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Preface

During the past 45 years a significant amount of research has been published

in the area of structural optimization. The great majority of these papers

deal with the minimization of the weight of the structure. While weight of a

structure constitutes a significant part of the cost, a minimum weight design

is not necessarily the minimum cost design. Only a small fraction of the

papers published on structural optimization deal with the cost optimization

problem. Most of these papers deal with structural elements such as beams.

Few journal papers have been published on cost optimization of realistic

three-dimensional structures. As such, there is a need to perform research on

cost optimization of realistic three-dimensional structures, especially large

structures with hundreds of members where optimization can result in sub-

stantial savings. The results of such research efforts will be of great value to

practicing engineers.

Another important reason for advocating and advancing the use of opti-

mization technology in the design of structures is automating the complicated

process of structural design. In the ground-breaking book by H. Adeli and H.

S. Park, Neurocomputing for Design Automation, CRC Press, Boca Raton,

Florida, 1998, a patented model was presented for fully automated design of

very large structures and used for the fully automated design of a 144-story

superhigh-rise steel modified tube-in-tube structure with over 20 000 mem-

bers subjected to the actual constraints of commonly used design code, the

American Institute of Steel Construction Allowable Stress Design (ASD)

and Load and Resistance Factor Design (LRFD) codes. Today, even the

most advanced commercial design software systems do not provide a fully

automated system. Fully automated structural design and cost optimization

are where the large-scale design technology should be heading. As the first

book on cost optimization of structures we hope that this book will guide

the profession in that direction.
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Introduction

1.1 The Case for Cost Optimization

A great majority of structural optimization papers deal with the minimization

of the weight of the structure (Vanderplaats, 1984; Arora, 1989; Adeli and

Kamal, 1993; Adeli, 1994 – to mention a few). While weight of a structure

constitutes a significant part of the cost, minimization of the cost is the final

objective for optimum use of available resources. For concrete structures the

optimization problem has to be formulated as a cost minimization problem

because different materials are involved. In contrast, for steel structures the

optimization problem can be formulated as a weight minimization problem.

Only a small fraction of hundreds of papers published on optimization of

steel structures deals with cost optimization; the great majority deal with

minimization of the weight of the structure. In reality, a minimum weight

design may not be a minimum cost design. Besides material cost there are

many other factors that influence the total construction cost of a structure. Up

to the late 1990s, little research work had been reported on the optimization

of the overall cost of a three-dimensional steel structure subjected to the

constraints of the commonly used design specifications such as AISC ASD

and LRFD specifications (AISC, 1995, 2001).

Ideally, the optimization problem should be formulated in terms of the

life-cycle cost, which includes the costs of materials, fabrication, erection,

maintenance, and disassembling the structure at the end of its life cycle. Some

methodologies for determining life-cycle costs and decision making are dis-

cussed by Wilson et al. (1997). However, prior to the authors’ research, little

Cost Optimization of Structures: Fuzzy Logic, Genetic Algorithms, and Parallel Computing H. Adeli and

K. C. Sarma © 2006 John Wiley & Sons, Ltd



2 Introduction

work on cost optimization of steel structures was reported in the literature.

Optimization of total cost as well as the life-cycle cost are very important

from the economic point of view and should be the prime focus of structural

optimization in the new millennium.

In the traditional optimization algorithms, constraints are satisfied within

a tolerance defined by a crisp number. In actual engineering practice con-

straint evaluation involves many sources of imprecision and approximation.

When an optimization algorithm is forced to satisfy the design constraints

exactly it can miss the global optimum solution within the confines of com-

monly acceptable approximations. By taking into account the fuzziness and

imprecision in the constraints (the input of the optimization problem) and

employing the fuzzy set theory of Zadeh (1965, 1978), one can further reduce

the objective function (the output of the optimization problem) and increase

the probability of finding the actual global optimum solution substantially.

For the structural optimization methodology in general, and the cost opti-

mization approach in particular, to be embraced by the structural engineering

community, the focus of future research should be on large structures sub-

jected to the actual constraints of a commonly used design code such as

the AISC ASD (AISC, 1995) or the AISC LRFD (AISC, 2001) code. The

true benefit of optimization is realized for large structures with hundreds of

members.

In cost minimization additional difficulties are encountered. They include

the definition of the cost function and uncertainties and fuzziness involved

in determining the cost parameters. As a result, only a small fraction of the

structural optimization papers published deal with the minimization of the

cost. In this chapter, a chronological review of papers is presented on the cost

optimization of concrete and steel structures published in archival journals.

1.2 Cost Optimization of Concrete Structures

Hundreds of papers have been published on optimization of structures during

the past four decades. However, only a small fraction of them deal with cost

optimization of structures. The great majority of the structural optimization

papers are concerned with minimization of the weight of the structure. For

concrete structures the objective function to be minimized should be the cost

since they are made of more than one material. A review of articles on cost

optimization of concrete structures published in archival journals is presented

in this section, where interesting and important results and conclusions are

summarized. Most of these papers deal with structural elements such as
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beams. Few journal papers are found on cost optimization of rather realistic

three-dimensional structures. As such, there is a need to perform research on

cost optimization of realistic three-dimensional structures, especially large

structures with hundreds of members where optimization can result in sub-

stantial savings. The results of such research efforts will be of great value to

practicing engineers.

Concrete structures include reinforced concrete (RC), prestressed con-

crete, and fiber-reinforced concrete structures. In concrete structures at least

three different cost items should be considered in optimization: costs of

concrete, steel, and the formwork. This review is presented in terms of

different types of concrete structures. Reliability-based cost optimization is

reviewed in the last section.

1.2.1 Concrete Beams and Slabs

Most of the papers published on cost optimization of concrete structures are

about beams or girders. The general cost function for reinforced, fiber, or

prestressed concrete beams can be expressed in the following form:

Cm =Ccb +Csb +Cpb +Cfb +Csbv +Cfib (1.1)

where Cm is the total material cost, Ccb is the cost of concrete in the beam,

Csb is the cost of reinforcing steel, Cpb is cost of prestressing steel, Cfb is

the cost of the formwork, Csbv is the cost of shear steel, and Cfib is the

cost of fiber in concrete. For a pretensioned beam equation (1.1) can be

written as

Cm =wcLb

(

Acb −Asb −A′
sb −Apb

)

cc +wsLb �Asb +A′
sb� cs

+wpLbApbcp +Lbpfbcf +Csbv +Cfib (1.2)

where Lb is the length of the beam; w, A, c are unit weights, cross-sectional

areas, and unit costs, respectively; subscripts b, c, s, p, and f refer to beam,

concrete, steel, prestressing, and formwork, respectively; the prime indicates

compression steel; and pfb is the cross-sectional perimeter of the form. Equa-

tions (1.1) and (1.2) can be reduced for special cases. For example, in the

case of an RC beam with no prestressing and fiber, the quantities Apb and

Cfib are set to zero in equation (1.2).

Goble and Lapay (1971) minimize the cost of post-tensioned prestressed

concrete T-section beams based on the ACI code (ACI, 1963) by using the
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gradient projection method (Arora, 1989). The cost function includes the first

four terms in equation (1.1). They state that the optimum design seems to

be unaffected by the changes in the cost coefficients. However, subsequent

researchers to be discussed later rebut this conclusion.

Kirsch (1972) presents the minimum cost design of continuous two-span

prestressed concrete beams subjected to constraints on the stresses, pre-

stressing force, and the vertical coordinates of the tendon by linearizing the

nonlinear optimization problem approximately and solving the reduced linear

problem by the linear programming (LP) method. His cost function includes

only the first and third terms in equation (1.1). Kirsch (1973) extends this

work to prestressed concrete slabs.

Friel (1974) finds closed-form solutions for the optimum ratio of steel to

concrete for minimum cost simply supported rectangular RC beams using the

ultimate moment constraints of the ACI code (ACI, 1971). The cost function

is similar to equation (1.1), but neglecting the costs of prestressing steel

�Cpb� and fiber �Cfib� and adding an additional term for increasing the cost

due to the increase in the building height. The author concludes that the costs

of the formwork and the increase in the height do not influence the optimum

cost significantly.

Brown (1975) presents an iterative method for minimum cost selection

of the thickness of simply supported uniformly loaded one-way slabs using

only the flexural constraints of the ACI code (ACI, 1971). The cost function

includes only the first two terms in equation (1.1). The author reports cost

savings of up to 17%.

Naaman (1976) compares minimum cost designs with minimum weight

designs for simply supported prestressed rectangular beams and one-way

slabs based on the ACI code (ACI, 1971). The cost function includes the

first, third, and fourth terms in equation (1.1) and is optimized by a direct

search technique (Siddall, 1972). He concludes that the minimum weight

and minimum cost solutions give approximately similar results only when

the ratio of cost of concrete per cubic yard to the cost of prestressing steel

per pound is more than 60. Otherwise, the minimum cost approach yields

a more economical solution, and for ratios much smaller than 60 the cost

optimization approach yields substantially more economical solutions. He

also points out that for most projects in the US the aforementioned ratio is

less than 60.

Chou (1977) uses the Lagrange multiplier method for the minimum cost

design of a singly reinforced T-beam using the ACI code (ACI, 1971). The

author defines only two design variables: effective depth and area of steel

reinforcement. The cost function includes the first two terms in equation (1.1).
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In the formulation it is assumed that the neutral axis is located inside the

flange of the T-section. The author reports a cost reduction up to 14% of

the cost of the beams with a maximum steel ratio.

Gunaratnam and Sivakumaran (1978) present the minimum cost design of

RC slabs satisfying the limit state requirements of the British code (CP110,

1972) for members having uniform, triangular, or parabolic moment distribu-

tion using a combination of the Lagrange multiplier and graphical methods.

Their cost function includes only the first two terms in equation (1.1). They

present curves for optimum design parameters as a function of the thickness

of the slab. They point out the significant influence of the serviceability limit

state of deflection on the optimum design parameters.

Kirsch (1983) presents a simplified three-level iterative procedure for cost

optimization of multi-span continuous RC beams with rectangular cross-

sections using a cost function consisting of only the first two terms in

equation (1.1). In the first level the amount of the reinforcement is found

in each critical section for given concrete dimensions and design moments.

In the second level the concrete dimensions of each element are found. In

the third level design moments are optimized. The author does not, however,

consider the constraints of a concrete design code used in practice.

Cohn and MacRae (1984a) consider the minimum cost design of sim-

ply supported RC and partially or fully pre-tensioned and post-tensioned

concrete beams of fixed cross-sectional geometry subjected to serviceability

and ultimate limit state constraints including constraints on flexural strength,

deflection, ductility, fatigue, cracking, and minimum reinforcement, based on

the ACI code (ACI, 1977) or the Canadian building code (CSA, 1977) using

the feasible conjugate-direction method (Kirsch, 1993). The beam can be

of any cross-sectional shape subjected to distributed and concentrated loads.

Their cost function is similar to equation (1.1) with the exception of the term

for the cost of fibers. For the examples considered they conclude that for

post-tensioned members partial prestressing appears to be more economical

than complete prestressing for a prestressing-to-reinforcing steel cost ratio

greater than 4. For pretensioned beams, on the other hand, complete pre-

stressing seems to be the best solution. For partially prestressed concrete

they also conclude that for a prestressing-to-reinforcing steel cost ratio in the

range of 0.5 to 6, the optimal solutions vary little. Cohn and MacRae (1984b)

perform parametric studies on 240 simply supported, reinforced, partially, or

completely pre- and post-tensioned prestressed concrete beams with different

dimensions, depth-to-span ratios, and live load intensities. They conclude

that, in general, RC beams are the most cost-effective at high depth-to-span

ratios and low live load intensities. On the other hand, completely prestressed
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beams are the most cost-effective at low depth-to-span ratios and high live

load intensities. For intermediate values, partial prestressing is the most

cost-effective option.

Saouma and Murad (1984) present the minimum cost design of simply sup-

ported, uniformly loaded, partially prestressed, I-shaped beams with unequal

flanges subjected to the constraints of the 1977 ACI code (ACI, 1977). The

optimization problem is formulated in terms of nine design variables: six geo-

metrical variables plus areas of tensile, compressive, and prestressing steel.

The constrained optimization problem is transformed to an unconstrained

optimization problem using the interior penalty function method (Kirsch,

1993) and is solved by the quasi-Newton method (Vanderplaats, 1984) of the

IMSL library (IMSL, 1980). They found the optimum solutions for several

beams with spans ranging from 6m to 42m, assuming both cracked and

uncracked sections, and reported cost reductions in the range of 5% to 52%.

They also conclude that allowing cracking to occur does not reduce the cost

by any significant measure.

Using integer programming, Jones (1985) formulates the minimum cost

design of precast, prestressed concrete simply supported box girders used in

a multi-beam highway bridge and subjected to the AASHTO (1977) loading

assuming that the cross-sectional geometry and the gridwork of strands are

given and fixed. The design variables are the concrete strength, and the

number, location, and draping of strands (moving the strands up at the end

of the beam). The constraints used are release and service load stresses,

ultimate moment capacity, cracking moment capacity, and release camber.

The cost function includes only the first and third terms in equation (1.1).

Abendroth and Salmon (1986) present a parametric study on the sensitivity

of the optimum cost of partially or fully end-restrained RC T-section beams in

terms of various parameters such as allowable deflections, material strength,

support conditions, and unit material costs. The constrained minimization

problem is converted to an unconstrained one using an internal penalty

function and solved by the quasi-Newton–Raphson method (Kirsch, 1993).

The design constraints are given in the ACI code (ACI, 1983). The cost

function includes the first, second, fourth, and fifth terms in equation (1.1).

In addition, they add a penalty cost parameter in order to take into account

the various factors associated with increased floor thickness. They assume

the unit cost of stirrups (shear reinforcement) to be one and a half times

the cost of longitudinal reinforcement. They found that the optimum cost is

less with metallic forms than wooden forms even when the latter is used

as many as four times. They state that shear reinforcement does not have

a significant role in reducing the total cost and therefore may be neglected
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in the optimization formulation. They report a 5% savings in the total cost

by increasing the strength of concrete from 17.2MPa (2.5 ksi) to 48.2MPa

(7.0 ksi) and 15% savings by increasing the yield strength of steel from

275.6MPa (40 ksi) to 516.8MPa (75 ksi). They compare an elastic design

with a partial limit state design and state that the latter does not produce

significantly more economical beams.

Park and Harik (1987) present the minimum cost design of horizontally

curved two-way RC slabs with rigid boundaries based on the British code

(CP110, 1980) using the sequential LP method. The cost function includes the

first two terms in equation (1.1). They consider the constraints on deflections,

minimum effective depths, and design moments as the three dominant factors

in the optimization process.

MacRae and Cohn (1987) present the optimization of prestressed concrete

flat slabs based on the Canadian code for concrete structures (CSA, 1977)

and the recommendation of an ACI-ASCE Committee (ACI-ASCE, 1974)

using the conjugate-direction method. Notwithstanding the importance of

shear in the design of flat slabs, they only consider the flexural reinforcement

in the optimization formulation. They pose the problem as one of finding the

reinforcing and prestressing steel in the flat slab of a given story for given

concrete dimensions. Their cost function contains only the first three terms

in equation (1.1). They conducted a parametric study by varying the depth-

to-span ratio, live load, cable layout, and limit state and allowable tensile

stresses. They conclude that using cables in clusters (groups of cable) and

using high-strength steel reduce the total cost.

Prakash et al. (1988) present minimum cost designs of singly and doubly

reinforced rectangular and T-shape RC beams, using Lagrangian and Simplex

methods per limit state conditions of the prevailing Indian code. The cost

function includes the first two terms in equation (1.1). They state that a

two-way slab is more economical than a T beam floor for spans up to 6m

in a residential type building, whereas for heavier loads or longer spans the

reverse is true.

Paul et al. (1990) present the minimum cost design of a modular floor

system with precast prestressed voided and solid slabs simply supported on

steel beams, using the general geometric programming method (Beightler

and Phillips, 1976). The design is given in the British codes (BS449, 1969;

CP110, 1976). The cost function includes the cost of fabrication of the

slabs including the cost of concrete, prestressing steel, and forms, cost of

steel beams, and the cost of erection. They conclude that for optimum cost

designs the prestressing force required for a solid slab is less than that for a

voided slab.
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Kanagasundaram and Karihaloo (1990) describe the minimum cost design

of simply supported and continuous rectangular, L- and T-section RC beams

according to the Australian code (AS3600, 1988) using two different meth-

ods: sequential LP and sequential convex programming (Arora, 1989). The

constraints used are stability, strength, serviceability, durability, and fire

resistance. Their cost function includes the first, second, and fourth terms in

equation (1.1). For the examples considered they state that the costs of con-

crete and the reinforcing steel are about the same but the cost of formwork is

more than twice the cost of concrete and steel combined, thus concluding the

significant contribution of the formwork cost to the total cost. A sensitivity

analysis of the cost optimization with respect to the cost of formwork is

performed and found that the minimum cost design is not affected by the

variations in the relative cost of formwork.

Kanagasundaram and Karihaloo (1991a) consider the strength of concrete

(f ′
c) as a design variable in addition to cross-sectional dimensions and the

steel ratio for the cost optimization of simply supported and multi-span beams

with rectangular and T-sections. The cost of concrete is related to the concrete

strength through nonlinear regression analysis and using a cubic function.

They conclude that higher strength concrete (up to 60MPa) resulting in

shallower sections yields more economical beams. Kanagasundaram and

Karihaloo (1991b) present the minimum cost design of RC multi-span beams

subjected to earth pressure, liquid pressure, wind, or earthquake loads in

addition to dead and live loads. The design constraints and cost function are

the same as before. The conclusions are also similar.

Ezeldin (1991) presents the minimum cost design of rectangular, reinforced

fiber concrete beams with four variables: width and depth of the beam,

steel fiber content and area of bending reinforcing bars. The cost function

can be obtained from equation (1.2) by setting the prestressing steel �Apb�,

compression steel �A′
sb�, and shear reinforcement �Csbv� to zero. A direct

search method is used for optimization. As an extension of this work, Ezeldin

and Hsu (1992) formulate the minimum cost design of rectangular, reinforced

fiber concrete beams with two additional variables, cross-sectional area and

spacing of stirrups, and thus the cost function includes the cost of shear

reinforcement. They conclude that the variations of the costs of concrete and

form appear to have a more significant influence on the minimum cost than

those of steel reinforcement and fibers.

Chakrabarty (1992a) presents the minimum cost design of RC rectangular

beams using the geometric programming (Kirsch, 1993) and Newton–Rapson

methods. The cost function includes the first, second, and fourth terms in

equation (1.1). In the context of the Indian condition where the labor is cheap,
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the author found that at optimum solution the cost of concrete and steel are

about the same but the cost of formwork is about one-fourth of the cost of

concrete or steel. The reverse was reported earlier by Kanagasundaram and

Karihaloo (1990) for countries like Australia or the USA where the labor

cost is high. The author observes that in most cases the optimum design

yields ductile beams, which is desirable for withstanding dynamic forces like

earthquakes. In an extension of this work Chakrabarty (1992b) concludes

that the minimum cost design of a rectangular singly reinforced beam is

increased by 36% when the width-to-depth ratio is increased from 0.25 to

0.67. The author observes that optimized sections are often deeper sections

to satisfy displacement constraints and hence become more ductile with less

steel reinforcement. Erbatur et al. (1992) discuss the minimum cost design

of prestressed concrete beams with rectangular and flanged sections. They

solve the non-linear optimization problem approximately by using the LP

approach.

Cohn and Lounis (1993) present the minimum cost design of partially

and fully prestressed concrete continuous beams and one-way slabs. The

optimization is based on the limit state design and projected Lagrangian

algorithm. They simultaneously satisfy both collapse and serviceability limit

state criteria based on the ACI code (ACI, 1989). The material nonlinearity is

idealized by an elastoplastic constitutive relationship. A constant prestressing

force and prestressing losses are assumed. Their cost function includes the

first three terms in equation (1.1). They report that the total cost decreases

with the increase in the allowable tensile stress �ft�.

Lounis and Cohn (1993b) present a multi-objective optimization formu-

lation for minimizing the cost and maximizing the initial camber of post-

tensioned floor slabs with serviceability and ultimate limit state constraints

of the ACI code (ACI, 1989). The cost objective function is chosen as the

primary objective and the camber objective function is transformed into

a constraint with specified lower and upper bounds. The resulting single

optimization problem is then solved by the projected Lagrangian method.

The cost function for the slab includes only the first and third terms in

equation (1.1).

Khaleel and Itani (1993) present the minimum cost design of simply sup-

ported partially prestressed concrete unsymmetrical I-shaped girders per ACI

code (ACI, 1983). The objective function is similar to equation (1.1) but

with the exception of the last term. The sequential quadratic programming

method is used to solve the nonlinear optimization problem assuming both

cracked and uncracked sections. They conclude that an increase in the con-

crete strength does not reduce the optimum cost significantly, and higher
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strength in prestressing steel reduces the optimum cost to a certain extent.

They state that some amount of reinforcing steel facilitates the development

of cracking in the concrete, which reduces the cost of materials and improves

ductility.

Al-Salloum and Siddiqi (1994) present the minimum cost design of singly

reinforced rectangular concrete beams per ACI code (ACI, 1989). The cost

function includes only the first, second, and fourth terms in equation (1.1).

They obtained a closed-form solution for the steel areas and depth in terms of

the cost and strength parameters by taking the derivatives of the augmented

Lagrangian function with respect to the area of steel reinforcement, depth

of beam, and four Lagrange multipliers for constraints on flexural strength,

lower and upper bounds on ductility, and the side constraint.

Adamu et al. (1994) outline a continuum-type optimality criteria approach

(Rozvany et al. 1994) for the minimum cost design of singly reinforced RC

beams with rectangular cross sections based on the European code (CEB/FIB,

1990). The cost function includes only the first, second, and fourth terms

in equation (1.1). The necessary cost minimality criteria are obtained by

applying the calculus of variation to an augmented Lagrangian function.

They applied the method to a propped cantilever beam (fixed support at one

end and simple support at the other end) with variable depth and width. As

an extension of this work, Adamu and Karihaloo (1994a) used the discretized

continuum-type optimality criteria (DCOC) method for the minimum cost

design of RC beams with varying cross-sections using the depth or the

depth and steel reinforcement ratio as design variables. They applied the

method to two example problems: a propped cantilever beam and a three-span

continuous beam. Adamu and Karihaloo (1994b) discuss the minimum cost

design of rectangular RC beams with uniform cross-sections and variable

steel ratio in each span. Adamu and Karihaloo (1995a) consider the minimum

cost design of nonprismatic RC simply supported T-beams and propped

cantilever rectangular beams with segmentation. In each segment of the

beam, the cross-section is either constant or varies linearly or quadratically.

Han et al. (1995) discuss the minimum cost design of partially prestressed

concrete rectangular, and T-shape beams based on the Australian code

(AS3600, 1988) using the DCOC method. The cost function includes the

first four terms in equation (1.1). They conclude that for a simply supported

beam, a T-shape is more economical than a rectangular section. Han et al.

(1996) use the DCOC method to minimize the cost of continuous, par-

tially prestressed and singly reinforced T-beams with constant cross-sections

within each span. A three-span and a four-span continuous beam example is

presented.
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1.2.2 Concrete Columns

Few papers have been published on the cost optimization of concrete

columns. The general cost function for a concrete column can be written in

a similar way to equation (1.1) for concrete beams:

Cm =Ccc +Csc +Cpc +Cfc +Ctc (1.3)

where Ccc, Csc, Cpc, Cfc, and Ctc are the costs of concrete, reinforcing steel,

prestressing steel, formwork and lateral ties in columns, respectively. For

pre-tensioned columns, equation (1.3) can be written as

Cm =wcHc

(

Acc −Asc −Apc

)

cc +wsHcAsccs +wpHcApccp

+Hcpfccf +Vtccs (1.4)

where Hc is the height of the column, Acc is the cross-sectional area of

the column, Asc is the cross-sectional area of the steel reinforcement, Apc

is the cross-sectional area of the prestressing steel, pfc is the cross-sectional

perimeter of the form, and Vtc is the volume of the lateral ties.

Kanagasundaram and Karihaloo (1990, 1991a) present the minimum cost

design of rectangular RC columns subjected to an axial compressive force

and single or biaxial bending based on the Australian code (AS3600, 1988)

using sequential LP and sequential convex programming methods. Both

short and long columns are considered, taking into account their slender-

ness ratio. The cost function is similar to equation (1.3) but without the

prestressing cost. Both objective function and constraints are approximated

by Taylor’s series expansions. In a subsequent paper, Kanagasundaram

and Karihaloo (1991b) include the concrete strength as a design variable

in addition to cross-sectional dimensions and the area of the longitudinal

reinforcement.

Zielinski et al. (1995) present the cost optimization of RC short tied rect-

angular columns based on the Canadian code (CSA, 1984) using the internal

penalty function method. The cost function includes the first, second, and

fourth terms in equation (1.3). Kocer and Arora (1996) present the mini-

mum cost design of prestressed concrete transmission poles based on the

PCI (1983) and the ACI (1977) codes using (a) a combination of branch

and bound, enumeration, and sequential quadratic programming methods

and (b) a genetic algorithm (Goldberg, 1989; Adeli and Hung, 1995). Their

cost function includes the first, third, and fourth terms in equation (1.3).

Their results indicate a genetic algorithm to be more efficient than the other
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approach used. They report savings in the neighborhood of 25% compared

with conventional designs.

1.2.3 Concrete Frame Structures

The overall or total cost of a concrete structure �CT� can be expressed in the

following form:

CT =Cm +Cf +Ct +Cs +Ccd +Ce (1.5)

where Cf , Ct, Cs, Ccd, and Ce are the costs of fabrication (or placement),

transportation, substructure (or foundation), cladding, and erection, respec-

tively. Only a few papers have been published on the cost optimization of

reinforced concrete frame structures. All of them deal with two-dimensional

frames with two exceptions.

Andam and Knapton (1980) discuss the minimum cost design of portal

precast RC frames but without presenting much detail. Krishnamoorthy and

Mosi (1981) present the cost optimization of two-dimensional frames with

rectangular cross-sections using the sequential unconstrained minimization

technique (SUMT) (Fiacco and McCormick, 1968) and Davidon-Fletcher-

Powell method (Arora, 1989). They considered nonlinear constitutive rela-

tionships but no actual design code. Their cost function includes only the

material costs of concrete, steel reinforcement, and formwork. They present

examples of single-, double-, and triple-bay and two-, four-, and six-story

frames.

Huanchun and Zheng (1985) present a two-level minimum cost design

approach for two-dimensional RC frames according to the Chinese building

code. In the first level they try to find the most flexible structure satisfying the

global constraints, such as the lateral drift using the sequential LP method.

In the second level the cost of the frame is minimized by considering the

local constraints for each member of the structure and using a discrete search

method for cross-sectional widths and depths. Their cost function includes

the material costs for beams and columns only. Choi and Kwak (1990)

minimize the costs of rectangular beams and columns of RC frames by

using a direct search method to select appropriate design sections from some

predetermined discrete sections based on the ACI (1977) and Korean codes.

Their cost function includes the material costs of concrete, steel, and the

formwork.

Spires and Arora (1990) discuss the optimal design of tall tubular RC

framed structures with double symmetry in the plan based on the ACI code
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(ACI, 1983) using a sequential quadratic programming procedure. However,

they reduce the doubly symmetric structure into the equivalent plane frame

using the approximate finite element approach proposed by Khan (1974). As

such, they optimize the cost of regular symmetric two-dimensional frames.

Their cost function includes the material costs of concrete, steel, and frame-

work for beams and columns. They also consider the frequency constraint

in order to limit wind and earthquake forces. They present examples of five-

and forty-story two-dimensional frames.

Dinno and Mekha (1993) discuss the minimum cost design of one-and

two-story RC frames based on the ACI code (ACI, 1983) using an inelastic

trilinear moment–rotation relationship for beams and columns, and SUMT.

They consider the material costs of concrete, reinforcement, and formwork.

They conclude that optimal designs using inelastic analysis results in some-

what more economical designs.

Moharrami and Grierson (1993) present the minimum cost design of RC

building frames subjected to vertical and lateral loading based on the ACI

code (ACI, 1989) using the optimality criteria approach. The columns have

rectangular cross-sections and the beams can be rectangular, L, or T shapes.

The design variables are the width, depth, and longitudinal steel reinforce-

ment of the beams and columns. Their cost function includes the material

costs of the concrete, reinforcement, and the formwork. Their largest exam-

ple is a five-story single-bay RC frame. They conclude that the optimality

criteria approach converges slowly when stiffness constraints are included

in the formulation.

Adamu and Karihaloo (1995b) used the discretized continuum-type opti-

mality criteria (DCOC) method for the minimum cost design of two-

dimensional multi-bay and multi-story RC frames based on Australian

(AS3600, 1988) and European (CEB/FIB, 1990) limit state design codes.

The cost function includes the material costs of concrete, reinforcing steel,

and the formwork. The design variables are cross-sectional dimensions and

steel ratios. For economical reasons they assume uniform beam and column

dimensions in every story but vary the steel ratios in each member. This

also reduces the cost of the formwork because the formwork can be re-used

more frequently. They present the optimum cost design of a seven-story RC

frame with setbacks. In a companion paper, Adamu and Karihaloo (1995c)

take into account the biaxial bending of the corner columns approximately,

but still considering plane frames.

Fadaee and Grierson (1996) present the minimum cost design of three-

dimensional RC frames with members subjected to biaxial moments and

shear forces using the optimality criteria approach based on the ACI code
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(ACI, 1995). Beams and columns are assumed to have rectangular sections.

The cost function includes the material costs of concrete, steel, and the

formwork. The focus of this work is formulation of the appropriate constraints

for combinations of the axial load, biaxial bending moment, and biaxial

shear. Their example is only a one-bay and one-story space frame. They

conclude that the biaxial shear is an important consideration for the design

of columns and its inclusion increases the cost of the optimum structure

significantly.

Balling and Yao (1997) present a comparative study of optimization of

three-dimensional RC frames with rectangular columns, and rectangular,

T-, or L-shape beams according to the ACI code (ACI, 1989) using one-,

two-, and four-story frames subjected to vertical and lateral loads, and

employing the sequential quadratic programming or a gradient-based method.

For steel reinforcement they consider two different definitions for design

variables. In the first definition, the area of steel in each member is the only

design variable used for steel in that member. In the second definition, they

consider the number, diameter, and longitudinal distribution of the reinforc-

ing bars, and perform a two-level optimization. They include the costs of

materials, fabrication, and placement in the cost function by assuming that

(a) the material and fabrication costs of the steel reinforcement are propor-

tional to the weight and (b) the placement cost is proportional to the number

of bars, stirrups, and ties. They conclude that the optimum costs based on

the two definitions are very close to each other and thus there is no need to

include the second more computationally costly definition in the optimization

formulation. Based on this conclusion, the authors then discuss a simplified

approach for cost optimization of space RC frames.

1.2.4 Bridge Structures

As one of the first papers on cost optimization of structures, Torres et al.

(1966) present the minimum cost design of prestressed concrete highway

bridges subjected to AASHTO loading by using a piecewise LP method.

The independent design variables are the number and depth of girders,

prestressing force, and tendon eccentricity. They further define dependent

design variables as the spacing of girders, tendon cross-sectional area,

initial prestress, and the slab thickness and reinforcement. They claim

their cost function includes the costs of transportation, erection, and bear-

ings in addition to the material costs of concrete and steel, but do not

give any detail. They present results for bridges with spans ranging from



1.2 Cost Optimization of Concrete Structures 15

20 ft to 110 ft (6.1m to 33.5m) and with widths of 25 ft (7.6m) and

50 ft (15.2m).

Yu et al. (1986) present the minimum cost design of a prestressed concrete

box bridge girder used in a balanced cantilever bridge (consisting of two

end cantilever and overhang spans and one middle simple span) based on

the British code (CP110, 1976) and using general geometric programming

(Beightler and Phillips, 1976). The cost function includes the material costs

of concrete, prestressing steel, and the metal formwork. They also include

the labor cost of the metal formwork, roughly as 1.5 times the cost of the

material for the formwork. The design variables are the prestressing forces,

the eccentricities, and the girder depths for all spans. Barr et al. (1989) also

use the general geometric programming method to minimize the cost of a

continuous three-span bridge RC slab with an overall span length of 16.6m

subjected to the constraints of AASHTO (1983) and Ohio Department of

Transportation bridge design regulations (ODOT, 1982). The cost function

includes the material costs of concrete and steel.

Lounis and Cohn (1993a) present the minimum cost design of short and

medium span highway bridges consisting of RC slabs on precast, post-

tensioned, prestressed concrete I-girders satisfying the serviceability and

ultimate limit state constraints of the Ontario Highway Bridge Design Code

(OHBDC, 1983). They use a three-level optimization approach. In the first

level they deal with the optimization of the bridge components including

dimensions of the girder cross-sections, slab thickness, amounts of rein-

forcing and prestressing steel, and tendon eccentricities by the projected

Lagrangian method (Haftka and Gurdal, 1992). In the second level, they

consider the optimization of the longitudinal layout such as the number of

spans, restraint type and span length ratios, and transverse layout such as

the number of girders and slab overhang length. In the third level, they

consider various structural systems such as solid or voided slabs on precast

I- or box girders. They use a sieve-search technique (Kirsch, 1993) for the

second and third levels of optimization. Their cost function includes the

material costs of concrete, reinforcement, and connections at piers. They

also include the costs of fabrication, transportation, and erection of gird-

ers assuming a constant value per length of the girder. They conclude by

optimizing a complete set of bridge system results in a more economical

structure than optimizing the individual components of the bridge. Based

on their optimization studies they recommend simply supported girders for

prestressed concrete bridges of up to 27m (89 ft) long, two-span continuous

girders for span lengths of 28m (92 ft) to 44m (144 ft), three-span continu-

ous girders for span lengths of 55m (180 ft) to 100m (328 ft), and two- or
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three-span continuous girders for an intermediate range of 44m (144 ft) to

55m (180 ft).

Cohn and Lounis (1994) apply the above three-level cost optimization

approach to multi-objective optimization of partially and fully prestressed

concrete highway bridges with span lengths of 10m to 15m and widths of

8m to 16m. Their objective functions include the minimum superstructure

cost, minimum weight of prestressing steel, minimum volume of concrete,

maximum girder spacing, minimum superstructure depth, maximum span-

to-depth ratio, maximum feasible span length, and minimum superstruc-

ture camber. For a four-lane 20m length single-span bridge, they conclude

that the voided slab and the precast I-girder systems are more econom-

ical than the solid slab and one- and two-cell box girders. Lounis and

Cohn (1995a) also conclude that voided slab decks are more economical

than box girders for short spans (less that 20m) and wide decks (greater

than 12m), and single-cell box girders are more economical for medium

spans (more than 20m) and narrow decks (less than 12m). The single-cell

box girder, however, results in the deepest superstructure, which may be a

drawback when there is restriction on the depth of the deck. Multi-criteria

cost optimization of bridge structures is further discussed by Lounis and

Cohn (1995b, 1996). They suggest that the criteria of minimax and mini-

mum Euclidean distance can be used by designers for selection of the best

solution.

Fereig (1996) presents the minimum cost preliminary design of single-

span bridge structures consisting of cast-in-place RC deck and girders based

on the AASHTO code (AASHTO, 1992). The author linearizes the problem

by approximating the nonlinear constraints by straight lines and solves the

resulting linear problem by the Simplex method. The author concludes that

‘it is always more economical to space the girder at the maximum practical

spacing’.

1.2.5 Water Tanks

Saxena et al. (1987) present the minimum cost design of RC water tanks based

on the Indian and ACI (1969) codes using the heuristic flexible tolerance

method (Himmelblau, 1972). The cost function includes the material costs

of concrete, steel, and the formwork. They conclude that a larger percentage

in cost savings can be achieved for water tanks with larger capacities.

Using a direct search method and the SUMT, Tan et al. (1993) present the

minimum cost design of RC cylindrical water tanks based on the British code
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for water tanks. The cost function includes the material costs of concrete and

steel only. The tank wall thickness is idealized with piecewise linear slopes

with the maximum thickness at the base.

1.2.6 Folded Plates and Shear Walls

Lakshmy and Bhavikatti (1995) present the minimum cost design of simply

supported trough-type folded plate roofs based on the Indian code using a

combination of sequential LP and the SUMT. The cost function includes the

material costs of concrete and steel only.

Hajek and Frangopol (1991) describe a computer program for the min-

imum cost design of concrete shear wall systems based on the ACI code

(ACI, 1983) using the folded plate theory and the method of feasible direc-

tions (Vanderplaats, 1984). The cost function includes the costs of concrete

and the formwork (including transport and labor) but excluding the cost of

reinforcement.

1.2.7 Concrete Pipes

Thakkar and Sridhar Rao (1974) discuss cost optimization of composite-

type prestressed concrete pipes based on the Indian code. They approximate

the constraints by linear functions and solve the resulting problem by the

LP method. The cost function includes the material costs of concrete and

steel only. Heinloo and Kaliszky (1981) present a closed-form approximate

solution for the minimum material cost design of thick-walled plastically

rigid RC pipes subjected to internal pressure.

1.2.8 Concrete Tensile Members

Naaman (1982) presents the minimum cost design of prestressed concrete

tensile members based on the ACI code (ACI, 1977). He approximates the

nonlinear optimization problem to a linear one and solves it by the LP

method. The cost function includes the material costs of concrete and the

prestressing steel. Optimization of a 30.48m (100 ft) long tie member of an

arch structure subjected to an axial tensile force of 444.8 kN (100 kip) is

presented.
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1.2.9 Cost Optimization Using the Reliability Theory

All the aforementioned references use a deterministic approach to cost opti-

mization. A few researchers have used the reliability theory to include the

uncertainties in the computation of the design loads and resistances. In

deterministic optimization a structure is optimized only for a given predeter-

mined set of loadings. In reliability-based design the loads and the structural

strengths are considered as random variables, and safety is related to some

probability of exceeding the structural capacity by the applied loading. In

reliability-based optimization an attempt is made to consider different failure

modes under different loading scenarios simultaneously. The reliability-based

optimization arguably can incorporate the interactions among various failure

modes. However, the major bottleneck in the reliability-based optimization

is the computation of the probability of failure, which often cannot be done

consistently due to insufficient statistical data.

The reliability factor in the cost optimization is considered either directly

or indirectly. In the direct approach, the reliability factor is included directly

in the objective function. Moses (1977) presents the total cost �CT� as the

summation of the initial cost �CI�, which is a function of design variables,

and the expected failure cost �CF� multiplied by a probability of failure �PF�,

which is also considered a function of design variables:

CT =CI +PFCF (1.6)

subjected to the design constraints:

hi�x�= 0� i= 1�2� � � � �Nch (1.7)

gi�x�≥ 0� i= 1�2� � � � �Ncg (1.8)

where Nch and Ncg are the total number of equality and inequality constraints,

respectively. The second term in equation (1.6) represents the risk of the

loading on the structure exceeding its capacity. The expected failure cost

includes the cost associated with the failure of the structure, such as replace-

ment cost, damage to properties, casualties, business interruption, litigation

costs, etc.

In the indirect method the objective function is only the initial cost.

The reliability term is considered indirectly in the form of a constraint or

constraints in addition to the design constraints, equations (1.7) and (1.8),

such as

PF ≤PF allowable (1.9)
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Thus, in this approach a deterministic optimization procedure can be con-

verted into a reliability-based optimization procedure by adding one or more

additional probability constraints.

Moses (1977) uses both direct and indirect approaches for the minimum

cost design of RC beams and highway girders subjected to fatigue loading

using SUMT and a direct search procedure. The probability of failure is

calculated from a safety index, which is in turn computed from the mean

values and the standard deviations of the random strength and load parameters

(Frangopol and Moses, 1994). The expected failure costs are chosen in

advance somewhat arbitrarily.

Surahman and Rojiani (1983) present a reliability-based optimization of

four- and ten-story RC building frames by including the reliability term

in the cost function. By varying the probabilities of failures between the

range 0.000 001 to 0.01 and assuming different values for the expected

failure cost, they arrive at an optimum probability of failure. SriVidya and

Ranganathan (1995) discuss the reliability-based cost optimization of single-

story single-bay RC frames based on different live and wind load conditions

and the Indian code. They perform an elastoplastic analysis and include

both component- and system-level probabilities of failure in the form of

constraints. They simply assume values for probabilities of failure. Lin and

Frangopol (1996) present the reliability-based minimum cost design of simply

supported RC T-girders for highway bridges based on AASHTO provisions

(AASHTO, 1992). Their initial cost is only the material costs of concrete

and steel. The optimization approach is the method of feasible directions.

They point out that only about 4% of the structural optimization papers are

about concrete and composite structures.

Koskisto and Ellingwood (1997) present the minimum life-cycle cost opti-

mization of prefabricated concrete structures using the reliability theory.

They define the total life-cycle cost as

CL =CD +CP +CC +CQ +CM +PFCF (1.10)

where CD is the planning and design cost, CP is the production cost, CC is

the construction cost, CQ is the quality assurance and quality control costs,

and CM is the preventive and corrective maintenance costs. For an example

problem of a hollow core slab, they assume the design cost as 2.5% of the

production cost, where the production cost is the sum of materials and the

labor costs. They ignore the CQ value and assume that the labor cost is 43%

of the material costs �Cm� and the construction cost �CC� is 0.01 times the

span length and thickness of the slab. They use the projected Lagrangian

method to solve the optimization problem.
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1.2.10 Concluding Comments

The great majority of papers on cost optimization of concrete structures

includes the material costs of concrete, steel, and formwork. Some researchers

ignore the cost of the formwork. However, this cost is significant in indus-

trialized countries and should not be ignored. Other costs such as the cost of

labor, fabrication, placement, and transportation are often ignored. Additional

research needs to be done on life-cycle cost optimization of structures where

the life-cycle cost of the structure over its lifetime is minimized instead of

its initial cost of construction only.

The researchers of reliability-based optimization make a valid argument

about the inclusion of uncertainties in loads and resistances in the opti-

mization process. However, at present (and in the foreseeable future) the

probabilities of failure and the expected failure costs cannot be calculated

with any measure of certainty due to insufficient statistical data; they have

to be chosen somewhat arbitrarily or in some magical way!

1.3 Cost Optimization of Steel Structures

In this section, a chronological review of papers is presented on the cost

optimization of steel structures published in archival journals. This review

is divided into three subsections: deterministic, reliability-based, and fuzzy

logic-based cost optimization of steel structures. In deterministic cost opti-

mization of steel structures, where the great majority of the papers are

published, optimization is performed for a predetermined set of loadings

based on code-specified constraints. In reliability-based cost optimization,

loads and resistances are considered to be random and the optimization is

performed for a given safety factor or probability of exceeding the structural

capacity. In a fuzzy logic-based optimization an attempt is made to take into

account the imprecisions in determining the cost parameters and constraints

using the theory of fuzzy sets (Zadeh, 1965).

1.3.1 Deterministic Cost Optimization

For steel structures a general total cost function �CT� can be defined in the

following form:

CT =Cm +Cf +Ct +Ce (1.11)
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where Cm is the material cost of structural members (beams, columns, and

bracings), Cf is the fabrication cost (including the material costs of con-

nection elements, bolts, and electrode, and the labor cost), Ct is the cost

of transporting the fabricated pieces to the construction field, and Ce is the

erection cost (including the material costs of connection elements, bolts, and

electrode, and the labor cost).

When only the material cost of structural members is included (the first

term in equation (1.11)) the cost function can be presented as proportional

to the volume or weight of the structure:

Cm = cm�sV = cmW (1.12)

where �s is the unit weight of steel, cm is the cost per unit weight of steel,

V is the volume of the structure, and W is the total weight of the structure.

In this case the cost optimization problem is simply transformed to the

weight optimization problem. This simplification also assumes that various

hot-rolled shapes commonly used for beams, columns, and bracings have the

same unit price, which may not be the case.

Some authors use equation (1.12) as their objective function and refer to

the resulting problem as the ‘cost’ optimization problem. In this work, those

papers are considered as a weight optimization problem and consequently

excluded from this review. The review in this section is classified based on

the type of steel structures.

1.3.1.1 Beams and Plate Girders

For beams and plate girders a general cost function can be defined in the

following form:

CT =Cmb +Cfb +Ctb +Ceb (1.13)

where Cmb, Cfb, Ctb, and Ceb are the material, fabrication, transportation, and

erection costs of the beams or plate girders, respectively. The great majority

of published articles include only the first two terms in equation (1.13)

in the cost optimization formulation and use the following reduced cost

function:

CT =Cmb +Cfb (1.14)

An early attempt on cost optimization of steel girders is presented by

Razani and Goble (1966). They optimize doubly symmetric I-shaped welded
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plate girders with a constant web depth based on design requirements similar

to AASHO (1961) using the dynamic programming method (Adeli and Ge,

1989; Adeli, 1994). Their cost function includes both the material cost of

the girder, including stiffeners and splices, and the fabrication cost. They

balance the material cost with the fabrication cost to minimize the total cost

by smoothening the variations in the flange thickness along the span and

minimizing the use of flange splices, resulting in less welding. They present

two example problems: a simple-span girder with overhangs on both ends

subjected to a uniformly distributed load and a three-span continuous girder

under moving AASHO (1961) loads.

Goble and DeSantis (1966) present the minimum cost design of composite,

continuous welded plate girders used in highway bridges with unequal flanges

and variable-thickness flange and web plates but with constant depth. The

basis of design is AASHO (1961). The design variables are the flange

thicknesses and widths, the web thicknesses and depth, and the distances

between the web plate splices and the bottom and top flange splices. They

find the minimum cost web height and flange width for a given arrangement

of splice points. They mention various costs for fabrication and welding

including the cost of pre-heating steel, the cost of preparing and aligning

edges of the plates before welding, the cost of welding rods, and the cost

of weld metal depositing (labor cost). The material cost for a steel plate

is considered to be made of three components: a basic cost per pound,

an extra cost per inch of thickness, and an extra cost per inch of width,

assuming a higher cost for thicker and wider plates. However, the authors

present no actual cost function. The optimization technique used is dynamic

programming. They present an example of a two-span continuous plate girder

with a span length of 60.96m (200 ft) under moving AASHO (1961) loads.

Moses and Goble (1970) point out that using similar cross-sections for many

members can reduce the fabrication cost of a framed steel structure. In

other words, the minimum cost structure is often somewhat heavier than the

minimum weight structure. They describe the use of dynamic programming

for minimum cost selection of member sizes without actually presenting any

structure made of those members.

Annamalai et al. (1972) present the minimum cost design of simply

supported welded plate girders subjected to concentrated and uniformly dis-

tributed loads based on the AISC specifications (AISC, 1969). They use

commercially available plates and a discrete optimization method called

‘backtrack programming’ (Golomb and Baumert, 1965). They provide a table

of material and labor costs for different components of the plate girder but

present no cost function. For welding and splices they do not present separate
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material and labor costs; instead they combine both material and labor costs

into one cost item. As examples, they present the cost optimization of a

36.6m (120 ft) simply supported plate girder with and without flange splices.

Anderson and Chong (1986) present the minimum cost design of homo-

geneous and hybrid stiffened steel plate girders according to the AISC code

(AISC, 1978). They consider two factors that raise the cost of a stiffened

hybrid girder over the cost of an unstiffened homogeneous girder: (1) the

additional labor cost for cutting and welding stiffeners, and (2) the cost

of higher strength steel for the flange plates. They present analytical func-

tions for the optimum depth of the web plate by making a number of

assumptions such as neglecting the tension field effect and the shear–tension

interaction.

Lorenz (1988) discusses the minimum cost design of composite beams

based on the AISC Load and Resistance Factor Design (LRFD) code (AISC,

1986). He suggests that the true advantage of the LRFD code can be realized

in a minimum cost design. The author is concerned with the trade-off between

steel weight and the number of studs needed, without considering the cost

of concrete, and presents an equivalent ‘cost-rated beam weight’ to take

into account the costs of beam and studs for conditions limited to uniformly

distributed loading, ASTM A36 steel, concrete strength of 20.7MPa (3 ksi),

and a particular size of studs.

Farkas (1991) presents closed-form solutions for optimum cost values of

the cross-sectional variables for simply supported welded box girders sub-

jected to a uniformly distributed load and simplified noncode constraints on

bending stress, local flange and web buckling, shear fatigue for longitudinal

fillet welds, and deflection. The cost function is similar to equation (1.14)

where the cost of fabrication �Cfb� is expressed as a function of different

labor times required for (a) preparation, assembly, and tacking, (b) welding,

(c) electrode changing, weld slagging, and chipping, and (d) post-treatment

of welds (toe burr grinding). The author presents empirical equations for

various items using empirical data. In order to come up with the closed-

form solutions, the author makes a number of simplifying assumptions,

e.g. assuming the relation b= 2h/3 between the flange width �b� and web

depth �h�. The primary conclusion of this work is that the fabrication details

and costs play an important part in the optimum cost design of welded

steel structures. Further, for an example box girder with a span of 10m

subjected to a distributed load of 60 kN/m, the author reports that the mini-

mum cost design is about 11% more economical than the minimum weight

design.
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Bhatti (1996) presents the minimum cost design of simply supported par-

tially or fully composite I-shaped steel beams with concrete slabs subjected

to a uniformly distributed load, and strength, deflection, and vibration con-

straints of the AISC LRFD specifications (AISC, 1994) using the Lagrange

multiplier approach. The resulting equations are solved by using a symbolic

algebra program such as Mathematica (Wolfram, 1988). The cost function

is similar to equation (1.14). However, the fabrication cost includes the cost

of field-installed studs only. The cost optimization is formulated in terms of

the relative cost of field-fabricating a stud to the cost per pound of the rolled

steel (a ratio varying in the range of 6 to 12). Graphical solutions of several

examples with span lengths of 7.6m and 12.2m are presented.

1.3.1.2 Trusses

Lipson and Russell (1971) discuss the minimum cost design of a roof struc-

tural system consisting of welded parallel-chord trusses, purlins, deck, and

wall cladding above the bottom chord based on the Canadian code (CSA,

1965). The top and bottom chord members are T-section, and web members

are double angles. The design variables are member sizes, spacing of trusses,

depth-to-span ratio of trusses, number of panels of trusses, and the spacing

of purlins. Their cost function includes the cost of materials for trusses,

decking, purlins, and the wall cladding, and the cost of fabrication including

the costs of preparation of chord and web members, splicing, welding, and

labor. The labor cost is expressed in terms of the number of members rather

than the weight of the truss. The cost of wall cladding is expressed as a

step function of truss depth and spacing. The costs of decking and purlins

are expressed as step functions of the spacing of trusses and purlins. The

optimization approach is a modified Simplex method for a nonlinearly con-

strained optimization problem dubbed the ‘Complex’ method (Box, 1965).

Lipson and Gwin (1977) discuss the minimum cost design of steel space

trusses subjected to the AISC constraints (AISC, 1970). Their cost function

includes the first two terms in equation (1.11). The fabrication cost includes

the cost of galvanization. The optimization approach is the same ‘Complex’

method. They present a 25-member space truss example made of steel angles.

Thomas and Brown (1977) discuss the cost optimization of a truss roof

system consisting of a number of identical one-way two-dimensional trusses,

open-web joists, and standard 22 gage decking materials subjected to the

AISC specification (AISC, 1970). Their cost function includes the first,

second, and fourth terms in equation (1.11) for the aforementioned compo-

nents. The material and erection costs of the roof decking are assumed to
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be proportional to the roof area. The fabrication and erection costs of both

the open-web joists and primary trusses are assumed to be proportional to

their weights. The optimization method is the sequential unconstrained mini-

mization technique (SUMT) (Arora, 1989) and the Davidon–Fletcher–Powell

method (Fletcher and Powell, 1963). The largest example truss presented has

37 members and covers a span of 32.6m (1283.5 in).

Imai (1983) presents a mini-max dual approach for minimum weight and

cost optimization of trusses made of steel and aluminum members subjected

to explicit displacement and stress constraints. The theoretical idea is to

combine the lightweight but more expensive aluminum with heavier but

less expensive steel in an economical way. The cost function is the sum of

the scaled material costs and weights of the components of a structure. The

author acknowledges the difficulty in dealing with the discontinuous nature

of the material properties and approximates the problem using the first-order

Taylor series expansion for a displacement response. A 72-bar space truss

example is presented.

1.3.1.3 Plane Frames

Ridha and Wright (1967) discuss the minimum cost design of two-

dimensional steel frames using the mechanism method of the simple plastic

analysis and the plastic design requirements of the AISC (1963) code assum-

ing adequate bracing against buckling in the weak axis direction. The cost

function includes the first two terms in equation (1.11) but only the cost of

welded connections is included in the fabrication cost. The authors assume

that the connection cost is a linear function of the shear force and the

bending moment resisted by the connection. Further, the connection cost

includes another component as a function of the size of the connected mem-

bers intended to represent the costs of detail drawing, making templates,

shear angles, and reaming. They report that compared with the minimum

weight design the minimum material and connection cost design results in

a heavier frame but a lower total cost, indicating the relative importance of

the connection cost. A two-bay and two-story frame and a single-bay and

three-story frame are presented as examples. They report savings in the range

of 7% to 26% for the minimum cost design versus the minimum weight

design.

Anderson and Islam (1979) attempt to present approximate closed-form

solutions for the minimum cost design of multi-story rectangular rigid frames

with limiting values on the lateral deflections. They oversimplify the problem

by a number of assumptions, including neglecting the effect of vertical loads
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on lateral displacements and assuming inflection points at the midpoints of

beams and columns. As such the frame becomes statically determinate and

only one tier is considered for optimization.

Crawford and Jenkins (1980) present the minimum cost design of seven

different types of steel single-span gable frame roof structures based on

the British code (BSI, 1977) using a combination of the Complex method

mentioned earlier and the pattern search of Hooke and Jeeves (1961). The

single-span gable structures consist of two steel columns and a roof made

of hot-rolled steel sections with or without haunches, plate girders, War-

ren truss, or trussed beam. Only the roof structure is optimized, excluding

the columns, purlins, and sheeting. The authors studied the relative cost

advantages of the various roof structures for a span range of 10m to 50m

in the construction environment of the United Kingdom and provide rela-

tive cost curves and recommendations for practicing engineers. They also

present curves for optimum length-to-span ratios and the number of panels

versus the span length fitting through data. This paper demonstrates how

cost optimization algorithms can directly help practicing engineers.

Majid et al. (1980) present the minimum cost topological design of rigid

frames subjected primarily to lateral deflection constraints. The nonlinear

optimization problem is approximated linearly by the Taylor series expansion

and solved by the Simplex method. The cost function is the summation of

the material cost and a constant value representing roughly the construction

cost. They present examples of two-, three-, and five-story and multi-bay

frames. Topological optimization is carried by simply removing some of the

columns. Nakamura and Takenaka (1983) also discuss an analytical method

for the minimum cost design of rectangular multi-story multi-span frames

without considering any actual code constraints. Their cost function includes

the first two terms in equation (1.11), but the fabrication cost includes the cost

of connections only. Such highly limited analytical solutions have academic

values only.

Douty (1980) describes the minimum cost design of three different types

of bolted and welded connections used in steel frames based on the AISC

specifications (AISC, 1970): shear angle-framed connection, and flange and

end plate moment-resisting connections. The cost function is presented in

terms of the connection variables, such as the diameter of the bolts, flange

plate width and thickness, shear plate length and thickness, and the leg size of

the fillet weld for connecting the shear plate to the column flange and for the

flange plate moment connection. A weighting penalty is included in the size

of the welds and bolt diameter, assuming that the cost is increased for larger

size bolts and welds. The nonlinear programming problem is approximately
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linearized using the Taylor series expansion and then solved by a linear

programming approach. Cheng and Juang (1989) present the minimum cost

design of multi-story rigid frames subjected to static wind and earthquake

forces according to the Uniform Building Code (UBC, 1984). They include

the P� effect in the formulation and solve the problem using the optimality

criteria approach (Adeli, 1994). They present empirical functions for costs

of members, painting, and welded connections. Their examples include a

two-bay, fifteen-story rigid frame.

Thurston and Sun (1993) present the multi-criteria optimization of two-

dimensional steel frames without using any actual design code constraints.

They attempt to minimize both cost and lateral drift using a combination of

the Pareto optimization approach (Koski, 1994) and the multi-attribute utility

theory. The cost function is presented as a function of the length of the steel

members and volume of the concrete used in a rectangular floor deck. An

example of a one-bay, three-story frame is presented.

Xu and Grierson (1993) present the minimum cost design of steel frames

with semi-rigid connections based on the AISC code (AISC, 1978) using

the augmented Lagrangian method. The cost function includes the material

cost of the members (proportional to their weights) and the cost of each con-

nection, assumed to be proportional to its rotational stiffness. Examples of

one-bay and two-story, and three-bay and ten-story steel frames are given.

Based on the limited examples and the aforementioned assumption about

the cost of connections, they report that for low-rise frames with insignifi-

cant lateral displacements, semi-rigid connections ‘may sometimes’ result in

a lighter design compared with the more common rigid connection design.

However, the total cost of the semi-rigid frame may be more than that of

the corresponding rigid frame because the authors did not include the actual

fabrication cost of semi-rigid connections (including the labor cost). When

lateral loads dominate the design, such as in the case of tall frames, the

authors state that the fully rigid design will probably yield a lighter design

because it provides a greater lateral stiffness. Examples of optimal cost designs

of semi-rigid, low-rise industrial frames are also given in Xu et al. (1995).

Simoes (1996) presents the minimum cost design of semi-rigid steel frames

subjected to stress and displacement constraints but without using an actual

design code. The nonlinear programming problem is approximated by the

Taylor series expansion and solved by the segmented linear programming

approach. The cost of the members is assumed to be proportional to the

weight. The cost of connections is taken as a quadratic function of the con-

nection fixity factor in the range of 0 (for simple pinned connections) to

1 (for moment-resisting connections) and empirical ad hoc values are used
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for the coefficients of the cost function. The pinned and moment connec-

tions are assumed to add 20% and 60%, respectively, to the cost of each

member, and the additional cost of semi-rigid connections is assumed to

fall within this range. The largest example presented is a two-bay, three-

story semi-rigid frame. For the small low-rise frames presented and for the

assumed cost functions the authors assert that both the weight and cost of a

semi-rigid frame are less than those of the corresponding moment-resisting

frame.

1.3.1.4 Industrial Buildings

Bradley et al. (1974) discuss the minimum cost design of one-story industrial

framed structures using the simple plastic theory and geometric programming

technique (Beightler and Phillips, 1976; Abuyounes and Adeli, 1986) without

using any actual design code. Their focus is computation of the cost terms.

Lee and Knapton (1974) also describe their investigation of the minimum

cost design of industrial building structures made of steel portal frames

based on the British code (BSI, 1969) using the simple plastic theory but

without presenting an explicit cost function. The design variables are the

number of bays, frame spacing, eaves height, roof pitch, purlin spacing, and

building length and width. The simplified optimization problem is solved

approximately by a revised Simplex method.

Russell and Choudhary (1980) present the minimum cost design of one-

story industrial buildings made of roof trusses in the transverse direction,

braced frames in the longitudinal direction, and the footings under the

columns based on the Canadian code (CSA, 1975). The problem is first

decomposed into three optimization subproblems. Then, three interface vari-

ables are defined as the number of panels in the transverse trusses, the

number of bays in the longitudinal direction, and the depth-to-span ratio of

trusses, and the overall cost optimization problem is solved by using the

aforementioned Complex method (Box, 1965). The cost function includes

the costs of materials, labor, equipment, overheads, and profit. Profit and

overheads are included as a fraction of the other three direct costs. The costs

of labor and equipment are presented as functions of man-hours needed in

various operations. Empirical equations are presented for times required for

various operations as functions of design parameters such as the number

of braced frames, the number of panels in the transverse trusses, and the

truss weight, based on the curve fitting of the previous data in the Canadian

construction environment. The authors present optimization of an industrial
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building covering a rectangular 30�5m× 159m�100 ft× 520 ft� area and the

clear height to the underside of the trusses of 7.6m (25 ft).

Jendo and Paczkowski (1993) describe the single- and multi-objective

minimum cost design of one-story industrial buildings made of roof space

double-layer trusses consisting of tubular sections subjected to explicit con-

straints on displacements, stresses, and buckling, using the metric and utility

function methods (Jendo, 1990). Similar to Russell and Choudhary (1980),

the problem is decomposed into several subproblems for optimization of

roof covering (purlins and corrugated sheet), space trusses, columns, and

walls (corrugated sheets). They attempt to synthesize the various optimiza-

tion subproblems by two global or interface variables: the height of the

trusses and the ‘mesh density’, defined as the ratio of the span length

to the distance between the truss nodes. The multi-criteria are the min-

imization of the weight of the truss structure and the wall and column

elements, the maximum vertical displacement, and the labor cost expressed

empirically.

1.3.1.5 Guyed Towers

Bell and Brown (1976) discuss a heuristic approach for the minimum cost

design of cable-supported steel guyed towers with a height in the range 30m

to 150m used for supporting heavy microwave antennas subjected to wind

loading and the AISC specifications (AISC, 1970) by assuming independence

of design variables in various subspaces of the design. Optimum cable areas

and tower mast sections are found independently using the Powell search

method (Powell, 1964) and the branch and bound algorithm. They consider

only the material costs and for simplicity transform the minimum cost design

problem to a quasi-minimum weight design problem by assuming a fixed

ratio for the relative costs of the cable and tower steel. The design variables

are cable cross-sectional area, initial cable tension, mast cross-sectional area,

and anchor and tie locations. The cross-section of the mast is either square

with four angles or triangular with three angles. They do not seem to include

the weight of the cross bracings in the formulation. However, the nonlinear

behavior of the cables is included in the formulation.

1.3.1.6 Steel Transmission Poles

Kocer and Arora (1997) formulate the cost optimization of self-supporting

steel transmission poles made of two overlapping tapering dodecagonal tubes

with constant thickness. In addition to the dead load of the pole, the National
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Electric Safety Code’s light loading, ASCE ice and wind loading, and broken

conductor loading are considered. The constraints in the design are given

in the ASCE guidelines (ASCE, 1990). The design variables are the outside

diameter at the top of the pole, tapering of the pole, and thicknesses of the

two overlapping pieces. The cost function is similar to equation (1.14) with

the fabrication cost formulated as the welding cost with three different cost

items. They are the costs of total labor and overheads, total electrode used,

and the power and equipments needed for welding. They calculate the total

labor and overhead costs for welding from the length of the weld, hourly

labor and overhead charge, welding done by one worker per hour, and a

so-called operating factor. The power and equipment cost is assumed to be

20% of the total electrode costs. The authors include the secondary moment

effects due to lateral displacements in the formulation and solve the problem

using three different approaches: (a) genetic algorithm (Adeli and Cheng,

1993, 1994a; Adeli and Hung, 1995), (b) simulated annealing (Aarts and

Korst, 1989), and (c) the enumeration method. By including the additional

labor costs, the optimum values of the diameter at the top of the upper tube

and the thicknesses of both tubes are increased, and the optimum value of

the tapering slope is decreased. They report that the genetic algorithm is

the best of the three methods used in terms of computational efficiency and

finding the global optimum solution.

1.3.1.7 Cellular Plates

Farkas and Jarmai (1994) present the minimum cost design of laterally loaded

welded cellular steel plates using three different approaches: the backtracking

method, the hill-climbing method, and feasible sequential quadratic program-

ming (Farkas and Jarmai, 1997). The cellular plate is created by sandwiching

and welding a grid of cold-formed channels or I-beams between two parallel

plates. The design constraints are defined explicitly for bending stresses and

local buckling of rib webs due to bending and shear without using any actual

design code. The cost function includes the material and fabrication costs.

The latter is calculated by multiplying the total time required for fabrication

by a fabrication cost factor. The total time required for welding is the sum

of the times required for (a) preparation, assembly, and tacking, (b) welding,

and (c) electrode changing, weld deslagging, and chipping. Empirical equa-

tions based on local fabrication conditions are used for various conditions.

They conclude that the hill-climbing approach is quick but sensitive to initial

solutions and the feasible sequential quadratic programming is ‘robust’ even

when the starting point is infeasible.
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1.3.1.8 Bridge Structures

Memari et al. (1991) present the minimum cost design of a continuous, mul-

tispan concrete reinforced concrete–steel girder highway bridge subjected to

the AASHTO code (AASHTO, 1983) using the method of feasible directions.

The cost function is expressed as the material costs of the superstructure

including the costs of the steel girders, longitudinal and transverse stiffeners,

studs, and the reinforced concrete slabs. Their unit costs of materials are

intended to include other costs such as fabrication, transportation, and erec-

tion indirectly. An example of a three-span and two-lane bridge structure is

presented. They conclude that the dimensions of the flange and web plates

have the greatest impact on the minimum cost solution.

1.3.2 Cost Optimization Using the Reliability Theory

Papers published on the reliability-based cost optimization of structures all

take an academic, theoretical, and idealistic approach to the problem. The

examples presented in these publications are usually small, academic two-

dimensional structures. None of them uses an actual widely used design code

such as the AISC specifications (AISC, 1995). Use of the probabilistic con-

cepts in structural design was presented by Benjamin (1968). One of the first

papers published on the reliability-based structural cost optimization is Mau

and Sexsmith (1972). They minimize the expected cost of simple statically

determinate two-dimensional steel trusses as defined by equation (1.6). They

make a number of simplifying assumptions such as limiting each member to

only one type of failure and ignoring partial failure and serviceability crite-

rion. The initial cost of the structure, the first term in equation (1.6), is taken

as the material cost only, which is expressed as a function of the weight of

the structure. The cost of failure is assumed known and taken as proportional

to the initial material cost of the structure. They point out that the criterion

of minimum expected cost is equivalent to minimization of weight with an

allowable probability of failure.

Ravindra and Lind (1973) describe the use of the probability theory in

design code optimization with an attempt to balance the safety and cost.

They apply the concept by finding a set of optimal load factors for single-

story single-bay steel frames subjected to dead, snow, and wind loads

using the hill climbing approach (Rosenbrock, 1960). Moses (1977) intro-

duces the general concepts of the reliability theory into structural optimiza-

tion in the context of the two approaches presented in Section 1.2.9. Rao

(1980) presents the minimum cost design of a cable-stayed cantilevered
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steel box beam with a probabilistic objective function and constraints

using the indirect approach. The external loadings and the ultimate stresses

are considered as random variables. The author transforms the stochastic

formulation to an equivalent deterministic nonlinear programming prob-

lem by assuming that the random variables follow a normal distribution

with small standard deviations, expanding the objective function about the

mean values of the random variables by Taylor’s series expansion, and

approximating the series by the first two terms. The equivalent determin-

istic nonlinear programming problem is solved by SUMT (Arora, 1989)

with an interior penalty function. A probability of failure of 0.0001 is

assumed.

Frangopol (1985) gives two reasons why the reliability-based structural

optimization has not been popular as compared with the deterministic struc-

tural optimization. First, the lack of a universally acceptable method for

incorporating the uncertainties in the structural optimization formulation

results in nonuniform reliability levels in similar structural design situa-

tions. Second, the diverging opinions on many basic issues include the

very definition of reliability-based optimization. The author then advocates a

multi-criteria optimization approach with collapse and unserviceability as the

failure criteria. The method is applied to a single-story rigid steel frame with

random strengths and random vertical and horizontal concentrated loads,

assuming 0.000 01 and 0.01 for probabilities of collapse and unserviceability,

respectively.

Soltani and Corotis (1988) present single- and multi-objective formulations

with initial and failure costs as objectives functions. Design variables are the

mean plastic moment capacities of structural members using the simple plas-

tic theory for steel structures. They define the cost of failure as the replace-

ment cost and the cost of compensation for possible damage caused by failure

and note that the evaluation of this cost is extremely difficult, especially if

human lives are endangered. The multi-objective optimization problem is

solved by the so-called ‘constraint method’, where one of the objectives is

treated as a constraint with lower and upper bound limits (Cohon, 1978). The

approach is applied to a one-story single-bay steel rigid frame with initial

cost treated as an additional constraint.

Kim and Wen (1990) present the reliability-based cost optimization of

structures under multiple stochastic (time-varying) loads. The combined

effects of the loads, treated as random processes, are included using the

load coincidence method (Pearce and Wen, 1984). The optimization prob-

lem is solved using SUMT (Arora, 1989) with an interior penalty function.

Examples of one-story, single-bay and two-story, two-bay steel frames are
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presented. Enevoldsen and Sorensen (1994) present the reliability-based cost

optimization of structures with component and system reliability constraints,

and apply the concepts to a very simple example, a simply supported tubular

steel column. Chang et al. (1994) discuss reliability-based cost optimization

of steel structures subjected to seismic loading of the Uniform Building

Code (UBC, 1988) and Newmark’s nondeterministic seismic response spec-

tra (Paz, 1991) and apply it to a ten-story, single-bay steel frame assuming

rigid floors. The optimization problem is solved by SUMT (Arora, 1989).

They conclude that nonstructural costs as well as future failure costs can

affect structural cost only at high failure probability levels. Tao et al. (1995)

use the Markov decision process and structural reliability theory to model

the minimum expected lifetime cost of a structure and apply the concepts to

a composite five-girder highway bridge.

1.3.3 Fuzzy Optimization

Fuzzy optimization is based on the theory of fuzzy sets developed by Zadeh

(1965). Brown and Yao (1983) introduce the application of the fuzzy set

theory in structural engineering and state:

It has been argued that probability theory and statistics are useful in civil engi-

neering but their use is limited in the sense that most civil engineering decisions

are made with a shortage of numerical evidence and depend on informed opinions.

The fuzzy set theory is intended to deal with the informed opinion, but in no way

disperses with countable evidence.

Reliability-based optimization is based on the long-established theory of

probability while fuzzy optimization is based on the more recent theory of

possibility (Zadeh, 1978) based on the theory of fuzzy sets (Zadeh, 1965).

Probability is based on the premise that events or variables are random in

nature with a statistical basis, but possibility is based on a fuzzy domain with

mostly nonstatistical variables. In the fuzzy optimization, numerical values

of the membership functions are used, as opposed to the probabilities in

the reliability-based optimization. In structural design, two major sources of

fuzziness, imprecision, or uncertainties can be identified, one in the eval-

uation of the structural behavior and resistance, the other in determining

the loadings acting on the structure. In the cost optimization of structures,

a third source of fuzziness and imprecision comes into play. That is in the

formulation and evaluation of the cost function.
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A fuzzy set Y for any set Z is characterized by a membership function

	Y �z� which grades each point in Z with a value in the interval [0,1]. This

membership function is the grade of membership of z in Y . The nearer the

value of 	Y �z� to unity the higher is the grade of membership of z in Y .

Thus, a fuzzy set Y is defined as

Y = 
z�	Y �z���z∈Z (1.15)

The fuzzy set theory can be used to model judgments on ambiguous, impre-

cise, or fuzzy situations. The membership functions of a fuzzy set are used to

develop a fuzzy transition from total acceptance to total rejection of certain

decision processes.

A number of papers have been published on fuzzy optimization of struc-

tures (Wang and Wang, 1985a, 1985b; Rao 1987a, 1987b; Yeh and Hsu,

1990; Rao et al., 1992a, 1992b, 1992c; Yu and Xu, 1994; Shih and Lai, 1994).

Most of these papers, however, are on weight optimization. Only a few deal

with the cost optimization of structures presenting academic examples. In

these papers, the cost function for the fuzzy cost optimization of structures

is expressed as the summation of the initial cost �CI� and the expected cost

of maintenance and failure �CE�:

CT =CI +CE (1.16)

This equation is somewhat similar to equation (1.6) for reliability-based

optimization.

Wang and Wang (1985a) present a simplified fuzzy optimization proce-

dure, dubbed the �-level cut method, by considering the fuzziness in the

constraints and using the nonfuzzy cost function defined by equation (1.16).

The membership functions for the constraints are restricted to preselected

lower limit values of �. As such, the amount of fuzziness in the constraints is

limited to preselected ranges. The advantage of this approach is that the prob-

lem is readily transformed to ordinary nonfuzzy optimization with expanded

lower and upper bound limits, which are functions of �. The disadvantage

of this approach is that the � values are selected somewhat arbitrarily. The

authors apply the concepts to two small academic examples, a one-bay,

two-story shear frame and a three-bar truss. Wang and Wang (1985b) dis-

cuss a two-step approach for fuzzy optimum design of aseismic structures

considering both construction cost and earthquake-caused loss expectation

during the service life of the structure. They introduce the concept of a

fuzzy response spectrum and apply the approach to a simple one-bay, two-

story shear frame. Yeh and Hsu (1990) also discuss a similar procedure
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for the cost optimization of structures with fuzzy allowable strength and

fuzzy loads using the simple plastic theory and theory of possibility (Zadeh,

1978). They assume exponential functions for the fuzzy allowable strength

and fuzzy loads, and apply the concepts to a simple three-bar truss and a

one-story, one-bay frame.

1.3.4 Concluding Comments

Only a small fraction of structural steel optimization articles attempt to

include any cost other than the weight of the structure. Most of the cost

optimization papers are applied to small or academic examples. With the

exception of a few that present moderate-size problems, all are really small-

scale optimization problems.

A number of articles have been published on the reliability-based cost opti-

mization of steel structures. Practically all present simple academic examples.

Nearly three decades ago Moses (1977) acknowledged the weak database

for determining statistical parameters needed in a meaningful reliability-

based cost optimization. The same problem of an inadequate database exists

even today and will exist in the foreseeable future. Another problem is the

existence of a large number of possible failure modes, especially for large

structures, which makes the evaluation of system reliability in a consistent

practical way an impossible task. While the reliability theories can make

a real contribution in advancing the development of more realistic design

codes, their use in practical cost optimization of realistic structures appears

limited at the present time.

So far only a few articles have been published on the cost optimization of

steel structures using the fuzzy set theory, which deal with small academic

examples. The authors of these papers appear to have been influenced by

the reliability-based optimization in formulating the problem. The approach

is primarily the �-level cut method, which includes the fuzziness in the

constraints only. However, there are significant sources of fuzziness in the

cost function as well, and the fuzzy set approach provides an effective way

of modeling them.

It is interesting to note that there was a relatively good amount of research

activity in the cost optimization of structures in the 1960s and 1970s. This

activity dwindled in the 1980s and picked up again in the 1990s to some

extent. The cost optimization problem is somewhat ill-defined in a mathe-

matical sense, and in general its solution is less amenable to established algo-

rithmic procedures and is computationally more intensive. With widespread
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availability of increasingly powerful personal computers and workstations

and the development of recent computational paradigms such as the theory

of fuzzy sets, structural optimization researchers need to pay closer attention

to the cost optimization problem.

Research on cost optimization can encourage the use of the optimization

approach in the structural steel design practice for at least two reasons.

First, it provides a more realistic way of modeling structural steel design.

Second, the consensus of the existing literature is that cost optimization can

result in additional savings in the order of 7% to 26% compared to the

weight optimization problem. These savings can be very significant for large

structures.

For the structural optimization methodology in general, and the cost opti-

mization approach in particular, to be embraced by the structural engineering

community, the focus of research should be on large structures subjected to

the actual constraints of a commonly used design code such as the AISC

ASD (AISC, 1995) or the AISC LRFD (AISC, 2001) codes. The true benefit

of optimization is realized for large structures with hundreds of members.

Anoptimization algorithm thatworks for a small problem, or a large problem

but with simplified constraints, may not work for a large structure subjected to

the actual highly nonlinear, implicit, and discontinuous constraints of an actual

design code such as the AISC LRFD code (AISC, 2001). This significant issue

is hardly discussed in the structural optimization literature. It should be known

that nonlinear optimization algorithms are highly sensitive to the nature of the

constraints and the size of the problem. An algorithm that works for explicit

simplified constraints can produce unstable results for complicated implicit

and discontinuous constraints. Recently, however, new promising algorithms

have been created for solution of large-scale and complicated optimization

problems that produce stable results consistently, such as the recently patented

neural dynamics model of Adeli and Park (Adeli and Park, 1996; Park and

Adeli, 1997a, 1997b; Adeli and Park, 1998) and the evolutionary computing

and genetic algorithm that will be presented in subsequent chapters.
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Evolutionary Computing and

the Genetic Algorithm∗

2.1 Overview and Basic Operations

Many mathematical linear and nonlinear programming methods have been

developed for solving optimization problems during the last three decades.

However, no single method has been found to be entirely efficient and robust

for all different kinds of engineering optimization problems. Some methods,

such as the penalty function method, the augmented the Lagrangian method,

and the conjugate gradient method, search for a local optimum by moving

in a direction related to the local gradient. Other methods apply the first-

and second-order necessary conditions to seek a local minimum by solving a

set of nonlinear equations. For the optimum design of large structures, these

methods become inefficient due to a large amount of gradient calculations

and finite element analyses.

These methods usually seek a solution in the neighborhood of the starting

point similar to local hill climbing. If there is more than one local optimum

in the problem, the result will depend on the choice of the starting point, and

the global optimum cannot be guaranteed. Furthermore, when the objective

∗ This chapter is based mostly on the following articles of the senior author: H. Adeli and N. T. Cheng,
Integrated genetic algorithm for optimization of space structures, Journal of Aerospace Engineering,
ASCE, 1993, 6(4), 315–328, and H. Adeli and N. T. Cheng, Augmented Lagrangian genetic algorithm
for structural optimization, Journal of Aerospace Engineering, ASCE, 1994, 7(1), 104–118; and is
reproduced by permission of the publisher.

Cost Optimization of Structures: Fuzzy Logic, Genetic Algorithms, and Parallel Computing H. Adeli and

K. C. Sarma © 2006 John Wiley & Sons, Ltd
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function and constraints have multiple or sharp peaks, the gradient search

becomes difficult and unstable.

Inspired by Darwin’s theory of evolution and the natural law of the survival

of the fittest, the genetic algorithm (GA) is a global search procedure for

gradually improving the solution in succeeding populations using operations

that mimic those of the natural evolution such as reproduction, crossover,

and mutation (Holland, 1975; Goldberg and Samtani, 1986; Goldberg, 1989)

and performs a random information exchange to create superior offsprings.

Adeli and Cheng (1993) presented the optimization of space structures by

integrating GA with the penalty function method. Subsequently, Adeli and

Cheng (1994a) presented an improved augmented Lagrangian GA for the

optimization of space structures, where the problem of the trial-and-error

selection of the initial value for the penalty function coefficient is avoided.

This chapter presents a summary of that work.

A simple GA has the following characteristics:

• All the genetic algorithm operations work with finite-length binary strings

(chromosomes) instead of real parameter sets, resulting in a finite point-

search algorithm.
• Genetic algorithms consider a group of points in the search space in every

iteration, called a population of points.
• Genetic algorithms use a random search based on the prior information

to guide the search, instead of gradient search, so that the derivative

information and step-size calculation are not necessary.
• Genetic algorithms must work in a bounded space for coding the

parameters.
• Genetic algorithms are not hill-climbing algorithms. The so-called local

hill-climbing problems are eliminated in these algorithms. Therefore, the

probability of being entrapped in a local minimum is reduced.

Three characteristics of a GA are attractive for optimization of large space

structures. First, it starts from a group of points (design) instead of one

single starting point, and guarantees a fast convergence to a near optimum

solution. Second, it requires only simple function evaluations, resulting in a

numerically efficient algorithm. Finally, it readily lends itself to parallel pro-

cessing (Adeli, 1992a) because each chromosome or string in the population

is independent of the others and therefore can be processed concurrently.

The genetic algorithm can be used directly only for solving unconstrained

optimization problems. Therefore, a constrained optimization problem must
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be transformed to an unconstrained optimization problem, e.g. by employing

the penalty function method. It will subsequently be shown how the penalty

function method can be combined with the GA to solve the structural opti-

mization problem. There are two fundamental steps in a genetic algorithm.

The first step is coding and decoding of the parameter sets by bit strings. The

second step is the search algorithm in order to find the optimum solution.

2.2 Coding and Decoding

Coding the parameter sets as a finite-length string over some finite alphabets

is the first step in the genetic algorithm. Finite-length binary strings are

usually used for decoding. The length of binary strings depends on the

required accuracy. For example, a real variable X whose range is 0�0≤X≤
1000�0 can be coded as a 10-digit string:

0000000000≤X≤ 1111111111 (2.1)

There are a total of 210=1024 points in this range. As an example, the point

0000011100 represents

C= 0�0+ 24 + 23 + 22

210
× �1000�0− 0�0�= 27�3438

based on the following formula for coding and decoding:

C=Cmin +
B

2L
�Cmax −Cmin� (2.2)

where C = value the string represents, Cmin and Cmax = lower and upper

bounds for C, L= length of the binary string, and B= decimal integer value

of the binary string.

Structural optimization problems are always multi-parameter problems.

To code the multiple parameters, the parameters can simply be concatenated

end by end and then presented as a single string. For example, if there

are four parameters X1�X2�X3, and X4 and 10 bits are used to code a

single parameter, the string will contain 40 bits. For example, for four

randomly selected X1 = 1100011010�X2=0010011101�X3=1010001101,

and X4 = 0111101110, the string becomes

1100011010

X1

0010011101

X2

1010001101

X3

0111101110

X4
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Genetic algorithms work with the discrete points coded by the finite-length

binary strings and not by the parameters themselves. Hence, they are not

dependent on the continuity of the parameter space. This feature makes GAs

more flexible and efficient than conventional search techniques.

2.3 Basic Operations in Genetic Algorithms

Although many genetic algorithms with different strategies have been

reported, all of them consist of three basic operations: (1) reproduction, (2)

crossover, and (3) mutation. Reproduction is simply a process to decide

which strings should survive and how many copies of them should be pro-

duced in the mating pool. The decision is made by comparing the fitness

of each string with the average fitness of the population. The fitness is an

indicator of the survival potential and reproduction capability of the string

in the subsequent generations. For an optimization problem, the fitness is

the objective function or a combination of the objective function and con-

straints. In maximization problems, a string with a greater fitness will receive

correspondingly more copies in the new population. On the other hand, in

minimization problems, a string with a smaller fitness receives more copies

in the mating pool. Suppose the population size to be n, the fitness of the

ith individual string in the current iteration to be fi, the summation of the

fitnesses in the current iteration to be fsumi, and the average fitness of the cur-

rent iteration to be fave = fsumi/n. Then, the probability of the ith individual

string to be selected into the mating pool is

psi =
fi

fsumi

(2.3)

and the number of copies that the ith individual string receives is deter-

mined by

numi = n×psi =
fi
fave

(2.4)

These are the so-called survival-of-the-fittest aspects of the GA. The better

strings (those with a smaller value of the fitness in the minimization prob-

lems) receive more copies for mating so that their desirable characters and

stringpatternsor schemata (Holland,1975)maybepassedon to theiroffsprings.

Consider the following simple maximization problem:

Maximize F�X�=X2 + 2X subject to 0�0≤X≤ 63�0 (2.5)
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Suppose a binary string with a length of six is used to code the real vari-

able X and the population size is set to be four. Using a random process,

four starting points 011111, 111000, 001000, and 100001 are chosen. The

four strings represent the real values 31.0, 56.0, 8.0, and 33.0, respec-

tively. Their fitnesses, values of the function F , are 102.0, 3248.0, 80.0, and

1155.0, respectively, and the corresponding numbers of copies these strings

receive are, theoretically, 0.74, 2.36, 0.06, and 0.84. Thus, by rounding off

these numbers, there will be one copy of 011111, two copies of 111000,

one copy of 100001, and no copy of 001000 in the mating pool. In prac-

tice, reproduction is done at random. A range is created according to the

fitness of each individual. Thus, a better string will occupy a bigger por-

tion in the range and consequently has more chance to be chosen into the

mating pool.

Crossover is a means for two high-fitness strings (parents) to produce

two offsprings by mixing and matching their desirable qualities through a

random process. After reproduction, the crossover proceeds in two steps.

First, two newly reproduced strings are selected at random for mating from

the mating pool. Next, some bits chosen at random are exchanged between

these two strings. Several methods can be used for choosing portions to be

swapped. In this section, one-point, two-point, and uniform crossover are

described.

To perform one- and two-point crossovers, one and two crossing sites

along the string are selected at random, as follows: for one-point crossover

011�111

111�000

and for two-point crossover

0�111�11

1�110�00

In the foregoing examples, there are five possible crossing sites. Then, if one

segment is swapped between the two strings, two offsprings are produced as

follows: for one-point crossover

011000

111111
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and for two-point crossover

011011

111100

The uniform crossover is based on a randomly created binary string, called

a mask (Syswerda, 1989). A mask acts like a sieve. Parent strings are asked

to exchange the bits on the positions where the corresponding position in the

mask is zero. Otherwise, no exchange of bits is performed. The percentage

of exchanged bits between two parent strings can be varied from 0% to 50%

by controlling the percentage of zeros in the mask string. The following

example shows how the 40% uniform crossover operation works (note that

the mask string contains 40% zeros):

parent string

1000110101 0011101100

mask

1100110110

offspring

1011111100 0000100101

Although the crossover is done by random selection, it is not the same as a

random search through the search space. Since it is based on the reproduction

process just described, it is an effective means of exchanging information

and combining portions of high-fitness solutions.

Reproduction and crossover are very simple operations. Their implementa-

tion simply requires generating random strings, making copies of the strings,

and swapping portions of the strings. However, reproduction and crossover

together give genetic algorithms much of their power.

The third operation in genetic algorithms, called mutation, plays an impor-

tant role as a safeguard. Mutation occurs with a small probability in the

genetic algorithm to reflect the small rate of mutation existing in the real

world. Some digits at a particular position in all strings may be eliminated

during the reproduction and crossover operations. It is impossible to recover
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from such a situation by using only reproduction and crossover operations.

For example, in the following eight-string population, the fifth position (from

the left) contains a 0 in all strings and consequently character 1 would

never be produced on the position five if only reproduction and crossover

operations are used:

110001 101001 000100 111101

010101 000001 111000 011100

This situation may create an additional constraint in the search domain and

may prevent the desirable solution from being obtained. To avoid such a

deadlock situation, in the mutation phase some bits will be changed in all

the strings according to the mutation rate.

2.4 GA with the Penalty Function Method

2.4.1 Problem Formulation for Axial Force (Truss) Structures

The structural optimization of a space truss structure is defined as selecting

the vector of the cross-sectional areas A= �A1� � � � �AN � that minimizes the

total weight W of the structure

W =
N
∑

i

	iLiAi =LT
A (2.6)

subject to the following stress, displacement, and fabricational constraints:

�L ≤�≤�U (2.7)

�L ≤�≤�U (2.8)

AL ≤A≤AU (2.9)

where �=a diagonal matrix of weight per unit volume, N =number of design

variables, Li = length of element i, and AU, AL, �U, �L, �U, and �L = upper

and lower bounds of the vectors of cross-sectional areas A, element stresses

�, and nodal displacements �. The nodal displacement and element stresses

are found by a finite element structural analysis for every string in every

iteration using the following equations:

K�=P (2.10)

�=T� (2.11)
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where K= a structure stiffness matrix, P= a nodal force vector, and T= a

transformation matrix relating nodal displacements to element stresses.

Since GAs can be used directly only for solving unconstrained optimization

problems, the constrained problems are transformed to an unconstrained

problem by including a penalty function (Arora, 1989). In this section a

quadratic penalty function is used, and the corresponding unconstrained

optimization problem becomes

min��A�= 1

Lf

N
∑

i

	iLiAi +�

⎧

⎨

⎩

N
∑

i

[

( �
i�
�
a

i �
− 1

)+
]2

+
M
∑

i

[

( ��i�
��a

i �
− 1

)+
]2
⎫

⎬

⎭

(2.12)

where the last term is the penalty function, �= a penalty coefficient, Lf = a

factor for normalizing the objective function, M = number of degrees of

freedom, 
i= stress in member i, �i=displacement in the direction of degree

of freedom i, and

( �
i�
�
a

i �
− 1

)+

=max

( �
i�
�
a

i �
− 1�0

)

(2.13)

( ��i�
��a

i �
− 1

)+

=max

( ��i�
��a

i �
− 1�0

)

(2.14)


a
i =
L

i when 
i < 0 (2.15a)


a
i =
U

i when 
i ≥ 0 (2.15b)

�a
i = �L

i when �i < 0 (2.16a)

�a
i = �U

i when �i ≥ 0 (2.16b)

The normalizing factor Lf is necessary here to make the terms in the objec-

tive and penalty functions dimensionally consistent. Also, the magnitude

of this factor is chosen such that the two terms on the right-hand side of

equation (2.12) become numerically close to each other, so that one term

does not dominate the other. In the GA terminology, equation (2.12) is the

fitness function, which is used in the reproduction phase.
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2.4.2 Genetic Algorithm with the Penalty Function Method

The optimization process via the genetic algorithm can be divided into the

following steps:

Step 1. Create a chromosome or string (design) population for the first

iteration randomly (note that the size of the string population should

be even).

Step 2. Select the penalty function coefficient � and the normalizing fac-

tor Lf .

Step 3. Decode each chromosome or string (design) and perform finite

element structural analysis to find the element stresses and nodal

displacements for each string (design).

Step 4. Calculate the fitness of each string using equation (2.12), which

combines the total weight of the structure with the penalty function.

Because this is a minimization problem, in this step the fitness is

rescaled using the following formula:

��A�=Dmax −��A� when��A�<Dmax (2.17a)

��A�= 0 when��A�≥Dmax (2.17b)

The parameter Dmax is the upper limit of ��A�. Dmax is set equal to

the average fitness for the population so that the strings with fitnesses

greater than or equal to this value are discarded with no chance of

their entering the mating pool. Thus, the lower fitness point receives

a higher probability of survival.

Step 5. Reproduce strings (designs) into the mating pool according to the

fitness calculated in step 4. In this step, each rescaled fitness cor-

responding to a string (design) is divided by the summation of the

rescaled fitness and consequently scaled to a value between 0.0%

and 100.0%.

Step 6. Randomly match the strings (designs) in the mating pool, two at

a time, and apply crossover and mutation operations to create new

offsprings (new designs). If the uniform crossover is used, a mask

should be created randomly at the beginning of each iteration.

Step 7. Replace old strings by the offsprings and go to step 2 until the

stopping criterion is met.
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The following values are recommended by De Jong (1975) for the proba-

bility of crossover �Pc� and mutation �Pm�:

Pc = 0�8 (2.18a)

Pm = 0�005 (2.18b)

In a GA with a penalty function method, the selection of the penalty

function coefficient is very critical from the convergence point of view.

Numerical experiments indicate that when a small value is used for this

coefficient the solution usually converges to an infeasible solution. This is

because the contribution of the penalty function in minimizing the fitness

function will be small. On the other hand, when a large value is chosen for the

penalty function coefficient the solution will oscillate. This can be explained

by the fact that minimization of the fitness function would largely reflect the

minimization of the penalty function at the cost of neglecting the objective

function.

To improve the robustness of the genetic algorithm, a variable penalty

function-coefficient strategy can be used; i.e. the value of this coefficient is

increased after every certain number of iterations. What value to use for the

coefficient and at which iteration to boost the value requires experience with

the optimization problem domain. Numerical experimentation can provide

an insight for judicious selection of these parameters.

A genetic algorithm can be used as an effective tool for many engi-

neering optimization problems. Since gradient information is not required

the method does not suffer from the hill-climbing problem encountered in the

gradient-based mathematical programming algorithms. This problem is the

entrapment of the solution near a local optimum in the vicinity of the starting

point. In other words, the solution obtained from a nonlinear mathematical

programming algorithm in general depends on the starting point and is only

a local optimum.

In the genetic algorithm approach to engineering optimization, a near-

optimum solution is found within a given accuracy, depending on the

chosen length of the string (chromosomes). Furthermore, a genetic algorithm

often provides an efficient approach to a moderate size engineering

optimization problem because it requires only simple function evalua-

tions. A near-optimum solution can be found after a limited number of

iterations.

One problem arises when integrating a GA with the penalty function

method; i.e. the solution usually goes into the infeasible region right after the

first, or first few, iterations. This is a characteristic of the penalty function
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methods. In subsequent iterations, the solution will approach the feasible

region from the infeasible region. There is no guarantee that the solutions

found in a given iteration are feasible, and the optimum solution can still

vary with the iteration number. This is due to the given accuracy (string

length) and the potential of the random process in the genetic algorithm.

Therefore, the constraints must be examined when a solution is selected for

design among the population in that iteration. In practice, this check does

not have to be made in every iteration, but only in the final iteration or the

last few iterations.

2.5 Augmented Lagrangian Method

The augmented Lagrangian (Lagrange multiplier) method has been shown

to be superior to the ordinary penalty function method (Powell, 1969;

Fletcher, 1975; Belegundu and Arora, 1984). In contrast to manual control

of the penalty function coefficient, an outer loop is used in the augmented

Lagrangian method to adjust the coefficients automatically at some specific

points using the information about constraints.

An optimum design problem with N design variables, Nch inequality, and

Ncg equality constraints can be defined as:

Minimize f�A� subject to gi�A�≤ 0� i= 1�2� � � � �Nch (2.19)

hi�A�= 0� i= 1�2� � � � �Ncg (2.20)

where A= �A1�A2� � � � �An�= the vector of design variables. For axial force

(truss) structures A is the vector of cross-sectional areas.

Powell (1969) combined the penalty function method with the primal-dual

method and reported a new penalty function in the following form for finding

a local minimum of the equality constrained problem:

P �h�A������= 1

2

Nch
∑

i=1

�i �hi�A�+�i�
2

(2.21)

where �i > 0 and �i = real parameters associated with the ith equality con-

straint. The constrained problem is converted into an unconstrained problem

by minimizing the following function:

��A�����= f�A�+P �h�A������ (2.22)
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This is the so-called Lagrange multiplier or the augmented Lagrangian

method and �i�i = �i is called the Lagrange multiplier of the constraint

hi�A�= 0.

Fletcher (1975) modified Powell’s Lagrange multiplier method for solving

the inequality constrained optimization problem by introducing the penalty

function:

P �g�A������= 1

2

Nch
∑

i=1

�i

{

�gi�A�+�i�
+}2

(2.23)

In this case, the constrained problem is converted into an unconstrained

problem by minimizing the following function:

��A�����= f�A�+ 1

2

Nch
∑

i=1

�i

{

�gi�A�+�i�
+}2

(2.24)

where

�gi�A�+�i�
+ =max �0� gi�A�+�i� (2.25)

The well-known quadratic penalty function method can be derived from

equations (2.24) and (2.25) by setting �i = 0�i= 1� � � � �Nch� and the opti-

mization process is completed by increasing the penalty function coefficients

�i�i = 1� � � � �Nch� to infinity. However, large values of penalty function

coefficients cause ill-conditioning in the solution of the optimization problem

and result in slow convergence or numerical instability. Powell (1969), on

the other hand, introduced an outer loop to update the Lagrange multipliers

�i = �i�i automatically according to the information obtained in previous

iterations. There is no need for penalty function coefficients or Lagrange

multipliers to go to infinity in order to ensure convergence. Furthermore,

derivatives of the objective function and constraints are not necessary in the

coefficient updating process.

2.6 GA with the Augmented Lagrangian Method

2.6.1 Problem Formulation for Axial Force (Truss) Structures

In an augmented Lagrangian GA method, the penalty function for optimiza-

tion of a structure from equations (2.6) through (2.9) can be defined as
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P �	�
�����= 1

2

⎧

⎨

⎩

N
∑

i

�i

[

( �
i�
�
a

i �
− 1+�i

)+
]2

+
M
∑

i

�i+N

[

( ��i�
��a

i �
− 1+�i+N

)+
]2
⎫

⎬

⎭

(2.26)

As earlier, N = number of design variables and M = number of degrees of

freedom. In this case the corresponding unconstrained optimization problem

becomes

Minimize ��A�����= 1

Lf

N
∑

i

	iLiAi +
1

2

⎧

⎨

⎩

N
∑

i

�i

[

( �
i�
�
a

i �
− 1+�i

)+
]2

+
M
∑

i

�i+N

[

( ��i�
��a

i �
− 1+�i+N

)+
]2
⎫

⎬

⎭

(2.27)

where Lf = a factor for normalizing the objective function, 
i= the stress in

member i, �i = the displacement in the direction of the degree of freedom i,

and the limiting values of stresses and displacements are as equations (2.15a)

through (2.16b). Furthermore,

( �
i�
�
a

i �
− 1+�i

)+

=max

( �
i�
�
a

i �
− 1+�i�0

)

(2.28)

( ��i�
��a

i �
− 1+�i+N

)+

=max

( ��i�
��a

i �
− 1+�i+N �0

)

(2.29)

In the GA terminology, equation (2.27) is called the fitness function, which

is used in the reproduction phase in order to guide the genetic search.

2.6.2 Genetic Algorithm with the Augmented Lagrangian Method

A hybrid structural optimization algorithm is presented by integrating the

genetic algorithm with the augmented Lagrangian method in a nested loop.

The outer loop is used to update the Lagrange multipliers according to the

augmented Lagrangian method, similar to the first algorithm of Belegundu

and Arora (1984). The inner loop performs the genetic algorithm to minimize

the penalized objective function associated with the Lagrange multipliers in
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the outer loop. The hybrid algorithm is presented in seven steps. The inner

loop is represented by step 3.

Step 1. Set I = 1 and K=∝, initialize the values of vectors � and �, and

choose the values of parameters � > 1�� > 1, and � > 0 and the

normalizing factor Lf , where I = a counter for parameter set � and

�= the stopping criterion for the outer loop (desired accuracy).

Step 2. Generate the chromosome or string (design) population, A
�1�
j �j =

1� � � � � n�, for the first iteration randomly, where n= an even number

representing the size of the string population.

Step 3. Set the counter of the inner loop, J , equal to zero and perform the

genetic search to minimize �
(

A�����I�
)

subject to the lower and

upper bounds of A.

(a) Set J = J + 1.

(b) Decode each chromosome or string (design) using equation (2.2)

and find the element stresses and nodal displacements for each

string using finite element structural analysis.

(c) Calculate the fitness of each string using equation (2.27), which

combines the objective function with the penalty function. Since

this is a minimization problem, rescale the fitness of each string

using the following formulas:

�
(

A�����I�
)

=Dmax −�
(

A�����I�
)

when �
(

A�����I�
)

<Dmax (2.30a)

�
(

A�����I�
)

= 0 when �
(

A�����I�
)

≥Dmax (2.30b)

so that the strings with fitnesses greater than or equal to the value

of Dmax are discarded with no chance of entering the mating pool.

Thus, the smaller fitness string receives a higher probability of

survival. In this work, Dmax is set equal to the average fitness for

the population.

(d) Reproduce strings (designs) into the mating pool according to

the rescaled fitness just calculated. Each rescaled fitness corre-

sponding to a string is divided by the summation of the rescaled

fitnesses and consequently scaled to a value between 0.0 and

100.0%. Thus, better strings occupy bigger portions on the range

and consequently receive more copies during the reproduction

phase. Then, n numbers between 0.0% and 100.0% are chosen

randomly and compared with the aforementioned range in order
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to select n preferred strings (designs) and include them in the

mating pool.

(e) Match the strings (designs) in the mating pool randomly, two

at a time, and apply crossover and mutation operations to create

new offsprings (new designs). If the uniform crossover is used,

as discussed earlier, a mask should be created randomly at the

beginning of each iteration.

(f) Replace old strings by the offsprings and go to the first part

of step 3 until the stopping criterion (for the inner loop)

is met or J = Jmax. The population of new strings is represented

by A�I� = �A
�I�
1 � � � � �A�I�

n �, and the string (design) with the small-

est fitness in this population is represented by A�I�∗ .

Step 4. Evaluate the values of constraints, gi

(

A
�I�
j

)

�i= 1� � � � �N +M� for

every string and calculate the average value for each constraint i as

follows:

g
�I�
iave

=

n
∑

j=1

gi

[

A
�I�
j

]

n
(2.31)

Set

K∗ =max
i

∣

∣

∣
max

[

g
�I�
iave
�−�

�I�
i

]
∣

∣

∣
(2.32)

and

I=
{

i �
∣

∣

∣
max

[

g
�I�
iave
�−�

�I�
i

]
∣

∣

∣
>

K

�

}

(2.33)

If K∗ ≤ � (stopping criterion for the outer loop), then terminate the

run and A�I�∗ is the solution. Otherwise go to the next step. Note that

there is no guarantee that the solution found here is feasible, and

the constraints must be examined when the solution is selected for

design among the population.

Step 5. If K∗ ≥K, update �i and �
�I�
i using the following equations for all

i∈ I, increase the counter I by one, and go to step 3:

�i =��i (2.34)

�
�I�
i = �

�I�
i

�
(2.35)
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Otherwise go to the next step.

Step 6. Set

�
�I+1�
i =�

�I�
i +max

[

g
�I�
iave
�−�

�I�
i

]

�i= 1� � � � �N +M� (2.36)

If K∗ ≤K/�, set K=K∗ and I = I + 1, go to step 3; otherwise go

to the next step.

Step 7. Update �i = ��i and �
�I+1�
i =�

�I+1�
i /� for each i ∈ I, and K =K∗.

Then, increase the counter I by 1 and go to step 3.

An attractive characteristic of GA is that there is no line search and the

problem of computation of derivatives of the objective function and the

constraints is avoided. This feature of GA is maintained in the augmented

Lagrangian GA. Compared with the penalty function-based GA, only a

few additional simple function evaluations are needed in the augmented

Lagrangian GA. Furthermore, instead of a single penalty function coefficient

a set of Lagrange multipliers is used in this algorithm. In a sense each

constraint is assigned its own penalty function coefficient, and the coefficients

are adjusted individually. Thus, the imbalance of penalties from some specific

constraints are avoided, resulting in a rapid and stable convergence history.

In the augmented Lagrangian GA, the wild-guess or trial-and-error

approach for the starting penalty function coefficient and the process of

arbitary adjustments are avoided. There is no need to perform an extensive

numerical experimentation for finding a suitable value for the penalty func-

tion coefficient for each type or class of optimization problem. Thus, the

augmented Lagrangian GA can be applied to a broad class of optimization

problems. For examples of applications of this algorithms refer to Adeli and

Cheng (1994a, 1994b).



3

Cost Optimization of

Composite Floors∗

3.1 Introduction

Composite floor construction is widely used in commercial multi-story

buildings. An economical design is often achieved by attaching a concrete

deck to the top (compression) flange of steel beams to carry the maximum

positive moments. To create a composite floor, a concrete slab is often

mechanically connected to a hot-rolled steel section by shear studs.

In practice a composite beam is usually designed by trial-and-error selec-

tion of the following parameters: concrete type expressed by its compressive

strength �f ′
c� and unit weight ��c�, slab thickness �tc�, beam spacing �b�, slab

steel reinforcement �A′
s�, steel section size expressed by its cross-sectional

area �As�, steel grade expressed by its yield stress �Fy�, the type of shear stud

expressed by its shear strength �Qn�, and the number of shear studs �Ns�.

The design of composite beams is complicated and highly iterative.

Depending on the design parameters a beam can be fully composite or par-

tially composite. In the case of design on the basis of the Load and Resistance

Factor Design (LRFD) code (AISC, 2001) one has to consider the plastic

deformations. A source of complexity is due to the fact that the location of

∗ This chapter is based on the following articles of the senior author: H. Adeli and H. Kim, Cost
optimization of composite floors using neural dynamics model, Communications in Numerical

Methods in Engineering, 2001, 17, 771–787, and H. Kim and H. Adeli, Discrete cost optimization
of composite floors using a floating-point genetic algorithm, Engineering Optimization, 2001, 33(4),
485–501; and is reproduced by permission of the publishers.

Cost Optimization of Structures: Fuzzy Logic, Genetic Algorithms, and Parallel Computing H. Adeli and

K. C. Sarma © 2006 John Wiley & Sons, Ltd
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the plastic neutral axis (PNA) can be within the concrete slab, the flange of

the steel beam, or the web of the steel beam. Since the value of a design

parameter affects other values, all design parameters cannot be found simul-

taneously. In practice, slab thickness and the number of shear studs are often

chosen by engineers somewhat arbitrarily.

Mathematical optimization provides a methodology to automate the com-

plicated design process (Adeli, 1994). Further, one can achieve an optimum

solution out of numerous solutions on the basis of a selected criterion such

as minimum weight or minimum cost. Zahn (1987) discusses the economies

of the LRFD code versus the AISC Allowable Stress Design (ASD) code

(AISC, 1995) in the design of composite floor beams through weight com-

parison of some 2500 composite designs using A36 steel. He concludes that

for short-span beams in the range of 10 ft (3.05m) and 20 ft (6.1m) the

vibration serviceability constraint is the controlling design constraint using

either one of the codes. The author’s ‘preliminary results’ indicate that the

LRFD code yields a saving of ‘6% to 15% for span lengths ranging from

10 to 45 ft (3.05 to 13.7m)’.

In this chapter, a general formulation for the cost optimization of composite

beams is presented by including the costs of (a) concrete, (b) steel beam, and

(c) shear studs. The resulting optimization problem is then solved by two

approaches: (1) the genetic algorithm and (2) the neural dynamics model of

Adeli and Park (Adeli and Park, 1995a, 1995b, 1998; Park and Adeli, 1997a,

1997b).

3.2 Minimum Cost Design of Composite Beams

3.2.1 Cost Function

A total cost function is defined in the following form:

CT =Cc +Cs +Csd +Co (3.1)

where Cc, Cs, Csd, and Co are the costs of concrete, steel beam, shear studs,

and other related work, respectively. The first three terms are defined by

Cc =LbtcC
′
c (3.2)

Cs =�AsLC
′
s (3.3)

Csd =NsC
′
sd (3.4)

where L= the beam span length, �= the unit weight of steel, C ′
c = the cost

of concrete per unit volume, including the placement cost, C ′
s = the cost of
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the steel beam material and installation per unit weight, and C ′
sd = the cost

of installing one shear stud including the material cost.

Cost of other related work includes the costs of forms, finishing floor, and

curing with sprayed membrane curing compound and others. This related

cost, however, is mostly a function of the floor area (Means, 1999), which

is given and fixed at the beginning in each design and, consequently, can

be dropped from the optimization formulation. Further, for the purpose of

optimization the unit cost coefficients C ′
c, C

′
s, and C ′

sd can be replaced with

equivalent cost rates normalized to one of the cost coefficients, say C ′
s. Thus,

a total cost function can be defined as

CT =Lbtc
C ′

c

C ′
s

+�AsL+Ns

C ′
sd

C ′
s

(3.5)

or, for simplicity,

CT =LbtcCsc +�AsL+NsCss (3.6)

where Csc = the relative cost of the unit volume of concrete to the cost of

the unit weight of steel and Css= the relative cost of a shear stud to the cost

of the unit weight of steel. This cost function is an expansion of the function

defined by Lorenz (1988) with an additional term for the cost of concrete.

In equations (3.5) and (3.6), the design variables are tc, As, and Ns.

3.2.2 Constraints

All the design constraints are included from the AISC LRFD specifications

described briefly in the following paragraphs.

3.2.2.1 Flexural Strength Constraints

The ultimate bending moment must be less than or equal to the nominal

flexural strength times the resistance factor. Two cases must be considered.

First, the ultimate bending moment capacity of the noncomposite steel section

(excluding the concrete strength) must be checked to make sure that the steel

beam can support the weight of the wet concrete, temporary loads such as

construction loads, and its own weight. This constraint is expressed as

Mu_noncomposite ≤ 0�90Mn_noncomposite (3.7)

where Mu_noncomposite = the required ultimate moment capacity for the non-

composite steel section and Mn_noncomposite = the nominal moment capacity of

the noncomposite steel section.
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Second, the ultimate bending moment capacity of the composite section

to carry all the required dead and live loads must be checked, as defined by

the following constraint:

Mu_composite ≤ 0�85Mn_composite (3.8)

where Mu_composite= the required ultimate moment capacity for the composite

beam andMn_composite= the nominal moment capacity of the composite beam.

The nominal bending strength in equation (3.8) is computed from a plastic

stress distribution. The case of partially composite beams is considered, while

the case of fully composite beams can be deduced as a special case of the

partial composite beam.

Using the notation of Figure 3.1, the nominal bending stress of the com-

posite beam when PNA is in the beam flange is expressed as

Mn_composite =Ccon

(

x1 + x2 + tc −
a

2

)

+Cflange

(x1
2
+ x2

)

(3.9)

where a= the depth of the equivalent rectangular stress block of concrete,

given by

a=
Ccon

0�85f ′
cbeff

(3.10)

Since the concrete compression capacity of a partially composite beam is

governed by shear studs, the compression force in concrete, Ccon, is substi-

tuted by the shear strength carried by shear studs between points of maximum

and zero bending moments. Thus, equation (3.10) can be rewritten as

a=

∑

Qn

0�85f ′
cbeff

=
QnNs/2

0�85f ′
cbeff

(3.11)

Figure 3.1 Plastic stress distribution for the PNA in the beam flange
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where Qn = the strength of a single shear stud and Ns = the total number of

shear studs.

The distance between the bottom of the concrete slab and the PNA, x1,

can be found from the equilibrium between the tension force and total

compression forces:

x1 =
AsFy −

∑

Qn

2Fybf
(3.12)

The distance from the PNA to the centroid of area in tension, x2, is obtained

as

x2 =
As�d/2− x1�+ bfx

2
1/2

As − bfx1
(3.13)

When the PNA is in the beam web, as shown in Figure 3.2, the nominal

bending stress of the composite beam is

Mn_composite =Ccon�x1 + x2 + tc − a/2�+Cflange�x1 + x2 − tf/2�

+Cweb�x2 + �x1 − tf�/2� (3.14)

Similarly, x1 and x2 are calculated by

x1 = tf +
AsFy −

∑

Qn − 2Cflange

2Fytw
(3.15)

x2 =
As�d/2− x1�+ bf tf�x1 − tf/2�+ �x1 − tf�

2tw/2

As − bf tf − twx1 + tf tw
(3.16)

Figure 3.2 Stress distribution for the PNA in the beam web



58 Cost Optimization of Composite Floors

3.2.2.2 Deflection Constraints

The AISC LRFD code does not include any explicit requirement on deflec-

tions. However, the deflection constraint is included for the generality of the

optimization formulation. The deflection of a composite beam depends on

whether it is shored during the construction. Shoring provides a temporary

support during the hardening of the concrete slab, and consequently reduces

the deflection of the composite beam. However, the unshored construction

is less labor intensive and faster than the shored construction, and is conse-

quently often the preferred method of construction. For unshored composite

beams, the deflection of the composite beam due to live load, 	LL, is limited

to a certain value defined as a percentage of the span length in the following

form:

	LL =
5wLLL

4

384EsItr
≤ c1L (3.17)

where wLL = the uniform service live load weight per unit length of beam,

Es=modulus of elasticity for steel, Itr=moment of inertia of the transformed

fully composite section, and c1 = a numeric coefficient such as 1/360.

3.2.2.3 Floor Vibration Constraint

The AISC LRFD code defines the floor vibration constraint in terms of an

allowable damping ratio in the following form:

35A0f + 2�5≤D (3.18)

where D= the percentage of critical damping, A0 = the maximum initial

amplitude of the floor system due to a heel-drop excitation in inches, and

f = the first natural frequency of the floor system in Hz. Heel-drop excitation

measurements proposed by Murray (1991) identify the natural frequencies

and damping ratios of each floor. The response of each floor for a single

person walking across the floor at critical frequencies generating resonance

is measured and analyzed.

In equation (3.18), the first natural frequency of a composite simply sup-

ported beam is a function of the total weight of the beam,W , the transformed

moment of inertia, and the beam span length as follows:

f = 1�57

(

gEsItr
WL3

)0�5

(3.19)
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where g= the gravitational acceleration. The maximum initial amplitude of

the floor system, A0, is then obtained by the following equation:

A0 =
{

A1 when t0 ≥ 0�05

A2 when t0 < 0�05
(3.20)

where

A1 =
1

Neff

(

0�246L3 0�10− t0
EsItr

)

A2 =
1

Neff

{

0�246L3

EsItr

[

1

2
f

√

2�1− a sina− cosa�+ a2

]}

t0 =
1


f
tan−1 a and a= 0�1/�
f�

The number of effective beams, Neff , is computed from

Neff = 2�967− 0�05776
b

de

+ 2�556× 10−8L
4

Itr
+ 0�0001

(

L

b

)3

≥ 1�0

(3.21)

where de = the effective depth of the slab. The parameter de is equal to

the average slab thickness when the metal deck ribs are perpendicular to the

beam and equal to the concrete thickness above the metal deck when the

deck ribs are parallel to the beam.

3.2.2.4 Maximum/Minimum Shear Stud Spacing Constraint

The AISC LRFD code defines the minimum center-to-center spacing of

shear studs as not to be less than six times the diameter, and the maximum

center-to-center spacing as not to be greater than eight times the total slab

thickness:

stud_spacing≥ 6× stud_diameter (3.22)

stud_spacing≤ 8× tc (3.23)

The typical use of shear studs is shown in Figure 3.3.
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Figure 3.3 Shear stud

3.2.2.5 Constraint Normalization

Constraints are normalized to narrow down the constraint variations and

consequently avoid numerical ill-conditioning and improve the optimization

performance. This also prevents numerically large constraints from dominat-

ing the computation and causing entrapment of the solution in the vicinity

of a local minimum:

Mu_noncomposite

0�90Mn_noncomposite

− 1≤ 0 (3.24)

Mu_composite

0�85Mn_composite

− 1≤ 0 (3.25)

	LL

c1L
− 1≤ 0 (3.26)

35A0f + 2�5

D
− 1≤ 0 (3.27)

1−
stud_spacing

6× stud_diamer
≤ 0 (3.28)

stud_spacing

8× tc
− 1≤ 0 (3.29)

Additional constraints are introduced so that the thickness of the slab is

not less than a lower bound, tcl, and to ensure that all design variables are

positive:

1−
tc
tcl

≤ 0 (3.30)

−
As

Asi

≤ 0 (3.31)

−
Ns

Nsi

≤ 0 (3.32)
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where Asi = the initial cross-sectional area of steel and Nsi = the initial

number of shear studs.

3.2.3 Problem Formulation as a Mixed Integer–Discrete

Nonlinear Programming Problem

This optimization problem is characterized by only three design variables, tc,

Ns, and As, but highly complicated and discontinuous nonlinear constraints

that are known to baffle optimization algorithms. The three variables are of

different types. The number of shear studs is an integer. The thickness of

the concrete slab can be treated as an integer by considering the fact that in

practice the thickness has to be a round number, e.g. in centimeters in the SI

system or a multiple of 1
8
in. or 1

4
in. in the US customary system of units. The

cross-sectional area is a real number but has to be treated as a discrete variable

because it has to be chosen from a limited number of commercially available

sections, such as those given in the AISC LRFD manual (AISC, 2001).

As such, the problem is formulated as a mixed integer–discrete nonlinear

programming (MIDNLP) problem.

A continuous variable optimization problem can be defined as

Minimize f�x� subject to gi�x�≤ 0� i= 1� � � � � j (3.33)

where x= a real vector of design variables, f�x�= the cost function, gi�x�=

the ith inequality constraint, and j = the total number of inequality con-

straints. The functions f�x� and gi�x� are assumed to be differentiable. For

an MIDNLP problem, the optimization problem can be expressed as

Minimize f�x� subject to gi�x�≤ 0� i= 1� � � � � j� xk ∈Dk�

Dk �dk1� dk2� � � � � dknk� � k= 1� � � � � nd (3.34)

where nd = number of discrete design variables,Dk= set of discrete values for

the kth variable, nk = number of discrete values for the kth variable, and dkl =

the lth discrete value for thekth variable. Thenumber of discrete values for each

variable canbedifferent, anddiscretevaluescan include integervalues.Thedis-

crete design space is disjoint and nonconvex, and the inequality constraintsmay

not be active at the optimumpoint due to the fact that the constraint surfacemay

not pass through the discrete optimum points. The branch and bound method

and simulated annealing method have been used to solve MIDNLP problems.

They are, however, known to be very time consuming (Arora et al., 1994).
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3.3 Solution by the Floating-Point Genetic Algorithm

3.3.1 Binary Versus Floating-Point GA

Genetic algorithms are usually implemented by binary representations of

parameters, which are simple to create and manipulate. The binary represen-

tation, however, has shortcomings when the number of variables is large or

a high level of precision is required. The binary representation of parameters

has limited precision. For a large number of variables, large computational

processing resources would be required even for small sizes of population.

An alternative to the popular binary genetic algorithm is the floating-point

parameter GA, or floating-point GA for short, where a floating-point number

represents each variable.

3.3.2 Crossover Operation for the Floating-Point GA

Consider two parent strings P�n�1 and P�n�2 for an N -variable problem:

P�n�1 = �p11�
↓p12� p13� p14�

↓p15� � � � � p1N � (3.35)

P�n�2 = �p21�
↓p22� p23� p24�

↓p25� � � � � p2N � (3.36)

where the floating-point values for variable are separated by commas. This is

in contrast to the binary GA where the values are concatenated without any

space or comma. In the case of the floating-point GA the crossover points

can be between variables only. The vertical arrows in Eqs. (3.35) and (3.36)

indicate the crossover points for the example shown.

The problem with such a crossover is that variables cannot receive new

values in subsequent generations as initial randomly generated continuous

variable values are simply propagated to the succeeding generations with

only different combinations. To remedy this problem, linear interpolation

is used to combine variable values with the crossovers from parents to an

offspring in the following form (Michalewicz, 1995):

o1n =
p1n + �1−
�p1n (3.37)

o2n =
p2n + �1−
�p2n (3.38)

where 
 is a random number in the interval [0,1]. The two offsprings O�n�1
and O�n�2 become:

O�n�1 = �p11�
↓o12� o13� o14

↓p15� � � � � p1N � (3.39)
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O�n�2 = �p21�
↓o22� o23� o24�

↓p25� � � � � p2N � (3.40)

When 
 is equal to 0.5, the results for both offsprings are the average values

of the parent variables. However, limiting the value of 
 in the interval [0,1]

does not allow introduction of values beyond the extremes of the parent

values in the population. By selecting a value of 
 greater than 1, it is

possible to extrapolate beyond the extremes.

3.3.3 Mutation Operation for the Floating-Point GA

For the binary GA, changing a bit from 0 to 1 or vice versa performs

a mutation. In the floating-point GA, a variable is selected randomly and

exchanged with a new randomly generated floating point-number.

3.3.4 Floating-Point GA for Cost Optimization

of Composite Floors

To solve the discrete optimization problem, a floating-point genetic algo-

rithm is applied to obtain a continuous variable optimum solution. Next, this

solution is mapped up or down to the nearest discrete solution, one at a time

for each variable, until the discrete optimum solution is found, as described

subsequently.

Following Schoenauer and Xanthakis (1993), the continuous variable opti-

mum solution is found in two steps and using two different fitness functions.

In the first step, the GA is used for constraint satisfaction only. The magni-

tude of the violation of the ith constraint is defined as

Ci�x�=max�gi�x��0�� i= 1� � � � �m (3.41)

and the following fitness function is used in this step:

F1 =Mn
i −Ci (3.42)

where

Mn
i =max�Ci� (3.43)

Therefore, using the fitness function F1, GA produces designs with smaller

constraint violations in every generation. This fitness function also ensures
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all feasible designs have the same fitness, thus preventing convergence biased

to a particular feasible design.

Infeasible points for the first to �i− 1�st constraints are assigned null

fitness and discarded in the following population selection step. Evolution

for the ith constraint ends when a large enough part of the population

(a preselected �%) becomes feasible for that constraint. Consequently, �%

of the population after m iterations of the constraint evolution is feasible,

satisfying all the constraints.

In the next step of the cost optimization algorithm, an objective function is

defined as a combination of the cost function, f�x�, and penalized violations

of the constraints:

F2 = f�x�+�
m
∑

i=1

�max �gi�x��0�� (3.44)

where �= the Lagrange multiplier. After the continuous optimization solu-

tion is found, the continuous optimum design values are mapped up or

down to the nearest discrete variable one variable at a time. Then, follow-

ing Ringertz (1988), the perturbation of the penalty function is computed as

follows:

�V =V
(

xj��
)

−V �x��� (3.45)

where

V�x���= f�x�+�
m
∑

k=1

gk�x� (3.46)

and xj = vector of perturbed design variables for the jth mapped design

variable. The variable that yields the minimum penalty is kept constant at

its discrete value and the constrained floating-point GA is applied again

to find updated values for the remaining design variable(s). This process

is performed iteratively until all design variables are set to be discrete, as

summarized below:

Step 1. Set the constraint counter, i= 1, and initialize the population.

Step 2. Set the generation counter, n= 1, and initialize the Lagrange multi-

plier, �.

Step 3. Calculate Ci�x�, M
n
i , and assign fitnesses to individuals:

F1 =
{

Mn
i −Ci if C1 = · · ·=Ci−1 = 0

0 otherwise
(3.47)
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Step 4. Generate the next population. Evaluate the jth constraint, if �% of

the population is feasible, go to step 5; otherwise update the Lagrange

multiplier, set n= n+ 1, and go to step 2.

Step 5. If i=m, go to step 6; otherwise set i= i+ 1 and go to step 1.

Step 6. Find the continuous variable optimum solution using the penalty

function-based GA:

F2 = f�x�+�
m
∑

i=1

�max �gi�x��0�� (3.48)

Step 7. For j= 1 to nd, calculate the perturbation of the penalty function:

�V =
[

f�xj�+�
m
∑

i=1

gi�x
j�

]

−
[

f�x�+�
m
∑

i=1

gi�x�

]

(3.49)

Select the design variables with the least �V and set xj , excluding

the jth variable, as the new initial design variables. The jth variable

is kept constant at its discrete value. Set nd = nd − 1.

Step 8. If all variables are set to be discrete, stop; otherwise, go to Step 1.

In steps 2 to 6, the counter propagation neural (CPN) network is used tomap the

continuous variable cross-sectional area to a discrete commercially available

section (Hecht-Nielsen, 1987, 1988; Adeli and Park, 1998) (see Section 3.5).

In step 7 the CPN network is used as a continuous function approximator.

3.4 Solution by the Neural Dynamics Method

Adeli and Park (1998) developed a neural dynamics model particularly suit-

able for large-scale and complicated optimization problems for which they

received a US Patent on 29 September 1998 (US Patent 5,815,394). The

stability and robustness of the model has been demonstrated by application to

optimization of a number of very large structures including a 144-story steel

building structure with more than 20 000 members subjected to actual loading

and complicated highly nonlinear implicit and discontinuous constraints of

the AISC LRFD code (AISC, 2001). The neural dynamics model has also

been applied successfully to optimization of cold-formed steel beams (Adeli

and Karim, 1997a; Karim and Adeli, 1999a, 1999b) and to scheduling and

cost optimization of construction projects (Adeli and Karim, 1997b). In this

section, the neural dynamics model of Adeli and Park (1998) is employed to

solve the composite floor cost optimization problem.
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To solve the MIDNLP problem, first the neural dynamics optimization

model of Adeli and Park (1998) is applied, assuming all the variables are

continuous. Next, the continuous optimum design values are mapped up or

down to the nearest discrete variable. Then, following Ringertz (1988), the

perturbation of the penalty function is computed as noted by equations (3.45)

and (3.46). The variable that yields the minimum penalty is kept constant at its

discrete value and the neural dynamics model is applied again to find updated

values for the other two design variables. This process is performed iteratively

until all design variables are set to be discrete using the following steps:

Step 1. Solve the continuous design optimization problem using the neural

dynamics model of Adeli and Park (1998) (step 1 to step 5). Set

initial design variables and an initial Lagrange multiplier, �0. Set the

iteration counter n= 1.

Step 2. Calculate the gradients of the cost function, C, for each variable

Ci =−�F�x�

�xi
� i= 1� � � � � nd (3.50)

Step 3. Update the Lagrange multiplier and calculate the design constraints.

If constraints are violated, compute the gradients of the constraints:

�n =�0

√
n3 (3.51)

Oj =�nmax�0� gj�x��� j= 1� � � � �m (3.52)

Zji =
�gi�x�

�xi
� j= 1�m� i= 1� � � � � nd (3.53)

where Oj = the penalized output of the jth constraint and Zji =
the gradient of the jth constraints with respect to the ith variable.

Equation (3.52) penalizes the constraint when it is not satisfied;

otherwise, a zero is assigned to Oj .

Step 4. Update the design variables using the following learning rule of the

neural dynamics model:

xnewi = xoldi +
∫

(

Ci +
m
∑

j=1

ZjiOj

)

dt� i= 1� nd (3.54)

The Euler method is used to evaluate the integral.

Step 5. If the updated continuous variables are optimum, go to step 6;

otherwise, set n= n+ 1 and go to step 1.
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Step 6. From i=1 to i=nd, calculate the perturbation of the penalty function:

�V =
[

f�xi�+�n

m
∑

k=1

gk�x
i�

]

−
[

f�x�+�n

m
∑

k=1

gk�x�

]

(3.55)

Select the design variables, xi, with the least �V and set xi excluding

the ith variable as the new initial design variables for the neural

dynamics model. The ith variable is kept constant at its discrete

value. Set nd = nd − 1.

Step 7. If all variables are set to be discrete, stop; otherwise, go to step 1.

Figure 3.4 Topology of the neural dynamics model for the cost optimization of
composite floors
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The topology of the neural network model for cost optimization of compos-

ite floors is shown in Figure 3.4. Gradients of the cost function are computed

explicitly and assigned to the inhibitory recurrent connections in the variable

layer (equation (3.50)). These gradients provide the steepest direction to the

optimal point. Gradient information of the constraints is assigned as weights

of the inhibitory links connecting the variable layer to the constraints layer

(equations (3.52) and (3.53)). Each node in the constraint layer represents

a normalized constraint described in a previous section. The integral values

of the sums of the penalized outputs times the constraint gradients and the

negative of the gradient of the cost function become the updated input to the

nodes in the input layer (equation (3.54)).

3.5 Counter Propagation Neural (CPN) Network for

Function Approximations

In the formulation of the cost optimization of composite floors, a steel beam is

defined by one variable, its cross-sectional area. In evaluating the composite

floors design constraints, however, other design parameters come into play.

They are d, bf , tf , tw, Is, and the plastic modulus, Zs. Bhatti (1996) used

the least squares fit to express the moment of inertia �Is� and the plastic

modulus �Zs� in terms of the cross-sectional area �As� and the depth of steel

beam �d�, and reported errors in the order of 5% for W12 to W30 shapes

tabulated in the AISC LRFD manual (AISC, 2001).

The CPN network functions as a statistically self-learning look-up table.

Hecht-Nielsen (1987, 1988) showed that the CPN network can produce a

near-optimal mapping approximation for problems described by continuous

variables. Adeli and Park (1998) showed that the CPN network can be used

as a powerful and accurate tool for presenting the relationship among various

discrete design variables. They reported very small error in the order of

0.1%. Consequently, the CPN network is used for both discrete variable

mapping to relate the cross-sectional properties of steel beams to the design

variable �As� and to approximate these relations for the continuous variable

phase of the algorithm.

The topology of the CPN network consists of a fully connected network of

input, competition, and interpolation layers (Figure 3.5). During the training

phase of the CPN network a winning node is selected in the competition layer

based on the smallest Euclidean distance or dot product of the input vector

and the vectors of the weights of links connecting the input and competition

layers. This winner-takes-all operation in the competition layer is based on
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Figure 3.5 Topology of CPN

the Kohonen’s unsupervised self-organizing learning rule (Kohonen, 1988).

This operation yields the weights of the links connecting the input layer to

the competition layer. Next, Grossberg’s supervised learning rule (Grossberg,

1982) is used to find the weights of the links connecting the competition

layer to the interpolation (output) layer.

The input layer has only one node representing the cross-sectional area of

the steel beam. The number of nodes in the output layer, P, is equal to the

number of cross-section properties of the steel beam which is equal to 7 (As,

d, tf , bf , tw, Is, Zs�. The number of nodes in the hidden competition layer

is chosen equal to the number of training instances. The properties of 77W

shapes commonly used in composite floors are given in the AISC LRFDman-

ual (AISC, 2001). Therefore, the number of training instances is equal to 77.

The trained CPN network is used in steps 3 and 6 of the algorithm described

in the previous section. In step 3, where the CPN network is used to map the

continuous variable cross-sectional area to a discrete commercially available

section, the number of winning nodes is just one. In step 6, where the CPN

network is used as a continuous function approximator, several nodes are

selected in the competition layer in the neighborhood of the winning node on

the basis of the shortest Euclidean distance and the following output vector

is calculated for the selected winning nodes:

O=
nwin
∑

j=1

⎧

⎪

⎪

⎨

⎪

⎪

⎩

[(

nwin
∑

k=1

dk

)

−dj

]

�nwin − 1�
nwin
∑

k=1

dk

Oj

⎫

⎪

⎪

⎬

⎪

⎪

⎭

when nwin ≥ 2 (3.56)
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where nwin = number of nodes selected in the neighborhood of the winning

node, dk = Euclidean distance between the input vector and the weight

vector of links connecting the input layer to the kth winning node, and Oj =
the output vector associated with the jth winning node in the competition

layer. The operand inside the outer � is adjusted so that the sum of the

coefficients of all the output vectors is equal to one. Values of 2, 3, and 4

were investigated for nwin. It was found that nwin = 2 produces satisfactory

results.

Figures 3.6 and 3.7 show a comparison of results obtained from the CPN

network and the exact values from the AISC manual for the moment of

inertia and the depth, respectively. Two important conclusions are made.

First, the relationships are complicated and cannot be represented accurately

by traditional statistical curve-fitting approaches. Second, the CPN network

can represent the mapping with excellent accuracy of less than 0.1% for

discrete values and 1% for continuous values, in both cases indistinguishable

in Figures 3.6 and 3.7. The larger error value for the case of continuous

values is due to the fact that another level of approximation is involved.

In this case the output of the CPN has to be interpolated over the winning

node and its closest node (in terms of the Euclidean distance) linearly,

which creates the additional approximation. Results similar to those shown in

Figures 3.6 and 3.7 have been found for the other cross-sectional properties

(As, tf , bf , tw, Zs).
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Figure 3.6 Relationship between the cross-sectional area and the moment of inertia, Is
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3.6 Examples

3.6.1 Example 1

This example is the optimum cost design of a rectangular floor area with

input design values summarized in Table 3.1. The data are taken from Salmon

and Johnson (1996) for the sake of comparison. They chose a concrete slab

thickness of tc= 5 in� (127mm). The floor is constructed without shores and
3
4
in� diameter× 3 in� �19mm diameter× 76mm� shear studs are used.

As Lorenz (1988) points out, the relative cost coefficients Csc and Css can

vary based on the job size and the geographical regions. He suggests a range

of 6 to 12 for Csc but presents none for Css as he does not consider the

cost of concrete. For this particular example, values of Csc = 3 and Css = 10

Table 3.1 Input design parameters for the composite
floor design of Example 1

Fy 50 ksi (344.7MPa)

f ′
c 3 ksi (20.7MPa)

B 8 ft (2.44m)

�c 150 lb/ft3�23�56kN/m3�

L 30 ft (9.15m)

Live load 150 psf (7.2 kPa)
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are chosen for the cost coefficients based on Means (1999). The live load

deflection is limited to L/360.

Like Salmon and Johnson (1996), the concrete slab thickness is kept

constant and is equal to 5 in. �tc = 5 in��. The cost optimization algorithm

yielded a solution of Ns=20 and As=9�12 in�2�W16×31�, which happened

to be the same as that given in Salmon and Johnson (1996). This can be

explained by the fact that this is the minimum number of shear studs as given

by the AISC LRFD manual and governs the solution for this example.

Next, the concrete slab thickness was considered as a design variable with

a lower bound of 4 in (102mm). Three different sets of initial design values

were used to study the convergence of the cost optimization algorithm. The

results of optimization are shown in Table 3.2 and Figure 3.8. The optimum

cost solution obtained in this research is about 9% less expensive than that

presented in Salmon and Johnson (1996).

3.6.2 Example 2

This example is the optimum cost design of a rectangular floor area with

input design values summarized in Table 3.3. The data are taken from Salmon

and Johnson (1996) for the sake of comparison. They chose a concrete slab

thickness of tc = 4 in� (101.6mm). The floor is constructed without shores

and 3
4
in� diameter× 3 in� �19mm diameter× 76mm� shear studs are used.

Values of Csc = 3 and Css = 12 are chosen for the cost coefficients.

Table 3.2 Results of the cost optimization for Example 1

Case number tc (in.) Ns As�in�
2� Total relative cost

Set A

Starting point 35�0 35 40.00 5502

Discrete optimum 4�0 28 7�68�W16× 26� 1304

Set B

Starting point 25�0 25 30.00 3980

Discrete optimum 4�0 28 7�68�W16× 26� 1304

Set C

Starting point 15�0 17 20.00 2620

Discrete optimum 4�0 28 7�68�W16× 26� 1304

Salmon and Johnson (1996) 5�0 20 9�12�W16× 31� 1431
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Figure 3.8 Convergence history for Example 1 using different sets of starting points,
as defined in Table 3.2

Table 3.3 Input design parameters for the composite floor design
of Example 2

Fy 36 ksi (217.7MPa)

f ′
c 3 ksi (20.7MPa)

B 8 ft (2.44m)

�c 150 lb/ft3�23�56kN/m3�

L 28 ft (8.54m)

Live load 150 psf (7.2 kPa)

For the constant thickness of concrete, tc = 4 in�, the same as Salmon and

Johnson (1996), the cost optimization algorithm yielded a solution of Ns=24

and As = 9�12 in�2�W16× 31� with a relative total cost of 1381, resulting

in about 6.5% of savings compared with the solution given in Salmon and

Johnson (1996).

With a lower bound of 3.5 in. (88.9mm) and an increment of 1
8
in� for

the slab thickness, three different sets of initial design values were used.

The results of the optimization are shown in Table 3.4 and Figure 3.9. The
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Table 3.4 Results of the cost optimization for Example 2

Case number tc (in.) Ns As�in�
2� Total relative cost

Set A

Starting point 25�0 60 50.00 6884

Discrete optimum 3�875 24 9�12 �W16× 31� 1373

Set B

Starting point 15�0 50 40.00 5251

Discrete optimum 3�875 24 9�12 �W16× 31� 1373

Set C

Starting point 10�0 30 30.00 2826

Discrete optimum 3�875 24 9�12 �W16× 31� 1373

Salmon and Johnson (1996) 4�0 32 9�12 �W16× 31� 1477

7000

6000

5000

4000
Set A

Set B

Set C

3000

2000

1000

0

0 100 200 300

Iterations

400

T
o
ta

l 
re

la
ti

v
e
 c

o
s
t

Figure 3.9 Convergence history for Example 2 using different sets of starting points as
defined in Table 3.4
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optimum cost solution obtained in this case is about 7% less expensive than

that presented in Salmon and Johnson (1996). The CPU (central processing

unit) times required to find the optimum solution for both examples are in

the range of 10 s to 20 s on a 400MHz personal computer.





4

Fuzzy Genetic Algorithm for

Optimization of Steel

Structures

4.1 Introduction

A goal of the authors’ research is to model the effects of imprecision,

uncertainty, or fuzziness in the formulation of a GA-based structural design

optimization problem. Soh and Yang (1996) discuss a fuzzy controlled

genetic search algorithm for the minimum weight shape optimization of steel

trusses by coupling a heuristic fuzzy rule-based system (Adeli, 1988, 1990)

with the GA without using the actual constraints of any commonly used

design code. The heuristic fuzzy rules are intended to improve the perfor-

mance of GA by (a) introducing experiential rules acquired from experts,

(b) guiding the search for an optimum shape, and (c) employing the fuzzy

representation of the design variables. The primary focus of their work is to

improve the optimization process through the use of heuristic rules.

In a highly constrained optimization problem such as structural optimiza-

tion, maintaining feasibility can be a bottleneck for genetic search and hence

some sort of relaxation of constraints in the early stage of search is recom-

mended (Smith and Tate, 1993). In this chapter, a fuzzy genetic algorithm

is formulated for global optimization of steel structures subjected to the

Cost Optimization of Structures: Fuzzy Logic, Genetic Algorithms, and Parallel Computing H. Adeli and

K. C. Sarma © 2006 John Wiley & Sons, Ltd
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constraints of the AISC specifications taking into account the imprecision

and fuzziness in the constraints. If a candidate solution is discarded in the

early stages of the genetic search because of a small violation of one or more

constraints, then the search may miss the potentially global optimum in the

vicinity of the candidate solution. In other words, by treating the constraints

as fuzzy constraints the chance of obtaining the global optimum will be

increased.

A lot has been said in the literature about the virtues of GAs as not being

entrapped in a local optimum and its ability to yield the global optimum

solution. However, to find the global optimum for large problems with hun-

dreds of design variables, large population sizes with a large number of

iterations are needed, resulting in prohibitively large function evaluations in

each iteration and an enormous computer processing time which may not

be readily possible even on a supercomputer. This limitation of GAs for

large-scale design optimization problems is hardly discussed in the growing

GA literature. Furthermore, while GAs can identify the global region they

may have difficulty converging to the exact value of the global optimum.

This convergence difficulty is in fact noted in the recent literature for heavily

constrained optimization problems such as structural optimization, where the

feasible design space is usually nonconvex and consists of small noncontigu-

ous regions (Powell and Skolnick, 1993; Schoenauer and Xanthakis, 1993;

Kim and Myung, 1996, 1997).

The simple one-dimensional unconstrained minimization problem shown

in Figure 4.1 explains this point in an approximate manner. A simple

GA identifies the region of the global optimum and yields a solution

within range B in the vicinity of the global optimum. However, the solu-

tion then often oscillates in this range or a very large number of iterations

is required in order to obtain the exact value of the global optimum, noted

by W ∗ in Figure 4.1. It must be pointed out that the simple example of

Figure 4.1 is used only to illustrate the point; the convergence problem

of GAs actually occurs in highly constrained nonconvex optimization

problems.

Another objective of the authors’ research is to improve the convergence

and efficiency of GAs through the use of fuzzy set theory. Our fuzzy GA

consists of two steps. In the first step the augmented Lagrangian GA of

Adeli and Cheng (1994a), described in Sections 2.5 and 2.6, is used to reach

the region of the global optimum within relatively few iterations. Then, the

solution obtained in the first step is improved through a local fuzzy GA

search by including rules based on the fuzzy set theory and appropriate fuzzy

membership functions.
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Figure 4.1 An example of a one-dimensional unconstrained minimization problem

4.2 Fuzzy Set Theory and Structural Optimization

The theory of fuzzy sets, developed by Zadeh (1965), can be used to model

imprecision, ambiguity, or fuzziness in the formulation. In the formulation of

the structural optimization problem a major source of imprecision or fuzzi-

ness exists in the evaluation of the constraints. In traditional optimization
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algorithms, constraints are satisfied within a tolerance defined by a crisp or

nonfuzzy number. In reality and engineering practice this evaluation involves

many sources of approximation. A design is commonly considered satisfac-

tory when the constraints are satisfied within a given predetermined tolerance

such as 1%. When an optimization algorithm satisfies the constraints exactly

(within the small tolerance of numerical computations) it can miss the true

optimum solution within the confine of practical and realistic approxima-

tions. It will be demonstrated that by taking into account the fuzziness and

imprecision in the constraints and employing the fuzzy set theory it is pos-

sible to reduce the objective function further and substantially increase the

probability of finding the actual global optimum solution.

Fuzziness is considered both in the constraints and the objective function.

Several articles have been published on fuzzy optimization of structures

(Wang and Wang, 1985a, 1985b; Rao, 1987a, 1987b; Yeh and Hsu, 1990).

With the exception of Soh and Yang (1996) mentioned earlier, however, all

of them use conventional nonevolutionary optimization algorithms.

A crisp nonfuzzy structural optimization is formulated as: find the vector

of design variables x such that the weight of the structure W�x� is minimized

subject to the equality and inequality constraints:

hi�x�= 0� i= 1�2� � � � �Nch (4.1)

gli�x�≤ gi�x�≤ gui �x�� i= 1�2� � � � �Ncg (4.2)

where Nch and Ncg are the total number of equality and inequality con-

straints, respectively; gui �x� and gli�x� are the upper and lower bounds on the

constraint gi�x�.

When fuzziness is considered in both the objective function and con-

straints, the design variables (x) can be obtained from a fuzzy domain D

such that the membership function �D for the fuzzy domain D can be

obtained from the intersection of the fuzzy membership functions for both

the objective function and constraints as follows:

�D =�W �x�∩

[

∩
i=1�2� � � � �N cg

�gi
�x�

]

(4.3)

where �W �x� and �gi
�x� are the membership functions for the objective

function and the ith inequality design constraint, respectively. From this

fuzzy domain, the optimum solution �x∗� for the design variable x can be
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obtained by using the following max-min procedure (Bellman and Zadeh,

1970):

�D �x
∗�=maximize �D�x� (4.4)

where

�D�x�=min

[

�W �x�� min
i=1�2� � � � �Ncg

�gi
�x�

]

(4.5)

This max-min procedure can be solved by maximizing a scalar param-

eter �, known as the overall satisfaction parameter, in the following

way (Zimmermann, 1978). Find the vector of design variables x and the

parameter � such that:

Maximize � subject to the constraints:

�≤�W �x� (4.6)

�≤�u
gi
�x�� i= 1�2� � � � �Ncg (4.7)

�≤�l
gi
�x�� i= 1�2� � � � �Ncg (4.8)

0≤�≤ 1 (4.9)

where �u
gi
�x� and �l

gi
�x� are the membership functions for the upper and

lower bounds of the inequality constraints gi�x� (equation (4.2)), respectively.

The equality constraints, in equation (4.1) are not included in the fuzzy

formulations because they have to be satisfied strictly.

In this chapter two sets of fuzzy inequality constraints are considered: one

for the displacements and the other for the stresses. Thus, equations (4.7)

and (4.8) are rewritten as

�≤�u
�i
�x�� i= 1�2� � � � �Nd (4.10)

�≤�l
�i
�x�� i= 1�2� � � � �Nd (4.11)

�≤�u
	i
�x�� i= 1�2� � � � �Ne (4.12)

�≤�l
	i
�x�� i= 1�2� � � � �Ne (4.13)

where �u
�i
�x�, �l

�i
�x�, �u

	i
�x�, and �l

	i
�x� are the membership functions for

the upper and lower bounds on displacements and stresses, respectively; Nd

is the number of constrained degrees of freedom and Ne is the number of

elements.
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4.3 Minimum Weight Design of Axially Loaded Space

Structures

In this chapter attention is limited to structures consisting of axially loaded

members subjected to the constraints of the AISC ASD code (AISC,

1995). The nonfuzzy minimum weight design of such structures can be

formulated as

Minimize W�x�=
 L′x (4.14)

subject to the constraints:

�≤�
a (4.15)

� ≤�
a (4.16)

xl ≤ x≤ xu (4.17)

where 
 is the unit weight of materials; L and x are the vectors of lengths

and cross-sectional areas of the groups of members in the structure, respec-

tively; prime indicates the transpose of a matrix; � is the vector of nodal

displacement degrees of freedom; � is the vector of stresses in the elements

of the structure; and superscripts l, u, and a refer to lower and upper bounds,

and allowable values, respectively. The allowable displacements ��a
i � can be

expressed as

�a
i =

{

−�l
i for �i < 0�

�u
i for �i ≥ 0�

for i= 1�2� � � � �Nd (4.18)

Similarly, the allowable stresses �	a
i � can be expressed as

	a
i =

{

−	 l
i for 	i < 0�

	u
i for 	i ≥ 0�

for i= 1�2� � � � �Ne (4.19)

According to the AISC ASD code (AISC, 1995) the allowable tensile and

compressive stresses in the ith element are calculated as

	u
i = 0�6Fy (4.20)
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and

	 l
i =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

(

1− �2
i

2C2
c

)

Fy

5

3
+ 3�i

8Cc

− �3
i

8C3
c

� for �i <Cc

12
2E

23�2
i

� for �i ≥Cc

(4.21)

where �i is the slenderness ratio, defined as

�i =
kili
ri

� i= 1�2� � � � �Ne (4.22)

and ki is the effective length factor and li and ri are the length and the

minimum radius of gyration of the ith element, respectively; Fy is the yield

stress of steel; E is the modulus of elasticity; and Cc is the slenderness ratio

dividing the elastic and inelastic buckling ranges, expressed as

Cc =

√

2
2E/F y (4.23)

The value of limiting compressive stress (equation (4.21)) depends on the

minimum radius of gyration that can be considered as a second design vari-

able for each member. This will double the size of the optimization problem

and increase the computational cost several times. For the sake of computa-

tional efficiency, the radius of gyration of the cross-section is related to its

cross-sectional area (the design variable) using a piecewise regression anal-

ysis. Adeli and Balasubramanyam (1988) used a piecewise linear regression

analysis. In the present work, a piecewise parabolic relationship is employed

between the radius of gyration, r, and the cross-sectional area, x, in the

following form:

r = a1x
2
+ a2x+ a3 (4.24)

The most commonly used W shapes for axially loaded members are W8,

W10, W12, and W14. In this work, thirteen W8, eighteen W10, twenty-nine
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W12, and thirty-six W14 shapes are used as given in the AISC ASD manual

(AISC, 1995). Figure 4.2 shows the actual data (minimum radius of gyration

versus the cross-sectional area) for the thirty-six W14 shapes along with the

computed data using the piecewise parabolic relationship. In order to obtain

a close fit, the data in the figure have been divided into six groups, identified

by circled numbers, and a parabolic regression analysis is performed for

each group. This piecewise parabolic curve-fitting results in a maximum

error of 0.2%. Similar curve-fitting is performed for W8, W10, and W12

sections.

Any combination of W8, W10, W12, and W14 can be used in space truss

axial load structures. In every iteration of the optimization process for any

value obtained for a design variable (cross-sectional area) four corresponding

minimum and maximum radii of gyration are computed for four different

groups of W shapes using the piecewise parabolic relationships. Then, the

ratio of minimum to maximum radii of gyration is calculated for each group

Figure 4.2 Comparison of actual and computed radii of gyration for W14 shapes
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of W shapes; the value nearest to one will be the basis for selection of the

minimum radius of gyration to be used in the stress constraint. This scheme is

intended to yield economical selections as far as the buckling of compression

members is concerned.

4.4 Fuzzy Membership Functions

In the present fuzzy GA optimization model, nonlinear quadratic fuzzy mem-

bership functions are used for both the objective function and constraints. The

nonlinear fuzzymembership function for the objective function is presented as

�W �x�=

⎧

⎪

⎨

⎪

⎩

1� if W�x�≤W ′′�x�

b1W�x�2 + b2W�x�+ b3� if W ′′�x�<W�x�<W ′�x�

0� if W�x�≥W ′�x�

(4.25)

In this equation W ′ is the weight obtained after several iterations of the

simple non-fuzzy GA for structural optimization and W ′′ is an estimated

lower bound for the global optimum W ∗. The quantities W ∗, W ′, and W ′′

are shown in Figure 4.1 for a one-dimensional unconstrained optimization

problem. It is also possible to skip the simple GA and go directly to the

fuzzy GA if W ′ can be estimated, say through design experience. The lower

bound for the true global optimum, W ′′, can be estimated by reducing W ′ by

a certain percentage.

The value of W ′ shown in Figure 4.1 is either a local optimum with no

constraint violations or close to a local optimum without any or with small

constraint violations. It is also possible for W ′ (say, obtained after several

iterations of the simple GA) to be smaller than the value of the global

optimum W ∗, in which case it represents only an initial solution from the

infeasible region with constraint violations. The present fuzzy GA can handle

this situation as well. In this case, W ′′ becomes the upper bound, which is

estimated by increasingW ′ by a certain percentage. The same equation (4.25)

can be used by simply swapping W ′ and W ′′.

The values of the constants b1, b2, and b3 in equation (4.24) are found by

solving the following three simultaneous equations (Dhingra et al., 1992):

b1 �W
′′�x��

2
+ b2 �W

′′�x��+ b3 = 1�0 (4.26)

b1 �W
′�x��

2
+ b2W

′�x�+ b3 = 0�0 (4.27)

b1 �Wave�x��
2
+ b2Wave�x�+ b3 = 0�5 (4.28)



86 Fuzzy Genetic Algorithm

where

Wave�x�=
W ′�x�+W ′′�x�

2

A graphical representation of the fuzzy membership function for the objective

function is presented in Figure 4.3.

Similarly, the nonlinear fuzzy membership functions for upper bounds on

constraints (gui ) are presented as follows:

�u
gi�x�=

⎧

⎪

⎨

⎪

⎩

1� if gi�x�≤ gui �x�

c1gi�x�
2 + c2gi�x�+ c3� if gui �x�< gi�x�< gui �x�+�gui �x�

0� if gi�x�≥ gui �x�+�gui �x�

(4.29)

Figure 4.3 Graphical representation of the fuzzy membership function for the objective
function
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Figure 4.4 Graphical representation of the fuzzy membership function for upper and
lower bounds on the constraints

where the values of the constants c1, c2, and c3 are obtained by solving the

following set of quadratic equations (Dhingra et al., 1992):

c1 �g
u
i �x��

2 + c2g
u
i �x�+ c3 = 1�0

c1 �g
u
i �x�+�gui �x��

2 + c2 �g
u
i �x�+�gui �x��+ c3 = 0�0

c1 �g
u
i ave�x��

2 + c2g
u
i ave�x�+ c3 = 0�5

gui ave�x�=
gui �x�+ gui �x�+�gui �x�

2

(4.30)

where �gui �x� is the magnitude of the relaxation of the upper bound for

constraint i. The nonlinear fuzzy membership functions for the lower bounds

on constraints, gli, are expressed in a similar fashion. Figure 4.4 shows a

graphical representation of the fuzzy membership functions for both upper

and lower bounds on the constraints.

4.5 Fuzzy Augmented Lagrangian Genetic Algorithm

Genetic algorithms can be used directly to solve unconstrained optimization

problems. In order to solve a constrained optimization problem by a GA,

the constrained optimization problem has to be transformed to an uncon-

strained optimization problem. This can be done using the penalty function
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method or the augmented Lagrangian approach as discussed in Chapter 2.

The advantages of the latter approach were noted in Chapter 2. In this section

a fuzzy augmented Lagrangian GA is presented for optimization of structures

subjected to multiple loading cases.

In the augmented Lagrangian GA, a Lagrangian functional is minimized

in the following form:

Min��x�= 1

Lf

Ne
∑

i=1


Lixi

+ 1

2

⎧

⎨

⎩

NL
∑

i=1

Nd
∑

j=1

�i�j

[(
∣

∣�i�j

∣

∣

∣

∣�a
j

∣

∣

− 1+�i�j

)+]2
⎫

⎬

⎭

+ 1

2

⎧

⎨

⎩

NL
∑

i=1

Ne
∑

j=1

�i�j+Nd

[(
∣

∣	i�j

∣

∣

∣

∣	a
j

∣

∣

− 1+�i�j+Nd

)+]2
⎫

⎬

⎭

(4.31)

where �i�j = the Lagrangian penalty function parameter for the ith loading

condition and the jth displacement or stress constraint, �i�j = the Lagrangian

constraint parameter for the ith loading condition and the jth constraint, Lf =
a factor for normalizing the objective function, and

(
∣

∣�i�j

∣

∣

∣

∣�a
j

∣

∣

− 1+�i�j

)+

=Max

(
∣

∣�i�j

∣

∣

∣

∣�a
j

∣

∣

− 1+�i�j�0

)

(4.32)

(
∣

∣	i�j

∣

∣

∣

∣	a
j

∣

∣

− 1+�i�j

)+

=Max

(
∣

∣	i�j

∣

∣

∣

∣	a
j

∣

∣

− 1+�i�j�0

)

(4.33)

Now, a fuzzy augmented Lagrangian functional is defined as a function

of the design variable x and the overall satisfaction parameter �, defined in

a previous section (equations (4.6) to (4.13) as follows:

Min��x���=−Ls�+ 1/2

⎧

⎨

⎩

�

[

(

�

�W

− 1+�

)+
]2
⎫

⎬

⎭

+ 1

2

⎧

⎨

⎩

NL
∑

i=1

Nd
∑

j=1

�i�j

[(

�

�a
�i�j

− 1+�i�j

)+]2
⎫

⎬

⎭

+ 1

2

⎧

⎨

⎩

NL
∑

i=1

Ne
∑

k=1

�i�k+Nd

[(

�

�a
	i�k

− 1+�i�k+N d

)+]2
⎫

⎬

⎭

(4.34)
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In this formulation the goal is to maximize the overall satisfaction factor,

�, subject to the constraints (equations (4.10) to (4.13)) to ensure that the

satisfaction factor never exceeds the value of any membership function. In

equation (4.34), � and � are the Lagrangian penalty function and constraint

parameters, respectively, for the membership function of the objective func-

tion (weight of the structure). Similarly �i�j and �i�j are the Lagrangian

penalty function and constraint parameters for the membership functions for

the jth constraint (displacement and stress) due to the ith loading condition,

NL = the number of loading cases, Ls = a scaling factor, and �a
�i�j

and �a
	i�k

are the membership functions for lower and upper bounds of the jth displace-

ment and kth stress constraints for the ith loading condition, respectively,

and are defined as follows:

�a
�i�j

=
{

�l
�i�j

for �i�j < 0�

�u
�i�j

for �i�j ≥ 0�
i= 1�2� � � � �NL� j= 1�2� � � � �Nd (4.35)

�a
	i�k

=

{

�l
	i�k

for 	i�k < 0�

�u
	i�k

for 	i�k ≥ 0�
i= 1�2� � � � �NL� k= 1�2� � � � �Ne

(4.36)

The terms inside the parentheses in equation (4.34) are defined as follows:

(

�

�W

− 1+�

)+

=Max

(

�

�W

− 1+��0

)

(4.37)

(

�

�a
�i�j

− 1+�i�j

)+

=Max

(

�

�a
�i�j

− 1+�i�j�0

)

(4.38)

(

�

�a
	i�k

− 1+�i�k+Nd

)+

=Max

(

�

�a
	i�k

− 1+�i�k+Nd
�0

)

(4.39)

In the fuzzy augmented Lagrangian GA the constraints are fuzzy with

membership functions as in Figure 4.4. The design search is confined to

region B in Figures 4.1 and 4.3. The value of the membership function for

the objective function (weight of structure) is 1.0 only if it is less than the

value of the global optimum to be found, which implies an infeasible design.

When the tolerance for the Lagrangian functional is relatively large, say

0.01, the algorithm tends to converge to a feasible solution somewhat larger

than the global optimum (minimum weight) solution. If the tolerance value

is reduced, the possibility of reaching the global optimum will increase, but

at the cost of an increased number of iterations. When the tolerance value is

made very small, say 0.0001, some constraints are violated slightly within
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the fuzzy relaxation limits but the possibility of reaching the global optimum

is further increased. However, for very small values of tolerance the solution

may require a prohibitively large number of iterations. Thus, selection of

an appropriate value for the tolerance is important for the global optimum

solution. The efficiency of the algorithm also depends on the selected range

for the fuzzy domain, B (Figures 4.1 and 4.3), to be discussed subsequently

in this section.

In the present fuzzy GA optimization model � is considered as a scalar

term. To improve the convergence � is defined as the function of three

genetic variables �1, �2, and �3 such that

�=
√

��2
1 +�2

2 +�2
3�/3 (4.40)

Like the design variables (x), �1, �2, and �3 are also randomly generated

variables, subjected to the genetic operations of crossover, reproduction, and

mutation. It was found that this root mean square value of � improves the

convergence for larger structures. The values of �1, �2, and �3 are generated

randomly within the range of 0.01 to 1.

The upper and lower limits on the design variables (cross-sectional areas)

are the cross-sectional areas of the largest and smallest sections available in

the AISCmanual (AISC, 1995). These upper and lower bounds are significant

in GA-based optimization because the variables are randomly generated

within that range. Thus, specifying an appropriate range for these bounds

speeds up the convergence for obtaining the global optimum.

An estimate of the range of the global optimum solution (parameter B in

Figures 4.1 and 4.3) is needed for the most efficient operation of the fuzzy

GA. An estimate of this range and the initial values for the design variables

may be based on experience obtained from previous designs. In the absence

of such experience the design variables may be generated randomly. The

recommended approach, however, is to run the simple augmented Lagrangian

GA, discussed in Chapter 2 for a number of iterations, until the convergence

curve becomes asymptotic to the iteration axis (Figure 4.5). This solution is

then used to choose an appropriate range for the global optimum solution

as well as to narrow down the values for the upper and lower bounds on

the design variables to be used in the fuzzy GA. This approach helps the

search for the global optimum to be done efficiently in a narrow range of

sections.

The magnitude of the relaxation or fuzzy range for the upper and lower

bounds (�gui and�g
l
i) on displacement and stress constraints (equation (4.29))

are chosen as a percentage of the bounds themselves. Selection of appropriate
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Figure 4.5 Macro flowchart for the fuzzy augmented Lagrangian GA

relaxation ratios ��� is important for the convergence of the algorithm.

Figure 4.6 demonstrates that with a relatively large value of relaxation or

fuzzy range, �gui , a small intrusion into the fuzzy domain, �gi, yields a high

value for the membership function, ��gi
, for the constraint i. Higher values

of the membership function (��gi
� facilitate obtaining the optimum value

of �, as � should be less than the membership functions (equations (4.6)

to (4.8)). In this work relaxation ratios ��� are chosen in the range of

0.02 to 0.3. When a relatively large number is chosen for the relaxation
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Figure 4.6 Effect of relaxation of constraints on the fuzzy membership functions

ratio, the magnitude of the constraint violation may be relatively large (in

the range of 2% to 3%), but the convergence takes a smaller number of

iterations. To limit the constraint violation to around 1%, a small value of

the relaxation ratio, about 0.02, is used. In this case, the lower bound for the

random variables in the functional � (equation (4.40)) should also be lowered

from 0.01 to 0.001 (� is always less than the values of the membership

functions).

4.6 Implementation and Examples

The efficiency of any GA in finding the global optimum also depends on the

selection of the crossover operator and crossover and mutation rates. In the

examples presented in this chapter the two-point crossover operator is used.
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The rate (probability) of crossover is varied from 0.6 to 0.9. The mutation

rate is varied between 0.001 and 0.005.

The computational model has been used to find the minimum weight

solution for two space axial force structures. The first example, solved on a

personal computer, is a small test example with explicit constraints solved

by a number of other researchers. The second example is a large steel space

structure subjected to the actual constraints of the AISC ASD specifications

(AISC, 1995). This example could not be solved on a personal computer

within a reasonable amount of time; it was solved on the SGI Origin 2000

supercomputer.

4.6.1 Example 1

This example is a 72-member space truss shown in Figure 4.7. The same

problem was studied by Adeli and Kamal (1986), Adeli and Park (1998), and

many other researchers. The structure is subjected to two loading conditions.

In the first loading condition, node 17 is subjected to 22.24 kN (5.0 kips),

22.24 kN (5.0 kips), and −22�24kN �−5�0kips�, along the x, y and z direc-

tions, respectively. In the second loading condition, nodes 17, 18, 19, and 20

are subjected to −22�24kN �−5�0kips� loads along the z axis. The allow-

able stresses for both tension and compression are 172.4MPa (25 ksi). The

displacement constraints are applied at the four upper nodes 17, 18, 19, and

20 with limiting displacements as ±0�635cm (0.25 in.) in both the x and y

directions. The 72 members of the truss are linked to 16 design variables

with a lower bound 0�0645cm2 �0�01 in�2� on the cross-sectional area.

The design histories of this example using simple and fuzzy GAs are

presented in Figure 4.8. The optimum solution obtained by the simple and the

fuzzy GAs are 1.6564 kN (372.40 lb) and 1.6208 kN (364.40 lb) in 2776 and

1758 generations, respectively. The CPU time used for these two methods on

a Pentium-Pro processor are 310.05 and 280.14 seconds, respectively. The

optimum solutions obtained by the two methods are compared with those

of Adeli and Kamal (1986) and Adeli and Park (1998) in Table 4.1. The

maximum violations of the constraints in the simple GA and fuzzy GA are

0.004% and 0.9%, respectively.

4.6.2 Example 2

This example is a 1310-bar steel space truss shown in Figure 4.9, repre-

senting the exterior envelope of a 37-story steel high-rise building structure
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Figure 4.7 A 72-member space truss

(Adeli and Park, 1995a). It has 332 nodes and 105 groups of members

(design variables). In the three main sections of the structure, the same

cross-sectional area is used for vertical members of every two stories, the

same cross-sectional area is used for horizontal members of equal lengths in

each story, and the same cross-sectional area is used for inclined members



4.6 Implementation and Examples 95

Figure 4.8 Iteration history of the 72-member space truss

in each story. In the two tapered transitional zones there are only inclined

members, which are grouped into one variable in each zone. The design

is done according to the AISC-ASD specifications (AISC, 1995). A limit

on the horizontal drift equal to ±0�5m �±19�69 in� (0.4% of the height

of the structure) is used at the topmost nodes along the two horizontal

x and y directions. The design constants used are modulus of elasticity,

E=198�91GPa (29 000 ksi), specific weight 
=76�97kN/m3�490�0 lb/ft3�,

and yield stress, Fy = 344�75MPa (50 ksi). The loading on the structure

consists of both vertical and horizontal loads. A uniform vertical load

of 1.92 kPa (40.0 psf) is used on each floor. The lateral loads due to

wind loads are calculated per Uniform Building Code (UBC, 1997). Lat-

eral loads are calculated by the normal force method with basic wind

speed 70mph, exposure C, and importance factor 1. The upper and lower

bounds on stresses are obtained from the AISC ASD design specifications

(AISC, 1995).

The design histories of this example for simple and fuzzy GAs are pre-

sented in Figure 4.10. Adeli and Park (1998) reported a minimum weight

of 4130.4 kN (928.6 kips) for this example. The present authors obtained

a minimum weight of 4093.0 kN (920.2 kips) using the simple augmented

Lagrangian GA. However, using the fuzzy augmented Lagrangian GA
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Table 4.1 Optimal solutions in cm2 �in�2� for the 72-member structure (Example 1)

Membera Adeli and

Kamal (1986)

Adeli and

Park (1998)

Simple GA

�=0�00001b
Fuzzy GA

�=0�00001b

1, 2, 3, 4 13�0703 17�7722 13�8109 11�1748

�2�0259� �2�7547� �2�1407� �1�7321�

5, 6, 7, 8, 9, 10, 3�4400 3�2915 3�2890 3�3645

11, 12 �0�5332� �0�5102� �0�5098� �0�5215�

13, 14, 15, 16 0�0645 0�0645 0�3471 0�0645

�0�0100� �0�0100� �0�0538� �0�0100�

17, 18 0�0645 0�0645 0�0645 0�0832

�0�0100� �0�0100� �0�0100� �0�0129�

19, 20, 21, 22 7�4626 8�8361 9�6058 8�6780

�1�1567� �1�3696� �1�4889� �1�3451�

23, 24, 25, 26, 3�6703 3�2708 3�5529 3�5529

27, 28, 29, 30 �0�5689� �0�5070� �0�5507� �0�5507�

31, 32, 33, 34 0�0645 0�0645 0�3665 0�0645

�0�0100� �0�0100� �0�0568� �0�0100�

35, 36 0�0645 0�0645 0�0832 0�0832

�0�0100� �0�0100� �0�0129� �0�0129�

37, 38, 39, 40 3�3142 3�1012 3�6471 3�1761

�0�5137� �0�4807� �0�5653� �0�4923�

41, 42, 43, 44, 45, 3�0910 3�2798 3�4019 3�5155

46, 47, 48 �0�4791� �0�5084� �0�5273� �0�5449�

49, 50, 51, 52 0�0645 0�0645 0�0645 0�4226

�0�0100� �0�0100� �0�0100� �0�0655�

53, 54 0�0645 0�4148 0�4226 0�0832

�0�0100� �0�0643� �0�0655� �0�0129�

55, 56, 57, 58 1�0187 1�3875 1�1206 1�1471

�0�1579� �0�2151� �0�1737� �0�1778�

59, 60, 61, 62, 3�5490 3�3412 2�7419 3�3832

63, 64, 65, 66 �0�5501� �0�5179� �0�4250� �0�5244�

67, 68, 69, 70 2�2252 2�7029 2�8174 2�5535

�0�3449� �0�4190� �0�4367� �0�3958�

71, 72 3�2155 3�2508 4�1374 3�8400

�0�4984� �0�5039� �0�6413� �0�5952�

Optimum weight, 1�687 1�675 1�6564 1�6208

kN (lb) (379.31) (376.50) (372.40) (364.40)

Iterations required 2776 1758

a In Figure 4.7 only the members in the first story are shown. The location of any member
in the second, third, or fourth stories is obtained by adding 18, 36, or 54, respectively, to the
corresponding member number in the first story.
b �= tolerance on the Lagrangian functional.
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Figure 4.9 A 1310-member steel space truss (Adeli and Park, 1995a)

presented in this work, the minimum weight is reduced further to 4046.3 kN

(909.7 kips). It was obtained after 2639 iterations using 400 populations of

design variables. The CPU time used in the fuzzy GA is 86% of that used

in the simple GA with 3106 iterations.
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Figure 4.10 Iteration history of the 1310-member space truss

4.7 Conclusion

An augmented Lagrangian fuzzy GA for the minimum weight design of

structures was presented in this chapter. The algorithm was applied to two

space axial load structures and results were compared with the simple (non-

fuzzy) augmented Lagrangian GA. The largest example with 1310 members

was subjected to the constraints of the AISC ASD specifications. The max-

imum constraint violations for the two examples are in the range 0.001%

to 0.004% for the simple GA and in the range 0.9% to 1.4% for the fuzzy

GA. The magnitudes of the constraint violations are larger for the fuzzy GA

but still small and within practically acceptable limits. Since in practice the

continuous optimum design values are rounded up when selecting commer-

cially available discrete sections the actual values of the constraint violation

will be further reduced to very negligible values.

The advantages of the fuzzy GA algorithm presented in this chapter can

be summarized as follows:
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• acknowledgment and incorporation of the imprecision and fuzziness in the

code-based design constraints;
• reduction in the value of the optimum weight;
• increasing the likelihood of obtaining the global optimum; and
• reduction in the number of iterations and the total computer processing

time needed.





5

Fuzzy Discrete Multi-criteria

Cost Optimization of Steel

Structures

5.1 Cost of a Steel Structure

The costs of members of a structure are not necessarily proportional to their

weights. The unit costs of different structural shapes differ according to the

size and the grade of steel and are commonly expressed in the manufacturers’

price lists in terms of dollar per 100 lb of weight. Cost data obtained from

steel mills indicate that the unit cost usually increases with an increase in the

size of a section of a particular grade. However, there are also exceptions;

for example, the less frequently used sections may be more expensive than

those more frequently used. As an example, one steel company currently

prices A36 and A572 Grade 50 W12× 65 shapes with cross-sectional area

of 19�1 in�2�123�22 cm2� at $11.05/ft ($36.25/m) and the heavier W8× 67

shapes with the cross-sectional area of 19�7 in�2�127�10 cm2� at $10.05/ft

($32.97/m) (Nucor, 1999a, 1999b, 1999c).

For many sections made of A36 and A572-50, the two most popular grades

of steel in the US, the unit costs of similar sections are the same. However,

the unit costs for some sections made of A572-50 are higher than those of

grade A36. In general, the heavier and deeper sections cost more. For example,

according to one manufacturer (Nucor, 1999a, 1999b, 1999c), sections made

of A572-50 with a weight per unit length in the range of 76 lb/ft to 82 lb/ft, in

general, cost more by $1.25 to $2.25 per 100 lb compared with similar sections

Cost Optimization of Structures: Fuzzy Logic, Genetic Algorithms, and Parallel Computing H. Adeli and

K. C. Sarma © 2006 John Wiley & Sons, Ltd
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made of A36 steel. Steel grade A572-60 is more expensive than A36 in the

range of $3.00 to $3.50 per 100 lb. Similarly, steel grade A588 costs more

than A36 in the range of $1.25 to $2.50 per 100 lb. Furthermore, not all the

sections listed in the AISC manuals (AISC, 1995, 2001) are manufactured in

the US. Some uncommon sections are either made on special orders or have

to be imported from other countries, adding to their unit costs. Thus, a min-

imum weight design is not necessarily a minimum cost design even consid-

ering the costs of the materials only. Moreover, steel fabricators charge more

when a larger number of different types of shapes are used in a given structure.

Cost optimization of realistic steel structures has to be formulated as a dis-

crete optimization problem because these structures consist of discrete com-

mercially available standard shapes. Such a discrete optimization problem

may be solved in two stages. First, an approximate continuous optimization

solution is found to be followed by the second discrete optimization stage.

This is the approach adopted in this book.

In this chapter, a fuzzy discrete multi-criteria optimization algorithm is

presented for minimizing the total cost of steel structures by considering

three design criteria simultaneously. Factors contributing to the total cost of

a steel structure are reviewed in the next section.

5.2 Primary Contributing Factors to the Cost of a Steel

Structure

The total cost of a steel structure can be considered as the sum of nine

different cost components or functions:

(1) cost of planning and design;

(2) material cost of structural members such as beams, columns, and bracings;

(3) fabrication cost including the material costs of connection elements,

bolts, electrodes, and the labor cost;

(4) cost of transporting the rolled sections to the fabrication shop and

transporting the fabricated pieces to the construction field;

(5) receiving, handling, and storage costs of rolled sections and fabricated

pieces;

(6) erection cost including the material costs of connection elements, bolts,

electrodes, and the labor cost;

(7) cost of the operation of tools and machinery on the construction site;

(8) cost of preparing the project site including the cost of the foundation; and

(9) maintenance cost.
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Figure 5.1 Relationship among different cost components and the five influence factors

Figure 5.1 presents a pictorial view of different cost functions and their

relationships in contributing to the total cost. Five main factors are identified

that influence the total cost of a structure significantly. These are:

(1) cost of the rolled sections;

(2) number of different section types used in the structure;
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(3) weight of rolled sections;

(4) number of connections; and

(5) geographic location of the project site.

The influence of these factors on different cost functions is shown in

Figure 5.1 with single lines.

Out of the five factors, the cost of rolled sections is often the most

important factor in the total cost of a structure. The second factor, the number

of different section types, is important in reducing the aforementioned cost

functions 3, 5, and 6. For a large structure with hundreds or thousands of

members, it costs more to purchase, store, and fabricate relatively small

quantities of a large number of different types of rolled sections with small

variations in their sizes. A smaller number of rolled section types means a

larger purchase order with less paper work and reduced management costs

with easier handling and storage. Fabrication work involving labor is much

easier with a smaller chance for errors when a smaller number of visibly

distinct and different section sizes are used (Templeman, 1988). Further,

the amount of scrap sections is reduced. However, reducing the number of

section types should not affect the material cost and weight considerably.

Where do we draw the line? An attempt is made to formalize an answer to

this very significant design question in this chapter.

The third factor, the weight of rolled sections, is also significant for

reducing the total overall cost of a structure as it influences the transportation

cost, the cost of the substructure, and to a smaller extent the maintenance

cost. The transportation charges depend primarily on the weight and the

distance traveled. Similarly, the cost of the foundation depends on the weight

of the superstructure.

The fourth factor, the number of connections, influences the costs of fab-

rication, erection, connection materials, and labor. The number and location

of connections are decided by the architect and engineer at the planning stage

and configuration design of the structure. Once the configuration has been

selected the designer has little control over the number of connections. How-

ever, he can decide to limit the number of different types of connections.

This can reduce the fabrication cost. The number of different connection types

may also be reduced when the number of member section types is reduced.

The fifth factor, the geographic location of the site, influences the afore-

mentioned cost functions 4, 5, 6, 7, and 8. A place with an abundance of a

skilled and unskilled labor force will cost less than a place where the labor

force is scarce and expensive. Geographic location also influences the trans-

portation cost of rolled sections from the steel mills to the fabrication shop
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and subsequently to the construction sites. In urban areas, the truck traffic

may be limited by size and time of the day (Means, 1999). The structural

designer usually has no control over this factor.

In this chapter, the first three factors are considered and a three-criteria

cost optimization model is formulated for the design of steel structures. These

criteria are (a) select discrete commercially available sections with the lowest

cost, (b) select discrete commercially available sections with the lightest

weight, and (c) select a minimum number of different types of discrete

commercially available sections.

In the cost optimization of structures additional difficulties are encountered

while defining the cost function due to imprecision, fuzziness, and uncertain-

ties involved in determining the cost parameters. Therefore, the formulation

of the cost function and its subsequent solution becomes complicated. This

complexity is overcome by using the fuzzy logic (Zadeh, 1965). To apply

the fuzzy logic in the cost optimization of steel structures the design vari-

ables, the cross-sectional areas, are considered as fuzzy. In the next section

a methodology and computational model are presented for fuzzy discrete

multi-criteria cost optimization of steel structures using the aforementioned

three criteria.

5.3 Fuzzy Discrete Multi-criteria Cost Optimization

The fuzzy discrete multi-criteria cost optimization model consists of two

stages. In the first stage, an initial minimum weight solution, x, is found

using the fuzzy augmented Lagrangian genetic algorithm (GA) developed in

Chapter 4 assuming continuous variables. Each continuous cross-sectional

area obtained from this stage forms the basis for selecting a few candidate

commercially available discrete sections with fuzzy attributes or membership

functions for each of the aforementioned three criteria. Using the max-min

procedure of Bellman and Zadeh (1970) on the three fuzzy criteria, the best

discrete section for each design variable is selected.

The second criterion (minimum number of section types) usually conflicts

with the first and third criteria (minimummaterial cost and minimum weight).

Minimum weight and minimum material cost designs are not always the

same, as explained in the introduction. As such, the first and third criteria

may be conforming or conflicting. This methodology handles the relative

importance of the three different criteria through introduction of a weight

coefficient for each criterion with a total sum of one.

Three fuzzy functions are defined: the material cost of the structure C̃�ỹ�,

the weight of the structure W̃ �ỹ�, and the number of different section types
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T̃ �ỹ� in terms of the fuzzy discrete variables (commercially available discrete

shapes), ỹ. These are fuzzy functions (identified by the wavy sign ∼ on the

top) because the variables ỹ are treated as fuzzy variables. The objective of

the three-criteria optimization is to minimize the functions C̃�ỹ�, W̃ �ỹ�, and

T̃ �ỹ�. Out of these three fuzzy functions C̃�ỹ� and W̃ �ỹ� can be expressed

explicitly in terms of the fuzzy variables ỹ, and are presented below:

C̃�ỹ�=
Nt
∑

i=1

liciỹCi
� ỹCi

∈ SCi
(5.1)

where SCi
is a fuzzy set of discrete candidate standard shapes for the design

variable xi corresponding to the minimum cost criterion. In equation (5.1),

Nt is the number of initial section types (equal to the number of design

variables in the first continuous variable stage of the optimization), li is the

total length of members linked to the variable xi, ỹCi
is the cross-sectional

area of the discrete standard shape with the maximum membership function

corresponding to the minimum cost criterion and belonging to the fuzzy set

SCi
, and ci is the cost per unit volume of the standard shape ỹCi

. Similarly,

W̃ �ỹ�=�
Nt
∑

i=1

liỹWi
� ỹWi

∈ SWi
(5.2)

where � is the specific weight of steel, ỹWi
is the cross-sectional area of

the discrete standard shape with the maximum membership function cor-

responding to the minimum weight criterion, and SWi
is a set of fuzzy

discrete candidate standard shapes for the design variable xi correspond-

ing to the minimum weight criterion. The numbers of candidate standard

shapes in the set SCi
or SWi

may be different for different design variables

and are chosen based on certain criteria to be discussed in the following

section.

In the first stage of optimization when the design variables, x, are

continuous the number of section types is constant. In the second discrete

multi-criteria optimization stage the number of section types, T̃ �ỹ�, is treated

as a fuzzy variable with an upper limit of Nt. The goal is possibly to minimize

this value along with the material cost and the weight of the structure.

The three-criteria cost optimization model is formulated as: find the vector

of discrete cross-sectional areas of members, ỹ�ỹ ∈ S where S is the set of

all commercially available sections, to minimize the three fuzzy objective

functions C̃�ỹ�, W̃ �ỹ�, and T̃ �ỹ� subject to the displacement constraint:

�i ≤ �a
i for i= 1�2� � � � �Nd (5.3)
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and the stress constraints according to the AISC ASD code (AISC, 1995).

In the most general case of three-dimensional moment-resisting frames, the

stress constraints are in the form of the following highly nonlinear and

discontinuous interaction equations:

fai
Faci

+
Cmxfbxi

�1− fai/F
′
ex�Fbx

+
Cmyfbyi

�1− fai/F
′
ey�Fby

≤ 1�0

fai
0�6Fy

+
fbxi
Fbx

+
fbyi
Fby

≤ 1�0

for fai < 0�0 and
fai
Faci

> 0�15 (5.4)

fai
Faci

+
fbxi
Fbxi

+
fbyi
Fbyi

≤ 1�0 for fai < 0�0 and
fai
Faci

≤ 0�15 (5.5)

where �i is the displacement of the ith nodal displacement degree of freedom

and the allowable displacement �a
i is expressed by equations (2.16a) and

(2.16b). In equations (5.4) and (5.5), fai , fbxi , and fbyi are the computed

axial stress and the bending stresses about the x and y axes of the ith

member. Similarly, Faci
, Fbxi

, and Fbyi
are the allowable axial compressive

stress and the allowable bending stresses about the x and y axes, respectively.

The horizontal girder members are assumed to have full lateral supports.

However, for columns and bracings, lateral supports are provided at the ends

only. For computation of the allowable axial stress and the terms

F ′
ex =

12	2E

23 �Klb/rbx�
2

and F ′
ey =

12	2E

23
(

Klb/rby
)2

the effective length factor K is needed. The AISC ASD and LRFD codes

(AISC, 1995, 2001) provide alignment charts for finding the values of K

based on the numerical solution of transcendental equations. In this book, the

values of K are found by the following approximate but explicit equations

used in the European steel design code (Anonymous, 1978; Dumonteil,

1992). For braced frames,

K=
3GAGB + 1�4�GA +GB�+ 0�64

3GAGB + 2�0�GA +GB�+ 1�28
(5.6)

and for unbraced frames,

K=

√

1�6GAGB + 4�0�GA +GB�+ 7�50

GA +GB + 7�50
(5.7)
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where subscripts A and B refer to the two ends of a member and factor G is

defined as

G=

∑

Ic/Lc
∑

Ig/Lg

(5.8)

in which Ic, Ig, Lc, and Lg are the moments of inertia and unsupported

lengths of columns and beams, respectively, and 
 represents summation of

all members connected to a joint and lying in the plane of buckling.

In the fuzzy discrete multi-criteria cost optimization model, for each con-

tinuous variable xi�i = 1�2� � � � �Nt�, Ni commercially available sections,

ỹij ≥ xi�j= 1�2� � � � �Ni� are chosen. All the Ni shapes selected are graded

with membership functions for each of the three fuzzy criteria. The expres-

sions for the membership functions will be presented in the next section.

Thus, SCi
, SWi

, and STi are the three fuzzy sets of candidate discrete shapes

corresponding to the three aforementioned criteria for the design variable

xi. To find the multi-criteria optimum solution, the max-min procedure of

Bellman and Zadeh (1970) is used, described in Section 4.2. The solution

is found by forming a fuzzy set SDi
defined as the intersection of the three

fuzzy sets SCi
, SWi

, and STi as follows:

SDj
�ỹij�= SCj

�ỹij�∩ SWj
�ỹij�∩ STj �ỹij�� j= 1�2� � � � �Ni (5.9)

The membership of this intersection fuzzy set SDi
is set equal to the minimum

values of the membership functions of the three sets SCi
, SWi

, and STi :

�Dj
�ỹij�=min

[

�C�ỹij���W �ỹij���T �ỹij�
]

� j= 1�2� � � � �Ni (5.10)

where �C�ỹij���W �ỹij�, and �T �ỹij� are the fuzzy membership functions

for the three criteria: minimizing material cost, minimizing weight, and

minimizing the number of section types, respectively. The commercially

available discrete section corresponding to the maximum membership func-

tion, �Di�best�
, in the Ni selected candidate shapes represents the best section

(Klir and Folger, 1988):

�Di�best�
= max

j=1�2� � � � �Ni

[

�Dj
�ỹij�

]

� i= 1�2� � � � �Nt (5.11)

This step is known as defuzzification. This concept can be further

explained through an example, presented in Figure 5.2. In this figure, six can-

didate commercially available shapes are considered for a particular design

variable (y1, y2, y3, y4, y5, and y6�. For each variable yi�i= 1�2� � � � �6�,
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Figure 5.2 Selection of a discrete section based on the multi-criteria cost optimization
procedure

three different values of membership functions (�C , �W , and �T ) corre-

sponding to three different criteria are computed. The dashed curve shown

in Figure 5.2 connecting the minimum values of the membership functions

represents the membership function for the intersection fuzzy domain, �D.
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The peak of this curve represents �Di�best�
. The commercially available section

corresponding to this value is selected as the best shape among the candidate

shapes. Thus, by using the max-min operation of fuzzy membership func-

tions (equations (5.10) and (5.11)), the best commercially available discrete

shapes are obtained for all the design variables. In a subsequent section it is

proved mathematically that this solution is Pareto optimal.

5.4 Membership Functions

5.4.1 Membership Function for Minimum Cost

Denoting the material cost per unit length for the jth candidate shape by cj
and the maximum and the minimum values within the Ni candidate shapes

by cjmax
and cjmin

, a linear membership function is defined in the following

form (Figure 5.3a):

�Cj
= 1−

cj − cjmin

cjmax
− cjmin

� j= 1�2� � � � �Ni (5.12)

5.4.2 Membership Function for Minimum Weight

Denoting the cross-sectional area of the jth candidate section by yj and

the maximum and the minimum values within the Ni candidate shapes by

yjmax
and yjmin

, a linear membership function is defined in the following

form (Figure 5.3b):

�Wj
= 1−

yj − yjmin

yjmax
− yjmin

� j= 1�2� � � � �Ni (5.13)

5.4.3 Membership Function for Minimum Number of Section

Types

For the design of multi-story high-rise building structures the individual

members are designed from the bottom to the top. The goal is to minimize

the number of different section types without adversely affecting the total

material cost of the structure. Records of the selected standard shapes are

kept so that the same sectional shape may be selected again for the design

of subsequent members. The following scheme is used for assigning the
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Figure 5.3 Membership function for (a) minimummaterial cost and (b) minimumweight

membership values to the candidate sections for minimizing the number of

section types:

�Tj
=

⎧

⎪

⎨

⎪

⎩


�Cj
if the section is never selected

�
�Cj
if the section is selected earlier and 
�Cj

≤ 1�0/�

1�0 if the section is selected earlier and 
�Cj
> 1�0/�

(5.14)
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where �=1+ enf/� and nf is the number of times a particular shape is used

earlier, 
 is a factor used to penalize a shape if it is not used before, and

� is a scaling factor. It was found that 
= 0�2 and �= 10 to be the most

suitable values based on parametric studies. The penalizing and the scaling

factors, 
 and �, are chosen so that the value of the exponential expression

for � helps in choosing a candidate shape only if the same shape has been

used for some other members at least four times.

5.5 Fuzzy Membership Functions for Criteria with

Unequal Importance

In obtaining the intersection fuzzy set SDj
�ỹij� in equation (5.9), it was

assumed that all the three criteria were of equal importance. However, some

of them may be of greater importance than others. In such cases, SDj
�ỹij�may

be expressed as a convex combination of the three criteria with weighting

coefficients reflecting their relative importance. In this book three weighting

coefficients wC , wW , and wT are used for minimizing the material cost,

sectional weight, and the number of section types, respectively. It should be

noted that since the first step of the fuzzy max-min procedure is selecting the

minimum values of the membership functions, there is an inverse relationship

between the weighting coefficients and their impact on the multi-criteria cost

optimization. In other words, to increase the importance of a criterion its

weighting coefficient is reduced.

The modified membership functions are defined as

�′
Ci
=wC�Ci

�′
Wi
=wW�Wi

(5.15)

�′
Ti
=wT�Ti

where the sum of the weighting coefficients is equal to 1:

wC +wW +wT = 1 (5.16)

5.6 Pareto Optimality

In general a multi-criteria optimization problem is defined as

min�F1�y��F2�y��F3�y�� � � � � Fk�y�� (5.17)
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where Fi�y��i= 1�2� � � � � k� is the ith objective functions in terms of vari-

ables y ∈Y, Y is the set of feasible solutions in the design space Rn, and

k is the number of objective functions. The fundamental problem is that

these objective functions may be contradictory. The concept of the Pareto

optimum solution is used to find a solution for a multi-criteria optimization

problem (Adeli, 1994).

A vector y∗ ∈ Y is Pareto optimal if and only if there exists no other

feasible solution y ∈ Y such that Fi�y� ≤ Fi�y
∗� for i = 1�2� � � � � k, and

Fj�y� < Fj�y
∗� for at least one value of j (Koski, 1994). Such a Pareto

optimal solution means that no other feasible vector y exists that can decrease

some criterion without increasing simultaneously another criterion. Suppose

in equation (5.17) that Y is a set of fuzzy variables. The Pareto optimal

solution y∗∈Y for the fuzzy multicriteria optimization problem is defined as:

no other feasible solution exists for y where y∈Y such that �Fi
�y�≥�Fi

�y∗�

for i= 1�2� � � � � k and �Fj
�y� > �Fj

�y∗� for at least one other value of j

(Dhingra et al., 1992). In other words, for a fuzzy multi-criteria optimization

problem, the Pareto optimal y∗ can be stated as: no other feasible solution

y exists whose membership function will increase in some criterion without

simultaneously decreasing the membership function for another criterion.

Different approaches have been proposed for generating Pareto optimal

solutions such as the sequential optimization method, the linear weighting

method, the minimax method, the constrained method, compromise program-

ming, goal programming, and the multi-attribute utility method (Jendo, 1990;

Koski, 1994). It is shown that the max-min fuzzy multi-criteria optimization

approach used in this book is equivalent to the minimax method used in

generating the Pareto optimal solutions.

The general expression for Pareto optimum solutions in a minimax method

is (Koski, 1994)

Fi�y
∗�=minmax

[

wiF̂i�y�
]

� i= 1�2� � � � � k (5.18)

where

F̂i�y�=
Fi�y�−minFi�y�

maxFi�y�−minFi�y�
(5.19)

and wi is the weight parameter, such that
∑k

i=1wi = 1. The values of F̂i�y�

lie between 0 and 1, similar to the values of the membership functions in

the fuzzy multi-criteria optimization method. The primary difference is that

in the minimax method the goal is to obtain a value of F̂i�y� as close to 0

as possible, whereas in the fuzzy multi-criteria optimization the goal is to
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obtain a value of �Fi
�y∗� as close to 1 as possible. Using the fuzzy Pareto

concept equations (5.18) and (5.19) can be modified as

�Fi
�y∗�=minmax

(

wi�F̂i�y�

)

� i= 1�2� � � � � k (5.20)

where

�F̂i�y�
=

�Fi�y�
−max�Fi�y�

min�Fi�y�
−max�Fi�y�

=
max�Fi�y�

−�Fi�y�

max�Fi�y�
−min�Fi�y�

(5.21)

In equation (5.21) max�Fi�y�
= 1 and min�Fi�y�

= 0. Therefore, equa-

tion (5.20) can be written as

�Fi
�y∗�=minmax

[

wi�1�0−�F̂i�y�
�
]

=maxmin
(

wi�F̂i�y�

)

� i= 1�2� � � � � k (5.22)

The present fuzzy solution of equations (5.10), (5.11), and (5.15) bear

a complete analogy with the Pareto solution of equation (5.22). There-

fore, it is concluded that the multi-criteria optimum solution obtained by

equation (5.11) is Pareto optimum.

5.7 Selection of Commercially Available Discrete Shapes

Figure 5.4 shows a macro flowchart of the fuzzy discrete multi-criteria

optimization model. At the beginning a continuous variable minimum weight

solution is obtained using the fuzzy augmented GA of Chapter 4. The solution

obtained from this stage can violate the constraints by a predetermined

maximum value, say in the range of 2% to 3%, because it is used only as

a preliminary design. Thus, in the fuzzy discrete multi-criteria optimization

model a strategy of preemptive constraint violation is adopted. It is called

preemptive because the constraints are violated within a small range in the

initial design stage before the final discrete optimization is done. The goal

here is to enhance the chance of finding the global discrete optimum and at

the same time reduce the computational processing time.

In the conventional crisp optimization the continuous optimum solutions

are rounded up or down to obtain the discrete design solutions. Next, the

constraints are re-evaluated for any possible violation. If any constraint is

violated the discrete design is altered. A branch-and-bound operation is

adopted with discrete design enumeration, which requires a lot of redesigns

involving structural analyses and computer processing time. On the other



5.7 Selection of Commercially Available Discrete Shapes 115

Figure 5.4 The macro flowchart of the fuzzy discrete multi-criteria cost optimization
model
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hand, if the continuous variable solutions are all rounded up the design will

be safe, but most probably not the optimum or most economical solution.

The preemptive constraint violation strategy is devised to greatly enhance

the possibility of obtaining the global minimum cost solution. This point is

illustrated in Figure 5.5 for a two-variable single criterion constrained opti-

mization problem. It must be pointed out that this strategy reduces the number

of constraints re-evaluation requiring time-consuming structural re-analyses.

The result is a more efficient algorithm.

Figure 5.5 Preemptive constraint violation strategy
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The values obtained from the continuous variable minimum weight design

are used as lower bound solutions in the second discrete multi-criteria opti-

mization stage (Figure 5.2). Then, at least five or six commercially available

candidate shapes are selected just above this lower bound from the AISC

manual (AISC, 1995). If only one standard shape is selected for each design

variable the design becomes the minimum weight design. The same mini-

mum weight design is obtained by setting the weighting parameter wW to a

minimum value, say 0.01, even when the number of candidate shapes (Ni) is

more than one. Similarly, by setting the weighting parameter wC to a mini-

mum value (0.01) the minimum cost design is obtained. A minimum number

of five or six potential candidates (Ni) is necessary for the effectiveness of

the minimum material cost criterion. On the other extreme, when the number

of candidate shapes (Ni) is increased, the minimum section-type criterion

would dominate the design process at the expense of the other two criteria.

Increasing the value of Ni reduces the number of section types. It was

found that a value of 15 for Ni is a good number for reducing the number

of section types in a large structure like the 36-story structure of Example

2, presented subsequently in this chapter. In the actual design of structures

the designer should select Ni in consultation with the steel fabricator as the

fabricator can determine its impact on reducing the fabrication and handling

costs. A higher number of Ni helps in choosing similar shapes used for other

members because a wider range of candidate shapes facilitates the selection

of already used shapes.

It should be pointed out that in the second stage of the fuzzy multi-

criteria discrete optimization model all the constraints are satisfied within a

practically acceptable tolerance, say 1%.

5.8 Implementation and a Parametric Study

The fuzzy multi-criteria discrete cost optimization model presented in this

chapter has been implemented in the C language using the IRIX operating sys-

tem on the SGI Origin 2000 supercomputer at the Ohio Supercomputer Center.

A decision has to be made on the relative values of the importance weight-

ing coefficient for the three membership functions. A parametric study was

performed using the following four cases:

Case A wC = 0�01; wW = 0�495; wT = 0�495 (Ni = 5 to 7 for Example

1 and 6, 10, and 15 for Example 2; minimum material cost

design)
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Case B wC = 0�495; wW = 0�01; wT = 0�495 (Ni = 5 to 7 for Example

1 and 6, 10, and 15 for Example 2; minimum weight design)

Case C wC = 0�495; wW = 0�495; wT = 0�01 (Ni≥ 5; strong preference

for the minimum section type design)

Case D wC =0�333; wW =0�333; wT =0�333 (Ni≥5; equal preference

for the three criteria)

For columns and axially loaded members, A572 Grade 50: W6, W8, W10,

W12, and W14 shapes are used. Similarly, for beams, W16, W18, W21,

W24, W27, W30, W33, W36, and W40 shapes from the same grade of steel

are used. The design constants used are modulus of elasticity E=198�91GPa

(29 000 ksi), specific weight �= 76�97kN/m3�490�0 lb/ft3�, and yield stress

Fy = 344�75MPa (50 ksi).

5.9 Application to High-Rise Steel Structures

The computational model presented in this chapter has been applied to find

the multi-criteria optimization solution for two steel structures, one axially

loaded space truss structure and another space moment-resisting frame with

bracings. The basis of design is the AISC ASD code (AISC, 1995). The

material cost values based on data obtained from Nucor (1999a, 1999b,

1999c) are summarized in Appendix A for axial load members (in Example 1)

and columns (in Example 2) and in Appendix B for beams (in Example 2).

5.9.1 Example 1

This example is the same 1310-bar steel space truss shown in Figure 4.9,

representing the exterior envelope of a 37-story steel high-rise building

structure. The optimum design solutions obtained by the fuzzy multi-criteria

discrete optimization model for cases A, B, C, and D are presented in

Table 5.1. The minimum weight solutions reported previously by Adeli and

Park (1998), and presented in Chapter 4, are also given in the same table.

The Adeli and Park solution is a discrete minimum weight solution. The

solutions in Chapter 4 are continuous variable solutions and are rounded up

to the nearest discrete solutions for the sake of comparison with the current

study. Case B of the current study yields the minimum weight solution. The

minimum material cost solution, case A of the current study, is about 1.7%

less expensive than the minimum weight solution of Adeli and Park (1998).
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Table 5.1 Optimum design solutions obtained by the fuzzy discrete multi-criteria cost
optimization model based on the ASD code for the 1310-member structure (Example 1)

Type of study Material

cost of the

structure

Weight of the structure Total number

of section

types

Case A for Ni = 5, 6, 7 $1 678 424 4093.0 kN (920.2 kips) 17

Case B for Ni = 5, 6, 7 $1 688 853 4083.7 kN (918.1 kips) 20

Case C(i) for Ni = 5 $1 692 032 4113.1 kN (924.7 kips) 11

Case C(ii) for Ni = 6 $1 700 052 4131.3 kN (928.8 kips) 10

Case C(iii) for Ni = 7 $1 706 295 4146.9 kN (932.3 kips) 8

Case D(i) for Ni = 5 $1 691 631 4111.7 kN (924.4 kips) 13

Case D(ii) for Ni = 6 $1 693 673 4116.2 kN (925.4 kips) 12

Case D(iii) for Ni = 7 $1 694 711 4118.4 kN (925.9 kips) 11

Continuous minimum weight

design from Chapter 4

(theoretical optimum

weight= 4046�3kN

(909.7 kips))

$1694559a 4096.2 kNa

(920.9 kips)

22

Adeli and Park (1998) (discrete

minimum weight design)

$1 707 964 4130.4 kN (928.6 kips) 14

a For discrete sections obtained by rounding up the minimum weight optimum sections.

The minimum material cost solution for this example is not substantially

less expensive than the minimum weight solution. This can be explained

partly by the fact that, in this particular space truss example, the number of

section types used in the minimum cost design is close to the number of

section types used in the minimum weight design. Also, the section database

included a relatively small number of wide flange shapes.

Cases C and D of the current study present the solution for a minimum

section type and equal importance of the three criteria. The increases of the

material costs with the reduction in number of the section types by increasing

the value of Ni are studied for these two cases and are noted in Table 5.1.

The optimum solution obtained for case C(i) with only 11 different types

of shapes is about 1% less expensive than the minimum weight solution of

Adeli and Park (1998) with 14 different types of shapes.

5.9.2 Example 2

This example (Figures 5.6 and 5.7) is a 36-story irregular moment-resisting

steel space frame structure with setbacks and cross-bracings and an aspect



120 Fuzzy Discrete Multi-criteria Cost Optimization

Figure 5.6 A 36-story steel space moment-resisting frame structure (Park and Adeli,
1997a)

ratio of 4.7. A minimum weight solution for the same example was first pre-

sented by Adeli and Park (1998). It has 1384 nodes and 3228 members, which

are linked to 186 groups of initial design variables. The structure consists of

three 12-story sections. In the lower sections 1 and 2, there are four groups

of columns (Figure 5.7): corner columns, outer columns, inner columns in

the unbraced frames, and inner columns in the braced frames. In section 3,

only the first three types of columns are used. The beams in every floor are

grouped separately. In sections 1 and 2 they are divided into three groups: outer
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Figure 5.7 Floor plan for a 36-story steel space moment-resisting frame structure (Park
and Adeli, 1997a)

beams, inner beams in braced frames, and inner beams in unbraced frames.

The beams in section 3 are divided into two groups: inner and outer beams. In

every three stories two different bracings are used with the same cross-section,

one in the longitudinal direction and the other in the transverse direction.
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The inter-story drift is limited to 0.004 times the story height along the

two horizontal directions. The dead load and the live load intensities on each

floor are 2.88 kPa (60 psf) and 2.38 kPa (50 psf), respectively. The lateral

loads due to wind are calculated according to the Uniform Building Code

(UBC, 1997), with a basic wind speed of 113 km/h (70mph), exposure C,

and an importance factor of 1.

The optimum design solutions obtained by the fuzzy multi-criteria discrete

optimization model for cases A, B, C, and D are presented in Table 5.2. The

minimum weight solution reported previously by Adeli and Park (1998) is

also given in the same table. Like Example 1, the Adeli and Park solution is

a discrete minimum weight solution. Case B of the current study yields the

minimum weight solution. The minimum material cost solution, case A of

the current study, is 28.8% less expensive than the minimum weight solution

of Adeli and Park (1998), but the number of different types of shapes is 50

compared with 21 in the Adeli and Park study.

Cases C and D of the current study present the solution for the minimum

section type and equal importance of the three criteria. The increases of

the material costs with the reduction in number of the section types by

increasing the value of Ni are also studied for these two cases and are

noted in Table 5.2. The optimum solution obtained for case C(iii) with

only 19 different types of shapes is about 15.6% less expensive than the

minimum weight solution of Adeli and Park (1998) with 21 different types of

shapes.

Table 5.2 Optimum design solutions obtained by the fuzzy discrete multi-criteria cost
optimization model based on the ASD code for a 36-story structure (Example 2)

Type of study Material

cost of the

structure

Weight of the structure Total number

of section

types

Case A for Ni =6, 10, 15 $6 543 527 15516.0 kN (3488.3 kips) 50

Case B for Ni = 6, 10, 15 $6 733 198 15410.1 kN (3464.5 kips) 58

Case C(i) for Ni = 6 $6 715 814 15938.1 kN (3583.2 kips) 41

Case C(ii) for Ni = 10 $7 174 025 16915.7 kN (3803.0 kips) 26

Case C(iii) for Ni = 15 $7 758 512 18160.7 kN (4082.9 kips) 19

Case D(i) for Ni = 6 $6 685 370 15869.6 kN (3567.8 kips) 41

Case D(ii) for Ni = 10 $6 968 327 16511.0 kN (3712.0 kips) 27

Case D(iii) for Ni = 15 $7 339 931 17229.8 kN (3873.6 kips) 23

Adeli and Park (1998)

(discrete minimum

weight design)

$9 196 083 21513.2 kN (4836.6 kips) 21
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5.10 Concluding Comments

The goal of this work has been to advance the field of structural optimization

for the optimum design of large structures under practical and realistic con-

ditions. For years steel fabricators have pointed out that a minimum weight

design is often not the most economical design. In particular, they have

pointed out that limiting the variety of shapes used in a structure can result

in substantial savings in the fabrication cost. They have, in fact, charged less

when the designer used a fewer number of section types or components. A

computational model has been presented for the multi-criteria cost optimiza-

tion of structures considering three different criteria simultaneously: mini-

mum cost, minimum weight, and minimum number of section types. While

the computational model is based on advanced computational technologies

including fuzzy logic, genetic algorithm, and multi-criteria optimization, it

is used to solve a real-world problem of great interest to design engineers.

An important conclusion of this study is that solving the structural design

problem as a cost optimization problem can result in substantial cost savings

compared with the traditional weight optimization solution, especially for

large moment-resisting structures with hundreds or thousands of members.

In the second example, a 36-story moment-resisting frame with bracings, the

cost savings are substantial and in the range of 15.6% to 28.8%.
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Parallel Computing

6.1 Multiprocessor Computing Environment

The high-performance computing environment used in this book for

optimization of very large building structures is the Origin 2000 multi-

processor, a distributed shared memory multiprocessor machine with a

hypercube architecture in terms of routers (Figure 6.1), developed by Silicon

Graphics Inc. (SGI, 2000a, 2000b, 2000c). A router (identified by R in

Figure 6.1) is a switch that allows simultaneous multiple transactions among

the processors. Each node board, identified by N in Figure 6.1, is a clus-

ter of two processors, each with its own cache, but with a common main

memory and an associated directory used for maintaining cache coherence

(SGI, 2000a). Cache coherence is the ability of the computer system to main-

tain data consistency during parallel execution (to be discussed later in this

section). Further, the processors in a node board are connected to the I/O

devices through a hub.

The Origin 2000 multiprocessor used in this work at the Ohio Supercom-

puter Center has thirty-two 300MHz IP27 processors arranged into 16 node

boards (Figure 6.1). Each processor has an MIPS R12000 CPU, an MIPS

R12000 floating-point unit, a 32 kbytes on-chip data cache, a 32 kbytes on-

chip instruction cache, and an 8Mbytes secondary unified cache (i.e. it serves

as both data and instruction cache). Each two processors of a node board

share a common local main memory with a size of 1.0Gbytes. Thus, the 16

node boards have a total main memory of 16Gbytes. Each processor can

have access to the local main memories of other processors. The local main

Cost Optimization of Structures: Fuzzy Logic, Genetic Algorithms, and Parallel Computing H. Adeli and

K. C. Sarma © 2006 John Wiley & Sons, Ltd
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Figure 6.1 Architecture of the Origin 2000 supercomputer

memory of a processor will be the remote main memory of other processors

on remote boards.

The distributed memories of the node boards are connected to other

processors through routers via very fast Cray Hyperlink network connec-

tions, allowing efficient two-way information traffic among the connected

processors. Though in the general hypercube configuration the processors

are connected to their neighboring processors only (identified by solid lines

in Figure 6.1), in the Origin 2000 supercomputer the most distant processors

are also connected directly (shown by dotted lines in Figure 6.1) in order to

increase the efficiency of the message flow.

For each processor the memory access hierarchy is (a) register (located

inside the processor), (b) level-1 cache, (c) level-2 cache, (d) local main
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Figure 6.2 Pyramid representation of the memory hierarchy of Origin 2000

memory, and (e) remote main memory. Figure 6.2 shows the pyramidal

nature of this memory hierarchy. It displays roughly the relative sizes

of various memory types and the latency of retrieving data from them.

The latencies of retrieving data from level-1 and level-2 caches are 1 and

10 clock periods (1 clock period = 3.33 nanoseconds on Origin 2000

used in this work), respectively. Latencies of memory access from local

and remote main memories are 60 and [60+ 20∗(number of router hops)]

clock periods, respectively (Ennis and Baer, 1999). The data bandwidth

on Origin 2000 is 600Mbytes/s. Such a parallel processing computing

environment is known as a scalable nonuniform memory access (NUMA)

system. In such a system, instead of passing messages among the pro-

cessors, the interconnections among the processors provide a distributed-

shared memory that can be accessed by any processor but at different

latencies.

By combining some hardware and software features, the operating system

of Origin 2000 moves the most used segment (page) of read–write data to

a memory closer to the processor. This feature is called page migration.

In the case of read-only data, instead of migrating, the operating system repli-

cates the data. By using these two features, page migration and replication,

Origin 2000 reduces the latencies of memory access. For cache coherency,



128 Parallel Computing

Origin 2000 uses the directory-based coherency protocol. In this protocol,

a processor takes exclusive ownership of the data when it modifies a cache

line (a data segment on the cache) and invalidates the same data on other

processors’ caches by transmitting appropriate signals. Thus, other proces-

sors cannot use that particular cache line from their own cache to read the

same data; instead, they obtain the data from the cache where the modified

data exist. The cache, which owns that cache line, relinquishes its ownership

once the data are updated in the main memory.

Though the Origin 2000 supercomputer at the Ohio Supercomputer Center

has 32 processors, depending on the memory requirements and computa-

tional time only up to 16 processors are available to the users for parallel

computation in a batch-processing environment.

6.2 Parallel Processing Implementation Environment

Since Origin 2000 is a distributed shared memory multiprocessor it supports

both shared memory data parallel processing using OpenMP API (Appli-

cation Programming Interface) and distributed memory message passing

parallel processing using MPI (Message Passing Interface). In the next

chapter, parallel algorithms are first created using both parallel processing

environments and their relative efficiency is evaluated for large-scale struc-

tural optimization. Next, a bilevel parallel processing model is presented for

large-scale structural optimization using GA through judicious combination

of the two aforementioned approaches.

6.2.1 OpenMP Data Parallel Application Programming

Interface (API)

OpenMP is an API that supports parallel programming in C/C++ and

Fortran on many operating systems including UNIX and Windows NT,

and is supported by many major hardware and software vendors (OpenMP,

2000). It consists of compiler directives, library routines, and environ-

ment variables (variables whose values are set in the shell environment

independent of the application program) used for parallel computing in shared

memory environments. The directives extend C/C++ and Fortran sequen-

tial programs to single-program multiple data (SPMD), work-sharing, and

synchronization constructs. OpenMP facilitates portable and scalable parallel

programming in a wide range of shared-memory multiprocessors. It is effi-

cient both in fine-and course-grained parallelization. OpenMP can function
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efficiently in a globally addressable and cache coherent distributed-shared

memory system with minimum latency and with no explicit address map-

ping such as Origin 2000. OpenMP provides many directives for managing

private and shared data, query functions, and conditional compilation

supports.

Using OpenMP directives, the parallel algorithm and software developer

still has to manage data dependencies, racing conditions, and processor

deadlocks that may cause incorrect parallel computations. OpenMP uses a

fork-and-join paradigm of parallel execution (Figure 6.3). OpenMP creates

a single thread, the so-called master thread, to begin the execution of a

given parallel region. When it encounters parallel directives it creates addi-

tional threads, referred to as slave threads. At the end of the parallel region,

the threads are joined and the computational results are passed on to the

master thread. Each thread is created for a processor to perform a specific

task. More than one thread can be created for any given processor.

For solving the sparse linear equations encountered in the analysis of

structures, parallel banded solver routines (multiple-thread supported or

thread-safe) from the package LAPACK (Anderson et al., 1999) are used.

Figure 6.3 OpenMP fork-and-join parallel processing paradigm
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6.2.2 Message Passing Interface (MPI)

Message Passing Interface (MPI) is the standard portable message passing

parallel programming interface for distributed memory systems used by a

large number of vendors, implementers, and end users since 1994. MPI is a

library of message passing and related functions or routines in C and Fortran

languages. It was originally created for numerically intensive computations

on massively parallel computers and a networked cluster of workstations.

It improves the performance of scalable multiprocessors with specialized

interprocessor communication hardware such as Connection Machine and

Cray T3E. It is now also available on shared-memory multiprocessors. The

implementation of MPI on top of the standard UNIX interprocessor com-

munication protocols enhances its portability in a heterogeneous network of

computers. Though MPI has a large set of functions (in the order of 125),

an effective message passing interface can often be created by using only its

six basic functions. Language-independent notations are used to specify the

functions of MPI. For parallel or distributed processing, MPI buffers mes-

sages temporarily and stores internal representations of different MPI objects

without needing the parallel algorithm developer to specify their sizes or

locations (MPI, 1995, 2000).

6.3 Performance Optimization of Parallel Programs

C programming language is used in the parallel processing work. The parallel

processing performance of the implemented program is optimized using a

number of schemes:

1. The number of function calls is reduced as much as possible without

adversely affecting the modular structure of the parallel program.

2. Unit strides (index increments of arrays) are used as much as feasible in

order to increase the rate of cache hits.

3. The memory allocation for arrays within functions (subroutines) is done

statically in order to reduce the overhead for optimization of the executable

code by the compiler. In the main program, however, this overhead is

insignificant and consequently the memory is allocated dynamically.

4. Short loops are eliminated by repeating the expressions comprising the

loops (loop unrolling) in order to eliminate the overhead associated with

calling a loop.
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5. Compiler directives are used to pre-fetch data to the cache before they

are needed in the computation in order to reduce memory access time.

6. Small subroutines are transferred into larger subroutines (subroutine

inlining) to eliminate procedure call overheads with the Origin-specific

compiler directives.

7. On Origin 2000 compilers, a division operation takes more time than a

multiplication operation; consequently, division operations are replaced

by equivalent multiplication operations wherever possible.
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Parallel Fuzzy Genetic

Algorithms for Cost

Optimization of Large Steel

Structures

7.1 Genetic Algorithm and Parallel Processing

The advantage of the genetic algorithm (GA) in structural optimization is

its improved chance of yielding the global optimum (Goldberg, 1989; Adeli

and Hung, 1995). Adeli and Cheng (1993) presented an early application

of GA in structural optimization, as discussed in Chapter 2. Many other

structural engineering applications of GA have been published in recent

years, e.g. Adeli and Cheng (1994a,1994b), Hajela et al. (1998), Jenkins

(1998), Koumousis and Arsenis (1998), Lin and Yang (1998), Rajeev and

Krishnamoorthy (1998), Soh and Yang (1998), Thierauf and Cai (1998),

Park and Grierson (1999), Savic et al. (1999), and Yeh (1999).

The disadvantage of GA is the high cost of function evaluation, especially

for large structures and larger population sizes, where many design iterations

are needed to find the global optimum. In such cases, thousands of population

strings have to be created, requiring a large number of structural analyses

in each design iteration. In order to apply GA-based optimization to large

structures Adeli and Cheng (1994b) were the first to present parallel or con-

current augmented Lagrangian genetic algorithms for the minimum weight

design of space truss structures utilizing the multiprocessing capabilities

Cost Optimization of Structures: Fuzzy Logic, Genetic Algorithms, and Parallel Computing H. Adeli and

K. C. Sarma © 2006 John Wiley & Sons, Ltd
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of high-performance computers such as the Cray YMP8/864 (Adeli 1992a,

1992b; Adeli and Kamal, 1992, 1993; Adeli and Soegiarso, 1999; Adeli

and Kumar, 1999). The parallel algorithms were used to find the minimum

weight design of large space axial-force structures and their parallel pro-

cessing speed-up was evaluated. For a 35-story space truss tower with 1262

members a high speed-up of 7.7 was achieved using eight processors.

An attractive feature of GA-based structural optimization algorithms is

their adaptability to effective parallel processing on scalable distributed mem-

ory multiprocessors. In a GA-based optimization procedure 95% to 98% of

the computation time is spent on the evaluation of fitness functions includ-

ing the finite element analyses of structures (Adeli and Kumar, 1995b). The

fitness function evaluation is done for each population separately. Therefore,

in principle at least 95% of the computations in the GA-based optimization

algorithm can be performed concurrently without any need for interprocessor

communications.

Adeli and Kumar (1995a) present a computational model and concurrent

genetic algorithms for optimization (minimum weight design) of large space

structures on massively parallel supercomputers by exploiting parallelism

at both the coarse-grained design optimization level in the genetic search

and the fine-grained fitness function evaluation level. The algorithms are

implemented on Connection Machine CM-5 and applied to the minimum

weight design of large steel structures, including a 4016-member tower,

subjected to the constraints of the AISC ASD specifications (AISC, 1995).

Adeli and Kumar (1995b) present a distributed GA for optimization of

large structures on a cluster of workstations connected through a local area

network.

As mentioned earlier, sequential execution of a GA-based optimization

procedure for a large structure such as a moment-resisting space high-rise

frame structure with thousands of members requires an excessive amount

of processing time. This is an aspect of the GA hardly discussed in the

literature because the published papers deal mostly with small to medium

size problems. For example, the multi-criteria cost optimization of the 3228-

member 36-story moment-resisting steel space frame with cross-bracings

subjected to the AISC ASD code constraints mentioned earlier and reported

in Chapter 5 takes a few days of a single processor of SGI Origin 2000.

Further, solution of problems of this size using a GA-based optimization

algorithm requires large cache sizes, a large main memory, and a high

memory bandwidth (the rate of data communicated between the processors

and the memory per second). Optimization of the aforementioned structure

cannot be obtained on a single workstation in any reasonable amount of time.
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This is the motivation for developing parallel algorithms on high-performance

multiprocessor machines (Adeli 1992a,1992b; Adeli and Kamal, 1993; Adeli

and Soegiarso, 1999).

7.2 Cost Optimization of Moment-Resisting Steel Space

Structures

In Chapters 4 and 5 the basis of design was the AISC ASD code (AISC,

1995). In this chapter, both AISC ASD as well as the more complicated

AISC LRFD code (AISC, 2001) are used. In a moment-resisting steel space

frame, according to the LRFD code the following interaction equation has

to be satisfied for each beam–column member i:

Pui

�cPni

+
8

9

(

Muix

�bMnix

+
Muiy

�bMniy

)

≤ 1�0 for
Pui

�cPni

≥ 0�2

Pui

2�cPni

+

(

Muix

�bMnix

+
Muiy

�bMniy

)

≤ 1�0 for
Pui

�cPni

< 0�2

(7.1)

where Muix and Muiy are the required flexural strengths of the ith member

about the major and minor axes, respectively; Mnix and Mniy are the nom-

inal flexural strengths of the ith member about the major and minor axes,

respectively; Pui and Pni are the required and nominal compressive strengths

of the ith member, respectively; and �b and �c are the resistance factors for

flexure and compression, respectively. The nominal compressive strength of

the ith member is calculated as

Pni =FcrAi (7.2)

In equation (7.2), Ai is the cross-sectional area of the ith member and the

critical buckling stress Fcr is calculated as

Fcr =

⎧

⎨

⎩

�0�658�
2
c �Fy for�c ≤ 1�5

(

0�877

�2
c

)

Fy for�c > 1�5
(7.3)

where

�c =
Kli
�r

√

Fy

E

E is the modulus of elasticity, r is the governing radius of gyration, and Fy

is the yield stress.
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The AISC ASD and LRFD codes (AISC, 1995, 2001) provide alignment

charts for finding the values of the effective length factor K based on the

numerical solution of the transcendental equations. In this work, the values

of K are found by approximate but explicit equations used in the European

steel design code as defined by equations (5.6) and (5.7). It has to be pointed

out that equation (7.1) is a complicated constraint and a highly nonlinear

implicit and discontinuous function of design variables. Such constraints are

known to create convergence difficulies for optimization algorithms.

7.3 Data Parallel Fuzzy Genetic Algorithm for

Optimization of Steel Structures Using OpenMP

The GA-based optimization procedure is an intrinsically parallel method and

may be implemented in a manner sometimes referred to as ‘embarrassingly

parallel’, in the sense that all the processors may run in parallel without

any need for communication. For example, for a string population of size N

(say 200) and Np processors (say 8), the workload can be divided equally by

assigning each processor N/Np�200/8= 25� populations. Therefore, perfect

load balancing is achieved provided that N is a multiple of Np. While this may

be the best approach from a purely parallel processing point of view it will

not create the most efficient GA-based optimization algorithm, especially

for large systems. This is because the solution convergence of a GA-based

optimization algorithm depends on the size of the string population.

A smaller population size usually requires more iterations for convergence

to a local optimum. Further, by dividing a large population size into Np

smaller populations, the chance of obtaining the global optimum is decreased.

Topping et al. (1998) report the ineffectiveness of the reproduction for smaller

population sizes, ‘resulting in incestuous crossbreeding and premature con-

vergence’. However, a large population for a large structure consisting of

thousands of members requires an inordinate amount of processing time. For

a moment-resisting space structure (having six degrees of freedom per node)

with thousands of members and several hundreds of design variables, a large

population size in the order of two to three times the number of variables is

needed.

The parallel fuzzy GA for cost optimization of steel structures based on

OpenMP API is shown schematically in Figure 7.1. In this algorithm as

well as the ones presented in the following two sections, parallel processing

is performed only in the first stage of the cost optimization algorithm since the

second stage takes less than 1% of the total processing time. In the parallel
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Figure 7.1 Macro flowchart for a data parallel fuzzy GA for optimization of steel
structures using OpenMP

algorithm presented in Figure 7.1, only coarse grain parallel computations are

performed. OpenMP parallel directives are used to create a number of threads

to distribute the population among the processors equally. The population

size is chosen as a multiple of the processors. The number of threads is equal

to the number of assigned processors. Different processors of the Origin
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2000 supercomputer have direct access to each other’s memory, which is a

prerequisite for data parallel processing with OpenMP directives.

Very large structures considered in this book require a large amount of

memory in the order of 2Gbytes or more for execution and storing the data.

The capacity of each local memory on each node board of the Origin 2000

is only 1Gbyte. In such a case, the data is distributed across the distributed

memories of the Origin 2000. In a sequential processing, the single processor

has to access data from the remote memories with non-uniform latencies,

which slows down the processing speed substantially.

However, when OpenMP is used, instead of one processor, multiple pro-

cessors will be acting on the dataset and each processor will have an easy

access to its required data in its own local memory or in a memory in its

neighborhood. Furthermore, the number of caches is also increased in pro-

portion to the number of processors. There will be a fewer number of cache

misses (when a processor does not find the data in a cache line and must

reload the data). The page migration and replication features (discussed ear-

lier) move or copy, respectively, the required data to the local memory of

the processor or to the memories of processors close to that processor (when

its own local memory is insufficient for the transferred data), resulting in a

very high level of computational efficiency. Under OpenMP the Origin 2000

operating system tries to optimize the data locality for each processor. Due

to these reasons, parallel processing using OpenMP results in a significant

drop in computational time and super-linear speed-up. This is demonstrated

in the speed-up results for the two large example structures presented in a

subsequent section.

7.4 Distributed Parallel Fuzzy Genetic Algorithm for

Optimization of Steel Structures Using MPI

For distributed message passing parallel processing using MPI two different

schemes are investigated: the processor farming scheme and the migration

scheme.

7.4.1 Processor Farming Scheme

The parallel fuzzy GA for optimization of steel structures based on the pro-

cessor farming scheme is shown schematically in Figure 7.2. This algorithm

is similar to the distributed GA of Adeli and Kumar (1995b) developed on a

cluster of workstations using dynamic load balancing and message passing
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Figure 7.2 Macro flowchart for the distributed parallel fuzzy GA optimization of steel
structures using the MPI and the processor farming scheme

constructs from the parallel virtual machine (PVM) API (Adeli and Kumar,

1999). Only coarse grain parallel computations are performed. MPI parallel

function calls are used to define a master processor and Np− 1 slave proces-

sors. The random generation of initial values of the GA variables for entire

N populations is performed by the master processor. The master processor

also performs the GA selection, crossover, and mutation operations for the

second and subsequent generations.
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The population size is chosen as a multiple of the total number of

processors. For the evaluation stage of the fuzzy GA, which includes finite

element analyses of the structure, N populations are divided among Np avail-

able processors equally. At the end of this stage, the populations assigned

to different processors are combined together in one common mating pool

in the master processor, where GA selection, crossover, and mutation oper-

ations are performed. Consequently, the fitness function evaluation, which

consumes at least 95% of the total processing time, is done concurrently by

all the processors.

The master processor initializes the population of strings and other genetic

parameters. Then it broadcasts the information to the slave processors. The

slave processors are active only at the fitness evaluation stage. In order to

coordinate the communications among the slave and master processors, three

barrier synchronization flags are inserted at different stages of computations.

Each slave processor does its share of fitness function computations including

the finite element analyses of the structure and sends its report (results) to the

master processor through a message passing function. The master processor

receives the reports from the slave processors one at a time (sequentially).

Then, it initiates the GA selection, crossover, and mutation operations and

broadcasts the new population information to the slave processors. The loop

continues until one processor satisfies the convergence criteria. When a slave

processor meets the convergence criteria it sends the final results to the

master processor and broadcasts a signal to all other processors to stop. On

the other hand, if the master processor meets the convergence criteria it only

broadcasts the stopping signal to the slave processors. The broadcasting of

the stopping signal to other processors is necessary to prevent the processors

running unnecessarily and to avoid any deadlock situation.

7.4.2 Migration Scheme

In this scheme all processors are treated equally and N populations are

divided among Np available processors equally right from the beginning

(Figure 7.3). Each processor randomly generates initial values of the GA

variables and performs the GA selection, crossover, and mutation operations

on its own assigned population. To improve the convergence of the algo-

rithm a migration strategy is used to create diversity among the populations

assigned to various processors. This diversity is achieved by creating a virtual

ring topology for the Np processors and passing a pre-set percentage (say,

one-third or one-fourth) of populations from one processor to its neighbor
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Figure 7.3 Macro flowchart for the distributed parallel fuzzy GA for optimization of
steel structures using the MPI and the migration scheme

in a cyclic order. Each processor sends the pre-set percentage of population

information to its right neighbor and receives the information for the same

percentage of population from its left neighbor.

The MPI API provides the capability to create a virtual topology, where the

operating system treats the participating processors according to a topology

defined by the parallel algorithm and software developer. In this work, a
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one-dimensional virtual topology in the shape of a ring is created using the

MPI virtual topology directive. In this scheme the processors are assigned

some virtual coordinates (using numbers 0 to Np − 1) to define neighboring

processors in the virtual topology for the purpose of communication among

themselves, even though physically they may not be neighbors. This scheme

is scalable for any given number of processors, and consequently lends itself

effectively to parallel processing.

For message passing each processor sends a message object with the infor-

mation about the migrating population (according to the pre-set percentage)

to its right neighbor and receives another object with similar information

from its left neighbor (as defined by the virtual coordinates). These popu-

lation objects contain the binary string of individual variables, their fitness

values, and the number of population sent in the object. After a cycle of

migration, each processor performs the fitness function evaluation on its

complete diversified population. When a processor attains the Lagrangian

function convergence criteria, it sends the results to processor 1 through

a message passing construct and broadcasts a stopping signal to all other

processors (Figure 7.3).

7.5 Bilevel Parallel Fuzzy GA for Optimization of Steel

Structures Using OpenMP and MPI

In order to improve the parallel processing speed-up and efficiency of the

algorithms, a bilevel parallel fuzzy GA is presented using OpenMP data

parallel threads within the MPI distributed processing environment. The

OpenMP threads/processors perform the fitness function evaluation using

finite element analyses. The distributed shared memory architecture of the

Origin 2000 supercomputer allows implementation of such a bilevel parallel

algorithm, where parallel processing is performed at two levels with two

different parallel processing paradigms, message passing and data parallel.

Besides having direct access to each other’s memory, which is a prerequisite

for data parallel processing with OpenMP, Origin 2000 supports the message

passing MPI libraries where each processor can have its own virtual private

memory, which can be accessed by other processors only with message pass-

ing routines. The bilevel parallel algorithm, however, can be implemented

on any distributed shared memory architecture.

Two different versions of the bilevel parallel algorithms are presented,

one with processor farming and the other with migration message passing

schemes. These two bilevel parallel algorithms are also presented schemati-

cally in Figures 7.4 and 7.5, respectively.
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Figure 7.4 Macro flowchart for the parallel fuzzy GA for the optimization of steel
structures using the bilevel method combining OpenMP and the MPI processor farming
scheme
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Figure 7.5 Macro flowchart for the parallel fuzzy GA for the optimization of
steel structures using the bilevel method combining OpenMP and the MPI migration
scheme
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7.5.1 Bilevel Parallel Fuzzy GA with the Processor Farming

Scheme

Step 1. Select a number of processors as MPI processors and initialize

them. Processor 1 is called the master processor and the remaining

processors are dubbed slave processors.

Step 2. Input the structural and GA attributes to the MPI processors con-

currently.

Step 3. If the iteration number is one, generate the initial values of GA

design variables randomly by the master processor, then go to

step 5. Otherwise, go to step 4.

Step 4. Perform the genetic selection, crossover, and mutation operations

using the MPI master processor.

Step 5. Broadcast the genetic information from the MPI master processor to

the MPI slave processors (barrier synchronization flags are provided

before and after the broadcasts to synchronize the slave processors

with the master processor).

Step 6. Create multiple OpenMP threads or processors byMPI processors to

perform evaluation of the fitness function using OpenMP directives.

(The total number of threads is equal to the total number of active

physical processors. The parallel processing control now goes to

OpenMP.)

Step 7. Perform the fuzzy GA minimum weight design (the first stage of the

multi-criteria cost optimization algorithm) including a fitness func-

tion evaluation, finite element analyses, an AISC design constraint

evaluation, and computation of the fuzzy membership function by

each OpenMP processor on its share of the population concurrently.

Step 8. Check the convergence criteria by each OpenMP processor. If the

convergence criterion is not met, go to step 9. If the convergence

criterion is met in an OpenMP processor, then the OpenMP loop

is terminated in all OpenMP processors within the associated MPI

processor and the control is transferred to that MPI processor. If

the MPI processor is a slave processor it sends the results to the

MPI master processor and broadcasts signals to other slave MPI

processors to stop. Go to step 12.

Step 9. Join the OpenMP threads and release the OpenMP slave processors.

(Barrier synchronization flags are provided after the OpenMP join

operation so that each MPI processor waits for other MPI processors

before sending the fitness function evaluation information to the

master processor.)
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Step 10. Send fitness function information from the slave processors to

the master processor sequentially using the MPI send and receive

procedures.

Step 11. If the iteration number is less than the specified maximum number

of iterations go to step 4.

Step 12. Stop MPI.

7.5.2 Bilevel Parallel Fuzzy GA with the Migration Scheme

Step 1. Select a number of processors as MPI processors and initialize them.

Step 2. Input the structural and GA attributes to the MPI processors con-

currently.

Step 3. If the iteration number is one, generate the initial values of GA

design variables randomly by each MPI processor for its share of

the N/Np population and then go to step 5.

Step 4. Perform the genetic selection, crossover, and mutation operations

by each MPI processor on its share of the N/Np population.

Step 5. Create multiple OpenMP threads or processors by MPI processors

to perform an evaluation of the fitness function using OpenMP

directives. (The total number of threads is equal to the total number

of active physical processors. The parallel processing control now

goes to OpenMP.)

Step 6. Perform the fuzzy GA minimum weight design (the first stage of the

multi-criteria cost optimization algorithm), including a fitness func-

tion evaluation, finite element analyses, an AISC design constraint

evaluation, and computation of the fuzzy membership function by

each OpenMP processor on its share of the population concurrently.

Step 7. Check the convergence criteria by each OpenMP processor. If the

convergence criterion is not met, go to step 8. If the convergence

criterion is met in an OpenMP processor, then the OpenMP loop

is terminated in all OpenMP processors within the associated MPI

processor and the control is transferred to that MPI processor. If the

MPI processor is not processor 1, it sends the results to processor 1.

The MPI processor broadcasts signals to other MPI processors to

stop. Go to step 11.

Step 8. Join the OpenMP threads and release the OpenMP slave processors.

Step 9. Send and receive a predetermined percentage of the population

information (for example, one-fourth) to and from the right and left

neighboring processors, respectively, using the virtual ring topology

of the MPI and MPI send-and-receive protocol.
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Step 10. If the number of iterations is less than the specified number of

iterations go to step 4.

Step 11. Stop MPI.

7.6 Application to High-Rise Building Steel Structures

The implemented parallel algorithms are used to find the minimum cost

design solutions for two large moment-resisting steel space frame building

structures. These structures are designed according to both AISC ASD and

LRFD specifications (AISC, 1995, 2001).

7.6.1 Example 1

This example is the same 36-story irregularmoment-resisting steel space frame

structure with setbacks and cross-bracings discussed in Chapter 5 (Figures 5.6

and 5.7). Details of this example and the loading and displacement con-

straints are presented in Adeli and Park (1998) and Chapter 5. Figure 7.6

Figure 7.6 Design histories for the fuzzy GA minimum weight design for the 36-story
example structure using the MPI and the migration scheme
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Figure 7.7 Design histories for the fuzzy GA minimum weight design for the 36-story
example structure using the MPI and the processor farming scheme

presents the convergence results for the distributed fuzzyGAusing theMPI and

the migration scheme. Figure 7.7 presents the convergence results for the

distributed fuzzy GA using the MPI with the processor farming scheme.

The data parallel fuzzy GA using OpenMP would yield results similar to

those presented in Figure 7.7. The optimum design solutions obtained by the

fuzzy multi-criteria discrete optimization model based on the LRFD code

for cases A, B, C, and D defined in Section 5.8 are presented in Table 7.1,

together with the minimumweight solution reported in Adeli and Park (1998).

Similar results based on the ASD code are presented in Table 5.2.

Using the LRFD code, the minimum material cost solution, case A of the

current study, is 29.5% less expensive than the minimum weight solution

of Adeli and Park (1998), but the number of different types of shapes is 51

compared with 24 in Adeli and Park (1998). The increases of the material

costs with the reduction in the number of section types by increasing the value

of Ni are also studied. The optimum solution obtained for case C(iii) with only

23 different types of shapes is about 13.5% less expensive than the minimum

weight solution of Adeli and Park (1998) with 24 different types of shapes.
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Table 7.1 Optimum design solutions obtained by the fuzzy discrete multi-criteria cost
optimization model based on the LRFD code for the 36-story structure (Example 1)

Type of study Material cost of

the structure

Weight of the structure Total number of

section types

Case A for

Ni = 6�10�15

$6 133 422 14538.3 kN (3268.5 kips) 51

Case B for

Ni = 6�10�15

$6 265 238 14470.2 kN (3253.2 kips) 60

Case C(i) for

Ni = 6

$6 321 856 14959.1 kN (3363.1 kips) 36

Case C(ii) for

Ni = 10

$6 789 793 15924.3 kN (3580.1 kips) 28

Case C(iii) for

Ni = 15

$7 525 915 17517.6 kN (3938.3 kips) 23

Case D(i) for

Ni = 6

$6 279 168 14902.1 kN (3350.3 kips) 37

Case D(ii) for

Ni = 10

$6 576 508 15574.7 kN (3501.5 kips) 29

Case D(iii) for

Ni = 15

$7 012 014 16403.8 kN (3687.9 kips) 24

Adeli and Park

(1998) (discrete

minimum

weight design)

$8 696 327 20342.9 kN (4573.5 kips) 24

Comparing the optimum design results based on the LRFD code presented in

Table 7.1 with similar results based on the ASD code presented in Table 5.2,

it is observed that the LRFD code results in cost savings in the range of 3.0%

(for the minimum section type solution) to 6.9% (for the minimum weight

solution).

7.6.2 Example 2

This example (Figures 7.8 and 7.9) is a 144-story super high-rise multi-story

steel building frame structure classified as a modified tube-in-tube system

with moment-resisting space frames and exterior cross-bracings. A minimum

weight solution for the same example is presented by Adeli and Park (1998)

who created and solved this large-scale optimization problem for the first

time (Park and Adeli, 1997a). This structure has 8463 joints and 20 096
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Figure 7.8 A 144-story steel space moment-resisting frame structure (Park and
Adeli, 1997a)

members linked to 568 design variables, using the same design linking

strategy used by Adeli and Park (1998). The structure is designed for com-

binations of dead, live, and wind loads according to the Uniform Building

Code (1997). For details of this example including the loading the reader
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Figure 7.9 Floor plan for the 144-story space moment-resisting frame structure (Park
and Adeli, 1997a)

should refer to Adeli and Park (1998). Figure 7.10 presents the convergence

results for the distributed fuzzy GA using the MPI and the migration

scheme. Figure 7.11 presents the convergence results for the distributed fuzzy

GA using the MPI with the processor farming scheme. The data parallel

fuzzy GA using OpenMP would yield results similar to those presented in

Figure 7.11.
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Figure 7.10 Design histories for the fuzzy GAminimum weight design for the 144-story
example structure using the MPI and the migration scheme

Figure 7.11 Design histories for the fuzzy GAminimum weight design for the 144-story
example structure using the MPI and the processor farming scheme
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The optimum design solutions obtained by the fuzzy multi-criteria discrete

optimization model based on the ASD and LRFD codes for cases A, B, C,

and D defined in Section 5.8 are presented in Tables 7.2 and 7.3, respectively,

along with the minimum weight solutions reported in Adeli and Park (1998).

Table 7.2 Optimum design solutions obtained by the fuzzy discrete multi-criteria cost
optimization model based on the ASD code for the 144-story structure (Example 2)

Type of study Material cost of

the structure

Weight of the structure Total number of

section types

Case A for

Ni = 6�10�15

$281 265 784 544 950.7 kN (122 515.9 kips) 67

Case B for

Ni = 6�10�15

$284 129 192 543 004.3 kN (122 078.3 kips) 97

Case C(i) for

Ni = 6

$295 334 062 573 030.5 kN (128 828.8 kips) 49

Case C(ii) for

Ni = 10

$310 848 325 604 287.5 kN (135 856.0 kips) 34

Case C(iii) for

Ni = 15

$333 705 045 648 279.5 kN (145 746.3 kips) 27

Case D(i) for

Ni = 6

$295 296 654 572 684.0 kN (128 750.9 kips) 52

Case D(ii) for

Ni = 10

$302 604 951 587 969.1 kN (132 187.3 kips) 39

Case D(iii) for

Ni = 15

$331 035 636 642 985.5 kN (144 556.1 kips) 31

Adeli and Park

(1998)

(discrete

minimum

weight design)

$367 139 910 682 240.5 kN (153 381.4 kips) 20

Table 7.3 Optimum design solutions obtained by the fuzzy discrete multi-criteria cost
optimization model based on the LRFD code for the 144-story structure (Example 2)

Type of study Material cost of

the structure

Weight of the structure Total number of

section types

Case A for

Ni = 6�10�15

$269 325 529 520 721.1 kN (117 068.6 kips) 69

Case B for

Ni = 6�10�15

$272 036 160 519 180.8 kN (116 722.3 kips) 93

Case C(i) for

Ni = 6

$291 505 329 564 522.4 kN (126 916.0 kips) 54



154 Parallel Fuzzy GAs for Cost Optimization

Table 7.3 (Continued)

Type of study Material cost of

the structure

Weight of the structure Total number of

section types

Case C(ii) for

Ni = 10

$311 123 932 604 678.0 kN (135 943.8 kips) 35

Case C(iii) for

Ni = 15

$328 089 790 636 515.9 kN (143 101.6 kips) 33

Case D(i) for

Ni = 6

$280 182 608 541 977.7 kN (121 847.5 kips) 59

Case D(ii) for

Ni = 10

$295 543 749 573 461.1 kN (128 925.6 kips) 49

Case D(iii) for

Ni = 15

$309 322 213 599 830.6 kN (134 854.0 kips) 37

Adeli and Park

(1998) (discrete

minimum

weight design)

$359 879 363 669 278.1 kN (150 467.2 kips) 21

Case B of the current study yields the minimum weight solution. As in Adeli

and Park (1998), in this example standard wide flange rolled shapes cannot

be used for the columns in section 1, some of the columns in section 2, and a

few beams at the top of section 1. Built-up sections consisting of a W shape

and two plates are used for those members, as shown in Figure 7.12. The

costs of these built-up sections are assumed to be proportional to the weight

of the original rolled shapes on which they are fabricated.

For an optimum design based on the ASD code, the minimum material

cost solution, case A of the current study, is 23.4% less expensive than

the minimum weight solution of Adeli and Park (1998), but the number of

different types of shapes is 67 compared with 20 in Adeli and Park (1998).

Cases C and D of the current study present the solution for the minimum

section type and equal importance of the three criteria. The increases of the

material costs with the reduction in number of section types by increasing the

value of Ni are also studied for these two cases and are noted in Table 7.2.

The optimum solution obtained for case C(iii) is about 9.1% less expensive

than the minimum weight solution of Adeli and Park (1998). Similar results

are obtained for optimum designs based on theLRFD code.

Comparing the optimum design results based on the ASD code presented

in Table 7.2 with those based on the LRFD code presented in Table 7.3, it

is observed that the latter code results in cost savings in the range of 1.7%
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Figure 7.12 Built-up section used in the 144-story steel space moment-resisting frame
structure

(for the minimum section type solution) to 4.3% (for the minimum weight

solution).

7.7 Parallel Processing Performance Evaluation

7.7.1 Data Parallel Fuzzy GA Using OpenMP

Speed-up results for Example 1 (the 36-story structure) relative to two

processors for up to 16 processors (eight-node boards) are presented in

Figure 7.13. It was not possible to obtain converged results using a single

processor within a reasonable time. Thus, the speed-up is measured compared

with the wall-clock time using two processors. The 36-story structure requires

about 2 Gbytes of main memory for execution of the code. As explained

earlier in this chapter, and shown in Figure 7.13, the data parallel algo-

rithm using OpenMP results in a super-linear speed-up curve. It is observed

in Figure 7.13 that the speed-up curve reaches its peak value of 3.06 for

six processors, after which it declines. Speed-up reduces to 2.88 for eight

processors and remains virtually the same (2.80) for up to 16 processors.

This can be explained as follows. Six processors (three node boards)

providing 3 Gbytes of memory accommodate approximately 2 Gbytes of
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Figure 7.13 Speed-up curve for the OpenMP data parallel technique for the 36-story
example structure

memory needed for this example, and allow the data parallel OpenMP API

to access data efficiently, resulting in high-level speed-ups. Beyond six

processors there is no further gain in memory access efficiency and parallel

processing speed-up.

For problems requiring more than 8 Gbytes of memory, the number of

Origin 2000 processors available at the Ohio Supercomputer Center is limited

to a maximum of eight. Speed-up results for Example 2 (the 144-story

structure) relative to three processors using up to eight processors (four-node

boards) are presented in Figure 7.14. The reason for measuring speed-up

relative to three processors is that at least three processors are needed for

obtaining converged results for the 144-story structure. This structure requires

about 10 Gbytes of main memory for execution of the code. As in Example 1,

the data parallel algorithm using OpenMP results in a super-linear speed-up

curve. In Figure 7.14, the speed-up increases with the increase in the number
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Figure 7.14 Speed-up curves for the OpenMP data parallel technique for the 144-story
example structure

of processors, reaching a peak value of 4.24 for eight processors. This high

value of speed-up using OpenMP is due to the tremendous amount of cache

misses and page faults (when the data are not found in the main memory

and have to be copied from the disk) encountered in sequential operation

of a very large dataset. The number of cache misses and page faults reduce

drastically as the number of processors is increased and the Origin 2000

operating system moves and copies the data to the memories closer to the

processors by using page migration and replication procedures.

7.7.2 Distributed Parallel Fuzzy GA Using MPI

In distributed parallel processing using MPI, a processor cannot access

the memory of any other processor except with a request to that effect

using an MPI function call, which is a communication bottleneck creating a
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rather significant overhead. Compared with OpenMP, the parallel processing

performance of a parallel algorithm using the MPI is not impressive due to

the nonproximity of available data, unlike OpenMP processing where the

operating system tries to optimize the data locality.

7.7.2.1 Processor Farming Scheme

In this scheme, the slave processors are at work in the fitness function evalu-

ation stage and idle during the remaining operations (2% to 5% of the total

computation time), resulting in deviation from the ideal parallel processing

speed-up. Speed-up results for Example 1 (the 36-story structure) relative

to two processors using up to 16 processors are presented in Figure 7.15.

Speed-up results for Example 2 (the 144-story structure) relative to three

processors using up to eight processors are presented in Figure 7.16. The

reasons for using two and three processors in the two examples are explained

Figure 7.15 Speed-up curves for the MPI in the processor farming scheme for the
36-story example structure
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Figure 7.16 Speed-up curves for the MPI in the processor farming scheme for the
144-story example strcuture

in the previous section. The speed-up curve in both figures are sublinear.

The sublinearity of the parallel processing speed-up can be explained by the

fact that the communication bottleneck and the associated overhead increase

as the number of processors is increased. Message broadcasting, introduction

of a few barrier synchronization flags, and sequential transfer of data from

the slave processors to the master processor all contribute to the reduction of

the parallel processing speed-up as a function of the number of processors.

7.7.2.2 Migration Scheme

Speed-up results for Example 1 (the 36-story structure) relative to two

processors using up to 16 processors are presented in Figure 7.17. Speed-up

results for Example 2 (the 144-story structure) relative to three processors

using up to eight processors are presented in Figure 7.18. It is observed that

speed-up is slightly super-linear as in this scheme each processor performs
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Figure 7.17 Speed-up curves for the MPI in the migration scheme for the 36-story
example structure

genetic selection, crossover, and mutation operations on the same but smaller

population sizes. Furthermore, an asynchronous message passing function is

used for transmitting one-fourth of the populations to the neighbors with no

need for any synchronization for migrating the populations. The overhead

for sending a message asynchronously is much less than sending it with

synchronization. The reason for migration is to have some diversity in the

populations, but the time of migration is not crucial. Thus, the processors do

not have to wait for passing or receiving messages. The processor involved

accesses a smaller dataset with more data locality (closer to the processor).

7.7.3 Bilevel Parallel Fuzzy GA Using OpenMP and MPI

The bilevel parallel algorithm utilizes the best features of both MPI and

OpenMP. As seen from Figure 7.13, the OpenMP procedure is efficient only
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Figure 7.18 Speed-up curves for the MPI in the migration scheme for the 144-story
example structure

when the local memory contains all the required data. The GA populations

are distributed among different MPI processors. When OpenMP parallel

constructs are used within an MPI processor, a smaller population is assigned

to each OpenMP processor. The number of OpenMP processors chosen is

in the range of 2 to 8. The data corresponding to the smaller population

are closer to this new group of OpenMP processors and their data locality

is much better than any other arrangements. The processors operate on

the local data in a shared memory environment with minimum latency.

Thus, the speed-up results of this bilevel scheme are much better than either

OpenMP or MPI parallel processing procedures. Figures 7.19 and 7.20 show

the comparative bar charts of speed-ups using different combinations of

processors for the OpenMP and MPI procedures, using processor farming

and the migration schemes, respectively, for Example 1. The speed-ups are
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Figure 7.19 Comparative study of the bilevel algorithm with different combination of
processors using the processor farming scheme for the 36-story example structure

calculated with respect to one processor by extrapolating the processing

time of a single processor to complete the convergence. This is done to

have a common speed-up measuring scale for all the three different parallel

processing techniques. In these figures, OMP and MPI on the top of the bars

refer to numbers of OpenMP and MPI processors, respectively. Note that the

product of these two numbers is always equal to the total number of allocated

processors.

In general, the speed-ups for the bilevel algorithms are higher than those

of the OpenMP. The results for the bilevel algorithm with the migration

scheme are better than those with the processor farming scheme. Using

16 processors, the speed-ups of the bilevel algorithm with the migration

scheme is 55.9 compared with 23.1 for the OpenMP alone. Furthermore,

the total convergence time of the fuzzy GA optimization procedure with

the bilevel migration scheme is 23.3% less than that with the bilevel pro-

cessor farming scheme with eight processors (two MPI and four OpenMP

processors). With the same number of processors, the total convergence time

with the bilevel migration scheme is 38.6% less than that with the OpenMP

scheme.
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Figure 7.20 Comparative study of the bilevel algorithm with different combination of
processors using the migration scheme for the 36-story example structure

For four processors the speed-up of the OpenMP parallel algorithm is

slightly higher than the bilevel parallel algorithm, because data are available

in the local memory of the small number of processors with minimum

latency and without any need for message passing and its required overhead.

However, with the increase in the total number of processors the speed-up

of the bilevel parallel algorithm increases. From Figures 7.19 and 7.20 it is

observed that the best results are obtained for 16 processors with four MPI

and four OpenMP processors (55.9). The speed-ups of the MPI processors

usually suffer from MPI message passing overheads and therefore their

number should not be more than the number of OpenMP processors in

each group. Similarly, the OpenMP processors are efficient only when the

data they are working on are close to the processors and their best number

is four. This is because in the hypercube structure of Origin 2000 there

are four processors in each of the eight nodes (Figure 6.1). In this work

Example 2 could not be tested with the bilevel parallel algorithm effectively

as a sufficient number of processors (at least 16) was not available at the Ohio

Supercomputer Center to work on a dataset, which requires about 10Gbytes

of memory.
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7.8 Concluding Comments

The bilevel parallel algorithms for the fuzzy genetic optimization of large

structures is effective in reducing the computational time on a cache-coherent

nonuniform memory access (ccNUMA) parallel computer. The computa-

tional efficiency depends on the number of parallel processors, the combi-

nation of MPI and OpenMP controlled parallel processors, and the memory

requirements. The present algorithm is effective in reducing the compu-

tational time significantly in comparison to the data parallel procedure

using OpenMP API for the following two conditions: (1) if the memory

is distributed among the main memories on the node boards across the

processors and (2) if the number of available processors is sufficiently large

in comparison to the node boards, preferably more than double. Furthermore,

the migration scheme is more effective than the processor farming scheme

for reducing the computational time for convergence of the optimum design

and enhancing the performance of parallel processing.
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Life-Cycle Cost Optimization

of Steel Structures

8.1 Introduction

Life-cycle cost is the total cost of a structure during its lifetime. The life-

cycle cost of a structure includes the initial costs including the costs of

design and construction plus the costs of operation (utilities), maintenance

(including repair), and eventually dismantling or demolishing the structure

over the lifetime of the structure. If the initial cost of a structure is low

but the utilities and maintenance costs are high, the structure may not be

considered the most economical design. From an economic point of view

the ideal goal of the cost optimization of structures should be minimizing

the total life-cycle cost.

The three major costs during the life of a structure are the initial

design/build cost, the operating cost, and the maintenance cost. The initial

cost includes the costs of mechanical services, electrical services, finish-

ing, interior and exterior decorations, external and internal facilities, and

landscaping. The share of design and construction costs of the super- and

substructures can be less than 50% of the total initial cost of the structure

(Tietz, 1987).

The operating cost of the structure includes the costs of caretaking and

cleaning, energy (gas and electricity), water and sewerage, insurance, mort-

gage interests, and security and management. The maintenance cost includes

inspection, painting, repair, and replacement costs. The maintenance cost

Cost Optimization of Structures: Fuzzy Logic, Genetic Algorithms, and Parallel Computing H. Adeli and

K. C. Sarma © 2006 John Wiley & Sons, Ltd
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varies with the use, utility, and importance of the structure. Considering a

discount rate (time value of money) of 2% above inflation, a 50-year-old

building usually has an operating cost 0.8 to 1.3 times the initial cost

(Tietz, 1987).

The design life (or economic life) of most structures is often in the range

of 30 to 40 years. However, the anticipated life (or actual life expectancy)

of a structure is much longer; in the US it may be 60 to 85 years or even

more (Tietz, 1987). The anticipated life of a structure is another important

factor in the life-cycle design, but some other factors may also influence

the anticipated life of a structure, like obsolescence, a natural or man-made

catastrophe, and inadequate and out-of-fashion facilities.

The life expectancy as well as repair and maintenance also depend on

the type of material used in the structure. Concrete loses its strength with

the passing of time. Frequent changes in weather, cracks, shrinkage, and

corrosion of reinforcements may reduce the life of a concrete structure.

In these structures, even if repair is done, the initial strength may not be

achieved. Similarly, in steel structures, the joints are the most vulnerable

Figure 8.1 A pictorial view of the effect of repair on the strength of a structure with
the passing of time
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points. In an exposed structure the joints may accumulate dirt and debris,

and if proper maintenance is not done this may lead to corrosion or rusting,

leading to failure. In this respect riveted or bolted joins are inferior to welded

joints. Figure 8.1 presents a pictorial view of the effect of repair on the

strength of a structure with the passing of time.

8.2 Life-Cycle Cost of a Steel Structure and the Primary

Contributing Factors

The life-cycle cost of a steel structure can be considered as the sum of seven

different cost components or functions:

(1) initial cost, which includes the nine different costs including the material

cost as defined in Section 5.2;

(2) maintenance cost, such as painting of exposed members of a steel

structure;

(3) inspection cost to prevent potentially major damage to the structure;

(4) repair cost;

(5) operating cost required for proper functional use of the structure, such

as heating and electricity;

(6) probable failure cost, based on the probability of failure;

(7) dismantling or demolishing costs.

Figure 8.2 presents different cost functions and their relationships in con-

tributing to the life-cycle cost. Eleven main factors are identified that

influence the life-cycle cost of a structure significantly. These are:

(a) cost of the rolled sections used for initial construction of the structure;

(b) the number of different section types used in the structure;

(c) the weight of rolled sections used in the structure;

(d) the surface area of rolled sections in the structure;

(e) the number of connections;

(f) the geographic location of the project site;

(g) the maintenance policy of the structure;

(h) the anticipated life of the structure;

(i) the discount rate of the currency;

(j) the use of the structure; and

(k) the importance of the structure.
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Figure 8.2 Different cost functions and their relationship in contributing to the life-
cycle cost

The influence of these factors on different cost functions is shown in

Figure 8.2 with single lines.

Out of the aforementioned 11 factors, factors (a), (b), (c), (e), and (f) are

responsible for reducing cost function 1, as noted in Section 5.2. Factor (b)

also influences cost function 7. Factor (d) is responsible for reducing
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cost function 2 as the cost of painting on an exposed steel structure for

preventing possible rusting and corrosion depends primarily on the sur-

face area of the members where paint is applied. Factor (e) influences

cost function 1 in the form of fabrication, erection, connection materials,

and labor costs. This factor also influences cost functions 2, 3, and 4,

because the connections are usually the most vulnerable points for failure

and have to be inspected periodically. Furthermore, painting of connections

is usually time consuming and consequently costs more than the rest of the

structure.

Factor (f) influences cost functions 1, 2, 3, 4, 5, and 6. Apart from

influencing the initial cost, this factor influences the painting cost because

the site may be near to the seacoast or in an industrially polluted area

where corrosion is high. Geographic location also influences the maintenance

and repair costs as a place with an abundance of skilled and unskilled

labor force costs less than a place where the labor force is scarce and

expensive. Maintenance and repair costs of structures in a difficult terrain

are often expensive. Geographic location also influences the operating cost

of a structure such as heating and air-conditioning. The probable failure cost

also depends on the geographic location. For example, the probability of

failure of a structure in an active earthquake zone increases significantly.

Factor (g) influences cost functions 2, 3, 4, and 6. A poor maintenance

policy often leads to early failure but a conservative maintenance policy,

on the contrary, may result in excessive costs. Factors (h) and (i) influence

all the cost functions, except cost function 1, and will be explained in the

next section. Factor (k) influences cost functions 2, 3, 4, and 6. For very

important structures like a nuclear power plant the maintenance and probable

failure costs are high; consequently such structures are designed with a low

probability of failure.

In this chapter, only the first four factors will be considered, as the struc-

tural designer has no control over the other seven factors to reduce the

life-cycle cost of a structure. Extending the work presented in Chapter 5,

a four-criteria cost optimization model is presented for the life-cycle

cost optimization of steel structures. These criteria are (a) select discrete

commercially available sections with the lowest cost, (b) select discrete

commercially available sections with the lightest weight, (c) select the mini-

mum number of different types of discrete commercially available sections,

and (d) select discrete commercially available sections with a minimum

total perimeter length for a minimum surface area, which determines the

maintenance cost of exposed steel structures in sports utilities, bridges,

towers, etc.



170 Life-Cycle Cost Optimization

8.3 Formulation of the Total Life-Cycle Cost

The life-cycle cost of a steel structure can be formulated as follows:

CLifecycle =CInitial +
∑ 1

�1+ i�yn1
CMaintenance +

∑ 1

�1+ i�yn2
CInspection

+
∑ 1

�1+ i�yn3
CRepair +

∑ 1

�1+ i�yn4
COperating

+
1

�1+ i�yn5
CFailure +

1

�1+ i�yn6
CDismantle (8.1)

where CLifecycle, CInitial, CMaintenance, CInspection, CRepair, COperating, CFailure, and

CDismantle are the total life-cycle, initial, maintenance, inspection, repair, oper-

ating, probable failure, and dismantling costs of a steel structure, respec-

tively; i is the discount rate of money; yn1 , yn2 , yn3 , yn4 , yn5 , and yn6 are the

years when the associated costs incur; and
∑

denotes the summation of all

the costs of the same category during the life of the structure. Equation (8.1)

is based on the concept of ‘single present worth’ (Kirk and Dell’Isola, 1995).

The cost terms in the right-hand side of equation (8.1) are the costs in

the year they actually occur. The 1/�1+ i�n factor is used to convert the

cost into its present value discounted by the discount rate of i for the yn
period.

The discount rate depends on the prevailing interest rate and the depre-

ciation of the currency or inflation rate. This rate is not a constant term

and may vary over the life of the structure. A discount rate of 2%

or 3% above inflation is considered an appropriate value (Tietz, 1987).

Unfortunately, actual cost data needed in the life-cycle optimization of

a structure are virtually nonexistent in the literature. The scant infor-

mation available is based on insufficient statistical data or assumptions.

Therefore, it is currently not feasible to optimize the life-cycle cost of a

structure using equation (8.1) due to the lack of statistically meaningful

cost data.

Wilson et al. (1997) discuss the development of a decision support sys-

tem for analyzing the life-cycle costs of alternative bridge deck designs.

A few researchers have presented probabilistic models for life-cycle cost

optimization of structures (Frangopol et al., 1997; Koskisto and Ellingwood,

1997). The use of such probabilistic models is also limited due to the lack

of statistical data.

In this chapter a life-cycle cost optimization model is presented based

on fuzzy logic (Zadeh, 1965) with the goal of formalizing the life-cycle
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design process but with some input from the design engineer. The model is

described by considering only one representative type of cost incurred over

the life of the structure, i.e. preventive maintenance in the form of periodic

painting of an exposed steel structure to avoid corrosion or rusting. Thus,

in this chapter only two kinds of costs are considered: initial cost and the

maintenance cost in the form of painting.

8.4 Fuzzy Discrete Multi-criteria Life-Cycle Cost

Optimization

Following the model presented in Chapter 5, four fuzzy functions are defined:

the material cost of the structure C̃�ỹ�, the weight of the structure W̃ �ỹ�,

the number of different section types T̃ �ỹ�, and the total surface areas of

all the sections P̃�ỹ� in terms of the fuzzy discrete variables (commercially

available W shapes) ỹ. The surface area of each member of a structure can

be obtained as a product of the perimeter of the member section and the

length of the member. These surface areas are important for calculating the

painting cost of the structure.

The above-mentioned functions are fuzzy functions (identified by the

sign ∼ on the top) because the variables ỹ are treated as fuzzy variables. The

objective of the four-criteria optimization is to minimize the functions C̃�ỹ�,

W̃ �ỹ�, T̃ �ỹ�, and P̃�ỹ�. Of these four fuzzy functions, C̃�ỹ�� W̃ �ỹ�, and P̃�ỹ�

can be expressed explicitly in terms of the fuzzy variables ỹ. The expressions

for C̃�ỹ� and W̃ �ỹ� are given by equations (5.1) and (5.2) respectively. The

expression for P̃�ỹ� is presented below:

P̃�ỹ�=
Nt
∑

i=1

liỹpi� ỹpi ∈ Spi (8.2)

where ỹpi is the cross-sectional perimeter of the discrete standard shape

with the maximum membership function corresponding to the minimum

surface area criterion, li is the total length of members linked to variable

xi (representing the cross-sectional area of the ith group of members linked

together in the continuous variable fuzzy GA optimization stage), SPi
is a

set of fuzzy discrete candidate standard shapes for the design variable xi
corresponding to the minimum perimeter criterion, and Nt is the number

of initial section types (equal to the number of design variables in the first
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continuous variable stage of the optimization). The following approximate

equation is used for the perimeter of wide flange shapes:

ypi = 4bfi − 2twi + 2di (8.3)

where bfi, twi, and di, are the flange width, web thickness, and the total depth

of the section i.

In the fuzzy discrete multi-criteria cost optimization model, for each con-

tinuous variable xi�i=1�2� � � � �Nt�, Ni commercially available sections �ỹij�

are selected such that ỹij ≥ xi�j= 1�2� � � � �Ni�. The commercially available

sections, ỹij have four fuzzy attributes corresponding to the four fuzzy objec-

tives: minimizing material cost, minimizing weight, minimizing the number

of section types, and minimizing the total surface areas of sections. All the

Ni shapes selected are graded with membership functions for each of the four

fuzzy criteria. The expressions for the membership functions for minimum

cost, minimum weight, and minimum section type are presented in Chapter 5

(equations (5.12), (5.13), and (5.14)). Denoting the cross-sectional perimeter

of the jth candidate section by pj and the maximum and the minimum val-

ues within the Ni candidate shapes by pjmax
and pjmin

, a linear membership

function is defined in the following form (Figure 8.3):

�Pj
= 1−

pj −pjmin

pjmax
−pjmin

� j= 1�2� � � � �Ni (8.4)

The four fuzzy sets of candidate shapes corresponding to the four afore-

mentioned criteria for the design variable xi are defined as SCi
, SWi

, STi , and

SPi
. To find the multi-criteria optimum solution, the max-min procedure of

Bellman and Zadeh (1970) described in Section 4.2 is used. The solution is

Figure 8.3 Membership function for the minimum perimeter
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found by forming a fuzzy set SDi
defined as the intersection of the four fuzzy

sets SCi
, SWi

, STi , and SPi
as follows:

SDj
�ỹij�= SCj

�ỹij�∩ SWj
�ỹij�∩ STj �ỹij�∩ SPj

�ỹij�� j= 1�2� � � � �Ni

(8.5)

The membership of this intersection fuzzy set SDi
is set equal to the minimum

values of the membership functions of the four sets SCi
, SWi

, STi , and SPi
:

�Dj
�ỹij�=min

[

�C�ỹij���W �ỹij���T �ỹij���P�ỹij�
]

� j= 1�2� � � � �Ni

(8.6)

where �C�ỹij���W �ỹij���T �ỹij�, and �P�ỹij� are the fuzzy membership func-

tions for the four criteria: minimizing material cost, minimizing weight,

minimizing the number of section types, and minimizing the total surface

areas of sections, respectively. The discrete section corresponding to the

maximum membership function, �Di�best�
, in the Ni selected candidate shapes

represents the best section. This is obtained by using equation (5.11) in

Chapter 5. The commercially available discrete shape corresponding to the

maximum membership function, �Di�best�
, in the Ni selected candidate shapes

represents the best section (Klir and Folger, 1988) and is Pareto optimal.

In obtaining the intersection fuzzy set SDj
�ỹij� in equation (8.5), it is

assumed that all four criteria are of equal importance. However, one of

them may be considered as of greater importance than others. In such cases,

SDj
�ỹij� may be expressed as a convex combination of the four criteria with

weighting coefficients reflecting their relative importance, as discussed in

Section 5.5. Four weighting coefficients wC , wW , wT , and wP are used for

minimizing the material cost, the sectional weight, the number of section

types, and the total surface areas of sections, respectively. There is an inverse

relationship between the weighting coefficients and their impact on the multi-

criteria cost optimization. The modified membership functions are defined as

�′
Ci
=wC�Ci

�′
Wi
=wW�Wi

�′
Ti
=wT�Ti

�′
Pi
=wP�Pi

(8.7)
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where the sum of the weighting coefficients is equal to 1:

wC +wW +wT +wP = 1 (8.8)

8.5 Application to a High-Rise Building Steel Structure

The life cycle cost optimization model presented in this chapter has been

applied to a 36-story irregular moment-resisting steel space frame structure

with setbacks and cross-bracings discussed in Section 5.9.2 and shown in

Figures 5.6 and 5.7. The commercially available shapes and the design

constants are the same as in Section 5.9.2.

The design engineer has to make a decision on the relative values of the

importance-weighting coefficients for the four membership functions. In this

work the following five cases are studied:

Case A wC =0�001�wW =0�333�wT =0�333�wP =0�333 (Ni=6; minimum

material cost design)

Case B wC = 0�333�wW = 0�001�wT = 0�333�wP = 0�333 (Ni= 6; minimum

weight design)

Case C wC = 0�333�wW = 0�333�wT = 0�333�wP = 0�001 (Ni= 6; minimum

surface area design)

Case D wC=0�333�wW =0�333�wT =0�001�wP=0�333 (Ni=15; minimum

section type design)

Case E wC = 0�25�wW = 0�25�wT = 0�25�wP = 0�25 (Ni = 15; equal prefer-

ence for the four criteria)

The optimum design solutions obtained by the fuzzy multi-criteria discrete

optimization model based on the ASD and LRFD codes for cases A, B, C, D,

and E are presented in Tables 8.1 and 8.2. A comparison of the cost values

in the two tables leads to the conclusion that optimum design costs based on

the LRFD code are consistently less than the corresponding costs based on

the ASD code. Compared with the minimum material cost design (case A),

the material cost of the minimum surface area design (case C) is 5.2% more

using the ASD code (5.9% more using the LRFD code). However, the total

number of section types in case C is reduced to 38 (36 for LRFD code) from

50 (51 for LRFD code) for case A, resulting in reduced fabrication, erection,

storing, and handling costs.

Case E with equal preference for all the criteria appears to yield a good

compromise in terms of all the criteria. However, the designer can influence
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Table 8.1 Optimum design solutions obtained using the fuzzy discrete multi-criteria
cost optimization model based on the ASD code for the 36-story example

Type of study Material

cost of the

structure

Weight of

the structure

Total number

of section

types

Total member

surface areas

Case A for

Ni = 6

$6 543 527 15 516.0 kN

(3488.3 kips)

50 28340�5m2

�305054�8 ft2�

Case B for

Ni = 6

$6 733 198 15 410.1 kN

(3464.5 kips)

58 29488�9m2

�317416�0 ft2�

Case C for

Ni = 6

$6 885 985 15 852.2 kN

(3563.9 kips)

38 27409�9m2

�295037�2 ft2�

Case D for

Ni = 15

$7 750 952 18 142.1 kN

(4078.7 kips)

20 28912�9m2

�311215�4 ft2�

Case E for

Ni = 15

$7 364 961 17 216.0 kN

(3870.5 kips)

24 28223�3m2

�303793�2 ft2�

Table 8.2 Optimum design solutions obtained by the fuzzy discrete multi-criteria cost
optimization model based on the LRFD code for the 36-story example

Type of study Material

cost of the

structure

Weight of

the structure

Total number

of section

types

Total member

surface areas

Case A for

Ni = 6

$6 133 422 14 538.3 kN

(3268.5 kips)

51 28129�8m2

�302786�9 ft2�

Case B for

Ni = 6

$6 265 238 14 470.2 kN

(3253.2 kips)

60 28598�6m2

�307832�6 ft2�

Case C for

Ni = 6

$6 497 895 14 961.7 kN

(3363.7 kips)

36 27047�1m2

�291132�5 ft2�

Case D for

Ni = 15

$7 504 254 17 475.3 kN

(3928.8 kips)

23 28988�8m2

�312032�4 ft2�

Case E for

Ni = 15

$6 810 375 15 983.4 kN

(3593.4 kips)

25 28311�2m2

�304739�4 ft2�

the life-cycle optimum design by using different weighting factors based

on his/her experience and considering the prevailing economic and local

conditions. The methodology presented in this chapter provides a logical way

for the designer to consider the best design for the life cycle of the structure.

The methodology can be extended to include additional parameters relevant

to the life-cycle design of a structure.





Appendix A

Cross-sectional areas, perimeter, and costs in US dollars for different W-shapes (Nucor,
1999a, 1999b, 1999c) used for axially loaded members

W-shape Areas �in2� Cost in US $

(per foot)

Perimeter

�= 4bf + 2d− 2tw�

(in)

W6× 9 2�68 1�35 27�22

W8× 10 2�96 1�50 31�20

W10× 12 3�54 1�80 35�20

W6× 12 3�55 1�80 27�60

W8× 13 3�84 1�95 31�52

W12× 14 4�16 2�24 39�30

W10× 15 4�41 2�25 35�52

W6× 15 4�43 2�25 35�48

W8× 15 4�44 2�25 31�79

W12× 16 4�71 2�40 39�50

W6× 16 4�74 2�40 28�16

W10× 17 4�99 2�55 35�78

W8× 18 5�26 2�70 36�82

W12× 19 5�57 2�85 39�87

W10× 19 5�62 2�85 36�06

W6× 20 5�87 3�00 35�96

W8× 21 6�16 3�15 37�14

W12× 22 6�48 3�30 40�22

W14× 22 6�49 3�30 47�02

W10× 22 6�49 3�30 42�86

W8× 24 7�08 3�90 41�35

W6× 25 7�34 3�75 36�44

W10× 26 7�61 3�90 43�22
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(Continued)

W-shape Areas �in2� Cost in US $

(per foot)

Perimeter

�= 4bf + 2d− 2tw�

(in)

W12× 26 7�65 3�90 49�94

W14× 26 7�69 3�90 47�41

W8× 28 8�25 4�20 41�69

W12× 30 8�79 4�50 50�24

W10× 30 8�84 4�50 43�58

W14× 30 8�85 4�50 54�06

W8× 31 9�13 4�65 47�41

W10× 33 9�71 4�95 50�72

W14× 34 10�00 5�10 54�37

W8× 35 10�30 5�25 47�70

W12× 35 10�30 5�25 50�64

W14× 38 11�20 5�70 54�66

W10× 39 11�50 5�85 51�15

W8× 40 11�70 6�00 48�06

W12× 40 11�80 6�00 55�31

W14× 43 12�60 6�45 58�69

W12× 45 13�20 6�75 55�63

W10× 45 13�30 6�75 51�58

W8× 48 14�10 7�20 48�64

W14× 48 14�10 7�20 59�02

W10× 49 14�40 7�35 59�28

W12× 50 14�70 7�50 55�96

W12× 53 15�60 7�95 63�41

W14× 53 15�60 7�95 59�34

W10× 54 15�80 8�10 59�56

W12× 58 17�00 8�70 63�70

W8× 58 17�10 8�70 49�36

W10× 60 17�60 9�00 59�92

W14× 61 17�90 9�15 67�01

W12× 65 19�10 11�05 71�46

W8× 67 19�70 10�05 49�98

W10× 68 20�00 10�20 60�38

W14× 68 20�00 10�20 67�39

W12× 72 21�10 12�24 71�80

W14× 74 21�80 11�10 67�72

W10× 77 22�60 11�55 60�90

W12× 79 23�20 13�43 72�14

W14× 82 24�10 12�30 68�12

W12× 87 25�60 14�79 72�53

W10× 88 25�90 16�72 61�53

W14× 90 26�50 15�98 85�24

W12× 96 28�20 16�32 72�96
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W14× 99 29�10 17�57 85�61

W10× 100 29�40 19�00 62�20

W12× 106 31�20 18�02 73�44

W14× 109 32�00 19�35 86�01

W10× 112 32�90 21�28 62�87

W12× 120 35�30 20�40 74�10

W14× 120 35�30 21�30 86�46

W14× 132 38�80 23�43 86�93

W12× 136 39�90 23�12 74�84

W14× 145 42�70 25�74 90�20

W12× 152 44�70 27�36 75�60

W14× 159 46�70 29�42 90�73

W12× 170 50�00 34�00 76�42

W14× 176 51�80 32�56 91�38

W12× 190 55�80 38�00 77�32

W14× 193 56�80 35�71 92�02

W12× 210 61�80 42�00 78�22

W14× 211 62�00 39�04 92�68

W12× 230 67�70 46�00 79�11

W14× 233 68�50 43�11 93�50

W12× 252 74�10 50�40 80�05

W14× 257 75�60 47�54 94�39

W12× 279 81�90 55�80 81�20

W14× 283 83�30 52�35 95�34

W12× 305 89�60 61�76 82�33

W14× 311 91�40 58�31 96�34

W12× 336 98�80 68�04 83�63

W14× 342 101�00 64�12 97�44

W14× 370 109�00 69�37 98�43

W14× 398 117�00 74�62 99�40





Appendix B

Cross-sectional areas, perimeter, and costs in US dollars for different W-shapes
(Nucor, 1999a, 1999b, 1999c) used for laterally loaded members

W-shape Areas (in2) Cost in US $

(per foot)

Perimeter

�= 4bf + 2d− 2tw�

(in)

W16× 26 7�68 3�90 52�88

W16× 31 9�12 4�65 53�31

W18× 35 10�30 5�25 58�80

W16× 36 10�60 5�40 59�07

W16× 40 11�80 6�00 59�39

W18× 40 11�80 6�00 59�23

W21× 44 13�00 6�60 66�62

W16× 45 13�30 6�75 59�71

W18× 46 13�50 6�90 59�64

W16× 50 14�70 7�50 60�04

W18× 50 14�70 7�50 65�25

W21× 50 14�70 7�50 67�02

W18× 55 16�20 8�25 65�56

W24× 55 16�20 8�25 74�37

W21× 57 16�70 8�55 67�53

W16× 57 16�80 8�55 60�48

W18× 60 17�60 9�00 65�87

W24× 62 18�20 9�30 74�78

W21× 62 18�30 9�30 74�14

W18× 65 19�10 9�75 66�16

W16× 67 19�70 13�06 72�81

W21× 68 20�00 10�20 74�48
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(Continued)

W-shape Areas (in2) Cost in US $

(per foot)

Perimeter

�= 4bf + 2d− 2tw�

(in)

W24× 68 20�10 10�20 82�49

W18× 71 20�80 10�65 66�49

W21× 73 21�50 10�95 74�75

W18× 76 22�30 14�25 79�71

W24× 76 22�40 11�40 82�92

W16× 77 22�60 15�01 73�31

W21× 83 24�30 12�45 75�25

W24× 84 24�70 12�60 83�34

W27× 84 24�80 15�33 92�34

W18× 86 25�30 16�12 80�18

W16× 89 26�20 18�47 73�91

W30× 90 26�40 17�32 99�72

W21× 93 27�30 13�95 75�76

W24× 94 27�70 14�10 83�85

W27× 94 27�70 17�15 92�82

W18× 97 28�50 18�19 80�69

W30× 99 29�10 19�06 100�06

W16× 100 29�40 20�75 74�47

W21× 101 29�80 21�46 90�88

W27× 102 30�00 17�61 93�21

W24× 103 30�30 15�45 83�96

W24× 104 30�60 17�68 98�12

W18× 106 31�10 19�87 81�08

W30× 108 31�70 20�79 100�47

W21× 111 32�70 23�59 91�28

W27× 114 33�50 20�80 93�72

W30× 116 34�20 22�33 100�87

W24× 117 34�40 19�89 98�62

W33× 118 34�70 22�71 110�54

W18× 119 35�10 22�31 81�69

W21× 122 35�90 25�92 91�72

W30× 124 36�50 26�66 101�23

W27× 129 37�80 23�54 94�08

W18× 130 38�20 24�37 81�80

W33× 130 38�30 25�02 111�06

W24× 131 38�50 22�27 99�17

W21× 132 38�80 28�05 92�12

W30× 132 38�90 28�38 101�57

W36× 135 39�70 25�99 117�70

W33× 141 41�60 30�31 111�53

W18× 143 42�10 26�81 82�40

W27× 146 42�90 29�56 109�41
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W24× 146 43�00 24�82 99�78

W21× 147 43�20 31�24 92�72

W30× 148 43�50 31�82 101�96

W40× 149 43�80 33�90 122�38

W36× 150 44�20 28�87 118�35

W33× 152 44�70 33�82 111�97

W18× 158 46�30 30�81 83�02

W36× 160 47�00 32�00 118�72

W27× 161 47�40 33�81 109�94

W24× 162 47�70 27�54 100�41

W21× 166 48�80 36�52 93�14

W40× 167 49�10 39�24 123�12

W33× 169 49�50 37�60 112�30

W36× 170 50�00 34�00 119�10

W30× 173 50�80 38�49 119�51

W27× 178 52�30 37�38 110�51

W24× 176 51�70 37�84 100�54

W36× 182 53�60 40�49 119�51

W40× 183 53�70 43�00 123�90

W30× 191 56�10 42�50 120�10

W24× 192 56�30 41�28 101�12

W40× 192 56�50 45�12 145�82

W27× 194 57�00 40�74 110�86

W36× 194 57�00 43�16 119�91

W40× 199 58�40 46�76 139�04

W33× 201 59�10 44�72 128�91

W24× 207 60�70 44�50 101�72

W36× 210 61�80 46�72 120�44

W30× 211 62�00 46�95 120�75

W40× 215 63�30 50�52 139�66

W27× 217 63�80 45�57 111�66

W40× 221 64�80 51�93 146�76

W33× 221 65�00 49�17 129�53

W24× 229 67�20 49�23 102�56

W36× 230 67�60 51�17 136�16

W36× 232 68�10 51�62 120�98

W30× 235 69�00 52�29 121�16

W27× 235 69�10 49�35 112�26

W33× 241 70�90 53�62 130�14

W40× 244 71�70 57�34 147�54

W36× 245 72�10 54�51 136�60

W40× 249 73�30 58�51 140�26

W24× 250 73�50 53�75 103�34

W36× 256 75�40 56�96 121�80

W27× 258 75�70 54�18 113�08

W36× 260 76�50 57�85 137�04

W30× 261 76�70 58�07 121�98
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(Continued)

W-shape Areas (in2) Cost in US $

(per foot)

Perimeter

�= 4bf + 2d− 2tw�

(in)

W33× 263 77�40 58�52 130�54

W40× 268 78�80 62�98 148�24

W40× 277 81�30 65�09 141�04

W24× 279 82�00 59�98 104�36

W36× 280 82�40 62�30 137�65

W27× 281 82�60 59�01 113�86

W33× 291 85�60 64�75 131�38

W30× 292 85�70 64�97 123�00

W40× 297 87�40 69�79 141�12

W40× 298 87�60 70�03 149�04

W36× 300 88�30 66�75 138�21

W24× 306 89�80 66�55 105�36

W27× 307 90�20 65�24 114�68

W33× 318 93�50 71�55 132�18

W40× 324 95�30 76�95 141�94

W30× 326 95�70 73�35 124�00

W36× 328 96�40 73�80 138�66

W40× 328 96�40 77�90 149�82

W27× 336 98�70 71�40 115�66

W30× 357 104�00 80�32 125�00

W33× 354 104�00 79�65 133�18

W36× 359 105�00 80�77 139�48

W40× 362 106�00 85�97 142�94

W27× 368 108�00 78�20 116�68

W33× 387 113�00 87�07 134�18

W30× 391 114�00 87�97 126�02

W36× 393 115�60 88�42 140�48

W40× 397 116�00 94�29 143�94
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