, 65
positive definite, 169
rectangular array, 38
represents linear function, 50
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symmetric, 168
maximum, 89
local, 166
Maxwell
equations, 165, 364
Mean Value Theorem, 107
for integrals, 264
multivariable, 127
membrane, 398
minimum
local, 166
momentum
conservation law for fluid, 369
Monotone Convergence Theorem, v
Moon
elliptical orbit, 201
orbit, 308
multilinear function, 33

N
negative definite matrix, 169, 173
negatively oriented list of vectors, 40
neighborhood, 86
Newton
Law of Cooling, 409
Law of Motion, 192
norm
matrix, 65
of vector
inR", 25
inR2,9
normal
component of vector field, 321
outward, 335
to hyperplane, 57
to plane, 57
to tangent plane, 115
vector to plane curve, 292

(0]
one to one, 52, 63
onto, 63
open
ball, 84
set, 86
orbit
Moon, 201, 308
Saturn, 201
orbital, 275
orientable surface, 323
orientation
preserved by mapping, 246
reversal of curve, 285
oriented

list of vectors, 40
orthogonal, 13
orthonormal set of vectors, 28

P
pairwise orthogonal, 28
parametrization
of curve, 83
of curve by arc length, 281
of surface, 310
partial differential equation, 162
pde, 162
fluid energy, 372
fluid mass, 369
fluid momentum, 370
heat equation
1D, 403
2D, 406
Laplace, 411
Maxwell, 165, 364
membrane
under pressure, 413
vibration, 398
Schrodinger, 416
wave equation
1D, 389
2D, 399
period, 395
permutation
signature, 36
piecewise smooth
curve, 280
plane, 56
point
interior, 85
polar coordinates, 94
positive definite matrix, 169, 173
determinant test, 182
positively oriented list of vectors, 40
potential, 300
energy of particle, 197
vector, 158, 366
pressure
force, 155
probability
and Schrodinger’s equation, 417
density for electron, 275
density in R?, 275
density in R2, 257
normal distribution, 256
product
cross in R3, 58
dot
inR", 25
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inR2, 10
of matrices, 51
product rule for div, V, curl, 156
Pythagorean Theorem
in R", 31
inR2,9

R
regular

setin R3, 348
Riemann sum

two variables, 227

S
saddle point, 172
scalar, 2
Schrodinger equation, 416
second derivative test, 181
sequence converges, 79
set
boundary, 86
bounded, 87
closed, 86
closure, 86
connected, 83, 91, 264
open, 86
regular, 338
regular in R, 348
simply connected, 361
smoothly bounded
in R", 261
smoothly bounded in R?, 210
shock wave, 382
signature of permutation, 36
simple
x simple set, 238
y simple set, 239
simplex, 44
simply connected, 361
smooth
change of variables, 268
curve, 279
inR", 293
parametrization, 279
surface, 310
smoothly bounded set
in R", 261
inR2, 210
sound
wave, 374
space
n-dimensional, 18
two-dimensional, 1
span of vectors, 18

spherical coordinates, 272
standard basis, 28
stereographic projection, 76
Stokes’ Theorem, 356
string
tied at ends, 394
vibration, 387
surface, 310
area, 313
flux across, 321
integral of scalar, 319
integral of vector, 321
orientable, 323
oriented, 323
piecewise smooth, 320
smooth, 310
tangent plane, 115
symmetric, 24
symmetric matrix, 168
determinant test, 182
system

and Implicit Function Theorem, 144

of linear equations, 8

T
tangent
plane to graph, 115
plane to surface, 321
vector to curve, 285
Taylor approximation, 179
first order, 177
second order, 178
Theorem
Chain Rule, 119
in R", 120
matrix derivatives, 125

Change of Variables in integral, 246

continuity of

differentiable scalar function, 104
differentiable vector function, 109

Divergence

inR3, 348

in R?, 338
Extreme Value, 89
Fundamental

of Algebra, 100

of Calculus, 333

of Line Integrals, 303
Greatest Lower Bound, v
Green'’s, 340
Implicit Function, 140

multivariable, 144
Intermediate Value, 91
Inverse Function
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R2, 135
in R", 140
Least Upper Bound, v
Mean Value, 107
for integrals, 264
multivariable, 127
Monotone Convergence, v
Stokes’, 356
Taylor, 177, 179
triangle inequality, 27
triple integral, 264

U
unit
tangent to curve, 285
unit vector, 9
upper integral, 223

A\
vector
n-dimensional, 18
component, |
deformation of ordered list, 40
linear combination, 18
norm
in R", 25
inR2,9
oriented list, 40
potential, 158, 366
span, 18
sum, 1
sum in R”, 18
two dimensional, 1

unit, 9
ij, k, 72
E;, 28
tangent to curve, 285
zero, 2
vector field, 70
conservative, 300
inverse square, 72
velocity
fluid, 369
of particle, 111
vibration
of membrane, 398
of string, 395
volume, 261
in R", 261
signed, 45
inR3,213
volumetric flow rate, 59

w
wave
electromagnetic, 165
equation
1D, 389
2D, 399
shock, 382
sound, 374
traveling, 401
work
and conservative vector field, 300
fluid pressure, 371
integral on curve, 285
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