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INTRODUCTION

liffsNotes Algebra I Quick Review is designed to give a clear, concise,

easy-to-use review of the basics of algebra. Introducing each topic,
defining key terms, and carefully walking through each sample problem
type in a step-by-step manner gives the student insight and understanding
to important algebraic concepts.

The prerequisite to get the most out of this book is an understanding of
the important concepts of basic math—working with fractions, decimals,
percents, and signed numbers. CliffsNotes Algebra I Quick Review starts
with a short review of pre-algebra (Chapters 1 and 2) to review some
necessary background. The rest of the book (Chapters 3 through 13)

focuses on the foundations of algebra.

Why You Need This Book

Can you answer “yes” to any of these questions?
®m Do you need to review the fundamentals of algebra?
B Do you need a course supplement to Algebra I?
B Do you need a concise, comprehensive reference for algebraic

concepts?

If so, then CliffsNotes Algebra I Quick Review is for you!

How to Use This Book

You can use this book in any way that fits your personal style for study
and review—ryou decide what works best with your needs. You can either
read the book from cover to cover or just look for the information you
want and put it back on the shelf for later. Here are just a few ways you
can search for topics:

B Look for areas of interest in the book’s table of contents or use the
index to find specific topics.
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m  Flip through the book, looking for subject areas at the top of each
page.

m  Get a glimpse of what you’ll gain from a chapter by reading through
the “Chapter Check-In” at the beginning of each chapter.

B Use the “Chapter Check-Out” at the end of each chapter to gauge

your grasp of the important information you need to know.

B Test your knowledge more completely in the “Review Questions”
and look for additional sources of information in the “Resource
Center.”

B Use the glossary to find key terms fast. This book defines new terms
and concepts where they first appear in the chapter. If a word
is boldfaced, you can find a more complete definition in the book’s
glossary.

m  Or flip through the book until you find what you’re looking for—
we organized this book to gradually build on key concepts.

Hundreds of Practice Questions Online!

Go to CliffsNotes.com for hundreds of additional Algebra I practice

questions to help prepare you for your next quiz or test. The questions
are organized by this book’s chapter sections, so it’s easy to use the book
and then quiz yourself online to make sure you know the subject. Go to
www.cliffsnotes.com to test yourself anytime and find other free home-

work help.



CHAPTER 1

PRELIMINARIES AND
BASIC OPERATIONS

Chapter Check-In

U Categories of numbers

U Properties of addition and multiplication
U Powers and exponents

U Square roots and cube roots

[ Parentheses, brackets, and braces

U Divisibility rules

Before you begin learning, relearning, or reviewing algebra, you need
to feel comfortable with some pre-algebra terms and operations. This
chapter starts with some basic essentials.

Preliminaries

The first items you should become familiar with are the different catego-
ries or types of numbers and the common math symbols.

Categories of numbers
In doing algebra, you work with several categories of numbers.

m Natural or counting numbers. The numbers 1, 2, 3, 4, . . . are
called natural or counting numbers.

B Whole numbers. The numbers 0, 1, 2, 3, . . . are called whole
numbers.

m Integers. The numbers...-2,-1,0, 1, 2, . .. are called inzegers.
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m Negative integers. The numbers . . . -3, -2, -1 are called negative
integers.

m Positive integers. The natural numbers are sometimes called the
positive integers.

m Rational numbers. Fractions, such as 2 or Z, are called rational

2 8
numbers. Since a number such as 5 may be written as i, all integers

are rational numbers. All rational numbers can be written as fractions
f, with & being an integer and 4 being a natural number. Terminat-

ing and repeating decimals are also rational numbers, because they
can be written as fractions in this form.

B Irrational numbers. Another type of number is an irrational num-
ber. Irrational numbers cannot be written as fractions %, with 2 being

an integer and & being a natural number. \3 and T are examples of
irrational numbers. An irrational number, when exactly expressed as
a decimal, neither terminates nor has a repeating decimal pattern.

m  Even numbers. Even numbers are integers divisible by 2: ... -6, —4,
-2,0,2,4,6, ...

® Prime numbers. A prime number is a natural number that has
exactly two different factors, or that can be perfectly divided by only
itself and 1. For example, 19 is a prime number because it can be
perfectly divided by only 19 and 1, but 21 is not a prime number
because 21 can be perfectly divided by other numbers (3 and 7). The
only even prime number is 2; thereafter, any even number may be
divided perfectly by 2. Zero and 1 are not prime numbers or com-
posite numbers. The first 10 prime numbers are 2, 3, 5, 7, 11, 13,
17,19, 23, and 29.

®  Odd numbers. Odd numbers are integers not divisible by 2: ...-5,
-3,-1,1,3,5,....

m Composite numbers. A composite number is a natural number divis-
ible by more than just 1 and itself: ...4, 6, 8, 9,...

m Squares. Squares are the result when numbers are multiplied by
themselves, that is, raised to the second power. 2 -2 =4;3-3=09.
The first six squares of natural numbers are 1, 4, 9, 16, 25, 36.

m  Cubes. Cubes are the result when numbers are multiplied by them-
selves and then again by the original number, that is, raised to the
third power. 2 -2 -2 =8;3 -3 - 3 = 27. The first six cubes of natural
numbers are 1, 8, 27, 64, 125, 216.
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Ways to show multiplication
There are several ways to show multiplication of a pair of numerical
values.

B When the two numerical values are known, you can show the mul-
tiplication of 4 with 3 as follows:

4%x3
4.3
4 (3)
4(3)
(4)3

B When one value is a number and the other value is a variable: show
multiplication of 4 and « as follows:

4Xa
4.4
(4)(a)
4(a)
4)a
4a

B When both values are variables: show the multiplication of # and &
as follows:

axb
a-b
(a)(6)
a(b)
(@)b
ab

Common math symbols
The following math symbols appear throughout algebra. Be sure to know
what each symbol represents.
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Symbol references:

= is equal to

# is not equal to

> is greater than

< is less than

> is greater than or equal to (also written 2)
< is less than or equal to (also written S
# is not greater than
£ is not less than
Z is not greater than or equal to
£ is not less than or equal to

= is approximately equal to (also =)

Properties of Basic Mathematical Operations

Some mathematical operations have properties that can make them easier
to work with and can actually save you time.

Some properties (axioms) of addition
You should know the definition of each of the following properties of
addition and how each can be used.

m Closure is when all answers fall into the original set. If you add two
even numbers, the answer is still an even number (2 + 4 = 6); therefore,
the set of even numbers s closed under addition (has closure). If you add
two odd numbers, the answer is not an odd number (3 + 5 = 8); there-
fore, the set of odd numbers is 7ot closed under addition (no closure).

m Commutative means that the o7der does not make any difference in
the result.

2+3=3+2
a+b=b+a
Note: Commutative does not hold for subtraction.
3-1#1-3
2 -2
a-b#b—a
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B Associative means that the grouping does not make any difference
in the result.

2+3)+4=2+(3+4)
(@a+b)+c=a+(b+o

The grouping has changed (parentheses moved), but the sides are
still equal.

Note: Associative does not hold for subtraction.
4-3-1)=2(4l-3)-1
4-2#1-1
2#0
a—-(b-—c)#a-b)—c
B The identity element for addition is 0. Any number added to 0
gives the original number.
3+0=0+3=3
a+0=0+a=a

m The additive inverse is the opposite (negative) of the number. Any
number plus its additive inverse equals 0 (the identity).
3 + (=3) = 0; therefore, 3 and —3 are additive inverses.
—2 + 2 = 0; therefore, —2 and 2 are additive inverses.

a + (—a) = 0; therefore, 2 and —z are additive inverses.

Some properties (axioms) of multiplication
You should know the definition of each of the following properties of
multiplication and how each can be used.

m Closure is when all answers fall into the original set. If you multiply
two even numbers, the answer is still an even number (2 X 4 = 8);
therefore, the set of even numbersis closed under multiplication (has
closure). If you multiply two odd numbers, the answer is an odd
number (3 X 5 = 15); therefore, the set of odd numbers is closed
under multiplication (has closure).

m Commutative means the order does not make any difference.
2X3=3x%2

axXb=bxXa
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Note: Commutative does not hold for division.
2+:4#4+2

2.4
477

Lan
2
a+b#b+a
Associative means that the grouping does not make any difference.
X3)X4=2x%X(3x4)
(axb)xc=ax(bxXc)

The grouping has changed (parentheses moved) but the sides are still
equal.

Note: Associative does 7ot hold for division.
(8+4)+2#8+(4+2)
2+2#8+2
1#4
(@+b)+c#ta=b-=+o

The identity element for multiplication is 1. Any number multi-
plied by 1 gives the original number.

X1=1%x3=3
aXl=1Xa=a

The multiplicative inverse is the reciprocal of the number. Any
nonzero number multiplied by its reciprocal equals 1.

2% % =1; therefore, 2 and %are multiplicative inverses.

ax % =1; therefore, 2 and %are multiplicative inverses

(provided 2 #0).

A property of two operations

The distributive property is the process of passing the number value out-
side of the parentheses, using multiplication, to the numbers being added
or subtracted inside the parentheses. In order to apply the distributive
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property, it must be multiplication outside the parentheses and either
addition or subtraction inside the parentheses.

23 +4) =2(3) + 2(4) 5(12-3) =5(12) - 5(3)
2(7)=6+8 5(9) = 60 -15
14=14 45 =45
a(b + ¢) = alb) + alc) a(b—c) = a(b) — alc)
Note: You cannot use the distributive property with only one operation.
3(4 X 5% 6) #3(4) x 3(5) X 3(6)
3(120) #12x15%18
360 #3240
a(bed) # a(b) X a(c) X a(d) or
a(bcd) # (ab)(ac)(ad)

Multiplying and Dividing Using Zero

Zero times any number equals zero.

0 X5=0

0 X (=3)=0

8 X9IX3X(—4)x0=0
Likewise, zero divided by any nonzero number is zero.

0+5=0

0+(-6)=0

Important note: Dividing by zero is “undefined” and is not permitted.
g by p

6

6.0d0 i
0 and o are not permitted.

6 0 .
0 has no answer and 0 does not have a unique answer.

In neither case is the answer zero.

Powers and Exponents

An exponent is a positive or negative number placed above and to the right
of a quantity. It expresses the power to which the quantity is to be raised or
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lowered. In 42, 3 is the exponent and 4 is called the base. It shows that 4 is to
be used as a factor three times. 4X 4 X 4 (multiplied by itself twice). 42 is read
as four to the third power (or four cubed as discussed later in this chapter).

29-2X2X2x%x2=16

32=3x3=9
Remember that x' = x and x” = 1 when x is any number (other than 0).
21=2 20=1
3'=3 3°=1
4' =4 49-1

If the exponent is negative, such as 3 2, then the base can be dropped
under the number 1 in a fraction and the exponent made positive. An
alternative method is to take the reciprocal of the base and change the
exponent to a positive value.

Example 1: Simplify the following by changing the exponent from a

negative value to a positive value and then evaluate the expression.

Under 1 Method Reciprocal Method

-2 2_1_1 2_(1 Z—l
@37 37=5=9 3 _(3) =9

-3 s_ 1 _ 1 s_(1 3_l
(b) 2 2 =73 2 —(2) =3
(C)(;)‘4 (g)‘L L _ 1 __81 (;)4:(2)4:&

3 3 3 2 16

Squares and cubes

Two specific types of powers should be noted,squares and cubes. To square
a number, just multiply it by itself (the exponent would be 2). For example,
6 squared (written 62) is 6 X 6, or 36. 36 is called a perfect square (the square

of a whole number). Following is a list of the first twelve perfect squares:

12=1 5%=25 9% =81
22-4 62 =36 102 =100
32-9 7% =49 112=121

42=16 82 = 64 122 = 144
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To cube a number, just multiply it by itself twice (the exponent would be 3).
For example, 5 cubed (written 5%) is 5 X 5 X 5, or 125. 125 is called a
perfect cube (the cube of a whole number). Following is a list of the first
twelve perfect cubes.

1°=1 53 =125 9% =729
25-8 6> =216 10% = 1000
33=27 7% = 343 113 = 1331
43 = 64 83 =512 123=1728

Operations with powers and exponents
To multiply two numbers with exponents, if the base numbers are the same,
simply keep the base number and add the exponents.

Example 2: Multiply the following, leaving the answers with exponents.
(@) 22x2°=28(2 X2X2)X(2X2X2%x2x%x2)=28
(b) 32 x 3% = 36 (3%3)x(3%x3%x3x%3)=3°

To divide two numbers with exponents, if the base numbers are the same ,

simply keep the base number and subtract the second exponent from the first,
or the exponent of the denominator from the exponent of the numerator.

Example 3: Divide the following, leaving the answers with exponents.

( 8 . AS _ 43 8 . 5_4_8
a) 4% - 4°=4 4° +4° =

45
44464444 _, , ;o
Gi4-4.4.4 Caad=d
6 6
(b)g—2=94 g—2=—9‘9'g:3‘9'9=9-9~9~9=94

To multiply or divide numbers with exponents, if the base numbers
are different, you must simplify each number with an exponent first
and then perform the operation.

Example 4: Simplify and perform the operation indicated.

(@) 32x22=9%x4=36
(b)62+23=36+8:4%:4%

(Some shortcuts are possible.)
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To add or subtract numbers with exponents, whether the base numbers are
the same or different, you must simplify each number with an exponent
first and then perform the indicated operation.

Example 5: Simplify and perform the operation indicated.

(@)3?-23=9-8=1
(b)4> +3>=64+9=73

If a number with an exponent is raised to another power (42), simply keep
the original base number and multiply the exponents.

Example 6: Multiply and leave the answers with exponents.

(@) (4)° = (4%)(4})(4%) = 4° or (42)% = 4@0) = 46
(b) (3% = (3%)(3%) = 3% or (3%)2 = 300@ _ 36

Square Roots and Cube Roots

Note that square and cube roots and operations with them are often included
in algebra sections, and both topics are discussed more in Chapter 11.

Square roots. To find the square root of a number, you want to find
some number that when multiplied by itself gives you the original num-
ber. In other words, to find the square root of 25, you want to find the

number that when multiplied by itself gives you 25. The square root of
25, then, is 5. The symbol for square root isi/ . Following is a list of the
first eleven perfect (whole number) square roots.

Jo=0 J16 =4 J64 =8
Ji=1 J25=5 J81=9
Ji=2 J36 =6 J100 =10
Jo=3 J49 =7

Special note: 1f no sign (or a positive sign) is placed in front of the square
root, then the positive answer is required. Only if a negative sign is in
front of the square root is the negative answer required. This notation is
used in many texts and is adhered to in this book. Therefore,

J9=3 and -J9=-3
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Cube roots

To find the cube root of a number, you want to find some number that
when multiplied by itself twice gives you the original number. In other
words, to find the cube root of 8, you want to find the number that when
multiplied by itself twice gives you 8. The cube root of 8, then, is 2,
because 2 X 2 x 2 = 8. Notice that the symbol for cube root is the radical
sign with a small three (called the 7ndex) above and to the left 3/ . Other
roots are defined similarly and identified by the index given. (In square
root, an index of two is understood and usually not written.) Following
is a list of the first eleven perfect (whole number) cube roots.

Jo=0 o4 =4 Y512 =8
h=1 25 =5 I729 =9
Y8=2 3216 =6 31000 =10
27 =3 P343 =7

Approximating square roots
To find the square root of a number that is not a perfect square, it will be
necessary to find an approximate answer by using the procedure given in

Example 7.
Example 7: Approximate J42.
Since 6% = 36 and 7% = 49, then J42 is between \/376 and \/4_9

Therefore, \/42 is a value between 6 and 7. Since 42 is about halfway

between 36 and 49, you can expect that V42 will be close to halfway
between 6 and 7, or about 6.5. To check this estimation, 6.5X 6.5 = 42.25,
or about 42.

Square roots of nonperfect squares can be approximated, looked up in tables,
or found by using a calculator. You may want to keep these two in mind:

J2 ~1.414 J3=1.732

Simplifying square roots
Sometimes you will have to simplify square roots, or write them in simplest

. 1 .
form. In fractions, < can be reduced to~. In square roots,+/32 can be sim-

plified to 4+/2. 2
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There are two main methods to simplify a square root.

Method 1: Factor the number under thex/  into two factors, one of which
is the largest possible perfect square. (Perfect squares are 1, 4, 9, 16, 25,

36, 49, ...)

Method 2: Completely factor the number under the</  into prime factors
and then simplify by bringing out any factors that came in pairs.

Example 8: Simplify J32.
Method 1 Method 2
32=416x2 32=42x16
=16 x2 =\2x2x8
=442 =V2x2x2x4
=2X2X2X2X2
=V2X2x\2x2 %2
=2x2x2
=42
In Example 8, the largest perfect square is easy to see, and Method 1
probably is a faster method.
Example 9: Simplify J2016.
Method 1 Method 2
V2016 =144 x 14 V2016 =+/2x1008
= J144 x J14 =2x2x504
=12J14 =2X2%x2%x252
=J2x2X2x2x126
=2X2X2X2X2X63
=2X2X2%x2x2x3x%x21
=2X2X2X2X2X3%X3x%x7
=2X2X2X2 X\ BXx3x2x7
=2x2x3x+/14
=12J14
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In Example 9, it is not so obvious that the largest perfect square is 144,
so Method 2 is probably the faster method.

Many square roots cannot be simplified because they are already in simplest

form, such as \/7,/10, and +/15.

Grouping Symbols

There are basically three types of grouping symbols: parentheses, brackets,
and braces.

Parentheses ()
Parentheses are used to group numbers or variables. Everything inside
parentheses must be done before any other operations.

Example 10: Simplify.
50(2 + 6) =50(8) = 400

When a parenthesis is preceded by a minus sign, to remove the parenthe-
ses, change the sign of each term within the parentheses.

Example 11: Simplify.
6-(3+a-2b+o =
6+3-a+2b—c=
9 —a+2b-c

Brackets [ ] and braces {}

Brackets and braces also are used to group numbers or variables. Techni-
cally, they are used after parentheses. Parentheses are to be used first, then
brackets, and then braces: {[()]}. Sometimes, instead of brackets or braces,
you will see the use of larger parentheses.

((3+4)-5)+2
A number using all three grouping symbols would look like this:

201 + [42 + 1) + 3]}
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Example 12: Simplify 2{1 + [4(2 + 1) + 3]}. Notice that you work from
the inside out.

21+ [42+1)+3

1}
2{1 + [4(3) + 3]} =
2{1+ 12+ 3]} =
2{1 + [15]} =
2{16} 32

Order of operations

If multiplication, division, powers, addition, parentheses, and so forth are
all contained in one problem, the order of operations is as follows:
Parentheses

Exponents (or radicals)

Multiplication or division (in the order it occurs from left to right)

O NH

Addition or subtraction (in the order it occurs from left to right)

Many students find the made up word PEMDAS helpful as a memory
tool. The “P” reminds you that “parentheses” are done first; the “E”
reminds you that “exponents” are done next; the “MD” reminds you to
“multiply or divide” in the order it occurs from left to right; and the “AS”
reminds you to “add or subtract” in the order it occurs from left to right.

Also, some students remember the order using the following phrase:

Please Excuse My Dear Aunt Sally
Parentheses Exponents Multiply or Divide Add or Subtract

Example 13: Simplify the following problems.

(A 6+4x%x3=
6 + 12 = (multiplication)
18 (then addition)
(b) 10-3%X6+10>+(6+1)x4=
10-3%6+10%+ (7) x4 = (parentheses first)
10-3%x6+100 + (7) X4 = (exponents next)
10— 18 + 100 + 28 = (multiplication)
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-8+ 100 + 28 = (addition/subtraction left to right)
92 +28 =120

Divisibility Rules
The following set of rules can help you save time in trying to check the
divisibility of numbers.

A number is divisible by if

2 itendsinO, 2, 4,6, or 8

3 the sum of its digits is divisible by 3

4 the number formed by the last two digits is
divisible by 4

5 itendsin0or5

6 it is divisible by 2 and 3 (use the rules for both)

7 (no simple rule)

8 the number formed by the last three digits is
divisible by 8

9 the sum of its digits is divisible by 9

Example 14:

(a) Is 126 divisible by 3? Sum of digits = 9. Because 9 is divisible by
3, then 126 is divisible by 3.

(b) Is 1,648 divisible by 4? Because 48 is divisible by 4, then 1,648
is divisible by 4.

(o) Is 186 divisible by 62 Because 186 ends in 6, it is divisible by 2.
Sum of digits = 15. Because 15 is divisible by 3, 186 is divisible
by 3. 186 is divisible by 2 and 3; therefore, it is divisible by 6.

(d) Is 2,488 divisible by 82 Because 488 is divisible by 8, then 2,488
is divisible by 8.

(e) Is 2,853 divisible by 92 Sum of digits = 18. Because 18 is divisible
by 9, then 2,853 is divisible by 9.
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Chapter Check-0ut

Q&A

Which of the following are integers? 3, 4, %, 0,-1,2

Which of the following are prime numbers? 2, 5,7, 9, 15, 21
The identity element in addition is

True or false: a(6 + ¢) = (2)(6)(c)

40 =

3°=

4> x 48 = (with exponents)

(32)3= (with exponents)

364 =

. Approximate: /54 (to the nearest tenth)

. Simplify: 3[10(4 + 3%)]

. The number 6,321 is divisible by which numbers between 1 and 10?

1
Answers: 1. 3,4,0,-1,22.2,5,7 3.0 4. False 5.1 6. 5 7. 413 8, 36
9. 4 10. about 7.3 11. 1080 12. 3, 7

-
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CHAPTER 2

SIGNED NUMBERS, FRACTIONS,
AND PERCENTS

Chapter Check-In

U Positive and negative numbers
U Fractions

1 Decimals

U Repeating decimals

1 Percent

0 Scientific notation

As you get closer to entering the world of algebra, you should have a
solid background in working with signed numbers, fractions, and
percents.

Signed Numbers (Positive Numbers
and Negative Numbers)

The term signed numbers refers to positive and negative numbers. If no
sign is shown, the number automatically is considered positive.

Number lines
On a number line, numbers to the right of 0 are positive. Numbers to
the left of 0 are negative, as shown in Figure 2-1.
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Figure 2-1 A number line using integers.

and so on | | | | | | | and so on

-3 -2 - 0 +1 +2 3

Given any two numbers on a number line, the one on the right is always
larger, regardless of its sign (positive or negative). Note that fractions may
also be placed on a number line as shown in Figure 2-2.

Figure 2-2 A number line using fractions.

and so on | H I f I
24 1
-3- -2 -1 0 +1 +2 +3

I f I f I and so on
1 2

Nl
=
N|—

Addition of signed numbers

When adding rwo numbers with the same sign (either both positive or both
negative), add the absolute values (the number without a sign attached)
and keep the same sign. Addition problems can be presented in either a
vertical form (up and down) or in a horizontal form (across).

Example 1: Add the following.

+5
(a) +47) Add the absolute values (5+7 =12) and keep the sign (+)

?

+5
+(+7)
+12
(b) —8+(—3)=? Add the absolute values (8 +3=11) and keep the sign (—)
-8+(-3)=-11

When adding two numbers with different signs (one positive and one
negative), subtract the absolute values and keep the sign of the one with
the larger absolute value.
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Example 2: Add the following.

+5
(a) )

2 Subtract the absolute values (7 —5=2) and

keep the sign of the one with the larger absolute value (—7)

+5
+(=7)
-2

(b) — 59+ (+72) = ? Subtract the absolute values (72 —-59 =13) and
keep the sign of the one with the larger absolute value (+72)
-59+(+72)=+13

Example 3: Add the following.

9 b) —12 ° d)2 18
@, (1) B2 @, ) @ 3+(-18)

Answers: (a) 15 (b)-3 (¢)3 (d)5

Subtraction of signed numbers
To subtract positive and/or negative numbers, just change the sign of the
number being subtracted and then add.

Example 4: Subtract the following,.

@ +12 b) —14 © -19 @ +20
Y —+4) ——4) T -(+) ~(-3)
+12 —-14 -19 +20
+(—4) +(+4) +(=0) +(+3)

+8 -10 -25 +23
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Subtracting positive and/or negative numbers may also be done
“horizontally.”

Example 5: Subtract the following.

(@ +12—(+4) = +12+(—4) =8
(b) +16 — (—6) = +16 + (+6) = 22
(c) =20 — (+3) =20 + (-3) =23
@ 5-(2)=-5+(:2)=-3

Minus preceding parenthesis

If a minus precedes a parenthesis, it means everything within the parenthe-
ses is to be subtracted. Therefore, using the same rule as in subtraction of
signed numbers, simply change every sign within the parentheses to its

opposite and then add.
Example 6: Subtract the following.

(@ 9-(+3-5+7-6) =
9+(=3+5-7+06) =
9+ (+1)=10

(b) 20 — (+35-50 + 100) =
20 + (=35 +50-100) =
20 + (-85) =65

Multiplying and dividing signed numbers

To multiply or divide signed numbers, treat them just like regular numbers
but remember this rule: An odd number of negative signs will produce a
negative answer. An even number of negative signs will produce a positive
answer.

Example 7: Multiply or divide the following.

(@) (-3)(+8)(=5)(=1)(=2) = +240
(b) (-3)(+8)(-1)(-2) = —48

(@ =432
) =04 - 3

+2
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Fractions

A fraction, or fractional number, is used to represent a part of a whole.
Fractions consist of two numbers: a numerator (which is above the line)
and a denominator (which is below the line).

1 numerator
2 denominator

The denominator tells you the number of equal parts into which some-
thing is divided. The numerator tells you how many of these equal parts
are being considered. Thus, if the fraction is T of a pie, the denominator

5 tells you that the pie has been divided into five equal parts, of which
3 (numerator) are in the fraction. Sometimes, it helps to think of the
dividing line (the middle of a fraction) as meaning “out of.” In other words,

g also means 3 out of 5 equal parts from the whole pie.

Negative fractions
Fractions may be negative as well as positive. (See the number line in
Figure 2-2.) However, negative fractions are typically written as follows:

—% not _73 or %4 (although they are all equal)
B3 -3 -3
4 4 —4

Adding positive and negative fractions
The rules for signed numbers apply to fractions as well.

Example 8: Add the following.




24 ciiffsNotes Algebra I Quick Review

Subtracting positive and negative fractions
The rule for subtracting signed numbers applies to fractions as well.

Example 9: Subtract the following.

9 _ 9 _ .9
@ +{5= *10 = *10
1)_ 1 _ .2
_(‘5)‘ 5 = 1o
11 _ 1
10 = 10

2 (_1)_10_(_3\_10 3\_13
(b) +3 ( 5)‘15 ( 15)‘1 +(+15)‘1

4

(C) + :+E_

ol
1
+
ES
+
|
o

S—
1
|
|

_3
4

Multiplying fractions
To multiply fractions, simply multiply the numerators and then multiply
the denominators. Reduce to lowest terms if necessary.

Example 10: Multiply.

;Xi—& reduceﬁtoi

3712 36 36 18

This answer had to be reduced because it wasn’t in lowest terms. Because

whole numbers can also be written as fractions( 3= %,4 = %), and so forth,
the problem 3 X % would be worked by changing 3 to %

Early reducing

Early reducing when multiplying fractions would have eliminated the
need to reduce your answers after completing the multiplication. To
reduce, find a number that divides evenly into one numerator and one



Chapter 2: Signed Numbers, Fractions, and Percents 25

denominator. In this case, 2 will divide evenly into the numerator 2 (it
goes in one time) and into the denominator 12 (it goes in six times).

Thus,

5

D -5
/14 18
6
Remember, you may only do early reducing when multiplying fractions.
The rules for multiplying signed numbers hold here, too.

S SN

Example 11: Reduce early where possible and then multiply.

g x{‘é]“

Multiplying mixed numbers
To multiply mixed numbers, first change any mixed number to an
improper fraction. Then multiply as shown earlier in this chapter.

—~
>
N
|
ool
SN—
X
—_—
|
O
—
Il
|
[~
A\|—

Example 12: Multiply.

3=%2

7

Change the answer, if in improper fraction form, back to a mixed number
and reduce if necessary. Remember, the rules for multiplication of signed
numbers apply here as well.

_10 _
_3><

5
%ng% or 7

A \o
D=

1ool
3774

Dividing fractions
To divide fractions, invert (turn upside down) the second fraction (the one
“divided by”) and multiply. Then reduce if possible.
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Example 13: Divide.

Here, too, the rules for division of signed numbers apply.

Dividing complex fractions
Sometimes a division of fractions problem may appear in the following
form (these are called complex fractions).

Example 14: Simplify.

INGI[SY)

[N

Consider the line separating the two fractions to mean “divided by.”
Therefore, this problem can be rewritten as follows:

Q:Z
4 8

Now, follow the same procedure as shown in Example 13.

\llm
|

N[N
.|.
oo |
N

RN

Dividing mixed numbers

To divide mixed numbers, first change them to improper fractions (see the
section “Multiplying mixed numbers” earlier in the chapter). Then follow
the rule for dividing fractions (see the “Dividing fractions” section earlier
in the chapter).



Chapter 2: Signed Numbers, Fractions, and Percents 27

Example 15: Divide.

[am—y

27 7

8 . 3
g‘zo 20

? g

Notice that after you invert and have a multiplication of fractions prob-
lem, you then may do early reducing when appropriate.

Simplifying Fractions
and Complex Fractions

If either numerator or denominator consists of several numbers, these
numbers must be combined into one number. Then reduce if possible.

Example 16: Simplify.

(@) 28+14_42
26+17 43
1.1 1.2 3 3
(b) 4+2: 474 :i=§+l:ixﬁ=20rlg
1,174,577 4 12 4777707
374 12712 12 '
_3 1 9
(©) S e =i=2+(_1)=2x —é =-2
. T A L 2 U
2 2 T2
@ 1+11= q :1+(11;5)_1+(11><4)_1+14:
L s K 5) 05
4 4
Lol L9 5.5
- =1+3=1x3=3
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Decimals

Fractions also may be written indecimal form (decimal fractions) as either
terminating, coming to an end (for example 0.3 or 0.125), or having an
infinite (never ending) repeating pattern (for example (0.666... or
0.1272727...).

Changing terminating decimals to fractions

To change terminating decimals to fractions, remember that all numbers to
the right of the decimal point are fractions with denominators of only 10,
100, 1000, 10,000, and so forth. Next, use the technique ofread iz, write
it, and reduce it.

Example 17: Change the following to fractions in lowest terms.

(a) 0.8
Read it: eight tenths
Write it: 10
Reduce it: 4
5
(b) —0.07
Read it: negative seven hundredths
7 :
Write it: 100 (can't reduce this one)

All rules for signed numbers also apply to operations with decimals.

Changing fractions to decimals
To change a fraction to a decimal, simply do what the operation says. In

other words 13 means 13 divided by 20. So do just that (insert decimal

points and zeros accordingly).
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Example 18: Change to decimals.
13
(@) 55
0.65

20)13.00 = 0.65
_2
b -3
=0.222...

9) 2.00000 =—0.222...

Changing infinite repeating decimals to fractions

Infinite repeating decimals usually are represented by putting a line over
(sometimes under) the shortest block of repeating decimals. This line is
called a vinculum. So you would write

0.3 to indicate .333 . . .
0.51 o indicate 515151 . ..
—2.147 o indicate ~2.1474747 . ..
Notice that only the digits under the vinculum are repeated.
Every infinite repeating decimal can be expressed as a fraction.

Example 19: Find the fraction represented by the repeating decimal 0.7.

Let » stand for 0.7 or 0.7777...
So 107 stands for 7.7 or 7.7777...

Because 107 and 7 have the same fractional part, their difference is an integer.

10n= 7.7

—n=—07
In=7
vl

Therefore, 0.7 = %



30 ciiffsNotes Algebra I Quick Review

Example 20: Find the fraction represented by the repeating decimal 0.36
0.36 or 0.363636...

Let 7 stand for
So 1007 stands for 36.36 or 36.363636...
Because 1007 and 7 have the same fractional part, their difference is an integer.
10072=36.36
-n= —036

99n= 36

Therefore,

Example 21: Find the fraction represented by the repeating decimal0.54.
0.54 or 0.54444...

Let 7 stand for
5.4 or 5.4444...

So 10# stands for
And 1007 stands for 54.4 or 54.4444...

Because 1007 and 107 have the same fractional part, their difference is

an integer.
100n= 54.4
~10n= —5.4
90n= 49
_49
=90

749
Therefore, 0.54= %

Percent
A fraction whose denominator is 100 is called apercent. The word percent

means hundredths (per hundred).
37% = 3

So
100
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Changing decimals to percents
To change decimals to percents,
1. Move the decimal point two places to the right.

2. Insert a percent sign.

Example 22: Change to percents.
(a) 0.09 = 9%
(b) 0.75 = 75%
(c) 1.85=185%
(d) 0.002 = 0.2%
(e) 8.7 = 870%

Changing percents to decimals
To change percents to decimals,

1. Eliminate the percent sign.

2. Move the decimal point two places to the left (sometimes,
adding zeros will be necessary).

Example 23: Change to decimals.

(@) 23%=0.23
(b) 5% =0.05
() 0.7% =0.007

20,=0.162
(d) 165%=0.165

Changing fractions to percents
There are two simple methods for changing fractions to percents.

Method 1
1. Change to a decimal.

2. Change the decimal to a percent.

31
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Example 24 (Applying method 1): Change to percents.
@) £=04=40%

(b) % =2.5=250%

(© zio =0.05=5%

Method 2
1. Make a proportion with the fraction on the left side of the equal
i X
sign and 100
2. Solve the proportion for x, then place a % sign to its right.

on the right side of the equal sign.

Example 24 (Applying method 2): Change to percents.

3 3_ x_
@ 7 =170
45 =300

x= % =75 ‘Therefore, % =75%.
2_,2__x
b 3-3=700
3x =200

_200_ 2 2_(c2,

x=3 663 Therefore, 3 663/0.
1 1 _ x
© 20 20=T00
20x =100

_ 100 _ 1 _ <
X=50 =5 Therefore, 20—5/0.
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Changing percents to fractions

There are two simple methods for changing percents to fractions.

Method 1
1. Drop the percent sign.

2. Write over one hundred.

3. Reduce if necessary.

Example 25a (Applying method 1): Change to fractions.

0 =00 _3
@ 60%=155=5
o _ 230 23( 3 )
(b) 230% = 100 = 10 |97 275
Method 2
1. Drop the percent sign.
- 1
2. Multiply by 100°

3. Reduce if necessary.

Example 25b (Applying method 2): Change to fractions.

(a) 662 29 5 662x-L = ﬁx—=

1
3100 }(i)(f

3
9
(b)1121%—>1121xL—éxL=20r1%

27100 1/@4)68

[SHI\}

33
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Memorizing the following can eliminate computations:

1 1 1 1 2 2
—=0.01=19 —-=0.125=12.5%=12=9 ==0.162=16=9
100 0.0 % 3 0.125=12.5% 22@ 6 0 63 63/0
L _0.1=109 2_1_ —959 2_1_ 1_3531,
0 0.1=10% 3= 4 0.25=25% =3 0.333 333/0
2 _1_yo-900 3= —3750=37109, 3_-1_(5-509
10" 5 0.2=20% 3 0.375=37.5% 372/0 =2 0.5=50%
3 _0.3=300 4_1_45_-509 4_2_ 2_6629
10 0.3=30% ) 0.5=50% 63 0.663 663/0
izgz = 0, i: = 0 = lO i: l: lO
075 0.4=40% 3 0.625=62.5% 622@ G 0.833 833/0
5 _1_g5-500 ©9-3_(p75=750
10°-2 0.5=50% 3™ 4 0.75=75%
in: = 0, Z: = 0 = lO
105 0.6 =60% 3 0.875=87.5% 872A)
L=0.7=70%
10
8 _4_5g=3809
105 0.8=80%
9 _09=909
10 0.9=90%

1=1.0=100%

2=2.0=200%

33=3.5=350%

Finding the percent of a number

To determine the percent of a number, change the percent to a fraction or
decimal (whichever is easier for you) and multiply. Remember, the word
of means multiply.
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Example 26: Find the percents of these numbers.

(a) 20% of 80 =

1
%x%_%:m or 0.20x80=16.00=16
5
(b) %%of18=
18_ 1 &9
X 1 _2 X 1 100 or 0.005x18=0.09

00

—_
(=3I
S

Other applications of percent

Turn the question word-for-word into an equation. For what, substitute
the letter x; for is, substitute an equal sign; for of, substitute a multiplica-
tion sign. Change percents to decimals or fractions, whichever you find
easier. Then solve the equation.

Example 27: Turn each of the following into an equation and solve.

(a) 18 is what percent of 902

18 =(x)(90)
18 _
90

1_.

5

20% =x  Therefore, 18 is 20% of 90.

(b) 10 is 50 percent of what number?
10 =(0.50)(x)

10 _
0.50
20=x Therefore, 10 is 50% of 20.
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(c) What is 15 percent of 602

3 3
ﬁ%xﬁ§=9 or x=0.15(60) = 9

Therefore, 9 is 15% of 60.

Percent—proportion method

Another simple method commonly used to solve percent problems is the
proportion or is/of method. First set up a blank proportion and then fill
in the empty spaces by using the following steps.

This method, using proportions with is/of, works for the three basic types
of percent questions.

%-number _ “is”-number
100 “of ”-number

Example 28a: 30 is what percent of 50?
The “is” number is 30. The % number is unknown, so call it x.

The “of” number is 50. Now replace these values in the appropriate posi-
tions in the proportion and solve for x.

_x_ _30
100 ~ 50

In this particular instance, it can be observed thatIGO—% 2—0 so the answer

is 60%. Solving mechanically on this problem would not be time
effective.

Example 28b: 30 is 20% of what number?

20 _30

100 «x

20x =3000
x =150

Therefore, 30 is 20% of 150.
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Example 28c: What number is 30% of 50?

30 _ x

100 50

100x =1500
x=15

Therefore, 15 is 30% of 50.

Scientific Notation

Very large or very small numbers are sometimes written inscientific nota-
tion. A number written in scientific notation is a decimal number between
1 and 10 multiplied by a power of 10.

Example 29: Express the following in scientific notation.

(a) 2,100,000 written in scientific notation is 2.1 X 10°. Simply
place the decimal point to get a number between 1 and 10 and
then count the digits to the right of the decimal to get the power
of 10.

2.100000.  moved 6 digits to the left

(b) 0.0000004 written in scientific notation is 4.0 X 107, Simply place
the decimal point to get a number between 1 and 10 and then count
the digits from the original decimal point to the new one.

.0000004.  moved 7 digits to the right

Notice that number values greater than 1 have positive exponents as the
power of 10 and that number values between 0 and 1 have negative expo-
nents as the power of 10.

Multiplication in scientific notation

To multiply numbers in scientific notation, multiply the numbers that are
between 1 and 10 together to get a whole number. Then add the expo-
nents on the 10’s to get a new exponent on 10. It may be necessary to
make adjustments to this answer in order to correctly express it in scien-
tific notation.
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Example 30: Multiply and express the answers in scientific notation.

o+l
(@) (2x107)(3x10*)=(2x3)x10*"* =6x10°
T x 17
I+ 1
(b) (6x10°)(5%107)=(6x5)x10"7 =30x10"
T x 7

This answer must be changed to scientific notation (first number
from 1 to 9):

30x 102 =3.0x 10" x 102 =3.0 x 103

Lo+ !
(9 (4x107)(2x10%)=(4x2)x10™" =8x10'
T x 7

Division in scientific notation

To divide numbers in scientific notation, divide the numbers that are
between 1 and 10 to get a decimal number. Then subtract the exponents
on the 10s to get a new exponent on 10. It may be necessary to make
adjustments to this answer in order to correctly express it in scientific
notation.
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Example 31: Divide and express the answers in scientific notation.

I -l
() (8x10°)+(2x10%)=(8+2)x10"" =4x10’
T +« 7

9
b) ZX10° _ (7. 4)%10°° =1.75%10°

4x10°
I - !
(©) (6x107)+(3x10”)=(6+3)x10""=2x10"
T + 7
N
(d) (2x10*)+(5x10%)=(2+5)x10*" =0.4x10
T os 1

This answer must be changed to scientific notation.

0.4%x10>°=4%x10"%x10%>=4x 10!

d - d
() (8.4><105)+(2.1><10‘4)= (8.4+2.1)x10°Y =4x10°
T o+ 7
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Chapter Check-0ut
1. -12+9=

(=2)(=3)(6) =
s L2
%

5. 5%+2%

6. Change to decimal: é

N

7. Change to fraction: 0.8
8. 15 is what percent of 60?
9.(3 x 109(2 x 10%) =

Answers: 1. =3 2. 36 3. 0 4. 5 5.12 5. 22 6.0.125 7. 8 8. 25%
9.6x 1012 5005 9



CHAPTER 3

TERMINOLOGY, SETS, AND
EXPRESSIONS

Chapter Check-In

U Set theory
U Algebraic expressions

a Evaluating expressions

U nderstanding the language of algebra and how to work with algebraic

expressions gives you a good foundation for learning the rules of

algebra.

Set Theory

A set is a group of objects, numbers, and so forth. {1,2,3} is a set consist-
ing of the numbers 1,2, and 3. Verbally, “3 is an element of the set
{1,2,3}.” To show this symbolically, use the symbol €, which is read as
“is an element of” or “is a member of.” Therefore, you could have
written:

3e{1,2,3}

Special sets

A subset is a set contained within another set, or it can be the entire set
itself. The set {1,2} is a subset of the set {1,2,3}, and the set {1,2,3} is a
subset of the set {1,2,3}. When the subset is missing some elements that
are in the set it is being compared to, it isa proper subset. When the
subset is the set itself, it is animproper subset. The symbol used to indi-
cate “is a proper subset of” is C. When there is the possibility of using an
improper subset, the symbol used is C. Therefore, {1,2} C {1,2,3} and
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{1,2,3} C {1,2,3}. The universal set is the general category set, or the set
of all those elements under consideration. The empty set, or null set, is
the set with no elements or members. The empty set, or null set, is repre-
sented by @, or { }. However, it is never represented by {©}.

Both the universal set and the empty set are subsets of every set.

Describing sets
Rule is a method of naming a set by describing its elements.

{x:x > 3, x is a whole number} describes the set with elements 4, 5, 6,....
Therefore, {x:x > 3, x is a whole number} is the same as {4,5,6,...}. kx> 3}
describes all numbers greater than 3. This set of numbers cannot be rep-
resented as a list and is represented using a number line graph, which is

discussed in Chapter 8.

Roster is a method of naming a set by listing its members.

{1,2,3} is the set consisting of only the elements 1,2, and 3. There are
many ways to represent this set using a rule. Two correct methods are as
follows:

{x:x < 4, x is a natural number}
{x:0 < x < 4, x is a whole number}

An incorrect method would be {x:0 < x < 4} because this rule includes
ALL numbers between 0 and 4, not just the numbers 1, 2, and 3.

Types of sets

Finite sets have a countable number of elements. For example, {,6,¢,d,¢}
is a set of five elements, thus it is a finite set. Infinite sets contain an
uncountable number of elements. For example, {1,2,3, ...} is a set with
an infinite number of elements, thus it is an infinite set.

Comparing sets
Equal sets are those that have the exact same members — {1, 2, 3} =
{3, 2, 1}. Equivalent sets are sets that have the same number of members —

{1,2,3} ~1{a, b, c}.
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Venn diagrams (and Euler circles) are ways of pictorially describing sets
as shown in Figure 3—1.

Figure 3-1 A Venn diagram

The A represents all the elements in the smaller oval; the B represents all
the elements in the larger oval; and the C represents all the elements that
are in both ovals at the same time.

Operations with sets

The union of two sets is a set containing all the numbers in those sets,
but any duplicates are only written once. The symbol for finding the
union of two sets is U.

Example 1. Find the union {1,2,3} U {3,4,5}.
{13233} U {3;435} = {1!2933475}

The union of the set with members 1, 2, 3 together with the set with
members 3, 4, 5 is the set with members 1, 2, 3, 4, 5.

The intersection of two sets is a set containing only the members that are
in each set at the same time. The symbol for finding the intersection of
two sets is M.

Example 2. Find the intersection {1,2,3} N {3,4,5}.
{1,2,3} N {3,4,5} = {3}

The intersection of the set with members 1, 2, 3 together with the set
with members 3, 4, 5 is the set that has only the 3.

If you were to let the set with {1,2,3} be setA4, and the set with {3,4,5} be
set B, then you could use Venn diagrams to illustrate the situation (see
Figure 3-2).
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Figure 3-2 Intersection of set A and set B

The union will be all the numbers represented in the diagram, {1,2,3,4,5}.
The intersection would be where the two ovals overlap in the diagram, {3}.

Example 3. Find {1,2,3} N {4,5}.

Since there are no members that are in both sets at the same time, then

{1,2,3} N {4,5} = ©.

The intersection of the set with members 1, 2, 3 together with the set
with members 4, 5 is the empty set, or null set. There are no members in
both sets at the same time.

Variables and Algebraic Expressions

A variable is a symbol used to denote any element of a given set—often
a letter used to stand for a number. Variables are used to change verbal
expressions into algebraic expressions.

Example 4: Give the algebraic expression.

Verbal Expression Algebraic Expression
The sum of a number nand 7 n+7o0r7+n
The number n diminished by 10 n-10
Seven times the number n 7n
x divided by 4 X
4
Five more than the product of 2 and n 2n+50r5+2n
Seven less than the quotient of yand 4 Y_5

4




Chapter 3: Terminology, Sets, and Expressions 45

m Key words denoting addition:
sum larger than enlarge
plus gain rise
more than increase grow
greater than

m Key words denoting subtraction:
difference smaller than  lower
minus fewer than diminish
lose decrease reduced
less than drop

m Key words denoting multiplication:
product times of
multiplied by  twice

m Key words denoting division:

quotient ratio

divided by half

Evaluating Expressions

To evaluate an expression, just replace the unknowns with grouping sym-
bols, insert the value for the unknowns, and do the arithmetic, making
sure to follow the rules for the order of operations.

Example 5: Evaluate each of the following:

@ab+cifa=5b=4,andc=3
5(4) + 3 =
20+3=23
(b)2x*+3y+6ifx=2andy=9
2(2) 2+309)+6=
2(4) +27 +6 =
8+27+6=
35+ 6 =41
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(c) —4p* +59—7if p=-3and g=-8
—4(=3)2+5(=8) -7 =
—4(9) +5(-8)—7 =
—36-40-7=-83
(d)";;‘+ 2 ifg=3b=-2,andc=7

b+c
G0), ()
=2 (=2)+(7)
10

(e) 5x°y*if x=-2and y=3

5(=2) (3)* =

5(-8)(9) =
—40(9) = -360

Chapter Check-0ut
1.{2,4,6} N{2,3,4} =

2' {334’5} U {536)7} =

3. True or False: {5,6} C {1,3,5}

4. Express algebraically: six more than three times a number 7.
5. Evaluate: 6x%yif x=-2and y = 4.

6. Evaluate: d%b—ﬂ—;b ifa=5,6=-1,and c= 3.

Answers: 1. {2,4} 2. {3,4,5,6,7} 3. False 4. 37 + 6 5. 96 6. 0



CHAPTER 4

EQUATIONS, RATIOS,
AND PROPORTIONS

Chapter Check-In

U Axioms of equality
U Solving equations

U Solving proportions for value

orking with variables and solving equations often are considered the

basis of algebra.

An equation is a mathematical sentence, a relationship between numbers
and/or symbols that says two expressions are of equal value.

Axioms of equality
For all real numbers 4, 4, and ¢, the following are some basic rules for
using the equal sign.

B Reflexive axiom: 2 = 4.
Therefore, 4 = 4.
B Symmetric axiom: If 2 = 4, then 6 = a.
Therefore, if 2 + 3 =5, then 5 =2 + 3.
B Transitive axiom: If 2= band b= ¢, thena = ¢

Therefore, if 1 +3=4and4=2+2,then1+3=2+2.
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B Additive axiom of equality: If 2 = band c=d, thena + c= b + d.
Therefore,if 1 + 1=2and3+3=6,then1+1+3+3=2+6.
B Multiplicative axiom of equality: If 2 = b and ¢ = 4, then ac = bd.

. 2 8 218
Therefore, if 1 = ) and 4 = > then 1(4) = (E)(E)

Solving equations

Remember that an equation is like a balance scale with the equal sign (=)
being the fulcrum, or center. Thus, if you do the same thing to each side of
the equation (say, add 5 to each side), the equation will still be balanced.

Example 1: Solve for x.
x—=5=23

To solve the equation x — 5 = 23, you must get x by itself on one side;
therefore, add 5 to each side of the equation.

x—5=23
+5 +5
x =28

In the same manner, you may subtract, multiply, or divide both sides of
an equation by the same (nonzero) number, and the solution will not
change. Sometimes you may have to use more than one step to solve for
an unknown.

Example 2: Solve for x.
3x+4=19

Subtract 4 from each side of the equation to get the 3 x by itself on one
side.

3x+4=19
-4 —4
3x =15

Then divide each side of the equation by 3 to get .
3x_15
3 3
x=5
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Remember that solving an equation is using opposite operations until the
letter is on a side by itself (for addition, subtract; for multiplication,

divide; and so forth).

To check, substitute your answer into the original equation.

3x+4=19
3(5)+4=19
15+4=19
19=19
Example 3: Solve for x.
X_4=2
5
Add 4 to each side of the equation.
X_4=2
5
+4 +4
x
X —6
5

Multiply each side of the equation by 5 to get x.
x
= |= 6
5( 5 ) 5(6)

x =30

Example 4: Solve for x.

Add 6 to each side of the equation.
%x—6:12
+6 +6

%x -18
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Multiply each side of the equation by% (same as dividing by %)

{33
15

ek
i
x=30
Example 5: Solve for x.
S5x=2x-6
Subtract 2x from each side of the equation.
Sx = 2x-06
—2x  —2x
3x = -6

Divide each side of the equation by 3.

3x_ 6
3 3
x=-2
Example 6: Solve for x.
6x+3=4x+5
Subtract 4x from each side of the equation.
6x+3= 4x+5
—4x - 4x
2x+3= 5

Subtract 3 from each side of the equation.
2x+3= 5

-3 -3

2x = 2
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Divide each side of the equation by 2.

20_2
2 2
x=1

Literal equations
Literal equations have no numbers, only symbols (letters).

Example 7: Solve for ¢.
p—x=)y
First add x to each side of the equation.

P—x=)
+x +x

@ =y+x

Then divide each side of the equation by p.

Q:y+x

4 V4
:y+x
7 p

Operations opposite to those in the original equation were used to isolate
g. (To remove the —x, an x was added to each side of the equation.
Because the problem has ¢ times p, each side of the equation was divided

by p.
Example 8: Solve for y.

=c

J
x

Multiply each side of the equation by x to get y alone.

x(%j =x(c)

Jy=xc



52  ciiffsNotes Algebra I Quick Review

Example 9. Solve for x.
ax+b=cx+d
Subtract ex from each side of the equation.

ax+ b =cx + d

— X — X

ax—cx+b = d
(a—c)x+b = d

ax — cx = (a — ¢)x by the distributive property.

Subtract & from each side of the equation.

(a—c)x+b=d
-b -b
(a—c)x =d—b

Divide each side of the equation by (2 — ¢).

(a—c)x=d-b
(a—)x _d—b
(a—c¢) a-c
_d—b

x_
a—c

Ratios and Proportions

Ratios and proportions are not only used in arithmetic, but are also com-
monly used in algebra (and geometry). The definitions given in this chap-
ter are the same as those used in arithmetic.

Ratios
A ratio is a method of comparing two or more numbers or variables.
Ratios are written as 2:6 or in working form, as a fraction.

% or % is read " is to 4"
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Notice that whatever comes after the “to” goes second or at the bottom
of the fraction.

Proportions
Proportions are written as two ratios (fractions) equal to each other.

Example 10: Solve this problem for x.
pistogasxistoy

First the proportion may be rewritten.
9

Now simply multiply each side by y.

Example 11: Solve this proportion for z.
sistotasristoq

Rewrite.

BN

e
t

Multiply each side of the equation by the common denominator,zg, and
do early reducing.

D)< = O )L
/ q
gs=tr
Note that the result is the same as if you had “cross-multiplied” through

the equal sign. In future examples, this method is referred to as
“cross-multiply.”
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Divide each side of the equation by 7.

r_w
roor
s s
q—ztor tzq—
7 r

Solving proportions for value
Follow the procedures given in Examples 10 and 11 to solve for the
unknown.

Example 12: Solve for x.

BN
VN[

Cross multiply.
4)(5) =2x
20 = 2x
Divide each side of the equation by 2.

20 _2x
2 2
10=x

Example 13: Solve for x.

2x—4 _
3x+6

2
5

Cross multiply.
5(2x—4) =2(3x+06)
Use the distributive property.
10x—20 = 6x + 12



Chapter 4: Equations, Ratios, and Proportions

Subtract 6x from each side of the equation.
10x—20= 6x+12
—6x —6x
4x—20 = 12

Add 20 to each side of the equation.

4x—20 = 12
+20 =+20
4x = 32

Divide each side of the equation by 4.

4x _ 32
4 4
x=8

Chapter Check-0ut

1. Trueor false: If = band & = ¢, then a = c.
2. Solve for x: %— 5=38.

3.Solve forx: 7x+3=5x+7

4. Solve for m: mn—r=gq.

5. Solve for x: £ = é
x ¢

6. Solve for y: misto nasyisto z.

3

7. Solve forx: — =7C.
x 5

qtr _ac mz
5.{76.}17.10

n

Answers: 1. True 2. 52 3. 2 4.

95






CHAPTER 5

EQUATIONS WITH
TWO VARIABLES

Chapter Check-In

U Solving systems of equations
1 Addition/subtraction method
0 Substitution method

U Graphing method

fyou have two different equations with the same two unknowns in each,
you can solve for both unknowns.

Solving Systems of Equations
(Simultaneous Equations)

There are three common methods for solving: addition/subtraction,
substitution, and graphing.

Addition/subtraction method
This method is also known as the elimination method.

To use the addition/subtraction method, do the following:

1. Multiply one or both equations by some number(s) to make the
number in front of one of the letters (unknowns) the same or
exactly the opposite in each equation.

2. Add or subtract the two equations to eliminate one letter.
3. Solve for the remaining unknown.

4. Solve for the other unknown by inserting the value of the
unknown found in one of the original equations.
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Example 1: Solve for x and y.

x+y=7
x—y=3
Adding the equations eliminates the y-terms.
x+y=7
x—y=3
2x =10
25 _10
2 2
x=5

Now inserting 5 for x in the first equation gives the following:

S5+y=7
=5 -5
y=2

Answer: x =5,y =2

By replacing each x with a 5 and eachy with a 2 in the original equations,
you can see that each equation will be made true.

In Example 1 and Example 2, a unique answer existed for x and y that

made each sentence true at the same time. In some situations you do not
get unique answers or you get no answers. You need to be aware of these

when you use the addition/subtraction method.

Example 2: Solve for x and y.
3x+3y=24
2x+y=13

First multiply the bottom equation by 3. Now they is preceded by a 3 in
each equation.

3x+3y=24 3x+3y=24
312 x) + 3(y) = 3(13) 6x + 3y =39
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The equations can be subtracted, eliminating the y terms.

3x+ 3y= 24
—6x+(=3y)=-39
—3x =-15
=B3x _ =15
-3 3

x=5

Insert x = 5 in one of the original equations to solve for y.

2x+y=13

2(5) +y=13
10+y= 13

-10 -10

y=3

Answer: x=5,y=3

29

Of course, if the number in front of a letter is already the same in each
equation, you do not have to change either equation. Simply add or

subtract.

To check the solution, replace eachx in each equation with 5 and replace

each y in each equation with 3.

3x+3y=24 2x+y=13
35)+3(3) =24 2(5)+(3)=13
15+9=24 10+3=13

24 =24, 13=13v

Example 3. Solve for @ and 6.
3a+4b=2
6a+8b=4
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Multiply the top equation by 2. Notice what happens.
2(3 a) +2(46) = 2(2) 6a+8b=4
6a+8b=4 6a+8b=4
Now if you were to subtract one equation from the other, the resultis 0 = 0.
This statement is always true.

When this occurs, the system of equations does not have a unique solu-
tion. In fact, any 2 and & replacement that makes one of the equations
true, also makes the other equation true. For example, if 2 =—-6 and
b =5, then both equations are made true.

[3(=6) +4(5) = 2 AND 6(- 6) + 8(5) = 4]

What we have here is really only one equation written in two different
ways. In this case, the second equation is actually the first equation mul-
tiplied by 2. The solution for this situation is either of the original equa-
tions or a simplified form of either equation.

Example 4. Solve for x and y.

3x+4y=5
6x+8y=9
Multiply the top equation by 2. Notice what happens.
2(3 x) +2(4y) = 2(5) 6x + 8y =10
6x+8y=9 6x+8y=9

Now if you were to subtract the bottom equation from the top equation,
the result is 0 = 1. This statement is never true. When this occurs, the
system of equations has no solution.

In Examples 1-4, only one equation was multiplied by a number to get
the numbers in front of a letter to be the same or opposite. Sometimes
each equation must be multiplied by different numbers to get the num-
bers in front of a letter to be the same or opposite.

Example 5. Solve for x and y.
3x+4y=5
Sx—06y=2
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Notice that there is no simple number to multiply either equation with
to get the numbers in front of x or y to become the same or opposites. In
this case, do the following:

Select a letter to eliminate.

2. Use the two numbers to the left of this letter. Find the least com-
mon multiple of this value as the desired number to be in front of
each letter.

3. Determine what value each equation needs to be multiplied by to
obtain this value and multiply the equation by that number.

Suppose you want to eliminatex. The least common multiple of 3 and 5,
the number in front of thex, is 15. The first equation must be multiplied
by 5 in order to get 15 in front of x. The second equation must be mul-
tiplied by 3 in order to get 15 in front of x.

5(3 x) + 5(4y) = 5(5) 15x + 20y = 25
3(5 x) —3(6y) = 3(2) 15x—18y =6

Now subtract the second equation from the first equation to get the
following:

38y=19
_19 _1
)/_38 rr=y

At this point, you can either replace y with % and solve for x (method 1

that follows), or start with the original two equations and eliminate y in
order to solve for x (method 2 that follows).

Method 1

Using the top equation: Replace y with % and solve for x.

3x+4y=5

1)_
3x+4(2) 5
3x+2=5
3x=3

x=1
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Method 2
Eliminate y and solve for x.

The least common multiple of 4 and 6 is 12. Multiply the top equation
by 3 and the bottom equation by 2.

3(3 x) + 3(4y) =3(5) 9x+12y=15
2(5 x) —2(6y) = 2(2) 10x—12y = 4
Now add the two equations to eliminate y.
19 x=19
x=1
The solutionisx=1and y = %

Substitution method
Sometimes a system is more easily solved by thesubstitution method. This
method involves substituting one equation into another.

Example 6: Solve for x and y.
x=y+38
x+3y=48
From the first equation, substitute (y + 8) for x in the second equation.
(y+8) + 3y =48
Now solve for y. Simplify by combining y’s.

4y+8= 48
-8 -8
4y =40
4y _ 40
4 4

y=10
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Now insert y’s value, 10, in one of the original equations.

x=y+38
x=10+38
x=18
Answer: y = 10, x =18
Check the solution.
x=y+8 x+3y=48
18=10+8 18+3(10) =48
18=18v 18+30=48
48=148v
Example 7. Solve for x and y using the substitution method.
5x + 6y =14
y—4x=-17

9

First find an equation that has either a “1” or “ — 17 in front of a letter.

Solve for that letter in terms of the other letter.
Then proceed as in example 6.
In this example, the bottom equation has a “1” in front of the y.

Solve for y in terms of x.

y—4x=-17
y=4x-17
Substitute 4x — 17 for y in the top equation and then solve for x.
5x + 6y =14
5x + 6(4x—17) = 14
5x + 24x—102 = 14

29 x—=102 = 14
29 x=116
o116 _ 4
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Replace x with 4 in the equation y — 4x = —17 and solve for y.

y—4x=-17

—4(4) =-17

-16=-17
y=-1

The solution is x = 4, y = —1.

Check the solution:

5x + 6y =14 y—dx=-17
5(4) + 6(-1) = 14 -1 -4(4) =-17
20-6=14 -1-16=-17

14 = 14v -17=-17v

Graphing method

Another method of solving equations is by graphing each equation on a
coordinate graph. The coordinates of the intersection will be the solution
to the system. If you are unfamiliar with coordinate graphing, carefully
review the chapter on coordinate geometry (see Chapter 9) before
attempting this method.

Example 8: Solve the system by graphing.
x=4+y
x—3y=4

First, find three values for x and y that satisfy each equation. (Although
only two points are necessary to determine a straight line, finding a third
point is a good way of checking.) Following are tables of x and y values:

X =4+y x—3y=4
X y X y
4 0 1 -1
2 -2 4 0
5 1 7 1

Now graph the two lines on the coordinate plane, as shown in Figure 5-1.
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Figure 5-1 The graph of lines x= 4 + y and x - 3y = 4 indicating the
solution.
y
1 1 (I[]'U)_ 1 1 1 1 1 1
T T T 1 T T T (4'0)I T T
_h
T
vX* T
7 1

The point where the two lines cross (4, 0) is the solution of the system.

If the lines are parallel, they do not intersect, and therefore, there is no
solution to that system.

Example 9. Solve the system by graphing.

3x+4y=2
6x+ 8y =4
Find three values for x and y that satisfy each equation.
3x+4y=2 Ox+ 8y =4
Following are the tables of x and y values. See Figure 5-2.
3x+4y=2 6x+8y=4
x ly x |y
o |1 o |1
2 2
2 -1 2 -1
4 |3 4 1.5
12 S
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Figure 5-2 The graph of lines 3x + 4y =2 and 6x + 8y = 4 indicating the
solution.

Notice that the same points satisfy each equation. These equations repre-
sent the same line.

Therefore, the solution is not a unique point. The solution is all the
points on the line.

Therefore, the solution is either equation of the line since they both rep-
resent the same line.

This is like Example 3 when it was done using the addition/subtraction
method.

Example 10. Solve the system by graphing.
3x+4y=4
6x + 8y =16

Find three values for x and y that satisfy each equation. See the following
tables of x and y values:

3x+4y=4 6x+ 8y =16
x Iy x v
0 1 0 2
2 |_1 2 1

2 2
4 -2 4 —1_
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In Figure 5-3, notice that the two graphs are parallel. They will never
meet. Therefore, there is no solution for this system of equations.

Figure 5-3 The graph of lines 3x + 4y =4 and 6x + 8y = 16, indicating the
solution.

/)

-10L

No solution exists for this system of equations.

This is like Example 4 done using the addition/subtraction method.

Chapter Check-0ut

1. Use the addition/subtraction method to solve for x and y.
8x+2y=7

3x—4y=5

2. Use the substitution method to solve for # and 4.
a=b+1

a+2b=7
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3. Use the graphing method to solve for x and y.
2x—=3y=0
xX+y=5
4. Use any method to solve the system of equations.
4x+6y=10
6x+9y=15
5. Use any method to solve the system of equations.
3x+y=3
Gx +2y=12
Answers: 1.x=1,y=—%2.a: 3,b=2

3.

: : T T T T :
-10 9 -8 -7 6 5 4 -3 2

x=3,y=2
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4. No unique solution. Anyx and y that makes 4x + 6y = 10 true or makes
6x + 9y = 15 true is a solution. Also, any x and y that makes 2x + 3y = 5
true is also a solution. Both original equations can be simplified to
2x + 3y =5. 5. No solution.






CHAPTER 6

MONOMIALS, POLYNOMIALS,
AND FACTORING

Chapter Check-In

U Monomials

U Operations with monomials
U Negative exponents

U Polynomials

U Operations with polynomials

U Factoring

ne of the basic skills used in algebra is the ability to work with mono-
mials and polynomials. Factoring polynomial expressions is another
important basic skill, but before you can factor, you must review the basics.

A monomial is an algebraic expression that consists of only one term. (A
term is a numerical or literal expression with its own sign.) For instance,
9x, 4a*, and 3mpx?* are all monomials. The number in front of the vari-
able is called the numerical coefficient. In 9x, 9 is the coefficient.

Adding and subtracting monomials

To add or subtract monomials, follow the same rules as with signed num-
bers (see Chapter 2), provided that the terms are alike. Notice that you add
or subtract the coefficients only and leave the variables the same.
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Example 1: Perform the operation indicated.

(@) 15x°yz
—18x2yz
—-3x7yz
(b) 3x + 2x = 5x
(© 9y
-3y
6y
(d) 17g + 8¢ — 3q — (—44q) =
22q - (—4q) =

22q + 4q = 26q
Remember that the rules for signed numbers apply to monomials as well.

Multiplying monomials
Reminder: The rules and definitions for powers and exponents (see Chap-
ter 1) also apply in algebra.
5.5=5% and x - x = x

Similarly, 2-a-a-b- b= a6
To multiply monomials, add the exponents of the same bases.
Example 2: Multiply the following.

@ () =74 7

(b) () () = (2% (yy?) = 22+ 31 +2 = x5y

(c) (6k°)(5k%) = (6 X 5)(k°k*) = 30/° *% = 30/’ (multiply numbers)

(d) —4(m’n)(3m*n®) = [(A)(3))(m*m*) (nn?) =

12m** 45! *3 = 12m%%* (multiply numbers)
(e) (6‘2)(63)(C4) — 62+3 +4 — C9
() (3a°b°0)(b*c*d) = 3(a®)(B°6%) (ecH)(d) = 326>+ 2 +2d = 3a*b°cPd

Note that in example (d) the product of —4 and -3 is +12, the product of
m? and m* is m®, and the product of 7 and 7’ is 7%, because any monomial
having no exponent indicated is assumed to have an exponent of 1.
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When monomials are being raised to a power, the answer is obtained by
multiplying the exponents of each part of the monomial by the power to
which it is being raised.
Example 3: Simplify.

@ (@) =

(b) (x3y2)4 - xlzys

(C) (2x2y3)3 — (2)3 x6y9 - 8x6)/9

Dividing monomials
To divide monomials, subtract the exponent of the divisor from the expo-
nent of the dividend of the same base.

Example 4: Divide.

15

(a) );_4:)}11 Of_}’15+_}/4:)/11
) L=
ENNEE
Xy
476
(c) % =—44°b" (divide the numbers)
15
@ e
5
(e) x—8=% (may also be expressedasx%)
X' x
o 2)
Xy

You can simplify the numerator first.

_3(99,)(39,2) ~ _3xly
xy xy
Or, because the numerator is all multiplication, you can reduce,

—3(5 )(xf)
¥

2

:-33@/

=—3xy 2
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Working with negative exponents

Remember, if the exponent is negative, such asx~, then the variable and
exponent may be dropped under the number 1 in a fraction to remove
the negative sign as follows.

Example 5: Express the answers with positive exponents.

- b
(a) a 2524—2

(¢ (425_3)(4_154)245
a’-al=a

b b= b

Polynomials

A polynomial consists of two or more terms. For example, x + y, y* — x?,

and x* + 3x + 5y* are all polynomials. A binomial is a polynomial that
consists of exactly two terms. For example, x + y is a binomial. A trino-
mial is a polynomial that consists of exactly three terms. For example,
y* + 9y + 8 is a trinomial.

Polynomials usually are arranged in one of two ways.Ascending order is
basically when the power of a term increases for each succeeding term.

For example, x + x? + x® or 5x + 2x* — 3x® + x° are arranged in ascending
order. Descending order is basically when the power of a term decreases
for each succeeding term. For example, x® + x? + x or 2x* + 3x? + 7x are
arranged in descending order. Descending order is more commonly used.

Adding and subtracting polynomials

To add or subtract polynomials, just arrange like terms in columns and then
add or subtract. (Or simply add or subtract like terms when rearrange-
ment is not necessary.)
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Example 6: Do the indicated arithmetic.
(a) Add the polynomials.
at+ ab+ b’
34’ +4ab—2b°
4a*+5ab— b’
(b) 5y—3x) + 9y + 4x) =
(5 y=3%)+ 9y +4x) = (57 + ) + (-3x + 4x) = 14y + xor x + 14y

(¢) Subtract the polynomials.

at+b? at+b?
—Q2a*-b*) > 2a’+b°
—a’+2b?

(d) (3 cd— 6mt) — (2cd — 4mt) =

3 cd—6mt)+ (-2cd +4mt) = (Bcd—2cd) + (=6 mt + 4 mt) =
cd — 2mt

(€) 3a’bc+2ab’c+4a’bc+5ab’c=
3a’bc+2ab’c
+4a’be+5ab’c
7atbc+7ab’c
or
3a’bc+2ab’c+4a’be+5ab’c = (Sazbc + 442bc)+ (24/726 + Sabzc)
=7a’bc+7ab’c
Multiplying polynomials

To multiply polynomials, multiply each term in one polynomial by each
term in the other polynomial. Then simplify if necessary.
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Example 7: Multiply.

2x—2a 21

X 3x+ a X 23
+2ax—2a"  similar to 63

6x* — Gax ﬁ
6x’ —4ax—2a’ 483

Or you may want to use the ‘F.O.LL.” method with binomials. F.O.IL.L.
means First terms, Outside terms, Inside terms, Last terms. Then sim-
plify if necessary.

Example 8: Multiply.
Bx+ a)(2x—2a) =

Multiply first terms from each quantity.

~L first slx
(Bx+a)(2x—2a)=6x"

Now outside terms.

xl/ outside sl/
(Bx+a)(2x—2a)=6x" —6ax

Now inside terms.
sl/ inside\l/
(Sx +a )(Zx - 2a) =6x° —6ax+ 2ax

Finally /ast terms.

bl 1

(Bx+a)(2x—2a) =6x> —6ax+2ax—2a’

Now simplify.

6x* — Gax + 2ax — 2a* = 6x* — dax — 24°
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Example 9: Multiply.
(x+y)(x+y+z)=
xtytz
X x+y

xy+y2+yz
+x2+xz+xy

P +xz+2xp+ )0+ g2

This operation also can be done using the distributive property.
(x+)Px+y+2) =x(x+y+2) +yx+y+2)

= X+ xy+xz+x)+ )0+ )z

= X+ 2xy + Xz + Yz + )

Dividing polynomials by monomials

To divide a polynomial by a monomial, just divide each term in the poly-
nomial by the monomial.

Example 10: Divide.

(@) (6x”+2x)+(2x)=

6x2+2x=
2x
6x* | 2x _
o + o =3x+1
(b) (1647—12as)+(442)=
164" =124’ _
4a*
164" 124° — 44’ —34°

4a® 4a’®
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Dividing polynomials by polynomials

To divide a polynomial by a polynomial, make sure both are in descending
order; then use long division. (Remember: Divide by the first term, mul-
tiply, subtract, bring down.)

Example 11: Divide 44° + 184 + 8 by a + 4.
First divide # into 44° 4a

a+4)4a’ +184+8

:

Now multiply 44 times (¢ +4)  4a

a+4)4a’ +184+8

:

4a* +16a

Now subtract. 4a

a+4)4a’ +18a4+8

:

442+164)

—

24

Now bring down the 8. 4a

a+4)4a*+184+8

:

4a2+164>

—

2a+8

Now divide # into 2a4. 4a + 2

a+4)4a* +184+8

:

4a2+16a>

—

2a+8
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Now multiply 2 times (2 +4). 4a+2

a+4i4a2 +184+38
—(442+16¢z)

2a4+38

2a+8

4a+2

a+4i442+18a+8

—(4az+164)

Now subtract.

2a+8

—(2a+38)

0

4a+2 23
a+4j442+184+8 53)1219
—(442 + 164) similar to —(106)
2a+8 159
—(22+8) —(159)

0 0

Example 12: Divide.

(a) (3x2 +4x+1)+(x+1)
3x+1

x+153x2+4x+1

—(3x° +3x)
x+1
(4D
0
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(b) (2x+1+x%)+(x+1)=

First change to descending order: x> +2x+1. Then divide.
x+1

x+1ix2+2x+1

—(x* +x)
x+1
—(x+1)
0

(c) (m3 —m)+(m+1) =
Note : When terms are missing, be sure to leave proper room

between terms.
2
m-—m
m+1im3+0m2 —m
—(m® +m?)
—m’—m
—(—=m*—m)

0

d (1042 —294—21)+(2a—7)=
54+3
24—7)1042 —294-21

—(1042> = 354)
6a-21
—(6a—-21)

0
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() (x*+2x+4)+(x+1)=

x + 1 (with remainder 3)

x+1ix2+2x+4

—(x*+ x)
x+4
—(x+1)
3
This answer can be rewritten as x+1+ %

Factoring

To factor means to find two or more quantities whose product equals the
original quantity.

Factoring out a common factor

To factor our a common factor, (1) find the largest common monomial
factor of each term and (2) divide the original polynomial by this factor
to obtain the second factor. The second factor will be a polynomial.

Example 13: Factor.
(a) 5x% + 4x = x(5x + 4)

(b) 2y° — 6y = 29(5> - 3)
(€) ¥ —4x® + x* =x*(x> —4x + 1)

When the common monomial factor is the last term, 1 is used as a place
holder in the second factor.

Factoring the difference hetween two squares

To factor the difference between two squares, (1) find the square root of
the first term and the square root of the second term and (2) express your
answer as the product of the sum of the quantities from Step 1 times the
difference of those quantities.
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Example 14: Factor.

(@) x> =144 = (x + 12)(x = 12)
Note: x* + 144 is not factorable.

b)a?—b*=(a+ b)(a—b)

(© 9*-1=0Cy+1)3By-1)

Factoring polynomials having three terms of the form
ax2+bx+c

To factor polynomials having three terms of the form ax? + bx + ¢,
(1) check to see whether you can monomial factor (factor out common
terms). Then if 2 = 1 (that is, the first term is simply x?), use double
parentheses and factor the first term. Place these factors in the left sides
of the parentheses. For example,

& )l )

(2) Factor the last term and place the factors in the right sides of the
parentheses.

To decide on the signs of the numbers, do the following. If the sign of
the last term is negative, (1) find two numbers (one will be a positive
number and the other a negative number) whose product is the last term
and whose difference is the coefficient (number in front) of the middle
term and (2) give the larger of these two numbers the sign of the middle
term and the opposite sign to the other factor.

If the sign of the last term is positive, (1) find two numbers (both will be
positive or both will be negative) whose product is the last term and
whose sum is the coefficient of the middle term and (2) give both factors
the sign of the middle term.

Example 15: Factor x* — 3x — 10.

First check to see whether you can monomial factor (factor out common
terms). Because this is not possible, use double parentheses and factor the
first term as follows: (x ) (x ). Next, factor the last term, 10, into 2
times 5 (5 must take the negative sign and 2 must take the positive sign
because they will then total the coefficient of the middle term, which is
—3) and add the proper signs, leaving

(x=5)(x+2)
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Multiply means (inner terms) and extremes (outer terms) to check.
outer
2 l
(x =5)(x+2) 2x—5x=-3x (which is the middle term)
T

—5x
mmner

To completely check, multiply the factors together.
x=5
X x+2
+2x-10

+x?—5x

x> =3x—10

Example 16: Factor x* + 8x + 15.
(x+3)x+5)

Notice that 3 X5 = 15 and 3 + 5 = 8, the coefficient of the middle term.
Also note that the signs of both factors are +, the sign of the middle term.

To check,
outer
2 l
(x+3)(x+5) 5x+3x=8x (which is the middle term)
T

3x
inner

Example 17: Factor x* — 5x — 14.
(x=7)x+2)
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Notice that 7 X 2 = 14 and 7 — 2 = 5, the coefficient of the middle term.
Also note that the sign of the larger factor, 7, is —, while the other factor,
2, has a + sign. To check,

outer
2x
) l
(x—=7)x+2) 2x—7x=-5x (which is the middle term)
T

~7x
inner

If, however, 2 # 1 (that is, the first term has a coefficient—for example,
4x? +5x + 1), then additional trial and error will be necessary.

Example 18: Factor 4x? +5x + 1.

(2x+ )(2x+ ) might work for the first term. But when 1s are used as
factors to get the last term, (2x + 1)(2x + 1), the middle term comes out
as 4x instead of 5x.

outer
l d
QRx+1)2x+1) 2x+2x=4x
T

2x
inner

Therefore, try (4x+ )+ ). Now using Is as factors to get the last terms
gives (4x + 1)(x + 1). Checking for the middle term,

outer
\2 \2
(4x +1D)(x+1) 4dx+x=5x
T7

X

inner

Therefore, 4x? + Sx+ 1 = (4x + 1)(x + 1).
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Example 19: Factor 44° + 64 + 2.

Factoring out a 2 leaves
2Q2a* + 3a + 1)

Now factor as usual, giving
2Qa+ 1)(a+ 1)

To check,

outer
\2 \2
2a+1)(a+1) 2a+a=3a (the middle term after 2 was factored out)

T

a
inner

Example 20: Factor 5x% + 6x% + x.
Factoring out an x leaves

x(5x% + 6x + 1)
Now factor as usual, giving

xOx+ D(x+1)
To check,

outer
5x

l l
5x+ 1D)(x+1) 5x+x=06x (the middle term after x was factored out)

T

x
nner

Example 21: Factor 5 + 76 + 26* (a slight twist).
(5+2b6)(1 +0)
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To check,
outer
)
l l
(5+26)Q+6) 5b+2b=7b (the middle term)
T

2b
inner

Note that (5 +6)(1 + 26) is incorrect because it gives the wrong middle term.
Example 22: Factor x? + 2xy + y°.

(x+9)(x+y)
To check,

outer
\A \J
(x+ y)(x+y)  xy+xy=2xy (the middle term)
T7

9
inner

Example 23: Factor 3x* — 48.
Factoring out a 3 leaves
3(x*—106)

But x? — 16 is the difference between two squares and can be further fac-
tored into (x + 4)(x — 4). Therefore, when completely factored, 3x* — 48 =
3(x +4)(x—4).

Factoring by grouping
Some polynomials have binomial, trinomial, and other polynomial
factors.

Example 24: Factor x + 2 + xy + 2.

Since there is no monomial factor, you should attempt rearranging the
terms and looking for binomial factors.

X+2+x)+2y=x+xy+2+2y
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Grouping gives
(x+x9) + (2 +2y)
Now factoring gives
x(1+y) +2(1+y)
Using the distributive property gives
(x+2)(1 +y)

You could rearrange them differently, but you would still come up with
the same factoring.

Summary of the factoring methods

When factoring polynomials, you should look for factoring in the follow-
ing order.

Look for the greatest common factor if one exists.

If there are two terms, look for the difference of square numbers.

If there are three terms, look for a pattern that applies to ax* + bx + c.

N -

If there are four or more terms, look for some type of regrouping
that will lead to other factoring.

Note: There are polynomials that are 7ot factorable.

Example 25: Factor 2x* + 3x + 5.

1. This polynomial does not have a common factor.

2. This polynomial is not a difference of square numbers.

3. Thereisno (_x )(_x ) combination that produces 2x* + 3x + 5.
4

Since there are only three terms, there is no regrouping possibility.

Therefore, this polynomial is not factorable.

Chapter Check-0ut

1. mr? + 3mr* — Smr? =
2. () () =
3. (4y)’ =

2 4 2
x“y'z

xy°z
5. Express the answer with positive exponents: 2726 =
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6. (7 x+4y)— (Bx—06y) =
7.2x+yBx—y =
8. Factor: 6x® — 3x?
9. Factor: x*—9
10. Factor: x? — 4x — 45
11. Factor: m? — 2mn — 3n*

12. Factor:xy + 3y +x+ 3

Answers: 1. —m7” 2. x°y° 3. 64x’y'? 4. xz 5. 4% 6. 4x+ 10y 7. 6x* + xy—3*

8.3x(2x—1) 9. (x + 3)(x—3) 10. (x — 9)(x+ 5) 11. (m—3n)(m + n)
12. (y + 1)(x + 3)



CHAPTER 7
ALGEBRAIC FRACTIONS

Chapter Check-In

U Defining algebraic fractions

U Adding algebraic fractions

U Subtracting algebraic fractions
U Multiplying algebraic fractions

U Dividing algebraic fractions

lgebraic fractions are fractions using a variable in the numerator or
denominator, such as 2. Because division by 0 is impossible, variables

x
in the denominator have certain restrictions. The denominator cannever
equal 0. Therefore, in the fractions

2 x cannot equal 0 (x # 0)

x

2

x cannot equal 3 (x # 3)

x=3

3 a—b cannotequal 0 (@ — 6 #0)
a—2b 0 @ cannot equal & (a # b)
4 neither 2 nor & can equal 0.
a’b (a#0,6#0)

Be aware of these types of restrictions.
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Operations with Algebraic Fractions

Many techniques will simplify your work as you perform operations with
algebraic fractions. As you review the examples in this chapter, note the
steps involved in each operation and any methods that will save you time.

Reducing algebraic fractions
To reduce an algebraic fraction to lowest terms, first factor the numerator
and the denominator; then reduce, (or divide out) common factors.

Example 1: Reduce.

4X3:££:lxm£
8x> }g%/ 2 2
3x—3 _3(x-1 _3=D _3
4x—4 4(x—-1) 4M 4

x+2x+1_ (x+1D(x+1) _ M(x+l) x+1

© 5 T Bx+1) 3 (x#T) 3

(a)

®)

Warning: Do not reduce through an addition or subtraction sign as
shown here.

x+2¢%+2¢5
or
x+6 x+6¢x

Multiplying algebraic fractions

To multiply algebraic fractions, first factor the numerators and denomina-
tors that are polynomials; then, reduce where possible. Multiply the
remaining numerators together and denominators together. (If you’ve
reduced properly, your answer will be in reduced form.)
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Example 2: Multiply.

2x ) _2%y _ 2y
@ 5T 35 T

b 22 a2 2

3y 3x 3/3{4_ 9
@ Xl . Jy*2 _ x+1  J*2
59+10 x?+4+2x+1 5(y+2) (x+1)(x+1)
_ ) D
5 (p+7) j,vl(l/)l(x+1)
_ 1
5(x+1)
@ o4 3y _(x+d=2) 3y
6 2x+4 6 2(x+2)
_ D=2 Py
g 20647
_(x=2)y
4

© x’+4x+4 5 _(x+2)(x+2) 5
x=3 3x+6 (x—3) 3(x+2)

_x+2)H7) s
(x=3)  3(x¥7)

_5x+2)

"~ 3(x—3)

Dividing algebraic fractions

To divide algebraic fractions, invert the second fraction and multiply.
Remember, you can reduce only after you invert.
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Example 3: Divide.
@ 2 2x 3 S 35y _ 39

Ty 5 2x 5 24 10

1

4x—8  x—2_4x-8 _3
® =5 3 6 x-2
_4x=2) 3

6 (x—2)

4 )

i
o
=2

4
2

Adding or subtracting algebraic fractions
To add or subtract algebraic fractions having a common denominator, sim-
ply keep the denominator and combine (add or subtract) the numerators.

Reduce if possible.
Example 4: Perform the indicated operation.

(a) é+i=ﬂ=2
X

X X X

(b) X—4+ 3 :x—4+3=x—1
x+1 x+1 x+1 x+1

© 3x_2x=1_3x=Qx=1)_3x=2x+1_x+1
J y J y J

To add or subtract algebraic fractions having different denominatrors, first
find a lowest common denominator (LCD), change each fraction to an
equivalent fraction with the common denominator, and then combine
each numerator. Reduce if possible.
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Example 5: Perform the indicated operation.

@ 2+2=
x o
LCD =xy
20,3 .x_ 2y, 3x_2y¥3
xyoyx o oxox Xy

3x 6x
LCD =6«
x+2 2, x-3_2x+4,x—3
3x 2+ 6x 6x 6x
2x+4+x—-3 _3x+1
6x 6x

b) x+2+x—3_

If there is a common variable factor with more than one exponent, use its
greatest exponent.

Example 6: Perform the indicated operation.

@ 5-2=

y Y

LCD =y’

2 3y_2 3y_2-%

)/2 }/ )/ )/2 }/2 )/2
b 2

xy Xy

LCD =x3y2
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X 2x
© X2 o
x+1 x+2
LCD =(x+1)(x+2)
x _x+2_  2x x+1_
x+1 x+2 x+2 x+1

x +2x  2x’+2x _
(x+D(x+2) (x+1)(x+2)
xl+2x—2xt=2x _ —x?

(x+D(x+2)  (x+D(x+2)

To find the lowest common denominator, it is often necessary to factor
the denominators and proceed as follows.

Example 7: Perform the indicated operation.
2x 5 _ 2x _ 5
x?=9 x*+4x+3 (x+3)(x—-3) (x+3)(x+1])
LCD = (x+3)(x=3)(x+1)

2x (x+D) 5 (x=3)_
(x+3)(x=3) (x+1) (x+3)(x+1) (x—3)
2x* +2x 5x—15

(x+3)x—3)x+1) (x+3)(x=3)x+1)

2x* +2x—(5x—15) _ 2x* +2x—5x+15 _

(x+3)(x=3)(x+1) (x+3)(x—=3)(x+1)
2x> —3x+15

(x+3)(x—3)(x+1)

Occasionally, a problem will require reducing what appears to be the final
result. A problem like that is found in the next example.
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Example 8: Perform the indicated operation.
x 2 x 2

x2+5x+6_x2+3x+2 - (x+3)(x+2)_ (x+2)(x+1)
LCD = (x+1(x+2)(x+3)

x (xt+D) 2 (x+3) _
(x+3)(x+2) (x+1) (x+2)(x+1) (x+3)
x’ +x _ 2x+6 _
(x+Dx+2)(x+3) (x+1D(x+2)(x+3)
x’4+x—2x—6_ _ x =x=6

4+ D(x+2)(x+3) (x+D)x+2)(x+3)

(x=3)(x+2)  _  (x=3)(+7) _
(x+D(x+2)(x+3)  (x+1) (x+7)(x+3)

x—3
(x+1)(x+3)

Chapter Check-0ut

9x°
3

1. Reduce:
12x

2
2. Reduce:szx-‘_zo
x —x—12

g, x—=1, x° +3x _
x  x*=7x+6

10y+5;2y+1_
4 2

7 2x __x _
x—1 x+2
3 x _ 5
" 2 2
x +11x+30 x"+9x+20
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3x , x=5 , x+3 , 5 o Jy+3x  3x+7y
1. 4 2.x+3 S'X—G 4.2 5. o or o
3)/—2362 x2+5x x—06

xty? Tkt x—=2 T (x+4)(x+06)

Answers:

6.



CHAPTER 8

INEQUALITIES, GRAPHING,
AND ABSOLUTE VALUE

Chapter Check-In

U Inequalities and their properties
U Solving and graphing inequalities
Q Absolute value

U Solving absolute value equations

U Solving inequalities containing absolute values

H aving reviewed solving equations and working with monomials, you
are now ready to work with inequalities.

Inequalities

An inequality is a statement in which the relationships are not equal.
Instead of using an equal sign (=) as in an equation, these symbols are
used: > (is greater than) and < (is less than) or 2 (is greater than or equal
to) and < (is less than or equal to).

Axioms and properties of inequalities
For all real numbers 4, 4, and ¢, the following are some basic rules for
using the inequality signs.

m Trichotomy axiom: 2 > b, a = b, or a < b.

These are the only possible relationships between two numbers.
Either the first number is greater than the second, the numbers are
equal, or the first number is less than the second.
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B Transitive axiom: If 2> 6, and 6 > ¢, then 2 > ¢.
Therefore, if 3>2and 2 > 1, then 3 > 1.
Ifa<band b<c thena<c.
Therefore, if 4 < 5 and 5 < 6, then 4 < 6.
m Addition property:
Ifa>b thena+c>b+ec.
Ifa>b thena—c>b-c.
Ifa<b thena+c<b+ec
Ifa<b thena—c<b-c.

Adding or subtracting the same amount from each side of an
inequality keeps the direction of the inequality the same.

Example: If3>2,then3+1>2+1(4>3)
If12<15,then12-4<15-4 (8 < 11)

m Positive multiplication and division property:
If2> b,and ¢ > 0, then ac > be.
If 2 < b, and ¢ > 0, then ac < be.

Ifa>b,and ¢ > O,then£>é.

c ¢
Ifa<b,andc>0, then£<é.
c ¢

Multiplying or dividing each side of an inequality by a positive num-
ber keeps the direction of the inequality the same.

Example: If 5 > 2, then 5(3) > 2(3), therefore, 15 > 6.

3,12 (3
If3<12,then4<4 (4<3).

m Negative multiplication and division property:
If 2> b, and ¢ < 0, then ac < bc.

If 2 < b, and ¢ < 0, then ac > be.
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Ifa>b,and c< 0, then£<é.

c ¢
Ifa<b,and c< 0, then£>é.
c ¢

Multiplying or dividing each side of an inequality by a negative
number reverses the direction of the inequality.

Example: If 5 > 2, then 5(- 3) < 2(- 3); therefore, — 15 < - 6.

If3 < 12, then _i4>% (—%>—3

Solving inequalities
When working with inequalities, treat them exactly like equations

(except, if you multiply or divide each side of the inequality by a negative
number, you must reverse the direction of the inequality).

Example 1: Solve for x: 2x + 4 > 6.

2x+4> 6
-4 —4
2x > 2

2x,2
2 2

x>1

Answers are sometimes written in set builder notation {x: x > 1}, which
is read “the set of all x such that x is greater than 1.”

Example 2: Solve for x: —7x > 14.
Divide by —7 and reverse the direction of the inequality.

7x 14
-7 =7
x <=2
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Example 3: Solve for x: 3x + 2 2 5x — 10.

3x+22>25x-10
-2 -2
3x =25x—12

3x =2 5x-—-12

—Sx —5x
—2x > -12
—2x < -12
-2 -2
x<6

Notice that opposite operations are used. Divide each side of the inequal-
ity by —2 and reverse the direction of the inequality.

In set builder notation, {x: x < 6}.

Graphing on a Number Line

Integers and real numbers can be represented on a number line. The
point on this line associated with each number is called the graph of the
number. Notice that number lines are spaced equally, or proportionately
(see Figure 8-1).

Figure 8-1 Number lines.

o
o= ——
Bl— 1
ol ——
= ——
ool ——
Bloo ——
oo~ ——
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Graphing inequalities
When graphing inequalities involving only integers, dots are used.

Example 4: Graph the set ofx such that 1 <x <4 and x is an integer (see
Figure 8-2).

{x:1 <x<4, xis an integer}

Figure 8-2 A graph of {x:1 £ x< 4, xis an integer}.

When graphing inequalities involving real numbers, lines, rays, and dots
are used. A dot is used if the number is included. A hollow dot is used if
the number is not included.

Example 5: Graph as indicated (see Figure 8-3).

(a) Graph the set of x such that x > 1.
{x: x> 1}

Figure 8-3 A graph of {x: x> 1}.

(b) Graph the set of x such that x > 1 (see Figure 8-4).

{x: x> 1}

Figure 8-4 A graph of {x: x> 1}

(c) Graph the set of x such that x < 4 (see Figure 8-5).
{x: x < 4}
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Figure 8-5 A graph of {x: x<4}

- | ! ! ! ! | | & +
€7 T T T T T N4
4

-3 -2 -1 0 1 2 3

This ray is often called an open ray or a half line. The hollow dot distin-
guishes an open ray from a ray.

Intervals

An interval consists of all the numbers that lie within two certain bound-
aries. If the two boundaries, or fixed numbers, are included, then the
interval is called a closed interval. If the fixed numbers are not included,
then the interval is called an open interval.

Example 6: Graph.

(a) Closed interval (see Figure 8-0).
for =1 <x <2}

Figure 8-6 A graph showing closed interval {x: -1 < x < 2}.

~ | | *
T T

-3 2 41 0 1 2 3 4---

-
-

(b) Open interval (see Figure 8-7).
{x: 2 <x<2}

Figure 8-7 A graph showing open interval {x: -2 < x < 2}.

- +

If the interval includes only one of the boundaries, then it is called ahalf-
open interval.

Example 7: Graph the half-open interval (see Figure 8-8).

fx: =1 <x<2}
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Figure 8-8 A graph showing half-open interval {x: -1 < x < 2}.

< & Y | | +
T T ¢ T T * T T
2

Absolute Value

The numerical value when direction or sign is not considered is called the
absolute value. The absolute value of x is written |x|. The absolute value
of a number is always positive except when the number is 0.

[0]=0
| x|>0whenx#0
| —x|>0 whenx#0
Example 8: Give the value.
@ - 4
(b) |6 = 6
©|7-9]=1-2]=2
(d3-|-6/=3-6=-3

Note that absolute value is taken first, or work is first done within the
absolute value signs.

Solving equations containing absolute value

To solve an equation containing absolute value, isolate the absolute value
on one side of the equation. Then set its contents equal to both the posi-
tive and negative value of the number on the other side of the equation
and solve both equations.

Example 9. Solve | x| + 2 = 5.
Isolate the absolute value.
|x| +2= 5
-2 =2
| =3
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Set the contents of the absolute value portion equal to +3 and 3.
x=3 or x=-3

Answer: 3, -3

Example 10: Solve 3|x— 1| -1 = 11.

Isolate the absolute value.

Blx—1]-1=11

+1 +1

Blx—1] =12
3|X—1|=Q
3 3
|x—1|=4

Set the contents of the absolute value portion equal to +4 and —4.
Solving for x,
x—1=4 o x-1=—4
+1 +1 +1 +1

x =5 oo x =-3

Answer: 5, -3

Solving inequalities containing absolute value

and graphing

To solve an inequality containing absolute value begin with the same steps
as for solving equations with absolute value. When creating the compari-
sons to both the + and — of the other side of the inequality, reverse the
direction of the inequality when comparing with the negative.

Example 11: Solve and graph the answer: |x— 1| > 2.
Notice that the absolute value expression is already isolated.

|x—1|>2
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Compare the contents of the absolute value portion to both 2 and 2. Be
sure to reverse the direction of the inequality when comparing it with —2.

Solve for x.
x—1>2 or x—1<-2
+1 +1 +1 +1

x >3  or x <-1

Graph the answer (see Figure 8-9).

Figure 8-9 The graphic solution to [x - 1| > 2.

Al N |
1 1 ] | e 1 1 1

@
Y

Example 12: Solve and graph the answer: 3|x] -2 < 1.
Isolate the absolute value.
3lx|-2< 1
+2 +2

Compare the contents of the absolute value portion to both 1 and —1. Be
sure to reverse the direction of the inequality when comparing it with —1.

x<1 or x=-1

Graph the answer (see Figure 8-10).

Figure 8-10 Graphing the solution to 3|x] - 2 < 1.
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Example 13: Solve and graph the answer: 2|1 — x| + 1 2 3.
Isolate the absolute value.
21-x|+12> 3
-1 -1
2-x = 2

2|1—x|22
2
1-x|>1

\®)

Compare the contents of the absolute value portion to both 1 and —1. Be
sure to reverse the direction of the inequality when comparing it with —1.

Solve for x.

l-x2> 1 or 1-x<-1

-1 -1 -1 -1
-x2 0 —x<-2
=x< 0 x5 =2
-1~ -1 -1 -1
(Remember to switch the direction of the inequality when dividing by a negative)
x<0 or x22

Graph the answer (see Figure 8-11).

Figure 8-11 Graphing the solution 2|1 -x| + 1 = 3.

| | | |l | ® |
Bl T
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Chapter Check-0ut

1. Trueor false: If 2> band 6 > cthen a > ¢.
2. Solve forx: 7x+3<9x—-7
3. Graph: {x:x>-2}
- | | | | | | | | | . F
] ] ] ] ] | ] ] ] ] ]
0
4, Graph: {x:4>x2>-2
- | | | | | | | | | . F
I I I I I | I I I I I
0
5. 3—|-5| =
6. Solve forx:4lx—1|-3=17
7. Solve and graph 2|x| + 4 > 8.
< | | | | | | | | | . F
] ] ] ] ] | ] ] ] ] ]
0
8. Solve and graph 5|x — 2| + 8 < 33.
- | | | | | | | | | . F
I I I I I | I I I I I
0
Answers: 1. True 2. x> 5
3°_||||||||¢ll|llll=ﬂ||||+
-2 0
4_||||||||¢|Il|l¢||||||+
-2 0 4
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7. x>2o0rx<—2




CHAPTER 9
COORDINATE GEOMETRY

Chapter Check-In

U Coordinate graphs

U Graphing equations on coordinate planes
U Slope and intercept of linear equations

U Finding equations of lines

U Linear inequalities and half-planes

COordinate geometry deals with graphing (or plotting) and analyzing

points, lines, and areas on the coordinate plane (coordinate graph).

Coordinate Graphs

Each point on a number line is assigned a number. In the same way, each
point in a plane is assigned a pair of numbers. These numbers represent
the placement of the point relative to two intersecting lines. In  coordi-
nate graphs (see Figure 9-1), two perpendicular number lines are used
and are called coordinate axes. One axis is horizontal and is called the
x-axis. The other is vertical and is called they-axis. The point of intersec-
tion of the two number lines is called theorigin and is represented by the
coordinates (0, 0).
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Figure 9-1 An x-y coordinate graph.

y

4__

Each point on a plane is located by a unique ordered pair of numbers
called the coordinates. Some coordinates are noted in Figure 9-2.

Figure 9-2 Graphing or plotting coordinates.

Notice that on the x-axis numbers to the right of 0 are positive and to the
left of 0 are negative. On the y-axis, numbers above 0 are positive and
below 0 are negative. Also, note that the first number in the ordered pair
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is called the x-coordinate, or abscissa, and the second number is the
y-coordinate, or ordinate. The x-coordinate shows the right or left direc-
tion, and the y-coordinate shows the up or down direction.

The coordinate graph is divided into four quarters called quadrants.
These quadrants are labeled in Figure 9-3.

Figure 9-3 Coordinate graph with quadrants labeled.

(0,0)

1 v

Notice the following:

In quadrant I, x is always positive and y is always positive.
In quadrant II, x is always negative and y is always positive.
In quadrant III, x and y are both always negative.

In quadrant IV, x is always positive and y is always negative.

Graphing equations on the coordinate plane

To graph an equation on the coordinate plane find the coordinate by giving
a value to one variable and solving the resulting equation for the other
value. Repeat this process to find other coordinates. (When giving a value
for one variable, you could start with 0, then try 1, and so on.) Then graph
the solutions.

Example 1: Graph the equation x + y = 6.

If x=0, then y = 6. 0)+y=06

y=0
Ifx=1,theny=5 H)+y= 6
-1 -1

y=5
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Ifx=2,theny=4 2)+y= 6
-2 -2
y= 4
Using a simple chart is helpful.
X y
0 6
1 |s
.

Now plot these coordinates as shown in Figure 9—4.

Figure 9-4 Plotting of coordinates (0,6), (1,5), (2,4)

Notice that these solutions, when plotted, form a straight line. Equations
whose solution sets form a straight line are calledlinear equations. Complete
the graph ofx + y = 6 by drawing the line that passes through these points (see
Figure 9-5).
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Figure 9-5 The line that passes through the points graphed in Figure 9-4.

-10--

Equations that have a variable raised to a power, show division by a vari-
able, involve variables with square roots, or have variables multiplied
together will not form a straight line when their solutions are graphed.
These are called nonlinear equations.
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Example 2: Graph the equation y = x* + 4.

If x= 0, then y = 4. y=(0)?%+4
y=0+4
y=4

Ifx=1lor—1,theny=5. y=(1)*+4 y=(=1)72+4
y=1+4 y=1+4
y=5 y=5

Ifx=20r—2,theny=8. y=(2)*+4 y=(=2)7*+4
y=4+4 y=4+4
y=38 y=38

Use a simple chart.

x |y

-2 8

-1 5

0 4

1 5

2 8

Now plot these coordinates as shown in Figure 9-6.
Notice that these solutions, when plotted, do not form a straight line.

These solutions, when plotted, give a curved line (nonlinear). The more
. . p . . g
points plotted, the easier it is to see and describe the solutions set.
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Figure 9-6 Plotting the coordinates in the simple chart.

y
10

9__

-10--

Complete the graph of y = x? + 4 by connecting these points with a
smooth curve that passes through these points (see Figure 9-7).
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Figure 9-7 The line that passes through the points graphed in Figure 9-6.

Slope and intercept of linear equations
There are two relationships between the graph of a linear equation and
the equation itself that must be pointed out. One involves theslope of the
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line, and the other involves the point where the /line crosses the y-axis. In
order to see either of these relationships, the terms of the equation must
be in a certain order.

(H(My=C)x+()

When the terms are written in this order, the equation is said to be in
y-form. Y-form is written y = mx + b, and the two relationships involve
m and b.

Example 3: Write the equations in y-form.

(@ x-y=3
—y=-x+3
y=x-3
(b) y=-2x+ 1 (already in y-form)
(© x—2y=4
- 2y=—x+4
2y=x—4
yZ%x—2

As shown in the graphs of the three problems in Figure 9-8, the lines
cross the y-axis at —3, +1, and -2, the last term in each equation.

If a linear equation is written in the form of y = mx + b, b is the
y-intercept.

The slope of a line is defined as
the change in y

the change in x

and the word “change” refers to the difference in the value of y (or x)
between two points on the line.

dooe of line AR = 24— s y at point A — y at point B
p x4 —xg | x at point A— x at point B

Note: Points A and B can be any two points on a line; there will be no
difference in the slope.
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Figure 9-8 Graphs showing the lines crossing the y-axis.

(c)

Example 4: Find the slope of x — y = 3 using coordinates.

To find the slope of the line, pick any two points on the line, such as
A (3, 0) and B (5, 2), and calculate the slope.

slope =£j:£§ =Eg;:§§§ :—§=1
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Example 5: Find the slope of y = —2x — 1 using coordinates.
Pick two points, such as A (1, —3) and B (-1, 1), and calculate the slope.

_.)/A_.yB_<_3)_(1)_—3—1_—_4__
slope Cxy—xg ()=(-1) 141 2 2

Example 6: Find the slope of x — 2y = 4 using coordinates.
Pick two points, such as 4 (0, —2) and B (4, 0), and calculate the slope.

ya=ys _(2)=(0) _—2_1

dope = T, T (0)-(4) 42

Looking back at the equations for Example 3(a), (b), and (c) written in
y-form, it should be evident that the slope of the line is the same as the
numerical coefficient of the x-term.

(a) y=1x-3 (b) y=-2x+1
slope =1 y-intercept = -3 slope=-2  y-intercept=1
(c) y= —x 2
slupe— y-intercept = -2

Graphing linear equations using slope and intercept
Graphing an equation by using its slope and y-intercept is usually quite
easy.

State the equation in y-form.

2. Locate the y-intercept on the graph (that is, one of the points on
the line).

3. Write the slope as a ratio (fraction) and use it to locate other points
on the line.

4. Draw the line through the points.
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Example 7: Graph the equation x — y = 2 using slope and y-intercept.

x—y=2
—y=—x+2
y=x-2

Locate —2 on the y-axis and from this point count as shown in Figure 9-9:
slope = 1

1 (forevery 1 up)

1 (go 1 to the right)
=1 (for every 1 down)
—1 (go 1 to the left)

or

Figure 9-9 Graph of line y=x- 2.

Example 8: Graph the equation 2x — y = —4 using slope and y-intercept.
2x—y=—4
—y=-2x—4
y =2x+4
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Locate +4 on the y-axis and from this point count as shown in Figure
9-10:
slope = 2

2 (for every 2 up)

1 (go 1 to the right)

—2 (for every 2 down)
—1 (go 1 to the left)

or

Figure 9-10 Graph of line 2x - y=-4.

Example 9: Graph the equation x + 3y = 0 using slope and y-intercept.
x+3y=0
3y=-x+(0)
y==3x+(0)
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Locate 0 on the y-axis and from this point count as shown in Figure 9-11:

slope = —%

or —1 (for every 1 down)
3 (go 3 to the right)

1 (forevery 1 up)
—3 (go 3 to the left)

or

Figure 9-11 Graph of line x + 3y=0.

Finding the equation of a line

To find the equation of a line when working with ordered pairs, slopes,
and intercepts, use one of the following approaches depending on which
form of the equation you want to have. There are several forms, but the
three most common are theslope-intercept form, the point-slope form,
and the standard form. The slope-intercept form looks like y = mx + b
where 2 is the slope of the line and 4 is the y-intercept. The point-slope
form looks like y — y, = m(x — x,) where m is the slope of the line and
(x,,,) is any point on the line. The standard form looks likeAx + By = C
where, if possible, A, B, and C are integers.

Method 1. Slope-intercept form.

1. Find the slope, .
2. Find the y-intercept, .

3. Substitute the slope and y-intercept into the slope-intercept form,
y=mx+ b.
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Method 2. Point-slope form.

1. Find the slope, .
2. Use any point known to be on the line.

3. Substitute the slope and the ordered pair of the point into the
point-slope form, y —y, = m(x— x,).

Note: You could begin with the point-slope form for the equation of the
line and then solve the equation for y. You will get the slope-intercept
form without having to first find the y-intercept.

Method 3. Standard form.
1. Find the equation of the line using either the slope-intercept form
or the point-slope form.

2. With appropriate algebra, arrange to get the x-terms and the
y-terms on one side of the equation and the constant on the other
side of the equation.

3. If necessary, multiply each side of the equation by the least common
denominator of all the denominators to have all integer coefficients
for the variables.

Example 10: Find the equation of the line, in slope-intercept form, when
m =—4 and b = 3. Then convert it into standard form.

1. Find the slope, .

m = —4 (given)
2. Find the y-intercept, &.
b = 3 (given)
3. Substitute the slope and y-intercept into the slope-intercept form,
y=mx+b.
y =—4x + 3 (slope-intercept form)
4. With appropriate algebra, arrange to get the x-terms and the

y-terms on one side of the equation and the constant on the other
side of the equation.

y=—4x+3
+4x +4x

4x+y= 3 (standard form)
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Example 11: Find the equation of the line, in point-slope form, passing
through the point (6, 4) with a slope of —3. Then convert it to standard
form.
1. Find the slope, .
m = =3 (given)
2. Use any point known to be on the line.
(6, 4) (given)
3. Substitute the slope and the ordered pair of the point into the
point-slope form,
y—y, = mx—x,)
y—4=-3(x—06) (point-slope form)
4. With appropriate algebra, arrange to get the x-terms and the

y-terms on one side of the equation and the constant on the other
side of the equation.

y—4=-3(x—0)
y—4=-3x+18
+3x +3x
3x+y—4= 18
+4 +4
3x+y = 22 (standard form)

Example 12: Find the equation of the line, in either slope-intercept form
or point-slope form, passing through (5, —4) and (3, 7). Then convert it
to standard form.

Starting with slope-intercept:

h .
1. Find the slope, . m= b 1)
change in x
—4)-7 _
w7 1111

5-3 2 2
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Find the y-intercept, &.
Substitute the slope and either point into the slope-intercept form.

11

y=mx+bwherem=—7,x=5,y=—4

=_1

—4==5(5)+6

_4=-2

4d=-5+b

25 45

2 "

47 _

5 = b

Substitute the slope and y-intercept into the slope-intercept form,
y=mx+b.

Since m=— 1
2

and =47
2
then y=- 12—1 x+ 477 (slope-intercept form)

With appropriate algebra, arrange to get the x-terms and the
y-terms on one side of the equation and the constant on the other
side of the equation.

If necessary, multiply each side of the equation by the least
common denominator of all the denominators to have all integer
coefficients for the variables.

11 47
= + —
FTTYTY
+ux +£x
2 2
11 47
224 — 2/
2 ¥V 2
{2
2 2

llx+2y=47 (standard form)
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Starting with point-slope form:
_ changeiny
~ change in x

(4)-7_-11_ 1

5-3 2 2

1. Find the slope, . m

2. Use any point known to be on the line.
(3,7) (given)
3. Substitute the slope and the ordered pair of the point into the
point-slope form,

Y=y =mlx—x)
y=7= _%(x —-3)  (point-slope form)

4. With appropriate algebra, arrange to get the x-terms and the
y-terms on one side of the equation and the constant on the other
side of the equation.

If necessary, multiply each side of the equation by the least
common denominator to have all integer coefficients for the

variables.
y—7=—1—21(x—3)
1133
)
+ux +ux
2 2
11 33
x4+ y—T7= 29
2 ) 2
+7 +7
S 47

llx+2y=47 (standard form)
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Linear Inequalities and Half-Planes

Each line plotted on a coordinate graph divides the graph (or plane) into
two half-planes. This line is called the boundary line (or bounding line).
The graph of a linear inequality is always a half-plane. Before graphing a
linear inequality, you must first find or use the equation of the line to
make a boundary line.

Open half-plane

If the inequality is a “>” or “<”, then the graph will be anopen half-plane.
An open half-plane does not include the boundary line, so the boundary
line is written as a dashed line on the graph.

Example 13: Graph the inequality y < x — 3.

First graph the line y = x — 3 to find the boundary line (use a dashed line,
since the inequality is “<”) as shown in Figure 9—12.

Figure 9-12 Graph of boundary line for y < x - 3.

Now shade the lower half-plane as shown in Figure 9-13, since y < x — 3.



128 ciiffsNotes Algebra I Quick Review

Figure 9-13 Graph of inequality y < x - 3.

To check to see whether you've shaded the correct half-plane, plug in a
pair of coordinates—the pair of (0, 0) is often a good choice. If the coor-
dinates you selected make the inequality a true statement when plugged in,
then you should shade the half-plane containing those coordinates. If the
coordinates you selected do not make the inequality a true statement, then
shade the half-plane not containing those coordinates.

Since the point (0, 0) does nor make this inequality a true statement,
y<x-3
0 <0 -3 isnot true.
You should shade the side that does not contain the point (0, 0).

This checking method is often simply used as the method to decide which
half-plane to shade.

Closed half-plane

If the inequality is a “<”or “>”, then the graph will be a closed half-plane.
A closed half-plane includes the boundary line and is graphed using aso/id
line and shading.

Example 14: Graph the inequality 2x—y < 0.
First transform the inequality so that y is the left member.
Subtracting 2x from each side gives

-y < -2x
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Now dividing each side by —1 (and changing the direction of the inequality)

gives
y22x

Graph y = 2x to find the boundary (use a solid line, because the inequality
is “>”) as shown in Figure 9-14.

Figure 9-14 Graph of the boundary line fory = 2x.

x |y
L
1 2
2 s

Since y 2 2x, you should shade the upper half-plane. If in doubt, or to
check, plug in a pair of coordinates. Try the pair (1, 1).

y22x
1 >2(1)
1 2> 2 is not true.

So you should shade the half-plane that does nor contain (1, 1) as shown
in Figure 9-15.
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Figure 9-15 Graph of inequality y > 2x.

Chapter Check-0ut

1.Is x? - 8 = y linear or nonlinear?

2. Graph: x+y=38

3. Find the equation of the line, in point-slope form, passing through
the point (6, 1) with a slope of=2. Then convert it to standard form.

4. Find the equation of the line, in slope-intercept form, passing
through the points (-3, 4) and (2, —3). Then convert it to standard
form.



5. Graph: y<x-2

Chapter 9: Coordinate Geometry 131

Answers: 1. Nonlinear

2.
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3. point-slope form: y — 1 = —2(x — 6); standard form: 2x + y = 13

4. slope-intercept form: y = —Zx - l; standard form: 7x + 5y = —1

570 5
5.




CHAPTER 10
FUNCTIONS AND VARIATIONS

Chapter Check-In

U Functions

U Finding domain and range

U Determining functions

U Finding values of functions

U Variations—direct and indirect

U Finding the constant of variation

Functions and variations deal with relationships between a set of values
of one variable and a set of values of other variables. Specific definitions
and examples given in this chapter will simplify what is often unnecessarily
viewed as a difficult section.

Functions

Functions are very specific types of relations. Before defining a function,
it is important to define a relation.

Relations
Any set of ordered pairs is called a relation. Figure 10—1 shows a set of
ordered pairs.

A={-1,1),(1,3),(22), (3, 9}
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Figure 10-1 A graph of the set of ordered pairs (-1, 1), (1, 3), (2, 2), (3, 4).

Domain and range

The set of all x’s is called the domain of the relation. The set of all y’s is
called the range of the relation. The domain of set4 in Figure 10-1 is {1,
1, 2, 3}, while the range of set 4 is {1, 2, 3, 4}.

Example 1: Find the domain and range of the set of graphed points in
Figure 10-2.

Figure 10-2 Plotted points.

. 1

The domain is the set {-2, -1, 1, 3}. The range is the set {-1, 2, 3}.
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Defining a function

The relation in Example 1 has pairs of coordinates with unique first
terms. When the x value of each pair of coordinates is different, the rela-
tion is called a function. A function is a relation in which each member of
the domain is paired with exactly one element of the range. A/ functions
are relations, but not all relations are functions. A good example of a func-
tional relation can be seen in the linear equation y = x + 1, graphed in
Figure 10-3. The domain and range of this function are both the set of
real numbers, and the relation is a function because for any value of x
there is a unique value of y.

Figure 10-3 A graph of the linear equation y=x + 1.

Graphs of functions
In each case in Figure 10-4 (a), (b), and (c), for any value of x, there is
only one value for y. Contrast this with the graphs in Figure 10-5.
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Figure 10-4 Graphs of functions.

(0,0

(c)

NlaE---

y=sin x

Graphs of relationships that are not functions
In each of the relations in Figure 10-5 (a), (b), and (c), a single value ofx
is associated with two or more values of y. These relations are not

functions.
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Figure 10-5 Graphs of relations that are not functions.

y y

0,0)] (0,0) \

| | | I | |
|
I

::.:. — \\J

(b)

(a) y

— x

|
T
2

y

(c)

Determining domain, range, and if the relation is a function
Example 2:
(a) B = {(_2> 3)(_1> 4)(0) 5)(1) _3)} domain: {_2) _1) 0> ]-}
range: {-3, 3, 4, 5}

function: yes

(b) domain: {-2, -1, 1, 2}
range: {-2, -1, 2}

function: yes
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(©

(d) domain:

range:

function:

(e y=x

domain: {x: x< 1}
range: {y: y=-3}
function: yes

’ \\ oo

T3

{x:0<x<3}

r—-2<y<2}
no

(3-2)

domain: {all real numbers}
range: {y: y =0}
function: yes
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(f) x = y* domain: {x: %= 0}
range: {all real numbers}

function: no

Note that Examples 2(e) and (f) are illustrations of inverse relations: rela-
tions in which the domain and the range have been interchanged. Notice
that while the relation in (e) is a function, the inverse relation in (f) is not.

Finding the values of functions
The value of a functionis really the value of the range of the relation. Given
the function

f=11,-3), (2,4), (-1,5), (3,-2)}

the value of the function at 1 is -3, at 2 is 4, and so forth. This is written
f(1) = -3 and f(2) = 4 and is usually read, “ fof 1 = -3 and fof 2 =4.”
The lowercase letter / has been used here to indicate the concept of func-
tion, but any lowercase letter might have been used.

Example 3: Let 4 ={(3, 1), (2, 2), (1, -2), (=2, 3)} Find each of the
following.

@ h(3) = (b) h(2) = (©) ~() = (d) ~(-2) =
h(3) =1 h(2) =2 h(l) ==-2 h(=2) =3

Example 4: If ¢g(x) = 2x + 1, find each of the following.

(@) g 1) = (b) 4(2) - (©) gla) -
glx) =2x+1 glx) =2x+ 1 glx) =2x+ 1

g=1)=2(-1) +1 22)=2(2) +1 g(a) = 2(a) + 1
g-1)=-2+1 22)=4+1 ga) =2a+1

g-1)=-1 2(2) =5
Example 5: If f(x) = 3x* + x—1, find the range of ffor the domain
{-2,-1, 1}.
fx) =3x* +x—1

f(2) =327+ (-2) -1

f=2)=3(4)-2-1

f=2)=12-3

=9
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fx) =3x*+x—1
SED =317+ (=) -1
f=1)=3(1)-1-1
fl=1)=3-2
SN =1

fx) =3x* +x—1

S =312+ 1)-1
f()=3(1)+1-1
f)=3

range: {1, 3, 9}

Variations

A variation is a relation between a set of values of one variable and a set
of values of other variables.

Direct variation

In the equation y = mx + b, if m is a nonzero constant and & = 0, then you
have the function y = mx (often written y = kx), which is called a direct
variation. That is, you can say that y varies directly as x or y is directly
proportional to x. In this function, 7 (or ) is called the constant of pro-
portionality or the constant of variation. The graph of every direct varia-
tion passes through the origin.

Example 6: Graph y = 2x.
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x |y
0 0

12
2 |4

Example 7: If y varies directly as x, find the constant of variation when y
is 2 and x is 4.

Because this is a direct variation,
y = kx (or y = mx)
Now, replacing y with 2 and x with 4,

2 = k(4)
_2, 1
So k—40rk 5

The constant of variation is %

Example 8: If y varies directly asx and the constant of variation is 2, find
y when x is 6.

Since this is a direct variation, simply replace with 2 and x with 6 in the
following equation.

y=kx
y=2(0)
So y=12
A direct variation can also be written as a proportion.

AN

XN

This proportion is read, “yl istox asy,istox,.” x| and J, are called the

means, and y, and x, are called the extremes. The product of the means

is always equal to the product of the extremes. You can solve a proportion
by simply multiplying the means and extremes and then solving as usual.
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Example 9: 7 varies directly as p. If 7is 3 when p is 7, find p when 7 is 9.
Method 1. Using proportions:

Set up the direct variation proportion

h_n
P P
Now, substitute in the values.
3_9
7p
Multiply the means and extremes (cross multiplying) give
3p =063
p=21

Method 2. Using y = kx:
Replace the y with p and the x with 7.
p=kr

Use the first set of information and substitute 3 for »and 7 for p, then

find 4.

7

Rewrite the direct variation equation as p = 3"

Now use the second set of information that saysr is 9, substitute this into
the preceding equation, and solve for p.
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Inverse variation (indirect variation)
A variation where y = 7 or y= k is called an inverse variation (or indirect

variation). That is, as x increases, y decreases. And as y increases, x decreases.
You may see the equation xy = k representing an inverse variation, but this

is simply a rearrangement of y =~
x

This function is also referred to as aninverse or indirect proportion. Again,
m (or k) is called the constant of variation.

Example 10: If y varies indirectly asx, find the constant of variation when
yis 2 and x is 4.

Since this is an indirect or inverse variation,

I=

Now, replacing y with 2 and x with 4,

_k
2_4
So k=2(4) or 8.

The constant of variation is 8.

Example 11: If y varies indirectly as x and the constant of variation is 2,

find y when x is 6.

Since this is an indirect variation, simply replace/ with 2 and x with 6 in
the following equation.

_k

)’—;

_2

_)’—g

1

So y:g

As in direct variation, inverse variation also can be written as a
proportion.

S_)

Xy X
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Notice that in the inverse proportion, the x, and the x, switched their
positions from the direct variation proportion.

Example 12: If y varies indirectly as x and y = 4 when x = 9, find x when
y=3.

Method 1. Using proportions:

Set up the indirect variation proportion.

Ji_J2
Xy X
Now, substitute in the values.
i3
x 9

Multiply the means and extremes (cross-multiplying) gives
3x =36
x=12
Method 2. Using y = k.
X
Use the first set of information and substitute 4 for y and 9 for x, then

find 4.

4=F
9
36=Fk or k=36
Rewrite the direct variation equation as y = 36,
x

Now use the second set of information that saysy is 3, substitute this into
the preceding equation and solve for x.

3=30
X
3x =36

x=12
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Chapter Check-0ut

1. Find out the range and domain of the set of ordered pairs: {(-2, 1),
(_1’ 3)) (2’ 4)) (3’ 5)}
2. Which of the following are graphs of functions?

y y y

D

(a) (b) (c)

[

LIf g(x) = 2x% + x + 1, what is g(-2)?
. If the domain of x* + 2x + 2 is (1, 2, 3), then what is the range?

S0

. If y varies directly as x, find the constant of variation if y is 4 when
xis 12.

7 varies directly as p. If 7is 6 and p is 11, find p when 7 is 18.

N o

. If y varies indirectly as x and the constant of variation is 3, find y
when xis 7.

8. If yvaries indirectly as x and y is 18 when x is 4, find y when x is 12.

Answers: 1. Range {1, 3, 4, 5} Domain {-2, -1, 2, 3} 2. (a), (c) 3.7

415,10, 17} 5. % 6.337. % 8.6






CHAPTER 11
ROOTS AND RADICALS

Chapter Check-In

U Simplifying square roots
a Operations with square roots

U Using the conjugate

ote: This subject is introduced in the pre-algebra section (see

Chapter 1).

The symbol |/ is called a radical sign and is used to designate square
root. To designate cube root, a small three is placed above the radical
sign, 2/7 . When two radical signs are next to each other, they automati-
cally mean that the two are multiplied. The multiplication sign may be
omitted. Note that the square root of a negative number is not possible
within the real number system; a completely different system of imagi-
nary numbers is used. The (so-called) imaginary numbers are multiples
of the imaginary unit i.

J=1=14, -4 =2i, \J-9 =3i, and so on.

Simplifying Square Roots
Example 1: Simplify.

(b) =9 =-3| texts and will be adhered to in this book.
©V18=19-2=9-V2=3\2

(d) If each variable is nonnegative (not a negative number),

(@ J9=3 } Reminder: This notation is used in many
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If each variable could be positive or negative (deleting the restriction
“If each variable is nonnegative”), then absolute value signs are
placed around variables to odd powers.

Vi =
(e) If each variable is nonnegative,
e
() If each variable is nonnegative,
lx6y8 _ \/E\/}? _ x3y4

If each variable could be positive or negative, then you would write

(g) If each variable is nonnegative,
V254 =\25Va" Vb* =54
If each variable could be positive or negative, you would write
5a° ‘[f‘
(h) If each variable is nonnegative,
N o BN
If each variable could be positive or negative, you would write
e
(i) If each variable is nonnegative,

(j) If each variable is nonnegative,

\/167=\/E\/x75=\/ﬁqlx4(x)=\/ﬁx/x7\/i=4x2\/;
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Operations with Square Roots

You can perform a number of different operations with square roots.
Some of these operations involve a single radical sign, while others can
involve many radical signs. The rules governing these operations should
be carefully reviewed.

Under a single radical sign
You may perform operations under a single radical sign.

Example 2: Perform the operation indicated.

(@ /(5)(20) =100 =10
(b) V30+6=136=6

© 2 =i6= 4(Note F:%)

) 30-5=425=5
(e) V2+5=17

When radical values are alike

You can add or subtract square roots themselves only if the values under the
radical sign are equal. Then simply add or subtract the coefficients (num-
bers in front of the radical sign) and keep the original number in the radi-
cal sign.

Example 3: Perform the operation indicated.

@ 2V3+3\3=(2+3)3=5\3
(b) 4/6 26 = (4-2)~6 =26
©5V2+V2=5V2+ 12 =(5+1)v2 =62

Note that the coefficient 1 is understood in \/5 .

When radical values are different
You may not add or subtract different square roots.
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Example 4:

(@) V28 =3 %25
(b) V16 +0 =25

443#5

Addition and subtraction of square roots after
simplifying

Sometimes, after simplifying the square root(s), addition or subtraction
becomes possible. Always simplify if possible.

Example 5: Simplify and add.

(a) /50 + 32 =

These cannot be added until /50 is simplified.
J50=1252=425V2=52

Now, because both are alike under the radical sign,

5V2+32 =(5+3)V2 =82
(b) /300 ++/12 =

Try to simplify each one.

Y300 =4/100-3 =100 -3 =104/3
J12=J4-3=4-3=23

Now, because both are alike under the radical sign,

103 +243 =(10+2)3 =123

Products of nonnegative roots
Remember that in multiplication of roots, the multiplication sign may be
omitted. Always simplify the answer when possible.

Example 6: Multiply.

@ V2-B=+16=4

(b) If each variable is nonnegative,

A = =
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(¢) If each variable is nonnegative,
Jab Nab*c =Na*btc = J;\/é?ﬁ = ab* e

(d) If each variable is nonnegative,

o 2y = 365"y =36V’ =

B ) = BNy = 6ol
(€ 245743 =(2:7)5-3=14/15

Quotients of nonnegative roots
For all positive numbers,

Jx _ [x

NERE
In the following examples, all variables are assumed to be positive.

Example 7: Divide. Leave all fractions with rational denominators.

Mo _ [io _
@ = z—ﬁ

24 _ 24 _ gl
5= S =\8=2\2

0l -Gt

Note that the denominator of this fraction in part (d) is irrational. In
order to rationalize the denominator of this fraction, multiply it by 1 in
the form of

Sis

i
I
Sien
Il
S

st
-
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Example 8: Divide. Leave all fractions with rational denominators.
(a) V7
N
First simplify /12 :
SI ST _5\7 B 521 _5\21 _ 5421
V12 f 23 B2 23 6

S\V7 12 _5\7-\12 _ 584 _ 5421 _
Sz iz 12 T 12 12

1021 _ 521
12 6

o N2 _g[2x _ 9 _ 9
24 24x”  J12x?  2xV3

9 J3_ 93 _ 93 _ 33
2x3 B 2x3  6x 2x

© -3 -3 (2-43) _
2+f "2+ (2-43)

3(2—[)6
= 3f =6-33

Note: In order to leave a rational term in the denominator, it is necessary
to multiply both the numerator and denominator by the conjugate of the
denominator. The conjugate of a binomial contains the same terms but
the opposite sign. Thus, (x + y) and (x — y) are conjugates.

Example 9: Divide. Leave the fraction with a rational denominator.

15 _(1435) (2435) aeeaf5eis
25 T(2-5) (2+45) 4252525

2+35+5 7+3f_ 7 355

4-5
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Chapter Check-0ut

. Simplify: /50
. If each variable is nonnegative J162°%6% =
. If each variable is positive or negative, then \/3677 =

- 4)(36) =

5. V60 + 2415 =

6. V6 x+/10 =

7. If x is nonnegative, then \/E . \/xT =

For questions 8—10, express answers in simplest form with rationalized
denominators.

B WN =

&

S5 @)

©

2 _
10. 3442

Answers: 1.5v2 2. 430" 3.‘x3‘\/; 4.12 5. 4\/B 6. 2\/B 7.x2y\/;

8.2 9. 3\25 10.6‘3\5







CHAPTER 12
QUADRATIC EQUATIONS

Chapter Check-In

U Solving quadratic equations
U The factoring method
U The quadratic formula

U Completing the square

Aquadratic equation is an equation that could be written as

axt+bx+c=0

when 4 = 0.

Solving Quadratic Equations

There are three basic methods for solving quadratic equations: factoring,
using the quadratic formula, and completing the square. For a review of
factoring, refer to Chapter 6.

Factoring
To solve a quadratic equation by factoring,

1.

@ Frp ® N

Put all terms on one side of the equal sign, leaving zero on the other
side.

Factor.
Set each factor equal to zero.
Solve each of these equations.

Check by inserting your answer in the original equation.
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Example 1: Solve x> — 6x = 16.
Following the steps,
x* — 6x =16 becomes x> — 6x— 16 =0

Factor.
(x—8)(x+2)=0

Setting each factor to zero,

x—8=0 or x+2=0
x=38 x=-2
Then to check,
82-6(8)=16 or (=2)>-6(-2)=16
64 -48=16 4+12=16
16=16 16 =16

Both values, 8 and -2, are solutions to the original equation.
Example 2: Solve y* = — 6y - 5.
Setting all terms equal to zero,
P+ 6y+5=0
Factor.
(+5@+1)=0

Setting each factor to 0,

) +5=0 or y+1=0
y=-5 y=-1
To check, y* = -6y -5
(=5) 2=-6(-5)-5 or (-1)?=-6(-1) -5
25=30-5 1=6-5
25=25 1=1

A quadratic with a term missing is called an incomplete quadratic (as
long as the ax* term isn’t missing).
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Example 3: Solve x* — 16 = 0.

Factor.
(x+4)(x—4)=0
x+4=0 or x—4=0
x=—4 x=4
To check, x> —16=0
(—4) 2-16=0 or (4)*-16=0
16-16=0 16-16=0
0=0 0=0
Example 4: Solve x* + 6x = 0.
Factor.
x(x+6)=0
x=0 or x+6=0
x=0 x=-0
To check, x2 + 6x=0
(0) 2+6(0)=0 or (=6)?+6(-6)=0
0+0=0 36 +(-36) =0
0=0 0=0

Example 5: Solve 2x* + 2x— 1 = x* + 6x— 5.
First, simplify by putting all terms on one side and combining like terms.
2x%+2x—1 = x*4+6x—5
—x>—6x+5 —x"—6x+5
x’—4x+4=0

Now, factor.
(x=2)(x-2)=0
x—2=0
x=2
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To check, 2x? + 2x— 1 =x*+ 6x—5

2(2) 242(2)=1=2)*+6(2) =5
8+4—-1=4+12-5
11=11

The quadratic formula

Many quadratic equations cannot be solved by factoring. This is generally
true when the roots, or answers, are not rational numbers. A second
method of solving quadratic equations involves the use of the following

formula:
_—bt~b’ —4ac
2a
a, b, and ¢ are taken from the quadratic equation written in its general
form of

ax>+bx+c=0

where 4 is the numeral that goes in front ofx?, 4 is the numeral that goes
in front of x, and ¢ is the numeral with no variable next to it (a.k.a., “the
constant”).

When using the quadratic formula, you should be aware of three possibili-
ties. These three possibilities are distinguished by a part of the formula
called the discriminant. The discriminant is the value under the radical sign,
b* — 4ac. A quadratic equation with real numbers as coefficients can have
the following:

1. Two different real roots if the discriminant 6% — 4ac is a positive
number.
2. One real root if the discriminant &* — 4ac is equal to 0.

3. No real root if the discriminant 4* — 4ac is a negative number.
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Example 6: Solve for x: x* — 5x = —6.
Setting all terms equal to 0,
x*—5x+6=0

Then substitute 1 (which is understood to be in front of the x?), =5, and
6 for a, b, and ¢, respectively, in the quadratic formula and simplify.

o —bEb? —dac

2a
_—(=5)£\(-5)" -4(1)(s)
X =
2(1)
_5%4/25-24
2
_ 5+
)
PRt
2
.X'ZS;I OI‘XZ%
ngorng

x=3o0rx=2
Because the discriminant 6% — 4ac is positive, you get two different real
roots.

Example 6 produces rational roots. In Example 7, the quadratic formula
is used to solve an equation whose roots are not rational.

Example 7: Solve for y: y* = -2y + 2.
Setting all terms equal to 0,

)/2+2y—2=0
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Then substitute 1, 2, and -2 fora, 4, and ¢, respectively, in the quadratic
formula and simplify.

Ny
SR —40)(2)
2(1)

_—2+v4+8

==

_ 24412
YT
2443
}/:T
2423
A

1Z 1+
.

y=—1+\/§ or)/=—1—\/5

Note that the two roots are irrational.

Example 8: Solve for x: x* + 2x + 1 = 0.
Substituting in the quadratic formula,
. —b b —bac
2a
_=(2)=4(2) -4(1)()
X =
2(1)

o244

2
o220
2
xz_—zz—l
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Since the discriminant &* — 4ac is 0, the equation has one root.

The quadratic formula can also be used to solve quadratic equations
whose roots are imaginary numbers, that is, they have no solution in the
real number system.

Example 9: Solve for x: x(x + 2) + 2 =0, or x* + 2x + 2 = 0.
Substituting in the quadratic formula,
_—btb? —4ac
B 2a
_—(2)=4(2) -4(1)(2)
x=
2(1)

_—2+.4-8
2

_ 244
2

Since the discriminant &* — 4ac is negative, this equation has no solution
in the real number system.

But if you were to express the solution using imaginary numbers, as
discussed at the beginning of Chapter 11, the solutions would be

= —212\/—4 =22 it o =14, —1-

Completing the square
A third method of solving quadratic equations that works with both real
and imaginary roots is called completing the square.

Put the equation into the form ax? + bx = —¢

2. Make sure thatz = 1 (if 2 # 1, muldply through the equation by =
before proceeding). )

3. Using the value of 4 from this new equation, add % to both sides

of the equation to form a perfect square on the left side of the
equation.

4. Find the square root of both sides of the equation.

5. Solve the resulting equation.
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Example 10: Solve for x: x* — 6x + 5 = 0.
Arrange in the form of
ax 2y bx=—c
5 x?—6x=-5
Because 2 = 1, add (_76) , or 9, to both sides to complete the square.
X' —6x+9=-5+9

X —6x+9=4
(x—3)?=4
Take the square root of both sides.
x—3=%2
Solve.
x—3=12
x—=3=42 or x—-3=-2
+3 43 +3 43
x=5 or x=1

Example 11: Solve for y: y*+ 2y — 4 = 0.
Arrange in the form of
ay* + by = —c

P +2y=4
2

2
2) , or 1, to both sides to complete the square.

Because 2 = 1, add(
P +2y+1=4+1
Y +2y+1=5

or ( y+1)?=5

Take the square root of both sides.

y+1=%5
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Solve. y+1= i\/g
-1 -1
y=-1%45
y=—1++/5 0ry=—1—\/§
Example 12: Solve for x: 2x* + 3x + 2 = 0.

Arrange in the form of
ax? + bx = —c
2x% + 3x =2

Because 2 # 1, multiply through the equation by %

x" +=x=-1
2
2
Add [(%)(%)] , or % to both sides.
3 9 9
xi+2 x+16 1+16
3..9__7
S xtie=—1g
2
3 -_7
Ty 16

Take the square root of both sides.

3_, =
T4
3_ N7
+3 =37
x 4 \/1_6
x+%=ig

__3.\7

47 4

There is no solution in the real number system. It may interest you to know
that the completing the square process for solving quadratic equations was
used on the equation ax? + bx + ¢ = 0 to derive the quadratic formula.
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Chapter Check-0ut

1. Solve for x: x> +3x +2 =0

2. Solve for x: x2 —5x =6

3. Solve forx:x?=5x—4

4. Solve for x: x? —49 =0

5. Solve for x: x> — 6x=0

6. Solve for x: 3x? + 21x = 2x> — 3x + 81

7. Solve for x by using the quadratic formula: x? + 5x + 2 = 0
8

. Solve for x by completing the square: x* + 4x +2 =0
Answers: 1.-1,-22.6,-13.4,14.7,-75.0,66. 3,-27

. —512\/5 or ST _5_2*/5 8.-2+42 or —2+42, —2-42

2




CHAPTER 13
WORD PROBLEMS

Chapter Check-In

U Solving techniques

U Key words and phrases

U Simple and compound interest
U Ratio, proportion, and percent
U Number, age, and coin problems

U Motion, mixture, and work problems

ord problems are often the nemesis of even the best math student.
For many, the difficulty is not the computation. The problems stem
from what is given and what is being asked.

Solving Technique

There are many types of word problems involving arithmetic, algebra,
geometry, and combinations of them with various twists. It is most
important to have a systematic technique for solving word problems.
Here is such a technique.

1. First, identify what is being asked. What are you ultimately trying
to find? How far a car has traveled? How fast a plane flies? How
many items can be purchased? Whatever it is, find it and then circle
it. This helps ensure that you are solving for what is being asked.

2. Next, underline and pull out information you are given in the
problem. Draw a picture if you can. This helps you know what you
have and will point you to a relationship or equation. Note any key
words in the problem (see “Key Words and Phrases” later in this
chapter).
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3.

If you can, set up an equation or some straightforward system
with the given information.

Is all the given information necessary to solve the problem?
Occasionally, you may be given more than enough information to
solve a problem. Choose what you need and don’t spend needless
energy on irrelevant information.

Carefully solve the equation or work the necessary computa-
tion. Be sure you are working in the same units (for example, you
may have to change feet into inches, pounds into ounces, and so
forth, in order to keep everything consistent).

Did you answer the question? One of the most common errors in
answering word problems is the failure to answer what was actually

being asked.

And finally, is your answer reasonable? Check to make sure that
an error in computation or a mistake in setting up your equation
did not give you a ridiculous answer.

Key Words and Phrases

In working with word problems, there are some words or phrases that
give clues as to how the problem should be solved. The most common
words or phrases are as follows.

m Add

Sum—as in the sum of 2, 3, and 6 . . .

Total—as in the total of the first six payments . . .
Addition—as in a recipe calls for the addition of five pints . . .
Plus—as in three liters plus two liters . . .

Increase—as in her pay was increased by $15 . . .

More than—as in this week the enrollment was eight more than last
week . . .

Added to—as in if you added $3 to the cost . . .

m Subtract

Difference—as in what is the difference between . . .

Fewer—as in there were fifteen fewer men than women . . .
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Remainder—as in how many are left or what quantity remains . . .
Less than—as in @ number is five less than another number . . .
Reduced—as in the budger was reduced by $5,000 . . .
Decreased—as in if he decreased the speed of his car by ten miles

per hour . ..
Minus—as in some number minus 9 is . . .
B Muldiply
Product—as in the product of 8 and 5 is . . .
Of—as in one-half of the group . . .
Times—as in five times as many girls as boys . . .
At—as in the cost of ten yards of material ar 70¢ a yardis . . .

Total—as in if you spend $15 a week on gas, what is the rotal for a
three-week period . . .

Twice—as in twice the value of some number . . .
m Divide
Quotient—as in the final quotient is . . .
Divided by—as in some number divided by 12 is . . .
Divided into—as in the group was divided into . . .
Ratio—as in what is the ratio of . . .
Half—as in half the profits are . . . (dividing by 2)
As you work a variety of word problem types, you will discover more
“clue” words.

A final reminder: Be sensitive to what each of these questions is asking.
What time? How many? How much? How far? How old? What length?
What is the ratio?

Simple Interest

Example 1: How much simple interest will an account earn in five years
if $500 is invested at 8% interest per year?
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First, circle what you must find—inzerest. Now use the equation
Interest = principal times rate times time
I=prt
Simply plug into the equation.
I=$500(.08)5
I=2$200

Note that both rate and time are in yearly terms (annual rate; years).

Compound Interest

Example 2: What will be the final total amount of money after three
years on an original investment of $1,000 if a 12% annual interest rate is
compounded yearly?

First, circle what you must find— final total amount of money. Note also
that interest will be compounded each year. Therefore, the solution has
three parts, one for each year.

Total for first year: Interest = principal times rate times time
I=prt
I=$1,000%.12x 1
I=$120
Thus, the total after one year is $1,000 + $120 = $1,120.
Total for second year: I=prt
I=2$1,120(.12)1
I=$134.40

Note that the principal at the beginning of the second year was $1,120.Thus,
the total after two years is $1,120 + $134.40 = $1,254.40.

Total for third year: I=pre
I=$1,254.40(.12)1
I=$150.53

Note that the principal at the beginning of the third year was $1,254.40.
Thus, the total after three years is $1,254.40 + $150.53 = $1,404.93.
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Ratio and Proportion

Example 3: If Arnold can type 600 pages of manuscript in 21 days, how
many days will it take him to type 230 pages if he works at the same rate?

First, circle what you're asked to find—Aow many days. One simple way
to work this problem is to set up a “framework” (proportion) using the
categories given in the equation. Here the categories are pages and days.

Therefore, a framework may be

pages _ pages
days ~ days

Note that you also may have used
days _ days
pages  pages

The answer will be the same. Now simply plug into the equation for each
instance.

600 _ 230
21 X

Cross multiplying
600x = 21(230)

600x = 4,830
600x _ 4,830
600 600

P
x—8200r8.05

Therefore, it will takeSzlo or 8.05 days to type 230 pages. (You may have

simplified the original proportion before solving.)

Percent

Example 4: Thirty students are awarded doctoral degrees at the graduate
school, and this number comprises 40% of the total graduate student
body. How many graduate students were enrolled?
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First, circle what you must find in the problem— how many graduate
students. Now, in order to plug into the percentage equation

IS~

of
try rephrasing the question into a simple sentence. For example, in this case,

30 is 40% of what total?

e »

Notice that the 30 sits next to the word is; therefore, 30 is the “is” num-
ber. 40 is the percent. Notice that what total sits next to the word of.
Therefore, plugging into the equation,

s _
oF = %
30_ 40
x 100
Cross multiplying,
40x = 3,000
40x _ 3,000
40 40
x=75

Therefore, the total graduate enrollment was 75 students.

Percent Change

To find the percent change (increase or decrease), use the formula given in
Example 5.

Example 5: Last year, Harold earned $250 a month at his after-school job.
This year, his after-school earnings have increased to $300 per month.
What is the percent increase in his monthly after-school earnings?
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First, circle what you’re looking for— percent increase. Percent change
(percent increase, percentage rise, % difference, percent decrease, and so
forth) is always found by using the equation

change
percent change = ————2—
starting point

Therefore,
percent change = %
_ _$50
$250

The percent increase in Harold’s after-school salary is 20%.

Number Problems

Example 6: When 6 times a number is increased by 4, the result is 40.
Find the number.

First, circle what you must find— #he number. Letting x stand for the
number gives the equation

6x + 4 =40
Subtracting 4 from each side gives
6x = 36
Dividing by 6 gives
x=06

So the number is 6.
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Example 7: One number exceeds another number by 5. If the sum of the
two numbers is 39, find the smaller number.

First, circle what you are looking for— the smaller number. Now, let the
smaller number equal x. Therefore, the larger number equalsx + 5. Now,
use the problem to set up an equation.

If the sum of the two numbers is 22

x+(x+5) = 39

2x+5=39
2x+5-5=39-5

2x =34

234

2 2

x=17

Therefore, the smaller number is 17.

Example 8: If one number is three times as large as another number and
the smaller number is increased by 19, the result is 6 less than twice the
larger number. What is the larger number?

First, circle what you must find—+#he larger number. Let the smaller num-
ber equal x. Therefore, the larger number will be 3 x. Now, using the
problem, set up an equation.

Ihe smaller number increased by 19 is 6 less than twice the larger number.

x ¥ = 236
x+19=6x-6
—x+x+19=—-x+6x—-06
19=5x-6
19+6=5x-6+6
25=5x
5=x

Therefore, the larger number, 3x, is 3(5), or 15.
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Example 9: The sum of three consecutive integers is 306. What is the
largest integer?

First, circle what you must find—+he largest integer. Let the smallest inte-
ger equal x; let x + 1 equal the next integer; let the largest integer equal
x + 2. Now, use the problem to set up an equation.

The sum of the three consecutive integers is 3006.
- e —

x4 (1) + (x4+2) ~ 306
3x+3=306
3x+3-3=306-3
3x =303
3x _ 303
3 3
x=101

Therefore, the largest integer, x + 2 = 101 + 2 = 103.

Age Problems

Example 10: Phil is Tom’s father. Phil is 35 years old. Three years ago,
Phil was four times as old as his son was then. How old is Tom now?

First, circle what it is you must ultimately find— how old is Tom now?
Therefore, let #be Tom’s age now. Then three years ago, Tom’s age
would be #— 3. Four times Tom’s age three years ago would be 4(z— 3).
Phil’s age three years ago would be 35 — 3 = 32. A simple chart may also
be helpful.

now 3 years ago
Phil 35 32
Tom t t-3

Now, use the problem to set up an equation.
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Three years ago Phil was four times as old as his son was then,

32 = 4 times (#-3)
32=4(¢-3)
32 _ 4(z-3)
4 4
8§=¢r-3
8+3=¢r-3+3
11=¢

Therefore, Tom is now 11.

Example 11: Lisa is 16 years younger than Kathy. If the sum of their ages
is 30, how old is Lisa?

First, circle what you must find—how old is Lisa?Let Lisa equal x. There-
fore, Kathy is x + 16. (Note that since Lisa is 16 yearsyounger than Kathy,
you must add 16 years to Lisa to denote Kathy’s age.) Now, use the prob-
lem to set up an equation.

If the sum of theirages is 30
[

Lisa's age + Kathy's age 30
x+(x+16)=30

2x+16=30
2x+16-16=30-16
2x =14
2 _14
2 2
x=7

Therefore, Lisa is 7 years old.

Motion Problems
Example 12: How long will it take a bus traveling 72 km/hr to go 36 kms?

First circle what you're trying to find— how long will it take (time).
Motion problems are solved by using the equation

distance = rate times time

d=rt
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Therefore, simply plug in: 72 km/hr is the rate (or speed) of the bus, and
36 km is the distance.

d=rt
36 km = (72 km/hr)(?)
36 _ 72
72 72
1_,
2

Therefore, it will take one-half hour for the bus to travel 36 km at 72 km/hr.

Example 13: How fast in miles per hour must a car travel to go 600 miles
in 15 hours?

First, circle what you must find—#ow fast (rate). Now, using the equation
d = rt, simply plug in 600 for distance and 15 for time.

d=rt
600 =r(15)
600 _ 7(15)
15 15
40=r

So, the rate is 40 miles per hour.

Example 14: Mrs. Benevides leaves Burbank at 9 a.m. and drives west on
the Ventura Freeway at an average speed of 50 miles per hour. Ms. Twill
leaves Burbank at 9:30 a.m. and drives west on the Ventura Freeway at
an average speed of 60 miles per hour. At what time will Ms. Twill over-
take Mrs. Benevides, and how many miles will they each have gone?

First, circle what you are trying to find— ar what time and how many
miles. Now, let ¢ stand for the time Ms. Twill drives before overtaking
Mrs. Benevides. Then Mrs. Benevides drives forz + 1 hours before being
overtaken. Next, set up the following chart.

rate time distance
r X t = d

Ms. Twill 60 mph t 60t

Mrs. Benevides 50 mph t+% 50( t +%)
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Because each travels the same distance,

60t = 50(t+l)

2

60z =507+ 25
102 =25
t=2.5

Ms. Twill overtakes Mrs. Benevides after 2.5 hours of driving. The exact
time can be figured out by using Ms. Twill’s starting time: 9:30 + 2:30 =
12 noon. Since Ms. Twill has traveled for 2.5 hours at 60 mph, she has
traveled 2.5 x 60, which is 150 miles. So, Mrs. Benevides is overtaken at
12 noon, and each has traveled 150 miles.

Coin Problems

Example 15: Tamar has four more quarters than dimes. If he has a total
of $1.70, how many quarters and dimes does he have?

First, circle what you must find— how many quarters and dimes. Let x
stand for the number of dimes, then x + 4 is the number of quarters.
Therefore, .10x is the total value of the dimes, and .25(x + 4) is the total
value of the quarters. Setting up the following chart can be helpful.

number value amount of money
dimes X .10 Jd0x
quarters X+ 4 .25 25(x+ 4)

Now, use the table and problem to set up an equation.

.10 x+.25(x+4) =1.70
10 x+25(x+4) =170
10 x+25x+ 100 =170
35 x+ 100 =170
35 x=70
x=2

So, there are two dimes. Since there are four more quarters, there must
be six quarters.
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Example 16: Sid has $4.85 in coins. If he has six more nickels than dimes
and twice as many quarters as dimes, how many coins of each type does
he have?

First, circle what you must find— the number of coins of each type. Let x
stand for the number of dimes. Then x + 6 is the number of nickels, and
2x is the number of quarters. Setting up the following chart can be

helpful.

number value amount of money

dimes X .10 J0x
nickels X+6 .05 .05(x + 6)
quarters 2x .25 .25(2x)

Now, use the table and problem to set up an equation.

.10 x+.05(x + 6) +.25(2x) = 4.85
10 x+5(x+6)+25(Q2x) =485
10 x+ 5x + 30 + 50x = 485
65 x + 30 =485
65 x =455
x=7

So, there are seven dimes. Therefore, there are thirteen nickels and four-
teen quarters.

Mixture Problems

Example 17: Coffee worth $1.05 per pound is mixed with coffee worth
85¢ per pound to obtain 20 pounds of a mixture worth 90¢ per pound.
How many pounds of each type are used?

First, circle what you are trying to find— how many pounds of each type.
Now, let the number of pounds of $1.05 coffee be denoted as x. There-
fore, the number of pounds of 85¢-per-pound coffee must be the remain-
der of the twenty pounds, or 20 — x. Now, make a chart for the cost of
each type and the total cost.
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cost amount total cost
perib. x in Ibs. = of each
$1.05 coffee  $1.05 X $1.05x
S .85 coffee $ .85 20 - x $.85(20 - x)
mixture $.90 20 $.90(20)

Now, set up the equation.

total cost of one type plus total cost of other type equals total cost of mixture
—— —
$1.05x + $.85(20—x) = $.90(20)
1.05x +17.00—.85x =18.00
17.00+.20x =18.00
-17.00+17.00+.20x =18.00—17.00

.20x=1.00

20x _ 1.00

.20 .20
x=5

Therefore, five pounds of coffee worth $1.05 per pound are used. And
20 —x, or 20 — 5, or fifteen pounds of 85¢-per-pound coffee are used.

Example 18: Solution A is 50% hydrochloric acid, while solution B is
75% hydrochloric acid. How many liters of each solution should be used
to make 100 liters of a solution which is 60% hydrochloric acid?

First, circle what you're trying to find— /liters of solutions A and B. Now,
let x stand for the number of liters of solution A. Therefore, the number
of liters of solution B must be the remainder of the 100 liters, or 100 —x.
Next, make the following chart.

% of acid liters concentration of acid
solution A 50% X 50x
solution B 75% 100 - x .75(100 - x)

new solution 60% 100 .60(100)
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Now, set up the equation.
.50x+.75(100— x ) =.60(100)
S0x+  75—.75x = 60

-75 =75
S50x —.75x=-15
—-.25x=-15
—25x _ -15
-25 =25
x=060

Therefore, using the chart, 60 liters of solution A and 40 liters of solution
B are used.

Work Problems

Example 19: Ernie can plow a field alone in four hours. It takes Sid five
hours to plow the same field alone. If they work together (and each has a
plow), how long will it take to plow the field?

First, circle what you must find—how long . . . together. Work problems
of this nature may be solved by using the following equation.

1 1 1 1

+ + +etc.= ————
Ist person's rate ~ 2nd person's rate  3rd person's rate rate together

Therefore,

1,1 1
Ernie's rate = Sid's rate  rate together
1 11
4 5 = t
Finding a common denominator
S 4 _ 1
20 T 20 T
9 _1
20
Cross multiplying
9+ =20
9 _20_,2
9 9 2 9 hours

2

Therefore, it will take them 2 9

hours working together.
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Number Problems with Two Variables

Example 20: The sum of two numbers is 15. The difference of the same
two numbers is 7. What are the two numbers?

First, circle what you’re looking for—#he rwo numbers. Let x stand for the
larger number and y stand for the second number. Now, set up two
equations.

The sum of the two numbers is 15.

x+y=15
The difference is 7.
x—y=7
Now, solve by adding the two equations.
x+y=15
x—y=7
2x =22
x =11

Now, plugging into the first equation gives
11 +y=15
So y=4
The numbers are 11 and 4.

Example 21: The sum of twice one number and three times another
number is 23 and their product is 20. Find the numbers.

First, circle what you must find—+#he numbers. Let x stand for the number
that is being multiplied by 2 andy stand for the number being multiplied
by 3.

Now set up two equations.
The sum of twice a number and three times another number is 23.
2x+3y=23
Their product is 20.
x(y) = 20
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Rearranging the first equation gives
3y=23-2x
Dividing each side of the equation by 3 gives

_23_2x
3 3

Now, substituting the first equation into the second gives

x(2—3—2—x)=2o
33

23x_ 2",
3 3
Multiplying each side of the equation by 3 gives
23x—2x* = 60
Rewriting this equation in standard quadratic form gives
2x*—23x+60=0
Solving this quadratic equation using factoring gives
2x—15)(x—4) =0
Setting each factor equal to 0 and solving gives
2x—=15=00rx—4=0
2x=150r x=4
15

x=5 or x=4
With each x value we can find its corresponding y value.
3]
1 23 \2 =23_15_38
Ifx—z,theny— 3 3 ory—3 3 =3
; _23 204 23 8 15_
If x = 4, then y = 3 3 ory=S-3=73 =5.

Therefore, this problem has two sets of solutions.

181



182 ciiffsNotes Algebra I Quick Review

15

The number being multiplied by 2 is > and the number being multiplied

by 3 is %, or the number being multiplied by 2 is 4 and the number being

multiplied by 3 is 5.

Chapter Check-0ut

1.

2.

3.

Find the total interest on $140 at 5% annual rate for two years if the
interest is compounded annually.

A map’s key shows that 1" = 50 miles. How many inches apart on the
map will two cities be if they are exactly 15 miles apart?

Earl is six years older than Simin. In two years the sum of their ages
will be twenty. How old is Simin now?

Ellen has collected nickels and dimes worth a total of $6.30. If she
has collected seventy coins in all and each is worth face value, how
many of each kind does she have?

Terrell can put up a wood fence in 5 hours if he works alone. It takes
Miri 6 hours to put up the same wood fence if she works alone. If
they work together, how long will it take them to put up the same
wood fence?

The sum of two numbers is 40, and their product is 300. What are
the two numbers?

Answers: 1. $14.35 2. 3" or .3" 3.5 4. 14 nickels and 56 dimes

10

5. Z%hours 6.10 and 30



REVIEW QUESTIONS

Use these review questions to practice what you’ve learned in this book.
After you work through the review questions, you're well on your way to
understanding the basic concepts of Algebra I.

Chapter 1
1. Which of the following are rational numbers? 0, 2, 5, %, 0.6

2. Which of the following are prime numbers? 2, 6,9, 11, 15, 17
3. The multiplicative inverse of % is

4. 3% =

5.27 =

6. 72 X 7° = (with exponent)

7. 8°+ 8% = (with exponent)

8. (3%)° = (with exponent)

9. \/64 =

3125 =

. Approximate /18 to the nearest tenth.

. Simplify: 2[(3% + 4) + 2(1 + 2)].

13. The number 12,120 is divisible by which numbers between 1 and 10?

[ S —
N = ©

Chapter 2
14. -7 +6=
15. (-4)(-2)(-3) =
3.2

5 7
215

3 22

16

17
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1 1
18. 1=X2==
274
1 1
19.3—-+2—=
33 2
20. Change to a decimal: %

21. Change to a fraction: 0.4

22. 20 is what % of 4002

For problems 23 and 24, express each answer in scientific notation.
23. (4 X 10%)(3 x 10?) =

24. (8 X102 + (2% 10%) =

Chapter 3
25. {1,2,3} N {3, 4, 5} =
26. {1,3,5} U {3, 4,5} =
27. True or false: {Tom, Bob, Sam} -~ {1, 2, 3}
28. Express algebraically: five less than four times a number 7.

29. Evaluate: 2x + 4y? if x= 3 and y = -2.

Chapter 4
30. Solve for x: 4x + 8 = 32
31. Solve for y: %—3 =9

32. Solve for 7: 57+ 7 =3r—15

33. Solve forx: xy + z=w

34. Solve for ¢: £ = b

c d

x_3
35. Solve for x: 479

Chapter 5
36. Solve for x and y:

3x+2y=1
2x—3y=-8
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37. Solve for m and n:

m=n+3
m+2n=9
Chapter 6

38. 2xy” + x)° — 6xy* =
39. (3x4)/2Z)(_5x2}/222) _
40. (54°b)% =
w22

3x%y’z
42. Express the answer with positive exponents: xyz =
43. (8a —4b) — (6a—3b) =
44, 4x*y — 3xy? + 2x%y — 2x)° =
45. (5x + 2y)(2x + 3y) =

2 2 2
46. 12m”n” +14mn” _

2mmn

47. (* +4x+4) + (x+2) =
48. Factor: 2y* - 8y =

49. Factor: 9x* — 16 =

50. Factor: x? — 10x + 24 =
51. Factor: 44° + 64> + 2a =
52. Factor: m* + Smn + 4n* =

53. Factor: ¢ + 6 + ab + 6b =

Chapter 7
6
54. Reduce: 5x 7
15x
Cox=3x+2
55. Reduce: BT
3 2
56. > x 3 _

2y 4x

185
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x2+2x+lx2x+4

57.
x+2 x+1
5g, 07, 2" _
7oy
6y+12
5o OYH12 yH+2
8 4
60_3x—2_2x—1=
x+1 x+1
5,7
4L =
61.x y
3 2
62. + =
2’ atb?
3x 2x
63. ——— =X_=
x—3 x+1
64. — dx

+ =
x2=16 x*+5x+4

Chapter 8
65. Solve for x: 2x+ 5 < 15
66. Solve for x: 3x + 42 5x—8
67. Graph: {x: -2 <x <2}

-5 —4 -3 -2 -1 0 1 2 3 4 5
68. Graph: {x: x < 6}
| | | | | | | | | | | | | | | | | | | | |
| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
-0 -9 8 -7 6 -5-4-3-2-1201 2 3 45 6 7 8 9 10
69. |-6-3| =
70. Solve for x: 2|x—2|+5=13
71. Solve and graph: 3|x + 1| + 2> 8
| | | | | | | | | | | | | | | | | | | | |
I 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
-0 -9 8 -7 6-5-4-3-2-1201 2 3 45 6 7 8 9 10
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Chapter 9

72.Is x + 3_ 9 linear or nonlinear?

Y
73. Graph: y=x—-4

T R B [ I I
| N — T T T
-10 9 -8 -7 6 5 -4 -3 -2 -1 12 3 45 6 7 8 9

5‘__><

-10L

74. Find the slope of 2x + y = 6.

75. Find the equation of the line, in slope-intercept form, passing

through the point (5, 3) with a slope of 2.

76. Find the equation of the line, in standard form, passing through the
points (2, 3) and (-1, -3).
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77. Graph: y>2x + 1

Il Il Il Il Il Il
T T T T T T
-0 -9-8 -7 6-5-4 -3 -2 -1 12 3 45 6 7 8 9

8__><

Chapter 10
78. Which of the following are graphs of functions?
y y

(a) (b) (c)

79. If f(x) = 3x* — 2x — 1, what is f(3)?
80. If the domain of x* + 5x + 1 is {2, 3, 4}, then what is the range?

81. If y varies directly as x, find the constant of variation when y is 3 and
xis 9.



Review Questions 189

82. If y varies indirectly as x and the constant of variation is 2, find y
when x is 8.
Chapter 11
83. Simplify: J75
84. If each variable is nonnegative, \/m =
85. /50 +32 =
86. 6\/3 X 242 =

For problems 87-89, express answers in simplified form with rational
denominators.

87.

o

®
&
Il

& &

W N
+

89. 2_\/5 =
Chapter 12
90. Solve for x: x> — 2x = 63
91. Solve: x> — 81 =0
92. Solve: x> + 8x =0
93. Solve: 3x? + 3x + 2 = 2x% + x + 1
94. Solve for x using the quadratic formula: x* + 3x+ 1 =0

95. Solve for x by completing the square: x* + 7x + 4= 0

Chapter 13

96. If Tim invests $200 at a 10% annual rate for three years compounded
annually, how much money will he have at the end of three years
from this investment?

97. If one number is twice as large as another number and the smaller
number is increased by 12, the result is 8 less than the larger number.
What is the larger number?
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98. Nuts costing $1.40 per pound are mixed with nuts costing $1.00 per
pound to produce forty pounds of mixture worth $1.10 per pound.
How much of each type is used?

99. Tom is trying to fill his bathtub to take a bath. If Tom turns on only
the hot water, the tub will fill in 20 minutes. If Tom turns on only
the cold water, the tub will fill in 10 minutes. How long will it take
to fill the tub if Tom turns on the hot and cold water faucets at the
same time?

Answers: 1. 0, 2,%, 0.62.2, 11, 173.% or 1%4. 95.%6. 777.828.3%
9.810. 5 11. approx. 4.2 12. 38 13. 2, 3, 4, 5, 6, 8 14. 1 15. ~24
16,31 4 1 4

5 q4e 27 3 4 3 0
3517 18. gor 3 19. 3 or 1320 .0625 21. 922 5%

23. 12X105—12X10624 4x107°25. {3} 26. {1, 3, 4, 5} 27. True

28.47-529.2230.631.96 32. 11 33. 22 34, o35 12=2=1]

36.x=-1,y= 237 m =5, n=238.-3xy* 39. -15x%"2> 40. 625454*

41. 3xyz42 2 43.2a — b 44. 6x*y — Sxy* 45. 10x* + 19xy + 6y*

46. 6mn + 7n 47.x+248. 2y(y —4) 49. 3x—4)(3x + 4) 50. (x—6)(x—4)
1

2 —
51. 242 + 1)@+ 1)52. (m + n)(m + 4n) 53. (1 + b)(a + 6) 54. % 55. "T

3
2
56.3’“—%7.2(“1)58.3ﬂ59.360.x‘161. 2y +7x  Tx+5y
x+1 Xy xy
62. 34+2/763 x(x+9) x> +9x 64 5x*—15x

a'h’ (x—3)(x+1) ° x2—2x—3 T(x+4)(x—4)(x+1)
65.x<566.6=>x0rx<06

67.
| | ° | | | A | |
I T ¢ T T T % T |
-4 -3 -2 -1 0 1 2 3 4

68.
AN T O T N A VI T A T T T R T N A B B
I s s I O B B A B B |
-10-9-8-76-54-3-2-10123 4567 8910
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69.970.6,—-271.x>1orx<-3

72. Nonlinear

73.

(3}
o
~
oo
©
S+x

9+
—10L

74.-275.y=2x-776.2x-y=1
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77.

78. (a) 79. 20 80. {15, 25, 37} 81.

lgs, 483 5\3 84.5x% " /x 85.8\2

3
86.12:/6 87. ‘/_488 8+ 44/3 89. 8+5f or 4+ 5f 90.9, -7

91.9,-992.0, -8 93. _1 94. ‘%f or 3T ‘3;‘f

2

95.=7 iz\/ﬁ or =7 +2x/§ =7 —2J3_3 96. $266.20 97. 40 98. 10 Ibs. of

$1.40 nuts and 30 lbs. of $1.00 nuts 99. 6% min.
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GLOSSARY

abscissa the distance along the hori-
zontal axis in a coordinate graph.

absolute value the numerical value
when direction or sign is not considered.
The symbol for absolute value is | |.

additive axiom of equality if 2 =6
andc=d, thena+c=b+d.

additive axiom of inequality if > b,
thena+c>b+c.

additive inverse the opposite (nega-
tive) of a number. Any number plus its
additive inverse equals 0.

algebra arithmetic operations using
letters and/or symbols in place of
numbers.

algebraic expressions expressions
composed of letters to stand for
numbers.

algebraic fractions fractions using
a variable in the numerator and/or
denominator.

ascending order basically, when the
power of a term increases for each suc-
ceeding term.

associative property grouping of ele-
ments does not make any difference in

the outcome. Only true for multiplica-
tion and addition.

axioms of equality basic rules for
using the equal sign.

binomial an algebraic expression con-
sisting of two terms.

braces grouping symbols used after
the use of brackets. Also used to repre-
sent a set. { }

brackets grouping symbols used after
the use of parentheses. [ ]

canceling  in multiplication of frac-
tions, dividing the same number into
both a numerator and a denominator.

Cartesian coordinates a system of
assigning ordered number pairs to
points on a plane.

closed half-plane a half-plane that
includes the boundary line and is
graphed using a solid line and shading.

closed interval an interval that
includes both endpoints or fixed
boundaries.

closure property when all answers
fall into the original set.

coefficient a number or variable
affixed to another by multiplication.
For example, in 9x, 9 is the numerical
coefficient of x and x is the variable
coefficient of 9.

common factors factors that are the
same for two or more numbers.

commutative property order of ele-
ments does not make any difference in
the outcome. Only true for multiplica-
tion and addition.

complex fraction a fraction having a
fraction or fractions in the numerator
and/or denominator.
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composite number a number divisi-
ble by more than just 1 and itself (such
as4,6,8,9,...).0and lare not com-
posite numbers.

conjugate the conjugate of a binomial
contains the same terms, but the oppo-
site sign between them. (x + y) and

(x — y) are conjugates.

coordinate axes two  perpendicular
number lines used in a coordinate

graph.

coordinate graph two perpendicular
number lines, the x axis and the y axis,
creating a plane on which each point is
assigned a pair of numbers.

coordinates the numbers that corre-
spond to a point on a coordinate graph.

cube the result when a number is
multiplied by itself twice. Designated
by the exponent 3 (such as x?).

cube root the number that when
multiplied by itself twice gives you the
original number. For example, 5 is the
cube root of 125.

denominator everything below the
fraction bar in a fraction.

descending order basically, when the
power of a term decreases for each suc-
ceeding term.

direct variation when  y varies
directly as x or y is directly proportional
to x.

discriminant the value under the
radical sign in the quadratic formula.

[6* = 4ac]

distributive property the process of
distributing the number on the outside
of the parentheses to each number on
the inside. 2(b + ¢) = ab + ac

domain the set of all first coordinates
from the ordered pairs in a relation.

element a member of a set.

a set with no members

empty set
(a null set).

equal sets  sets that have exactly the
same members.

equation a balanced relationship
between numbers and/or symbols.
A mathematical sentence.

equivalent sets sets that have the
same number of members.

Euler circles a method of pictorially
representing sets.

to determine the value or
numerical amount.

evaluate

exponent a numeral used to indicate
the power of a number.

extremes outer terms.

factor to find two or more quantities

whose product equals the original
quantity.

finite
ending.
F.O.I.L. method a method of multi-
plying binomials in which first terms,

outside terms, inside terms, and last
terms are multiplied.

countable. Having a definite

function a relation in which each ele-
ment in the domain is paired with
exactly one element in the range.

graphing method a method of solv-
ing simultaneous equations by graphing
each equation on a coordinate graph
and finding the common point
(intersection).



half-open interval an interval
that includes one endpoint, or one

boundary.

half-plane the region of a coordinate
graph on one side of a boundary line.

identity element for addition 0. Any
number added to 0 gives the original
number.

identity element for multiplica-
tion 1. Any number multiplied by 1
gives the original number.

imaginary numbers square roots of
negative numbers. The imaginary unit
is i.

incomplete quadratic equation a
quadratic equation with a term missing.

indirect variation or inverse varia-
tion when  y varies indirectly as x or y
is indirectly proportional to x. That is,
as x increases, y decreases and as y
increases, x decreases. Also referred to as
inverse or indirect proportion.

inequality a statement in which the
relationships are not equal. The oppo-
site of an equation.

infinite uncountable. Continues
forever.
integer a whole number, either posi-

tive, negative, or zero.

intersection of sets the members that
overlap (are in both sets).

all the numbers that lie
within two certain boundaries.

interval

inverse relations  relations where the
domain and the range have been inter-
changed—switching the coordinates in
each ordered pair.
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linear equation an equation whose
solution set forms a straight line when
plotted on a coordinate graph.

literal equation
mostly variables.

an equation having

means inner terms in a proportion.

monomial an algebraic expression
consisting of only one term.

multiplicative axiom of equality
ifa=band c=d, then ac = bd.

multiplicative inverse the reciprocal
of the number. Any number multiplied
by its multiplicative inverse equals 1.

negative multiplication property of
inequality reverse the inequality sign
when multiplying (or dividing) by a
negative number. If ¢ < 0, then a > 4 if,
and only if, ac < be.

nonlinear equation an equation
whose solution set does not form a
straight line when plotted on a coordi-
nate graph.

null set a set with no members (an
empty set).

number line a graphic representation
of integers and real numbers. The point
on this line associated with each num-
ber is called the graph of the number.

numerator everything above the frac-
tion bar in a fraction.

numerical coefficient the number in

front of the variable.

open half-plane a half-plane that
does not include the boundary line. If
the inequality is a “>” or “<”, then the
graph is an open half-plane.
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open interval an interval that
does not include endpoints or fixed
boundaries.

open ray a ray that does include its

endpoint (half line).

ordered pair any pair of elements
(x, y) having a first element x and a
secondelement y. Used to identify or
plot points on a coordinate grid.

ordinate the distance along the verti-
cal axis on a coordinate graph.

origin the point of intersection of the
two number lines on a coordinate graph.
Represented by the coordinates (0, 0).

polynomial an algebraic expression
consisting of two or more terms.

positive multiplication property of
inequality if ¢> 0, then 2> 4if, and
only if, ac > be.

proportion  two ratios equal to each
other. For example, a is to cas & is to d.

quadrants four quarters or divisions
of a coordinate graph.

quadratic equation an equation that
could be written ax? + bx + ¢ = 0.

quadratic formula  a method of solv-
ing quadratic equations.

radical sign  the symbol used to desig-
nate square root.

range the set of all second (or y) coor-
dinates from the ordered pairs in a
relation.

ratio a method of comparing two or
more numbers. For example, 2:6. Often
written as a fraction, a/b.

real numbers the set consisting of all
rational and irrational numbers.

reducing changing a numerical or
algebraic fraction into its lowest terms.
For example, 2/4 is reduced to 1/2, or
alab is reduced to 1/6.

reflexive axiom of equality for
number 4, 2 = a.

any

relation any set of ordered pairs.

repeating decimal a decimal fraction
that continues forever repeating a num-
ber or block of numbers.

roster a method of naming a set by
listing its members.

rule a method of naming a set by
describing its elements.

set a group of objects, numbers, and
so forth.

set builder notation a formal method
of describing a set. Often used for
inequalities. For example, {x: x > 1},
which is read “x such that all x is greater
than 1.”

simplify to combine several or many
terms into fewer terms.

simultaneous equations (system of
equations) a set of equations with the
same unknowns (variables).

slope of a line  the ratio of the change
in y to the change in x in a linear equa-
tion (slope = rise/run).

solution set (or solution)  all the
answers that satisfy the equation.

square the result when a number is
multiplied by itself. Designated by the
exponent 2 (such as x?).

square root the number that when
multiplied by itself gives you the original
number. For example, 5 is the square
root of 25.



subset a set within a set.

substitution method a method of
solving simultaneous equations that
involves substituting one equation into
another.

symmetric axiom of equality if =0,
then b = a.

system of equations simultaneous
equations.

term  a numerical or literal expression

with its own sign.

transitive axiom of equality if 2=104
and & =¢, thena =c.

transitive axiom of inequality if 2> 6
and 6> ¢, thenz>¢. Orifa< b and
b<c thena<e.

trichotomy axiom of inequality the
only possible relationships between two
numbers are: 2 > b, a = b, or a < b.

trinomial an algebraic expression

consisting of three terms.

union of sets  all the numbers in

those sets.

universal set the general category set,
or the set of all those elements under
consideration.
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unknown  a letter or symbol whose
value is not known, a variable.

value numerical amount.

variable a symbol used to stand for a
number.
variation a relationship between a set

of values of one variable and a set of
values of other variables.

Venn diagram
of sets.

a pictorial description

vinculum  a line placed over (some-
times under) a digit or group of digits
in a repeating decimal fraction to show
which digits are repeating.

whole number 0, 1, 2, 3, and so on.

x-axis the horizontal axis in a coordi-
nate graph.

x-coordinate the first number in the
ordered pair. Refers to the distance on
the x-axis (the abscissa).

y-axis the vertical axis in a coordinate

graph.
y-coordinate the second number in

the ordered pair. Refers to the distance
on the y-axis (the ordinate).






Index

SYMBOLS

= (approximately equal to), 6

{} (braces), 15-16

[ 1 (brackets), 15-16

+ (divide) used in word problems, 167. See
also dividing/division

= (equal to), 6

> (greater than), 6

> (greater than or equal to), 6

< (less than), 6

< (less than or equal to), 6

— (minus). See also subtracting/subtraction
preceding parenthesis, 22
in word problems, 167

# (not equal to), 6

* (not greater than), 6

(not greater than or equal to), 6

< (not less than), 6

ﬁ (not less than or equal to), 6

() (parenthesis)
minus preceding, 22
overview, 15

+ (plus) used in word problems, 166. See also
adding/addition

X (times) used in word problems, 167. See also
multiplying/multiplication

A

abscissa, 110-111
absolute value
Q&A, 107-108
review questions, 186
solving equations containing, 103-106
adding/addition
algebraic fractions, 92-95
associative property for, 7
closure for, 6
commutative property for, 6
identity element for, 7
key words and phrases for word

problems, 166

keywords denoting, 45
monomials, 71-72

polynomials, 74-75

positive and negative fractions, 23
properties of, 6-7, 98

of signed numbers, 20-21

of square roots after simplifying, 150

in word problems, 166
addition/subtraction method, 57-62
additive axiom of equality, 48
additive inverse for addition, 7
age word problems, 173-174
algebraic expressions, 44—45
algebraic fractions

adding, 92-95

dividing, 91-92

multiplying, 90-91

operations with, 90-95

overview, 89

Q&A, 95-96

reducing, 90

review questions, 185-186

subtracting, 92-95
approximately equal to (=), 6
approximating square roots, 13
ascending order, 74
associative property

for addition, 7

for multiplication, 8
at, used in word problems, 167
ax? + bx + ¢, factoring polynomials,

82-86
axes (coordinate), 109
axioms (properties)

of addition, 6-7

associative, 7, 8

of basic operations, 6-9

commutative, 6, 7-8

distributive, 8-9

of inequalities, 97-99

of multiplication, 7-8
axioms of equality, 47-48
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basic operations
with algebraic fractions, 90-95
with exponents, 11-12
order of, 16-17
with powers, 11-12
properties of, 6-9
Q&A, 18
review questions, 183
with sets, 43—-44
with square root, 149-152
binomial, 74
Bobrow, Jerry
CliffsQuickReview Basic Math and
Pre-Algebra, 193
books, 193-194
braces ({}), 15-16
brackets ([ ]), 15-16

C

calculating
cube roots, 13
domain, 137-139
equation of a line, 122-126
if relation is a function, 137—-139
percents, 34-35
range, 137-139
values of functions, 139-140
changing
decimals to percents, 31
fractions to decimals, 28-29
fractions to percents, 31-32
infinitive repeating decimals to
fractions, 29-30
percents to decimals, 31
percents to fractions, 33—-34
terminating decimals to fractions, 28
chapter questions
absolute value, 107-108
algebraic fractions, 95-96
coordinate geometry, 130-132
equations, 55
equations with two variables, 67-69
expressions, 46
factoring, 87-88
fractions, 40
functions, 145
graphing, 107-108
inequalities, 107-108
monomials, 87-88

operations, basic, 18

percents, 40

polynomials, 87-88

proportions, 55

quadratic equations, 164

radicals, 153

ratios, 55

roots, 153

sets, 46

signed numbers, 40

variations, 145

word problems, 182
CliffsNotes Web site, 194
CliffsQuickReview Algebra II (Kohn), 193
CliffsQuickReview Basic Math and

Pre-Algebra (Bobrow), 193
CliffsQuickReview Geometry (Kohn), 193
CliffsQuickReview Trigonometry (Kay), 193
closed interval, 102-103
closure

for addition, 6

for multiplication, 7
coin word problems, 176-177
common factors, factoring out, 81
commutative property

for addition, 6

for multiplication, 7-8
comparing sets, 42—43
completing the square, 161-163
complex fractions, simplifying, 27
composite numbers, 4
compound interest word problems, 168
converting

decimals to percents, 31

fractions to decimals, 28-29

fractions to percents, 31-32

infinitive repeating decimals to

fractions, 29-30

percents to decimals, 31

percents to fractions, 33—-34

terminating decimals to fractions, 28
coordinate axes, 109
coordinate geometry

coordinate graphs, 109-126

half-planes, 127-130

linear inequalities, 127-130

Q&A, 130-132

review questions, 187-188
coordinate graphs, 109-126
coordinate plane, graphing equations on,

111-116

counting numbers, 3



cube roots

finding, 13

overview, 12, 147
cubes (numbers), 4, 10-11

decimals
changing fractions to, 28-29
changing percents to, 31
changing to fractions, 28, 29-30
changing to percents, 31
overview, 28
decreased, used in word problems, 167
defining functions, 135
denominator, 11, 23
descending order, 74
determining
cube roots, 13
domain, 137-139
equation of a line, 122-126
if relation if a function, 137-139
percents, 34-35
range, 137-139
values of functions, 139-140
difference, used in word problems, 166.
See also subtracting/subtraction
difference between two squares, factoring,
81-82
direct variation, 140-142
Discovery.com, 194
distributive property, 8-9
divide (+), used in word problems, 167.
See also dividing/division
divided by, used in word problems, 167
divided into, used in word problems, 167
dividing/division
algebraic fractions, 91-92
complex fractions, 26
fractions, 25-26
key words and phrases for word
problems, 167
keywords denoting, 45
mixed numbers, 26-27
monomials, 73
polynomials by monomials, 77
polynomials by polynomials, 78-81
in scientific notation, 38-39
signed numbers, 22
using zero, 9

divisibility rules, 17

Index 203

domain
determining, 137-139
overview, 134
Dummies Web site, 194

carly reducing, 24-25
elimination method, 57-62
equal sets, 42
equal to (=), 6
equality, axioms of, 47-48
equation of a line, finding, 122-126
equations
axioms of equality, 47-48
graphing on coordinate plane,
111-116
linear, 116-122
literal, 51-52
nonlinear, 113-114
overview, 47
Q&A, 55, 67-69
review questions, 184
simultaneous, 57-67
solving, 48-51
solving containing absolute value,
103-106
with two variables, 184—185
equations, quadratic
completing the square, 161-163
factoring, 155-158
Q&A, 164
quadratic formula, 158-161
review questions, 189
solving, 155-163
equivalent sets, 42
Euler circles, 43
evaluating expressions, 4546
even numbers, 4
exponents. See also powers
cubes, 10-11
negative, 74
operations with, 11-12
overview, 9-10
squares, 10-11
expressions
algebraic, 44-45
evaluating, 45-46
Q&A, 46
review questions, 184
extremes, 83
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factoring
common factors, 81
difference between two squares, 81-82
by grouping, 86-87

overview, 87

polynomials having three terms of form

ax? + bx + ¢, 82-86
Q&A, 87-88
quadratic equations, 155-158
review questions, 185
fewer, used in word problems, 166
finding
cube roots, 13
domain, 137-139
equation of a line, 122-126
if relation if a function, 137-139
percents, 34-35
range, 137-139
values of functions, 139—140
finite sets, 42
fractions
adding algebraic, 92-95
adding positive and negative, 23
changing infinitive decimals to, 29-30
changing percents to, 33-34
changing terminating decimals to, 28
changing to decimals, 28-29
changing to percents, 31-32
dividing, 25-26
dividing algebraic, 91-92
dividing mixed numbers, 26-27
carly reducing, 24-25
multiplying, 24
multiplying algebraic, 90-91
multiplying mixed numbers, 25
negative, 23-24
operations with algebraic, 90-95
overview, 23, 89
positive, 23
Q&A, 40, 95-96
reducing algebraic, 90
review questions, 183-184, 185-186
simpliyfing, 27
subtracting algebraic, 92-95
subtracting positive and negative, 24
functions
defining, 135
domain and range, 134, 137-139
finding values of, 139-140
graphs of, 135-136

graphs of relationship that are not,
136-137

Q&A, 145

relations, 133-134

review questions, 188—189

geometry (coordinate)
coordinate graphs, 109-126
half-planes, 127-130
linear inequalities, 127-130
Q&A, 130-132
review questions, 187-188
graphing method, 64-67
graphs/graphing
equations on coordinate plane, 111-116
of functions, 135-136
inequalities, 101-102
linear equations using slope and
intercept, 119-122
on number lines, 100-103
Q&A, 107-108
of relationships that are not functions,
136-137
review questions, 186
greater than (>), 6
greater than or equal to (2), 6
grouping, factoring by, 86-87
grouping symbols, 15-17

half, used in word problems, 167
half-open interval, 102-103
half-planes
closed half-plane, 128-130
open half-plane, 127-128

identity element
for addition, 7
for multiplication, 8
imaginary numbers, 149
improper subset, 41
incomplete quadratic, 156
increase, used in word problems, 166
indirect variation, 143-144
inequalities
axioms and properties of, 97-99
graphing, 101-102
overview, 97



Q&A, 107-108
review questions, 186
solving, 99-100
solving inequalities containing absolute
value and graphing, 104-106
infinite sets, 42
integers, 3—4
intercept
graphing linear equations using,
119-122
of linear equations, 116-119
Internet resources, 194
intersection of sets, 43—44
intervals, 102-103
inverse variation, 143—144
irrational numbers, 4

is/of method, 36-37

Kay, David A.
CliffsQuickReview Trigonometry, 193
Kohn, Edward
CliffsQuickReview Algebra I, 193
CliffsQuickReview Geometry, 193

L

less than (<), 6
less than, used in word problems, 167
less than or equal to (<), 6
linear equalities
closed half-plane, 128-130
open half-plane, 127-128
linear equations
graphing using slope and intercept,
119-122
nonlinear equations compared to,
113-114
slope and intercept of, 116-119
lines (number)
graphing on, 100-103
overview, 19-20
literal equations, 51-52

Math.com, 194

means, 83

minus (—). See also subtracting/subtraction
preceding parenthesis, 22
in word problems, 167

Index 205

mixed numbers
dividing, 26-27
multiplying, 25
mixture word problems, 177-179
monomials. See also polynomials
adding, 71-72
dividing, 73, 77
multiplying, 72-73
negative exponents, 74
overview, 71
Q&A, 87-88
review questions, 185
subtracting, 71-72
more than, used in word problems, 166
motion word problems, 174-176
multiplication inverse, 8
multiplicative axiom of equality, 48
multiplying/multiplication
algebraic fractions, 90-91
associative property for, 8
closure for, 7
commutative property for, 7-8
fractions, 24
identity element for, 8
key words and phrases for word
problems, 167
keywords denoting, 45
mixed numbers, 25
monomials, 72-73
polynomials, 75-77
properties of, 7-8
in scientific notation, 37-38
signed numbers, 22
using zero, 9
ways to show, 5

natural numbers, 3
negative division property, 98-99
negative exponents, 74
negative fractions, 23-24
negative integers, 4
negative multiplication property, 98-99
nonlinear equations, 113114
nonnegative roots
products of, 150-151
quotients of, 151-152
not equal to (#), 6
not greater than (), 6
not greater than or equal to (Z), 6
not less than (<), 6
not less than or equal to (ﬁl), 6
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number lines
graphing on, 100-103
overview, 19-20
number problems
with two variables, 180—-182
word problems, 171-173
numbers. See also signed numbers
categories of, 3—4
composite, 4
counting, 3
even, 4
imaginary, 149
irrational, 4
mixed, 25, 26-27
natural, 3
odd, 4
prime, 4
rational, 4, 167
whole, 3
numbers, signed
addition of, 20-21
dividing, 22
minus preceding parenthesis, 22
multiplying, 22
overview, 19-20
Q&A, 40
review questions, 183-184
subtraction of, 21-22
numerator, 11, 23

odd numbers, 4
of, used in word problems, 167
open interval, 102-103
operations
with algebraic fractions, 90-95
with exponents, 11-12
order of, 16-17
with powers, 11-12
properties of basic, 6-9
Q&A, 18
review questions, 183
with sets, 4344
with square root, 149-152
operations, addition
addition/subtraction method, 57-62
algebraic fractions, 92-95
associative property for, 7
closure for, 6
commutative property for, 6
identity element for, 7

key words and phrases for word
problems, 166
keywords denoting, 45
monomials, 71-72
polynomials, 74-75
positive and negative fractions, 23
properties of, 67, 98
of signed numbers, 20-21
of square roots after simplifying, 150
in word problems, 166
operations, division
algebraic fractions, 91-92
complex fractions, 26
fractions, 25-26
key words and phrases for word
problems, 167
keywords denoting, 45
mixed numbers, 26-27
monomials, 73
polynomials by monomials, 77
polynomials by polynomials, 78-81
in scientific notation, 38-39
signed numbers, 22
using zero, 9
operations, multiplication
algebraic fractions, 90-91
associative property for, 8
closure for, 7
commutative property for, 7-8
fractions, 24
identity element for, 8
key words and phrases for word
problems, 167
keywords denoting, 45
mixed numbers, 25
monomials, 72-73
polynomials, 75-77
properties of, 7-8
in scientific notation, 37—-38
signed numbers, 22
using zero, 9
ways to show, 5
operations, subtraction
addition/subtraction method, 57-62
algebraic fractions, 92-95
key words and phrases for word
problems, 166-167
keywords denoting, 45
monomials, 71-72
negative fractions, 24
polynomials, 74-75

positive fractions, 24



of signed numbers, 21-22
of square roots after simplifying, 150
in word problems, 166-167

order of operations, 16-17

ordered pair, 110

ordinate, 110-111

origin, 109

P

parenthesis ()
minus preceding, 22
overview, 15
percent change in word problems,
170-171
percent word problems, 169-170
percents
applications of, 35-36
changing decimals to, 31
changing fractions to, 31-32
changing to decimals, 31
changing to fractions, 33-34
finding, 34-35
overview, 30
proportion method, 36-37
Q&A, 40
review questions, 183-184
plus (+), used in word problems, 166. See
also adding/addition
point-slope form, 122-126
polynomials. See also monomials
adding, 74-75
dividing by monomials, 77
dividing by polynomials, 78-81
factoring polynomials having three
terms of form ax? + bx + ¢, 82-86
multiplying, 75-77
overview, 74
Q&cA, 87-88
review questions, 185
subtracting, 74-75
positive division property, 98
positive fractions, 23
positive integers, 4
positive multiplication property, 98
powers. See also exponents
cubes, 10-11
operations with, 11-12
overview, 9-10
squares, 10—11
prime numbers, 4

Index 207

problems (word)
addition in, 166
age problems, 173174
coin problems, 176-177
compound interest, 168
key words and phrases, 166-167
mixture problems, 177-179
motion problems, 174-176
number problems, 171-173
number problems with two variables,
180-182
percent, 169—170
percent change, 170-171
proportion, 169
Q&A, 182
ratio, 169
review questions, 189-192
simple interest, 167-168
solving technique, 165-166
work problems, 179
products
of nonnegative roots, 150-151
used in word problems, 167
proper subset, 41
properties (axioms)
of addition, 6-7, 98
associative, 7, 8
of basic operations, 6-9
commutative, 6, 7-8
distributive, 8-9
of inequalities, 97-99
of multiplication, 7-8
proportion method, 36-37
proportions
overview, 53—54
Q&A, 55
review questions, 184
solving for value, 54-55
word problems, 169

Q

Q&A. See questions (chapter)
quadrants, 111
quadratic equations
completing the square, 161-163
factoring, 155-158
Q&A, 164
quadratic formula, 158-161
review questions, 189

solving, 155-163
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quadratic formula, 158-161
questions (chapter)

signed numbers, 183-184
variations, 188—189

absolute value, 107-108

algebraic fractions, 95-96

coordinate geometry, 130132

equations, 55

equations with two variables,
67-69

expressions, 46

factoring, 87-88

fractions, 40

functions, 145

graphing, 107-108

inequalities, 107-108

monomials, 87-88

operations, basic, 18

percents, 40

polynomials, 87-88

proportions, 55

quadratic equations, 164

radicals, 153

quo

radi

word problems, 189-192
tients

of nonnegative roots, 151-152
in word problems, 167

cal sign, 147

radicals

Q&A, 153

review questions, 189

range

determining, 137-139
overview, 134

ratio word problems, 169
rational numbers, 4, 167
ratios

overview, 52-53
Q&A, 55

ratios, 55 review questions, 184
roots, 153 reciprocal, 8
sets, 46

signed numbers, 40
variations, 145
word problems, 182

questions (review)

absolute value, 186

algebraic fractions, 185-186

coordinate geometry, 187-188

equations, 184

equations with two variables,
184-185

expressions, 184

factoring, 185

fractions, 183-184

functions, 188-189

graphing, 186

inequalities, 186

monomials, 185

operations, basic, 183

percents, 183-184

polynomials, 185

proportions, 184

quadratic equations, 189

radicals, 189

ratios, 184

roots, 189

sets, 184

reduced, used in word problems, 167
reducing

algebraic fractions, 90
early, 24-25

reflexive axiom, 47
relations, 133-134

remainder, used in word problems, 167

resources

books, 193-194
Internet, 194

review questions

absolute value, 186

algebraic fractions, 185-186

coordinate geometry, 187-188

equations, 184

equations with two variables,
184-185

expressions, 184

factoring, 185

fractions, 183—-184

functions, 188-189

graphing, 186

inequalities, 186

monomials, 185

operations, basic, 183

percents, 183-184

polynomials, 185



proportions, 184
quadratic equations, 189
radicals, 189
ratios, 184
roots, 189
sets, 184
signed numbers, 183-184
variations, 188-189
word problems, 189-192
roots. See also square roots
cube, 12, 13, 147
nonnegative, 150-152
Q&A, 153
review questions, 189
roster method, 42
rule method, 42

scientific notation
division in, 38—39
multiplication in, 37-38
overview, 37
sets
comparing, 42-43
operations with, 43-44
overview, 41, 42
Q&A, 46
review questions, 184
special, 41-42
types of, 42
signed numbers
addition of, 20-21
dividing, 22
minus preceding parenthesis, 22
multiplying, 22
overview, 19-20
Q&A, 40
review questions, 183-184
subtraction of, 21-22
simple interest word problems, 167-168
simplifying
fractions and complex fractions, 27
square root, 147-148
square roots, 13-15
simultaneous equations, 57-67
slope
graphing linear equations using,
119-122
of linear equations, 116-119
slope-intercept form, 122126

Index 209

solving
equations, 48-51
equations containing absolute value,
103-106
inequalities, 99-100
proportions for value, 54-55
quadratic equations, 155163
simultaneous equations, 57-67
word problems, 165-166
square roots
adding, 150
approximating, 13
operations with, 149-152
overview, 12, 147
simplifying, 13-15, 147-148
squares (numbers), 4, 10-11
standard form, 122-126
subset, 41
substitution method, 62-64
subtracting/subtraction. See also minus
algebraic fractions, 92-95
key words and phrases for word
problems, 166-167
keywords denoting, 45
monomials, 71-72
negative fractions, 24
polynomials, 74-75
positive fractions, 24
of signed numbers, 21-22
of square roots after simplifying, 150
in word problems, 166-167
sum, 166
symbols
common, 5-6
grouping, 15-17

symmetric axiom, 47

T

times (X) , used in word problems, 167. See
also multiplying/multiplication

total, 166, 167

transitive axiom, 47, 98

trichotomy axiom, 97

trinomial, 74

twice, used in word problems, 167

union of sets, 43
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Vv

value

vari

vari

absolute value, 103-108, 186
finding of functions, 139-140
overview, 45

solving proportions for, 54-55
ables

number problems with two, 180-182
overview, 44—45

solving equations with two, 67-69
ations

direct, 140142

indirect, 143—-144

inverse, 143-144

Q&A, 145

review questions, 188-189

Venn diagrams, 43

Web sites, 194
whole numbers, 3
Wiley Web site, 194
word problems

addition in, 166

age problems, 173-174

coin problems, 176177
compound interest, 168

key words and phrases, 166-167

mixture problems, 177-179

motion problems, 174-176

number problems, 171-173

number problems with two variables,
180-182

percent, 169—170

percent change, 170171

proportion, 169

Q&A, 182

ratio, 169

review questions, 189-192

simple interest, 167-168

solving technique, 165-166

work problems, 179

work word problems, 179

X

x-axis, 109
x-coordinate, 110-111

Y

y-axis, 109
y-coordinate, 110-111

y 4

zero, multiplying and dividing using, 9
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