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Preface

Algebraic geometry has found fascinating applications to coding theory
and cryptography in the last few decades. This book aims to provide the
necessary theoretical background for reading the contemporary literature on
these applications. An aspect that we emphasize, as it is very useful for
the applications, is the interplay between nonsingular projective curves over
finite fields and global function fields. This correspondence is well known
and frequently employed by researchers, but nevertheless it is difficult to find
detailed proofs of the basic facts about this correspondence in the expository
literature. One contribution of our book is to fill this gap by giving complete
proofs of these results.

We also want to offer the reader a taste of the applications of algebraic
geometry, and in particular of algebraic curves over finite fields, to coding
theory and cryptography. Several books, among them our earlier book
Rational Points on Curves over Finite Fields: Theory and Applications, have
already treated such applications. Accordingly, besides presenting standard
topics such as classical algebraic-geometry codes, we have also selected
material that cannot be found in other books, partly because it is of recent
origin.

As a reflection of the above aims, the book splits into two parts. The first
part, consisting of Chapters 1 to 4, develops the theory of algebraic varieties,
of algebraic curves, and of their function fields, with the emphasis gradually
shifting to global function fields. The second part consists of Chapters 5 and
6 and describes applications to coding theory and cryptography, respectively.
The book is written at the level of advanced undergraduates and first-year
graduate students with a good background in algebra.

We are grateful to our former Ph.D. students David Mayor and Ayineedi
Venkateswarlu for their help with typesetting and proofreading. We also thank
Princeton University Press for the invitation to write this book.

Singapore, November 2007 HARALD NIEDERREITER
CHAOPING XING
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1 Finite Fields and Function Fields

In the first part of this chapter, we describe the basic results on finite fields,
which are our ground fields in the later chapters on applications. The second
part is devoted to the study of function fields.

Section 1.1 presents some fundamental results on finite fields, such as the
existence and uniqueness of finite fields and the fact that the multiplicative
group of a finite field is cyclic. The algebraic closure of a finite field and
its Galois group are discussed in Section 1.2. In Section 1.3, we study
conjugates of an element and roots of irreducible polynomials and determine
the number of monic irreducible polynomials of given degree over a finite
field. In Section 1.4, we consider traces and norms relative to finite extensions
of finite fields.

A function field governs the abstract algebraic aspects of an algebraic
curve. Before proceeding to the geometric aspects of algebraic curves in
the next chapters, we present the basic facts on function fields. In partic-
ular, we concentrate on algebraic function fields of one variable and their
extensions including constant field extensions. This material is covered in
Sections 1.5, 1.6, and 1.7.

One of the features in this chapter is that we treat finite fields using the
Galois action. This is essential because the Galois action plays a key role in
the study of algebraic curves over finite fields. For comprehensive treatments
of finite fields, we refer to the books by Lidl and Niederreiter [71, 72].

1.1 Structure of Finite Fields

For a prime number p, the residue class ring Z/ pZ of the ring Z of integers
forms a field. We also denote Z/pZ by . It is a prime field in the sense
that there are no proper subfields of IF,. There are exactly p elements in I,
In general, a field is called a finite field if it contains only a finite number of
elements.

Proposition 1.1.1. Let k£ be a finite field with ¢ elements. Then:

(i) there exists a prime p such that[F, C k;
(i) g = p" for some integer n > 1;
(iii) o? = a forall o € k.
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Proof.

(i) Since & has only g< oo elements, the characteristic of & must
be a prime p. Thus, I, is the prime subfield of k.

(ii) We consider k as a vector space over IF,. Since k is finite, the
dimension n := dimg (k) is also finite. Let {a, . .., a,} be a basis
of k over IF,. Then each element of k can be uniquely represented
in the form ajory + - - - +a,a, withay, ..., a, € F,. Thus, g = p".

(iii) It is trivial that «? = « if « = 0. Assume that o is a nonzero
element of k. Since all nonzero elements of & form a multiplicative
group k* of order ¢ — 1, we have a9~ =1, and so 7 = «. O

Using the above proposition, we can show the most fundamental result
concerning the existence and uniqueness of finite fields.

Theorem 1.1.2. For every prime p and every integer n > 1, there
exists a finite field with p” elements. Any finite field with g = p”"
elements is isomorphic to the splitting field of the polynomial x¢ — x
over IF,.

Proof. (Existence) Let E be an algebraic closure of IF, and let k C E
be the splitting field of the polynomial x?* — x over F p- Let R be the
set of all roots of x”" — x in k. Then R has exactly p”" elements since
the derivative of the polynomial x”" — x is p"x?'~! — 1 = —1. It is
easy to verify that R contains F,, and R forms a subfield of E (note that
(@ + B)P" = o + p?" for any @, p € F, and any integer m > 1).
Thus, R is exactly the splitting field %, that is, & is a finite field with
p" elements.

(Uniqueness) Let k£ C E be a finite field with ¢ elements. By Propo-
sition 1.1.1(iii), all elements of & are roots of the polynomial x¢ — x.
Thus, & is the splitting field of the polynomial of x¢ — x over IF,. This
proves the uniqueness. O

The above theorem shows that for given ¢ = p”, the finite field with ¢
elements is unique in a fixed algebraic closure IF‘_p. We denote this finite field
by IF, and call it the finite field of order ¢ (or with g elements). It follows from
the proof of the above theorem that I, is the splitting field of the polynomial
x?—x overF,, and so IF, /I, is a Galois extension of degree n. The following
result yields the structure of the Galois group Gal(F, /F ).
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Lemma 1.1.3. The Galois group Gal(F,/IF,) with ¢ = p" is a cyclic
group of order n with generator o : o +— o”.

Proof. It is clear that o is an automorphism in Gal(IF, /IF,). Suppose
that o™ is the identity for some m > 1. Then 0" (x¢) = «, that is,
a? —a = 0, forall @ € F,. Thus, x?”" — x has at least ¢ = p”
roots. Therefore, p™ > p”, that is, m > n. Hence, the order of o is
equal to #n since |Gal(F, /FF )| = n. O

Lemma 1.1.4. The field F,» is a subfield of IF, if and only if
m divides n.

Proof. If m divides #, then there exists a subgroup / of Gal(IF . /F )
with |H| = n/m since Gal(IF,./F,) is a cyclic group of order n
by Lemma 1.1.3. Let k be the subfield of [F,./F, fixed by /. Then
[k : F,] = m. Thus, k = F» by the uniqueness of finite fields.
Conversely, let F,» be a subfield of [F,.. Then the degree m =
[F,n : F,] divides the degree n = [F . : F,]. O

Theorem 1.1.5. Let ¢ be a prime power. Then:

(i) IF, is a subfield of IF;» for every integer n > 1.
(ii) Gal(IF,»/IF,) is a cyclic group of order n with generator
oo al.
(iii) Fyn is a subfield of IF,» if and only if m divides n.

Proof.

(1) Let ¢ = p* for some prime p and integer s > 1. Then by
Lemma 1.1.4,F, =F, CF,u =Fg.
(i1) Using exactly the same arguments as in the proof of Lemma 1.1.3
but replacing p by ¢, we obtain the proof of (ii).
(iii) By Lemma 1.1.4, Fyn = ¥ is a subfield of F» = IF s if and
only if ms divides ns. This is equivalent to m dividing . O

We end this section by determining the structure of the multiplicative group
[, of nonzero elements of a finite field F,.
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Proposition 1.1.6. The multiplicative group I} is cyclic.

Proof. Let ¢t < g — 1 be the largest order of an element of the group
[F;. By the structure theorem for finite abelian groups, the order of any
element of I divides 7. It follows that every element of I is a root of
the polynomial x’ — 1, hence,t > ¢ — l,andsot = ¢q — 1. O

Definition 1.1.7. A generator of the cyclic group Iy is called a primitive
element of .

Let y be a generator of ). Then y” is also a generator of [ if and only if
gcd(n, g — 1) = 1. Thus, we have the following result.

Corollary 1.1.8. There are exactly ¢(¢ — 1) primitive elements of I,
where ¢ is the Euler totient function.

1.2 Algebraic Closure of Finite Fields

Let p be the characteristic of F,. It is clear that the algebraic closure ]PT,
of IF, is the same as IF,.

Theorem 1.2.1. The algebraic closure of IF, is the union Up? | Fn.

Proof. Put U := U F,.. It is clear that U is a subset of F, since
F,» is a subset of IF_p. It is also easy to verify that U forms a field.

Let f(x) = > j_oAx' be a nonconstant polynomial over U.
Then for 0 < i < s we have A; € Fy» for some m; > 1.
Hence, by Theorem 1.1.5(iii), f(x) is a polynomial over F ~, where
m = ]_[fzom i- Let o be a root of f(x). Then F,»(«) is an algebraic
extension of F,» and F »(«) is a finite-dimensional vector space over
F,». Hence, Fyn(ct) is also a finite field containing IF,. Let r be the
degree of IF;» () over Fyn. Then F () contains exactly g"” elements,
that is, Fyn(a) = Fym. So « is an element of U. This shows that U is
the algebraic closure IF,. |

We are going to devote the rest of this section to the study of the Galois
group Gal(E/IFq). We start from the definition of the inverse limit for finite
groups. For a detailed discussion of inverse limits of groups, we refer to the
book by Wilson [130].
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A directed set is a nonempty partially ordered set / such that for all
i1, 1, € I, there is an element j € [ for whichi; < jand i, < j.

Definition 1.2.2. An inverse system {G,, ¢;;} of finite groups indexed
by a directed set / consists of a family {G; : i € I} of finite groups and
a family {¢;; € Hom(G;, G;) : i, j € I, i < j} of maps such that ¢;; is
the identity on G; for each 7 and ¢;; o ¢ ;x = @i wheneveri < j < k.
Here, Hom(G ;, G;) denotes the set of group homomorphisms from
Gj to G,’.

For an inverse system {G;, ¢;;} of finite groups indexed by a directed set
I, we form the Cartesian product [[,., G;, viewed as a product group. We
consider the subset of | |

iel

G; given by

iel

D = (xi)el_[Gi:(pij(xj)zxi foralli, je I withi < ;.

iel

It is easy to check that D forms a subgroup of [[..; G;. We call D the inverse

limit of {G;, ¢;;}, denoted by lim_ G;.

iel

Example 1.2.3. Define a partial order in the set N of positive integers
as follows: for m,n € N, let m < n if and only if m divides n. For
each positive integer i, let G; be the cyclic group Z/iZ, and for each
pair (i, j) € N* with i|j, define ¢;; : 7 € G; — 7 € G, with the bar
indicating the formation of a residue class. Then it is easy to verify that
the family {Z/iZ, ¢;;} forms an inverse system of finite groups indexed
by N. The inverse limit lim.. Z/iZ is denoted by 7.

Example 1.2.4. Now let F, be the finite field with ¢ elements. We
consider the family of Galois groups G; := Gal(F,: /F,) of [F,: over F,
for each i € N. We define a partial order in N as in Example 1.2.3. For
each pair (i, j) € N? with i|j, define the homomorphism ¢, 0 €
Gal(F,;/Fy) = o j|ﬂrq,. € Gal(F, /F,), where o j|ﬂ:q,. stands for the
restriction of o; to Fi. Then {Gal(F, /¥, ), ¢;;} forms an inverse system
of finite groups indexed by N.

Theorem 1.2.5. We have

Gal(F, /F,) ~ lim Gal(F,: /F,).
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Proof. For each i € N, we have a homomorphism Gal(E/]Fq) —
Gal(IF,i /IF,) obtained by restriction. These together yield a homomor-
phism

0 : Gal(F,/F,) — []Gal(F, /F,).

ieN

Itis clear that the image of 6 is contained in lim . Gal(F,: /I, ). We show
in the following that 6 is an isomorphism onto lim.. Gal(F,: /).

Ifo # lisin Gal(JF /F,), then there exists an element x € IF such
that o(x) # x. By Theorem 1.2.1, x belongs to F,» for some n € N.
Now the image of o in Gal(IF;. /F,) maps x to a(x), and thus 6(o) is
not the identity. Hence, 6 is injective.

Take (0;) in lim Gal(F,: /F,). If x € IBT and we set o(x) = 0;(x),
where x € [y, then this is an unamblguous definition of a map
o IF — IF,. It is easy to check that o is an element of Gal(IF /Fy).
Since 9(0) = (0;), lim_ Gal(FF,: /FF,) is the image of 6. O

Corollary 1.2.6. We have
Gal(F, /F,) ~ 7

Proof. For each i € N, we can identify the group Gal(IF,:/F,)
with Z/i7Z by Theorem 1.1.5(ii). Under this identification, the family of
homomorphisms in Example 1.2.4 coincides with that in Example 1.2.3.
Thus, the desired result follows from Theorem 1.2.5. O

It is another direct consequence of Theorem 1.2.5 that the restrictions of all
automorphisms in Gal(IF, /F,) to F» give all automorphisms in Gal(F, /T, ),
that is, we obtain the following result.

Corollary 1.2.7. For every integer m > 1, we have
Gal(Fyn /Fy) = {olp,. : 0 € Gal(E/IFq)}.

For each i € N, let r; € Gal(IF,i /F,) be the automorphism 7; : x + x7.
Then the element (7;) is in lim Gal(FF,: /IF,;). This yields an automorphism
in Gal(IF, /IF,). We call it the Frobenius (automorphism) of F,/F,, denoted
by . It is clear that w(x) = x9 forall x € E and that the restriction of 7 to
I, is m;, the Frobenius (automorphism) of ¥, /IF,.
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1.3 Irreducible Polynomials

Leta € E and o € Gal(E/ IF,). The element o («) is called a conjugate of
a with respect to IF,.

Lemma 1.3.1. The set of conjugates of an element o € E , with respect
to I, is equal to {mi(@):i=0,1,2,...}), where 7 € Gal(IFF, /IF,) is the
Frobenius automorphism.

Proof. Leto € Gal(IETq/IE‘q). There exists an integer m > 1 such that «
is an element of F,». Then the restrictions o |F,» and 7 |g,, are both ele-
ments of Gal(F,/F,). Moreover, 7|r,, is a generator of Gal(IF; /IF,).
Thus, olp,, = (7|p,.)" for some i > 0. Hence, o(a) = olp,. (o) =
(77 5,0) (@) = 7' (). N

Proposition 1.3.2. All distinct conjugates of an element o € E with
respect to F, are a, w(a), ..., 7"~ (a), where m is the least positive
integer such that IF,» contains «, that is, m is such that F» = F ().

Proof. The restriction nlqu of m to Fy» has order m since it is a
generator of Gal(F;»/F;). Hence, 7" () = (7|p,.)"(«¢) = «. This
implies that o, w(a), ..., 7" (a) yield all conjugates of «. It remains
to show that they are pairwise distinct. Suppose that 7”(«) = « for
some n > 1. Then it is clear that 7"(8) = g for all B € [ (@), that is,
B4 — B = 0 for all elements B € F . Thus, the polynomial x¢" — x has
at least ¢" roots. Hence, n > m. This implies that o, 7 (@), . . ., 7r’”‘1(oz)
are pairwise distinct. O

Corollary 1.3.3. All distinct conjugates of an element o € E with
respect to IF, are o, o, oﬂz, ...,oﬂmil, where m is the least positive
integer such that IF;» contains «, that is, m is such that Fn = F,(a).

Proof. This follows from Proposition 1.3.2 and the fact that 7 («) = «9.
O

By field theory, all conjugates of o with respect to I, form the set of all
roots of the minimal polynomial of « over F,. Hence, we get the following
result.
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Corollary 1.3.4. Let f be an irreducible polynomial over [, of degree
m and let @ € F, be a root of f. Then «, af,af, ... a?"" are all
distinct roots of f, and moreover Fy» = IF, (a).

From the above result we obtain that all roots of an irreducible polynomial
S over IF, are simple and that IF;» is the splitting field of f over IF,, where
m = deg(f).

Lemma 1.3.5. A monic irreducible polynomial f(x) of degree m over
F, divides x4 — x if and only if m divides n.

Proof. Let ¢ € IF_q be a root of f(x). Then we have F;n = F,(a)
by Corollary 1.3.4. If m divides n, then F,» is a subfield of F . by
Theorem 1.1.5(iii). From Proposition 1.1.1(iii) we get 4" — g = 0 for
all B € Fyn. In particular, a?" — a = 0. Hence, the minimal polynomial
f(x) of a over F, divides x?" —x.

If f(x) divides x?" — x, then «¥" — a = 0. Hence, a € F,» by the
existence part of the proof of Theorem 1.1.2. Now Fyn = Fy(a) C Fyn
and our desired result follows from Theorem 1.1.5(iii). O

Since x7" — x has no multiple roots, we know from Lemma 1.3.5 that the
product of all monic irreducible polynomials over IF, whose degrees divide
n is equal to x¢° — x. From this we obtain the number of monic irreducible
polynomials over [F, of given degree, as stated in the following theorem.

Theorem 1.3.6. Let /,(n) be the number of monic irreducible polyno-
mials over IF, of fixed degree n > 1. Then

1
Iy(n) = ~ > g,

dln

where the sum is over all positive integers d dividing n and p is the
Mobius function on N defined by
1 ifd =1,
u(d) = { (—1)" if d is the product of r distinct primes,

0 otherwise.
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Proof. Since the product of all monic irreducible polynomials over
IF, whose degrees divide  is equal to x9" — x, we obtain the identity

q" =Y dl,(d)

dln

by comparing degrees. Applying the Mobius inversion formula
(e.g., see [72, p. 92]), we get the desired result. O

1.4 Trace and Norm

In this section, we discuss two maps from the field F,» to the field IF,: trace
and norm.

Definition 1.4.1. The frace map Trqu /F, from Fyn to I, is defined
to be

Zo,

oeG

where G := Gal(IF;» /IF,), that is, for any € Fy», we put

Tre, .z, () = Y _ o(a).

oeG

If there is no confusion, we simply denote the map by Tr.

For any t € Gal(F;» /F,) and a € IF;», we have

(Tr(e)) = © (Z 0(a)> =) (@o)a)=)_ o) =Tr().

oeG oeG oeG

Thus indeed, Tr is a map from [F,» to IF,. Furthermore, the trace map has the
following properties.
Proposition 1.4.2.

(i) Tr(a + B) = Tr(a) + Tr(B) forall o, B € Fym.
(ii) Tr(aa) = aTr(a) foralla € Fyn and a € I,
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(iii) Tr(o(a)) = Tr(a) for all o € Gal(F;»/F,) and « € Fgn. In
particular, Tr(w (a)) = Tr(a?) = Tr(a), where 7 € Gal(F,» /F,)
is the Frobenius.

The proof of the above proposition easily follows from the definition
of the trace map. We glean from (i) and (ii) of the above proposition that
Tr is a linear transformation when we view F,» and ¥, as vector spaces
over IF,.

Since 7 is a generator of the cyclic group G = Gal(F,» /F,) of order m,
wehave Tr= Y, .0 = "' n'. Hence, for any « € F,n, we have

m—1
Tr(a) = Zﬂi(a)=a+oﬂ +af +-faf
i=0

m—1

Theorem 1.4.3.

(i) The trace map is surjective. Thus, the kernel of Tr is a vector space
of dimension m — 1 over F,.
(ii) An element o of I » satisfies Tr(a) = O if and only if a =

7(B) — B = p?— Bforsome B € Fyn.

Proof.

(i) An element a of Fy» is in the kernel of Tr if and only if « is a root
of the polynomial x + x4 + x¢° 4 --- + x?" . Thus, the kernel
of Tr contains at most q’”‘l elements. Therefore, there are at least
g™ /g™~ ! = q elements in the image of Tr. Since the image of Tr
is a subset of I, we conclude that the image is the same as IF,,. As
the dimension of the I, -linear space IF,» is m, the dimension of the
kernel is equal to m — 1.

(ii) Consider the [F,-linear map ¢ : y € Fyn > 7(y) — y. By Prop-
osition 1.4.2(iii), the image Im(¢) is contained in the kernel of
Tr. Now ¢(y) = 0 if and only if 7(y) = y. This is equivalent
to y being an element of F,. Hence, the kernel of ¢ is IF,. So
Im(¢) contains ¢”/q = ¢™~! elements. This implies that Im(¢)
is the same as the kernel of Tr. Therefore, Tr(e) = O if and only
if @ € Im(¢), that is, there exists an element 8 € [ » such that

a=¢(B)=n(p)—B. O
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Definition 1.4.4. The norm map Nm[pqm /F, from [y to F, is defined
to be

M

oeG

where G := Gal(IF;» /IF,;), that is, for any a € F», we put

Nmg,, /r, (@) = 1_[ o(a).

oeG

If there is no confusion, we simply denote the map by Nm.

For any t € Gal(F;» /IF;) and a € F;», we have

t(Nm(e)) = © (]_[ 0(a)> = ]_[(w)(a) = ]_[ o(a) = Nm().

oeG oeG oeG

Thus indeed, Nm is a map from F,» to IF,. Furthermore, the norm map has
the following properties.

Proposition 1.4.5.

(1)) Nm(ce - B) = Nm(ar) - Nm(p) for all o, B € Fym.
(ii)) Nm(aa) = a”Nm(«) forall « € Fy» and a € F,.
(iii) Nm(o(a)) = Nm(a) for all 0 € Gal(F,»/F,) and a € Fyn.
In particular, Nm(7(¢)) = Nm(e?) = Nm(x), where 7 €
Gal(F,~ /T, ) is the Frobenius.

The proof of the above proposition easily follows from the definition of the
norm map. We obtain from (i) of the above proposition that Nm is a group
homomorphism from [, to F;.

Since 7 is a generator of the cyclic group G = Gal(IF,» /IF,) of order m,
we have Nm = [, 0 =[]/, 7'. Hence, for any « € Fn, we have

m—1
i 2
Nm(a): l_[nl(a)za-oﬂ.oﬂ ..... ol
i=0
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Theorem 1.4.6.

(1) The norm map is an epimorphism from [, to ;. Thus, the kernel
of Nm is a cyclic group of order (¢ — 1)/(q — 1).

(ii) An element  of F » satisfies Nm(a) = 1 if and only if o =
n(B)/B = pi~" for some B € F,.

Proof. Using similar arguments as in the proof of Theorem 1.4.3 and
replacing Tr by Nm, we obtain the desired results. O

1.5 Function Fields of One Variable

For a given field &, a function field over k is a field extension F of k such that
there is at least one element x € F that is transcendental over k. The field & is
called a constant field of F.

For a function field F over k, we consider the set k; of elements of F that
are algebraic over k. It is clear that k; is a field since sums, products, and
inverses of algebraic elements over k are again algebraic over k. Hence, we
have the chain of fields k C k; C F.

Lemma 1.5.1. Let F be a function field over &k and let k; be the set
of elements of F that are algebraic over k. Then:

(i) F is also a function field over ky;
(ii) k; is algebraically closed in F, that is, all elements in F' \ k| are
transcendental over ;.

Proof.

(1) Let x € F be a transcendental element over k. We will show that
x is also transcendental over k;. Suppose that x were algebraic
over ky. Let Y/, ¢;T" with ¢; € ky be the minimal polynomial

of x over k;. Then x is algebraic over k(co, ¢y, ..., ¢,). Hence,
k(co, c1, ..., Cn, x) 1is a finite extension of k(cg, c1, ..., c,). Since
all ¢; are algebraic over £, it follows that k(co, ¢y, ..., ¢;) is also
a finite extension of k. Therefore, [k(co, ¢, ..., ch,x) @ k] =
[k(co, c1y.vvyCnyx) @ k(co, 1y ...y en)] - [k(co, c1y...ycn) 2 k] <
oo. Thus [k(x) : k] < [k(cg, c1, ..., cn,x) : k] < oo. This implies

that x is algebraic over k, a contradiction.
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(ii) It suffices to show that if « € F is algebraic over k;, then
« is an element of k. Let « € F be an algebraic element over
kyandlet >/ _ ¢;T ! with ¢; € k; be its minimal polynomial over
k1. With the same arguments as in the proof of (i), we can show that
[k(x) : k] < oo, that is, « is algebraic over k. Hence, « is in k.

O

For a function field F over k, we say that k is algebraically closed in F if &
is the same as k; = {o¢ € F : « is algebraic over k}. In this case, we call
k the full constant field of F. From now on we always mean that F is a
function field over & with full constant field £ whenever we write F/k. We
will now concentrate on algebraic function fields of one variable, which are
defined as follows.

Definition 1.5.2. The function field F/k is an algebraic function field
of one variable over k if there exists a transcendental element x € F
over k such that F is a finite extension of the rational function field
k(x). If in addition the full constant field & is finite, then F/k is
called a global function field.

The study of algebraic function fields of one variable has a long history.
Classical books on this topic include those by Chevalley [18] and Deur-
ing [25]. The more recent book by Stichtenoth [117] puts a special emphasis
on global function fields.

In the rest of this section, F/k will always denote an algebraic function
field of one variable. We develop the theory of algebraic function fields of
one variable by starting from the concept of a valuation. We add oo to the
field R of real numbers to form the set R U {co}, and we put co + oo =

o0+ c = c+ oo = oo forany ¢ € R. We agree that ¢ < oo for any
celR.

Definition 1.5.3. A valuation of F/kisamapv : F — R U {oo}
satisfying the following conditions:

v(z) = oo if and only if z = 0;

v(yz) =v(y)+v(z)forall y,z € F;

v(y + z) > min (v(y), v(z)) forall y,z € F;
v(F™) # {0}

v(a) = 0 for all @ € k*.

SR =
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Remark 1.54.

(i) Condition (3) is called the triangle inequality. In fact, we have a
stronger result called the strict triangle inquality, which says that

V(Y + 2) = min (L(3), (2)) (1.1)

whenever v(y) # v(z). In order to show (1.1), we can assume
that v(y) < v(z). Suppose that v(y + z) # min (v(y), v(z)). Then
v(y + z) > min (v(y), v(z)) = v(y) by condition (3). Thus v(y) =
V(y+2)—2) = min (W(y+2), v((—1)-2)) = min W(y+2), v(2)) >
v(y), a contradiction.

(i1) If £ is finite, then condition (5) follows from the other conditions in
Definition 1.5.3. Note that if k = F,, then «/~! = 1 for all @ € k*
by Proposition 1.1.1(iii), and so 0 = v(1) = v(a?"") = (g — Dv(a),
which yields v(a) = 0.

If the image v(F™) is a discrete set in R, then v is called discrete.
v(F*) = Z, then v is called normalized.

Example 1.5.5. Consider the rational function field k(x). The full
constant field of k(x) is k since it is easily seen that a nonconstant
rational function in k(x) cannot be algebraic over k. Let p(x) be a monic
irreducible polynomial in k[x]. Let the map v, : k(x) — Z U {oo} be
defined as follows:

(i) for a nonzero polynomial f(x) € k[x] with p”(x)|| f(x), that is,
PO f(x) and p"THx) [ f(x), put vy (f(x)) = m;
(i) for a nonzero rational function f(x)/g(x) € k(x), put
Vp(x)(f(x)/g(x)) = Vp(x)(f(x)) - vp(x)(g(x));
(iii) put Up(x)(()) = Q.

It is easy to verify that v, is a well-defined map and satisfies the
conditions in Definition 1.5.3. Hence, v, is a (discrete) normalized
valuation of k(x).

Besides the valuations v ) defined above, we have another (discrete)
normalized valuation v, of k(x) defined by

b (ﬂ) — deg(g(x)) — deg( /(x))
g(x)

for any two nonzero polynomials f(x), g(x) € k[x] and v, (0) = oo. It
is easy to show that v, is a well-defined valuation map.

It



FINITE FIELDS AND FUNCTION FIELDS 15

We will see later in this section (see Theorem 1.5.8) that every
normalized valuation of k(x) is of the form v, for some monic
irreducible polynomial p(x) € k[x] or vy.

Two discrete valuations v and A of F'/k are called equivalent if there exists
a constant ¢ > 0 such that

v(z) =cA(z) forallz e F*.

Obviously, this yields an equivalence relation between discrete valuations of
F/k. An equivalence class of discrete valuations of F/k is called a place
of F/k.

If v is a discrete valuation of F/k, then v(F*) is a nonzero discrete
subgroup of (R, +), and so we have v(F*) = bZ for some positive b € R.
Thus, there exists a uniquely determined normalized valuation of F' that is
equivalent to v. In other words, every place P of F/k contains a uniquely
determined normalized valuation of F/k, which is denoted by vp. Thus, we
can identify places of F'/k and (discrete) normalized valuations of F/k.

For a place P of F/k and an element z € F*, we say that P is a zero of z
if vp(z) > 0 and that P is a pole of z if vp(z) < O.

For the normalized valuation vp of F'/k we have vp(F*) = Z. Thus, there
exists an element t € F satisfying vp(¢) = 1. Such an element ¢ is called a
local parameter (or uniformizing parameter) of F at the place P.

For a place P of F/k, we set

Op={z€ F:vp(z) >0}.

Using the properties of valuations, it is easy to show that Op forms a subring
of F with k € Op. We call Op the valuation ring of the place P.

Proposition 1.5.6. The valuation ring Op has a unique maximal ideal
given by

Mp = {ze F:vp(z) > 1}.

Proof. Itis trivial that Mp is an ideal of Op. Since 1 € Op\ Mp, we ob-
tain that M p is a proper ideal. It remains to show that any proper ideal J
of Op is contained in M p. Take z € J and suppose that vp(z) = 0. Then
vp(z~H) = —vp(z) =0, and so z=! € Op. Thus, 1 =z 'z € J and,
hence, J = Op, a contradiction. Therefore, vp(z) > 1 and J € Mp.

O
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The ideal Mp is called the maximal ideal of the place P. It is, in fact, a
principal ideal since Mp = tOp for any local parameter ¢ of F at P.

Remark 1.5.7. Valuation rings in F/k can be characterized purely
algebraically as the maximal proper Noetherian subrings of F/k,
or also as the maximal principal ideal domains properly contained in
F/k (see [105, Section 2.1]). A place of F/k can then be defined as the
maximal ideal of some valuation ring in ¥/ k. This alternative approach
to the concept of a place is presented in the book of Stichtenoth [117].

We now determine all discrete valuations of the rational function field k(x).
The valuations v () and v, are defined as in Example 1.5.5.

Theorem 1.5.8. Every discrete valuation of the rational function field
k(x) is equivalent to either v, for some monic irreducible polynomial
p(x) in k[x] or to V.

Proof. Let v be a discrete valuation of k(x) and let P be its correspond-
ing place. We distinguish two cases according to the value of v(x).

Case 1: v(x) > 0. Then k[x] € Op and v(k(x)*) # {0} by the
properties of a valuation, and so J := k[x] N Mp is a nonzero ideal of
k[x]. Furthermore, J # k[x] since 1 ¢ J. Since Mp is a prime ideal
of Op, it follows that J is a prime ideal of k[x]. Consequently, there
exists a monic irreducible p(x) € k[x] such that J is the principal ideal
(p(x)). In particular, ¢ := v(p(x)) > 0.If A(x) € k[x] is not divisible by
p(x), then h(x) ¢ Mp, and so v(k(x)) = 0. Thus, if we write a nonzero
r(x) € k(x) in the form

r(x) = p(x)’”@
g(x)

withm € Z and f(x), g(x) € k[x] not divisible by p(x), then
v(r(x)) = mv(p(x)) = cvpu)(r(x)),

and so v is equivalent to v ().
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Case 2: v(x) < 0. Then ¢ := v(x~') > 0 and x~! € Mp. Take any
nonzero f(x) € k[x] of degree d, say. Then

d d d
fx) = Zaix‘ = x4 Z oxi ™ = x4 Zad,ix_’
i=0 i=0 i=0
with all «; € k. Furthermore,
d d
Z og_ix ' =oy+ Z ag_ix ' =ay + s(x)
i=0 i=1

with s(x) € Mp. Since oy # 0, we have v(ay) = 0, and so

d
v (Z ad,-x_’) =0
i=0
by the strict triangle inequality (see Remark 1.5.4(i)). It follows that

v(f(0) = v(x) = —dv(x ") = Voo (f(X)),

and so v is equivalent to V. O

Remark 1.5.9. If we write O, = {z € F : v(z) > 0} and M, =
{z € F : v(z) > 0} for an arbitrary valuation v of F/k and let O,
and M, play the roles of Op and Mp, respectively, in the proof of
Theorem 1.5.8, then the argument in the proof goes through. Thus,
this proof demonstrates that every valuation of k(x) is automatically
discrete.

Theorem 1.5.8 shows that there are exactly two types of places of the
rational function field k(x): (i) the finite places containing some valuation
Vs (ii) the infinite place containing the valuation v,. Note that the

valuations v, and v, are nonequivalent since v,u)(p(x)) = 1, whereas
Voo(p(x)) < 0. Furthermore, v, and v, are nonequivalent for distinct
monic irreducible p(x),g(x) € k[x] since v,y (p(x)) = 1, whereas

vy (p(x)) = 0. Thus, there is a one-to-one correspondence between the finite
places of k(x) and the monic irreducible polynomials in k[x]. We may use
this correspondence to speak, for instance, of the place p(x) of k(x) when
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we mean the place containing the valuation v,,). To summarize, the set of
distinct places of k(x) can be identified with the set

{p(x) € k[x] : p(x) monic irreducible} U {oco}.
Definition 1.5.10. Let P be a place of the algebraic function field F/k
of one variable over k. The field Fp := Op/Mp is called the residue
class field of P. The canonical ring homomorphism
z€Opt>z(P):=z+Mp e Fp

is called the residue class map of P.

Example 1.5.11. Consider again the rational function field k(x).
If p(x) € k[x]is monic irreducible, then for the finite place p(x) of k(x),
we have

Op(x) = {& . f(x)7 g(x) € k[x]a p(x) /rg(x)} s
g(x)
) = FoR f(x), g(x) € k[x], p(x)| f(x), p(x) } gx)¢.

For any A(x) € k[x], we write h(x) for the residle class of 4 (x) modulo
the ideal (p(x)) of k[x]. If p(x) f h(x), then h(x) € k[x]/(p(x)) has a
multiplicative inverse mil € k[x]/(p(x)). The map ¥ ) : Opx) =
k[x1/(p(x)) given by

¥ pta) (%) =7 g | forall % € O

is well defined. Clearly, ¥, is a surjective ring homomorphism
with kernel M), and so the residue class field of the place p(x) is
isomorphic to k[x]/(p(x)). For the infinite place oo of k(x), we have

o = {% s f(x), glx) € k[x], g(x) #0, deg(f(x)) < deg(g(x))} ’

S(x)
g(x)

My = {  f(x), g(x) € k[x], deg(f(x)) < deg(g(x))} ,
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where we put as usual deg(0) = —oo. Every r(x) € Oy can be written
in the form

agx? +og x4+t
x4+ Bgaxd= 4+ By

r(x) =

with all o;, B; € k and d > 0. The map V/, : Ox, — k given by
Yeo(r(x)) = ay forall r(x) € O

is well defined. It is easily seen that 1/, is a surjective ring homomor-
phism with kernel M, and so the residue class field of the place oo is
isomorphic to k.

Theorem 1.5.12. Every valuation of an algebraic function field of one
variable is discrete.

Proof. Let F/k be an algebraic function field of one variable. By
Definition 1.5.2, there exists a transcendental element x € F over k such
that F is a finite extension of K := k(x). Let v be an arbitrary valuation
of F and let & be the restriction of v to K. It suffices to prove that the
index [v(F™) : £(K™)] is finite. Since v(F™) is an infinite subgroup of
(R, +), this shows then that £(K™*) = {0} is not possible. Hence, & is a
valuation of K, thus discrete by Remark 1.5.9, and so v is discrete.

Let zy,...,z, € F* be such that v(z),...,v(z,) are in distinct
cosets modulo £(K*). We claim that zy, .. ., z, are linearly independent
over K. This will then show that

[W(F") 1 E(KM] < [F: K] < oo.

So, suppose we had

Zn: b,‘Z,’ = 0,
i=1

where without loss of generality all b; € K*. If we had v(b;z;) =
v(b;z;) for some i and j with 1 <i < j < n, then

(z;) — v(z;) = v(b;) — v(b;) = &(b;b; ) € E(K™),
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a contradiction to the choice of zy, ..., z,. Thus, v(bzy), ..., v(b,z,)
are all distinct, and so the strict triangle inequality yields

n

v E b;z; | = min v(b;z;) < o0,
1 1<i<n
=

which is again a contradiction. O

In the above proof, we have shown, in particular, that the restriction of a
valuation of F/k to k(x) yields a valuation of £(x). Obviously, for equivalent
valuations of F the restrictions are again equivalent. Thus, a place O of F
corresponds by restriction to a unique place P of k(x). We say that Q lies
over P or that P lies under Q. Therefore, every place of F lies either over a
place of k(x) corresponding to a monic irreducible polynomial in k[x] or over
the infinite place of k(x).

Theorem 1.5.13. The residue class field of every place of F'/ k is a finite
extension (of an isomorphic copy) of k.

Proof. Let O be a place of F that lies over the place P of K := k(x)
with x as in Definition 1.5.2. Let Ry := Oy /Mg and Rp := Op/Mp
be the corresponding residue class fields and note that Op < Op.
The map p : Rp — Ry given by

p(b+Mp)=b+My forallb e Op

is well defined since Mp C My. It is clear that p is an injective ring
homomorphism, and so R contains the isomorphic copy p(Rp) of Rp
as a subfield.

Let zy,...,z, € Og be such that z; + Mg, ...,z, + My are
linearly independent over p(Rp). We claim that zy, ..., z, are linearly
independent over K. This will then show that

[Ro : p(Rp)] = [F: K] < o0.

Since Rp is a finite extension (of an isomorphic copy) of k (see
Example 1.5.11), this proves the theorem. So, suppose we had

Xn: b,’Z,‘ =0
i=1
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with by, ..., b, € K not all 0. Without loss of generality
vp(by) = lmiﬂ vp(b;).
Then by # 0 and

z1 + Zbibflzi = 0.

=2

By the condition on vp(b;), we have bibl_1 € Op for2 <i < n.Passing
to the residue classes modulo MQ, we get

(1 +Mg)+ Y p(biby ' +Mp)(z: +Mg) = 0+ Mo,

i=2
a contradiction to the choice of z¢, ..., z,. O

In view of Theorem 1.5.13, the following definition is meaningful.

Definition 1.5.14. The degree deg(P) of a place P of F/k is defined to
be the degree of the residue class field of P over k. A place of F/k of
degree 1 is also called a rational place of F/k.

Example 1.5.15. Let ' = k(x) be the rational function field over k.
As we noted in Example 1.5.5, the full constant field of F is k. By
Example 1.5.11, the degree of a finite place p(x) of F' is equal to the
degree of the polynomial p(x) and the degree of the infinite place of
Fisequalto 1. If £ = IF,, then the rational function field F has thus
exactly ¢ + 1 rational places.

Next we prove the approximation theorem for valuations of algebraic
function fields of one variable. The following two preparatory results are
needed for the proof.

Lemma 1.5.16. If P, and P, are two distinct places of F/k, then there
exists an element z € F such that vp (z) > 0 and vp,(z) < 0.
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Proof. First consider any u € F with vp,(u) = 0. If vp (1) # 0O, then
either z = u or z = u~! works. Thus, we are left with the case where
vp,(u) = 0 always implies vp (1) = 0.

Let y € F* be arbitrary and let + € F be a local parameter at P;.
Then we can write y = t"u with n € Z and vp, (1) = 0. It follows
that vp (u) = 0, and so vp () = nvp(¢). Since vp, is normalized, we
must have vp (t) = £1. If vp (t) = 1, then vp (y) = n = vp,(y) for all
y € F*, acontradiction to P, # P,. Thus, vp(#) = —1, and then we
take z = ¢~ 1. O

Lemma 1.5.17. If P, ..., P, are distinct places of F/k, then there
exists an element z € F such that vp(z) > 0 and vp(z) < O for
2<i<n.

Proof. We proceed by induction on n. For n = 2, we apply
Lemma 1.5.16 and we get w € F with vp (w) > 0 and vp,(w) < 0 as
well as y € F with vp, () > 0 and vp, () < 0. Then we take z = wy~!.

Assume that the lemma is true for n — 1 distinct places for some
n > 3. By this hypothesis, there exists w € F such that vp, (w) > 0 and
vp(w) < O0for2 <i <n — 1. There also exists y € F with vp (y) > 0
and vp (¥) < 0. If vp (w) < 0, we take z = w. If vp (w) > 0, we put
z = w + )" with an integer » > 1. Then vp(z) > 0,and for2 <i <n
we obtain

vp(z) = min (vp (w), rvp(y)) < 0

by choosing » in such a way that the strict triangle inequality applies.

U
Theorem 1.5.18 (Approximation Theorem). Let P, ..., P, be dis-
tinct places of F/k. Then for any given elements w;, ..., w, € F and
integers my, ..., m,, there exists an element z € F such that
vp(z—w;)=m; forl <i <n.
Proof. We first treat the special case w; = 1, wy = -+ = w, = 0, and

we show the weaker result that there exists y € F with

vp(y—1) > my, vp(y) >m; for2 <i <n. (1.2)
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By Lemma 1.5.17 we get w € F with vp(w) > 0 and vp(w) < O
for2 < i < n. Nowput y = (1 + w®)"! with an integer s > 1.
Then for sufficiently large s we have vp, (y—1) = vp (—w*(1+w*)~!) =
svp(w) > my and vp(y) = —vp(l + w’) = —svp(w) > m; for
2<i<n.

Now let wy,...,w, € F be arbitrary. Choose b € 7Z such that
vp(w;) > bforalll <i,j <nandputd; =m; —bforl <i <n.
By (1.2) we obtain yy, ..., y, € F such thatfor 1 <i, j <n we have

vp(yi — 1) > d;, vp(y;) > d; for j #1i.
Let y = >"_, w;y;. Then we can write
n
y—w; =wi(yy — D+ ij)/j’

j=1
J#i

and so
vp(y—w;))>b+di=m; forl <i<n (1.3)
by the triangle inequality.
Finally, foreachi =1, ..., n, choose u; € F such that vp (u;) = m;.
By (1.3) there exists z € F with
v,:i(z—(ui+w,~))>m,- for 1 <i<n.
Then

vp(z — w;) =min (vp(z — u; — w;), vp(u;)) = m;

for 1 <i < n by the strict triangle inequality. O

Let P be a place of F/k and let t € F be a local parameter of F at P.
Given an element z € F, we choose an integer » such that vp(z) > r. Then
zt~" € Op, and so we can put

a, = (zt™")(P).
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Note that a, is an element of the residue class field Fp of P. Next we observe
that

vp(z —at") >r+1,
and so
vp(zt 7V — a7 > 0.
Thus, we can put
ari1 = (2t = a,t7H(P).
Then a,, € Fp and
vp(z —apt” — appit’™™) > r 4 2.

Now we construct further elements a; € Fp inductively. Assume that for
an integer m > r we have already obtained elements a,, a, 1, ...,a, € Fp
such that

m
vp Z—Zajtj >m+ 1.
j=r

Then we put

m
Apy1 = Zt7m71 — Zajf‘];mil (P) € Fp,

j=r
and this yields

m+1
Vp Z—E ajl] Zm+2
J=r
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‘We summarize this construction in the formal expansion

o0
z=Y a;t! (1.4)
j=r

which is called the local expansion of z at P. Note that if @, # 0in (1.4), then
vp(z) =r.

1.6 Extensions of Valuations

Let F/k and E/k’ be algebraic function fields of one variable such that
F C E,[E : F] < o0, and their full constant fields & and &’ satisfy
k C k'. Note that then [k’ : k] < oo. In this section we discuss the
relationships between valuations, or equivalently places, of F and E. More
general situations in which a valuation is extended from a given field to an
extension field are treated in the books of Ribenboim [105] and Weiss [129].

Lemma 1.6.1. For any valuation v of E/k’, we have
[W(E®) : v(F")] < [E: F] < 0.

Proof. This is shown in the same way as in the special case considered
in the proof of Theorem 1.5.12. O

If v is a valuation of E/k’, then it is trivial that its restriction to F/k
satisfies the conditions (1), (2), (3), and (5) in Definition 1.5.3. Moreover,
Lemma 1.6.1 implies that the restriction also has the property (4). Thus, the
restriction of v to F/k yields a valuation of F/k. Clearly, for equivalent
valuations of E the restrictions are again equivalent. Hence, a place Q
of E corresponds by restriction to a unique place P of F. We extend a
terminology introduced in Section 1.5 and say that Q lies over P or that P
lies under Q. Recall that vy denotes the normalized valuation belonging to
the place Q.

Definition 1.6.2. If the place Q of E lies over the place P of F, then
the ramification index e(Q| P) of QO over P is the positive integer

e(QIP) := [vo(E™) : vo(F)] = [Z : vo(F)].
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We say that Q is unramified in the extension E/F if e(Q|P) = 1, that
Q is ramified in the extension E/F if e(Q| P) > 1, and that Q is totally
ramified in the extension E/F if e(Q|P) = [E : F].

With vp denoting as usual the normalized valuation belonging to the
place P, Definition 1.6.2 shows that

vo(z) = e(Q|P)vp(z) forall z € F*.

If the places O and P are as above, then their residue class fields £y and
Fp satisty [Egp : k'] < oo and [Fp : k] < oo according to Theorem 1.5.13.
Furthermore, the well-defined map z(P) + z(Q) for z € Op provides an em-
bedding of Fp into £, and so £ can be viewed as a finite extension of Fp.

Definition 1.6.3. If the place Q of E lies over the place P of F,
then the relative degree f(Q|P) of Q over P is the positive integer

J(QIP):=[Eg : Fp].

According to a general principle concerning extensions of valuations (see for
example, [129, Theorem 1.6.5]), if the place P of F'is given and Qy, ..., O,
are distinct places of E lying over P, then

7

D e(Qi|P)f(QilP) < [E : FI. (1.5)

i=1

This shows, in particular, that there can be at most [E : F] places of E
lying over P. Note also that if one of the places of E lying over P is totally
ramified in £/ F, then there can be no other places of £ lying over P.

Definition 1.6.4. A place P of F splits completely in the extension
E/F if there are exactly [E : F] places of E lying over P.

It follows from (1.5) that if P splits completely in £/F, then e(Q|P) =
f(Q|P) =1 for each place Q of E lying over P.

Given a place P of F, does there exist a place of E lying over it? There is
an elegant argument in Ribenboim [105, Chapter 4, Theorem 1], which uses
Zorn’s lemma and shows that any valuation of a field can be extended to any
algebraic extension of the field. Explicit constructions of extended valuations
can be found in Ribenboim [105, Chapter 4] and Weiss [129, Chapter 2].
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It is a well-known fact (see [117, Theorem III.1.11]) that if the full constant
field k of F is perfect, that is, if every algebraic extension of k is separable,
and if Oy, ..., Q, are all distinct places of E lying over P, then (1.5) can be
strengthened to

r

> e(QilP) f(QilP)=[E : F]. (1.6)

i=1

This provides an important relationship between ramification indices, relative
degrees, and the degree of the extension E/F. Since every finite field is
perfect (see, e.g., Corollary 1.3.4), (1.6) holds in particular if F' (and therefore
E) is a global function field.

1.7 Constant Field Extensions

Throughout this section, we are given:

(i) a global function field F'/IF, with full constant field F;

(ii) the composite field F;, := F - F ., called a constant field extension
of F and contained in a fixed algebraic closure of F, where n is a
positive integer.

If Fy» = F,(B), then we have F, = F(B). We recall from Theorem 1.1.5
(ii) that the Galois group Gal(IF,» /IF,) is a cyclic group.

Lemma 1.7.1. With the notation above, we have:

(1) F,/F is a cyclic extension with [F}, : F] = n and Gal(F,/F) =~
Gal(IF,. /Fy);
(ii) the full constant field of £, is Fyx.

Proof.

(i) Let Fjn = IF,(B) and let f be the minimal polynomial of A
over IF,. We will prove that f is irreducible over F. Suppose that
f had a factorization f = gh over F with g and £ monic and
deg(g) > 1, deg(h) > 1. It is obvious that all roots of g and
h are elements of [F,.. Hence, from the fact that the coefficients
of a monic polynomial are polynomial expressions of its roots, it
follows that g and 4 are polynomials over ;.. Thus, all coefficients
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of g and & are algebraic over [F,. Hence, each coefficient of g and
h is an element of IF, since I, is algebraically closed in F’, and we
obtain a contradiction to f being irreducible over IF,. This shows
that [F, : F'] = n and Gal(F,/F) ~ Gal(F;. /F,).

(ii) It is trivial that the full constant field of £, contains F,. since
F, /I, is a finite extension. Let z € F, be an algebraic element
over [F,.. Then [Fy.(2)/F, is a finite extension, and so from (i) we
get

n=I[F:Fl=[F -Fp@): Fl=[Fu():F,]

Hence, Fy:(z) = g, that is, z € F,.. This means that Fy. is the
full constant field of F,. O

By Lemma 1.7.1 we can identify Gal(f,/F) with Gal(F;./F,) in the
following way. Let {81 = 1, B, ..., B,} be a basis of F,» over ;. Then
for any t € Gal(F,./F,) and x = )_/_, Bix; € F, withall x; € F, put

n

T(x) =Y T(B)xi.

i=1

Then 7 is a Galois automorphism of F;,/ F and all elements of Gal(F;,/ F) are
obtained in this way.

Theorem 1.7.2. Let I, = I - [F;» be a constant field extension of F.
Then for any place P of F and any place Q of F, lying over P, the
following holds:

(1) e(QIP)=1;

(ii) deg(Q) = d/ged(d, n), where d = deg(P) is the degree of P;
(ii) f(QIP) =n/ged(d, n);
(iv) there are exactly gcd(d, n) places of F, lying over P.

Proof.
(i) Let {B1,..., Bu} be a basis of F . over IF,. Then its discriminant
A(Bi, ..., By) is an element of F*, and so

vp(A(BL, ..., ) = 0.
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Hence, {f, ..., B,} is a P-integral basis of F;,/F, that is, every
element in the integral closure of Op in F, can be written as a linear
combination of By, ..., B, with coefficients from Op. The desired
conclusion follows now from Dedekind’s discriminant theorem
(see [129, Theorem 4.8.14]).

(ii) We first prove that the residue class field Ry of Q is the composite
field F'p -IF», where Fp is the residue class field of P. Itis obvious
that Fp - Fyn can be viewed as a subfield of Ry (compare with
Section 1.6). Since a basis {1, ..., B,} of Fyn over IF, is a P-
integral basis of F,/F, we can write any element of R in the form
z(Q), where

n
z= Z z; Bi
i—1

with zq, ..., z, € Op. Hence,

n n

2A0) =) z(Q)Bi =) z(P)B; € Fp-Fy,

i=1 i=1

showing that Ry = Fp - F,.. This yields

deg(Q) = [RQ : ]Fqn] = [FP . ]Fqn : ]Fqn] = [qu . ]Fqn : ]Fqn]
d
~ ged(d, n)’

(ii1) We have

f(QIP)=[Rg : Fpl =[Fp-Fyp: Fp] = [Fpu-Fpr : Fya]
n
- gcd(d, n)’

(iv) This follows from (i), (iii), and (1.6). O



2 Algebraic Varieties

This chapter is devoted to the fundamentals of algebraic geometry. After some
preliminaries in Sections 2.1 and 2.2, we introduce in Section 2.3 the basic
concept of an algebraic variety. According to a rough definition, an algebraic
variety (or a variety in short) consists of the solutions of a system of (in
general multivariate) polynomial equations over an algebraically closed field,
and in addition a variety must satisfy a certain indecomposability condition.
There are affine and projective varieties, depending on whether we work in an
affine or a projective space. The discussion of function fields of varieties in
Section 2.4 establishes links with the material on function fields in Chapter 1.
Section 2.5 on morphisms and rational maps culminates in results which
indicate that varieties can be considered equivalent if and only if their function
fields are isomorphic.

A classical treatise on algebraic geometry is Hartshorne [51]. More recent
books that discuss algebraic geometry from various angles are Bump [13],
Cox, Little, and O’Shea [23], Kunz [65], and Smith et al. [115].

2.1 Affine and Projective Spaces

From now on in this chapter, we assume that k is a perfect field, that is, that
every algebraic extension of & is separable. Note that, in particular, the finite
field I, and its algebraic closure [, are perfect for any prime power gq.

For a given positive integer n, affine n-space over k, denoted by A", is the
Cartesian n-space

A" :=A"k):={(a1,...,ay)a; €k fori=1,...,n},

where & is a fixed algebraic closure of k. For a finite extension K of k, the
K-rational point set is the subset

A"(K):={(ay,...,a,):a;, € K fori=1,...,n}.

An element P = (ay, ..., a,) of A" is called a point and each qg; is called
a coordinate of P. A point P € A"(K) is called K-rational. We also call
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P rational if P is k-rational. It is clear that the number of points of A" (F,n)
is g™".
Consider the Galois action of Gal(k/k) on A” given by

o(P)=(o(ai),...,o(a)

for any o € Gal(l_c/k) and P = (ay, ..., a,) € A". It is obvious that for any
two automorphisms o and t in Gal(k/k) we have (o07)(P) = o(z(P)). In
particular, if £ = I, then we define the Frobenius action by

n(al,...,a,,)z(a?,...,az .

Using the above action, we can characterize the k-rational points by
A"(k)y={P e A" :0(P)= P forallo € Gal(k/k)}.

If k =F,, then A"(IF,) = {P € A" : m(P) = P}.
For a point P € A”, we call the set

{o(P): 0 € Gal(k/k)}

a closed point over k or a k-closed point (we just say closed point if there is
no confusion). Two points in a closed point over k are called k-conjugate.

Lemma 2.1.1. An F,-closed point is a finite subset of A" (E).

Proof. Let P = (a;,...,a,) € A"(IF_q) be a point. Then for each
i = 1,...,n, there exists an integer m; > 1 such that a; € Fyn . Put
m = [];_, m;. Then by Theorem 1.1.5 (iii), P is an F»-rational point.
Hence, by Corollary 1.2.7,

o (P): o € Gal(F, /F)}| = [{o(P) : o € Gal(F,n /F,)}|
< |Gal(qu/Fq)| =m.

This completes the proof. O

We define the degree of an F,-closed point P to be the cardinality of P,
denoted by deg(P). The following lemma presents, in particular, some
alternative characterizations of deg(P).
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Lemma 2.1.2. Let P = (ay, ..., a,) be an arbitrary point in an [F,-
closed point P. Then:

(i) P={o(P): 0 € Gal(F,/F,)};
(i) P = {7/(P) : j = 0,1,...}, where 7 € Gal(F,/F,) is the
Frobenius;
(iii) the degree of P is the least positive integer m such that 7" (P) = P;
(iv) the degree of P is the least positive integer m such that a; € F,» for
alli =1, ..., n, thatis, m satisfies Fyn = Fy(ay, ..., ay).

Proof.

(i) Let P = {0(Q) : o0 € Gal(]ITqLIFq)} for some point Q. Then
P = 1(Q) € P for some t € Gal(IF, /FF,). Thus,

P={0(Q): 0 € Gal(F,/F,)}
= {o(r7'(P)) : 0 € Gal(F,/F,)}
= {(ct™')(P): 0 € Gal(F,/F,)}
= {o(P): 0 € Gal(F,/F,)}.

(ii) There exists an integer » > 1 such that F, contains all co-
ordinates a;. For any automorphism o € Gal(IETq/]Fq), olg, is
an automorphism in Gal(F,-/F,). Since 7 |g, is a generator of
Gal(IF,- /IF,) by Theorem 1.1.5(ii), there exists an integer j > 0
such that o'|g,, = 7/|r,,. Hence, 0(P) = o'|r,.(P) = n/|p, (P) =
7/ (P).

(iii) This follows directly from (ii).

(iv) This is shown by similar arguments as in the proof of Proposi-

tion 1.3.2. O
For a point P = (ay,...,a,) € A", the field k(ay, ..., a,) is called the
definition field of P over k, denoted by k(P).
For a point P = (aj,...,a,) € A"(E) and 0 € Gal(IETI/IFq), we
note that F,(o(ay),...,0(a,)) = oF,(ai,...,a,)) is F,-isomorphic to
F,(ai, ..., a,). By the uniqueness of finite fields, these two fields are the

same. This means that P and o(P) have the same definition field. Hence,
we can also speak of the definition field of an F,-closed point P, denoted by
F,(P). Thus, Lemma 2.1.2(iv) says that the degree of an I, -closed point P is
equal to [F,(P) : IF,].
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Proposition 2.1.3. For positive integers m and r, an F,-closed point
P of degree m splits into gcd(r,m) F,--closed points of degree
m/gcd(r, m), that is, P = Uiczd;r’m)Pj with Py, ..., Pcdgm) disjoint and
each P; being an [F--closed point of degree m /gcd(r, m).

Proof. Let P be a point in P. Then by Lemma 2.1.2(iii), the degree of
the IF,--closed point containing P is the least positive integer ¢ such that
(") (P) = P, where 7 is the Frobenius of IETq/IFq. Since m is the least
positive integer satisfying 7”(P) = P, we obtain t = m/gcd(r, m).
Thus, P splits into ged(r, m) F,--closed points. O

Corollary 2.1.4. For positive integers m and r, an [F,-closed point
of degree m splits into m F,--closed points of degree 1 if and only
if m divides r.

Corollary 2.1.5. An irreducible polynomial of degree m over [, is
equal to a product of gcd(r, m) irreducible polynomials of degree
m/gcd(r, m) over Fyr.

Proof. Consider the affine space AI(IE‘_q). Then it follows from Corol-
lary 1.3.4 that an [F,-closed point of degree m corresponds to the
set of roots of an irreducible polynomial of degree m over F,.
The desired result follows from Proposition 2.1.3. O

Theorem 2.1.6. For a positive integer m, let I,(n, m) be the number
of F,-closed points of degree m in A"(IF,). Then

1
Iy, m) = — > (g™,
d\m

where the sum is over all positive integers d dividing m and w is the
Mobius function on N.

Proof. It follows from Corollary 2.1.4 that 3, ,, d1,(n,d) = g"" for
all m > 1. The Mobius inversion formula (see [72, p. 92]) gives the
desired result. O

Roughly speaking, projective spaces are obtained by adding “points at
infinity” to affine spaces. In order to do so, we have to go to affine spaces
of the next higher dimension.
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Definition 2.1.7. A projective n-space over k, denoted by P"(k)
or P”, is the set of equivalence classes of nonzero (n + 1)-tuples
(ag, ay, . .., a,) of elements of k under the equivalence relation given by

(a()’al’---aan)N(bo’bh"'abn)

if and only if there exists a nonzero element A of k such that a; = Ab;

foralli = 0,1,...,n. An element of P” is called a point. We denote
by [ag, a1, ..., a,] the equivalence class containing the (n + 1)-tuple
(ag, ai, ...,a,). Thus, [ag,ay,...,a,] and [Aag, ray, ..., la,] stand
for the same point if A # 0. For a point P = [ag, ay, ..., a,], each

a; is called a homogeneous coordinate of P. For a finite extension K of
k, a point in the set

P'(K) :={lap,a1,...,a,] €P" :a; € K fori=0,1,...,n}

is called K-rational. A k-rational point is also said to be rational.

Since a point in P” is an equivalence class, the point [ag, a1, . . . a,] of P"
is K-rational if and only if there exists a nonzero element A € k& such that
Ara; € Kforalli =0, 1,...,n. This is equivalent to saying that

(ao/aj,ai/a;,....,aj—1/a;,aj1/a;,...,a,/a;) € A"(K)

for any j witha; # 0.

Proposition 2.1.8. The number of [F,-rational points in P"(E) is
given by

qn+l_1
g—1 "

Proof. Since every [F,-rational point contains an (n+1)-tuple belonging
to A"“(Fq), we can restrict the attention to the set A"“(Fq). It is clear

that two nonzero (n + 1)-tuples (ag, ai, - .., a,) and (by, by, ..., b,) in
A”“(Fq) are in the same equivalence class if and only if there exists a
nonzero element A € F, such that ; = Ab; fori = 0,1, ..., n. Thus,

there are exactly (¢”*! — 1)/(g — 1) distinct classes in A”+1(Fq), and so
there are exactly (¢"*' — 1)/(g — 1) distinct IF,-rational points. O
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Consider the Galois action of Gal(k/k) on P” given by
o(lao, ai, ..., a,]) = [o(ao), o(ar), ..., o(ay)]
for any 0 € Gal(k/k) and [ag, a1, ...,a,] € P". Since o([rao, Aai, ...,

ra,]) = [o(M)o(ay), c(M)o(ay),...,o(l)o(a,)], the above action is well
defined. In particular, for £ = IF, we define the Frobenius action by

n(lag, ai, ..., a,]) = laf.a], ... a4l
Using the above action, we can characterize the k-rational points by
P'(k)={PeP":0(P)=P forallo e Gal(k/k)}.

Similarly, we can define closed points in P”. For a point P € P", we call
the set

{o(P): 0 € Gal(k/k)}

a closed point over k or a k-closed point (we just say closed point if there is
no confusion). Two points in a closed point over k are called k-conjugate.

Lemma 2.1.9. An F,-closed point is a finite subset of P” (E).

Proof. Let P = [ap,ay,...,a,] € P”(IETq) be a point. Then for each
i = 0,1,...,n, there exists an integer m; > 1 such that a; € Fym.
Put m = ]_[fzom,-. Then by Theorem 1.1.5(iii), P is an [ »-rational
point. Hence, by Corollary 1.2.7,

{o(P): o € Gal([F,/F,)}| = [{o(P): 0 € Gal(F,n /F,)}]
< |Gal(Fn /F,)| = m.

This completes the proof. O

We define the degree of an F,-closed point P to be the cardinality of P,
denoted by deg(P).

For a point P = [ay, a1, ..., a,] € P" with a; # 0, the definition field of
P over k, denoted by k(P), is defined by k(ao/a;, ai/a;, ..., a,/a;).
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Remark 2.1.10.

(i) The definition field of a point is well defined. First of all,
if (by, by, ..., b,) = (lao,ray, ..., a,) with A # 0, we
have b;/b; = aj/a; for all j = 0,1,...,n. Hence, k(ao/a;,
ai/a;,...,ay/a;) = k(by/b;, b1/b;, ...,b,/b;). Second, without
loss of generality, we assume that ap # 0 and a; # 0. Put
¢ :=ay/ag. Then

k(ao/ao, a1/ao, ..., a,/a0) = k(c(ao/ar), clai/ar), ..., cla,/ar))

C k(ao/ai,ai/ai, ..., a,/ar)
= k(c™(ao/ao), ¢~ (a1 /ay). . ... ¢ (an/an))
C k(ao/ao, ai/ag, . . ., a,/ao),

and so k(ao/ay, a1/ay, ..., a,/a1) = k(ao/ao, a/ao, . . ., a,/aop).

(ii) If P and Q are two k-conjugate points, then it is clear that for a
fixed i, the ith homogeneous coordinate of P is zero if and only if
the 7th homogeneous coordinate of Q is zero.

(iii) Let P and Q be two points in the same [F,-closed point P.
We may assume that P = [l,ay,...,a,] and Q = o(P) =
[1,0(a),...,0(a,)] for some o € Gal(F,/F,). Then F,(P) =
Fy(ai,...,a,) =Fy(o(@),...,0(a,)) = Fy;(0). This means that
the definition field for any IF,-conjugate points is the same. Hence,
we can also speak of the definition field of an IF,-closed point,
denoted by I, (P).

Foreachi =1,...,n + 1, we consider the map

¢ A" > P, (ay,...,ap) > lay,....a;_1, 1,4, ...,a,]. 2.1

Then ¢; is injective. Thus, A” can be embedded into P”. Moreover, for a point

P € A", it is easy to see that {o(¢;(P)) : 0 € Gal(l_c/k)} = {¢i(c(P)) :

o € Gal(k/k)}. This means that ¢; induces a bijective map between the
closed points of A” and those closed points of P” with the ith homogeneous
coordinate not equal to zero. Furthermore, the degree of an IF,-closed point P
of A” is equal to the degree of ¢;(P).

Lemma 2.1.11. Let P € P” be an arbitrary point in an IF,-closed
point P. Then:

(i) P={o(P): 0 € Gal(F,/F,)};
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(i) P = {m/(P) : j = 0,1,...}, where 7 € Gal(F,/F,) is the
Frobenius;

(iii) the degree of P is the least positive integer m such that 7 (P) = P;

(iv) the degree of P is equal to the degree of the extension [F,(P)
over IF,.

Proof. (i), (ii), and (iii) are shown in the same way as the corresponding
results in Lemma 2.1.2. As to (iv), assume that the ith homogeneous
coordinate of P is not equal to zero. Then ¢, '(P) is a closed point of
A", The degree of P is equal to the degree of ¢, '(P), which is equal to
[Fy(P) : F,] by Lemma 2.1.2(iv). O

The following result is the projective analog of Proposition 2.1.3.

Proposition 2.1.12. For positive integers m and r, an IF,-closed
point P of degree m splits into gcd(r, m) Fy--closed points of degree
m/ged(r,m), that is, P = USSP with Py, ..., Pyegqm disjoint
and each P being an [F,--closed point of degree m /gcd(r, m).

Proof. Let P contain the point P. Without loss of generality, we may
assume that the first coordinate of P is not zero. Then P C ¢(A”) and
the desired result follows from Proposition 2.1.3. O

Corollary 2.1.13. For positive integers m and 7, an [F,-closed point
of degree m splits into m IF,--closed points of degree 1 if and only
if m divides r.

2.2 Algebraic Sets

In analogy with the distinction between affine and projective spaces in
Section 2.1, we distinguish between affine and projective algebraic sets.
We start with a discussion of affine algebraic sets.

Let k[ X] := k[xi,...,x,] and k[X] := k[xi, ..., x,] be the polynomial
rings over k and k, respectively, in the variables xi, . . ., x,. For a polynomial
f € k[ X], we denote the zero set of f by

Z(f)={PeA"=A"(k): f(P)=0}.
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More generally, for a subset S of k[X] we define the zero set Z(S) of S to be
the set of common zeros of all polynomials in S, that is,

Z(S)={PeA": f(P)=0 forall /€ S}.
IfS={f1,..., f;}is finite, then we also write Z(S) = Z(f1, ..., f1).

Definition 2.2.1. An affine algebraic set is any set of the form Z(S) for
some subset S of k[ .X]. The set Z(S) is said to be defined over k if S is
a subset of k[ X].

We denote by V' /k an affine algebraic set V' defined over k. The set of
k-rational points of an affine algebraic set V' / k defined over £ is

Vik):=V NA"(k),

that is, a point P € V is k-rational if and only if o(P) = P for all o €
Gal(k/ k).

“For an n-tuple J = (ji, ..., ju) of nonnegative integers, we abbreviate
x{'---x;" by X’. For a polynomial f(X) = Y c;X’ € k[X] with all
¢y € k and an automorphism o € Gal(%/ k), we define the action o ( f(X)) =
> o(c;)X”. Thus, f(X) belongs to k[ X] if and only if o(f) = f forall o €
Gal(k/ k). This is equivalent to 77 ( /) = f for the Frobenius 7 € Gal(E/ F)
ifk=TF,.

Lemma 2.2.2. For any point P € A”,_any polynomial f(X) €
k[X], and any automorphism o € Gal(k/k), we have o(f(P)) =
o(f)o(P)).

Proof. Let P = (aj,...,a,). For J = (ji,..., j,), put P/ =

al'---a". Then it is clear that o(P’) = o(P)’ for any o € Gal(k/k).
For f(X) =Y c; X7, we get

o(f(Py =0 (D esP’) =Y ocno(P))
= o(e)o(P) = o(f)o(P)).

This completes the proof. |
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Proposition 2.2.3. Let P be a point in a k-closed point P. If P is a point
of an affine algebraic set V' /k, then P C V.

Proof. Let o(P) be an arbitrary point in P. Let V' = Z(S) for some
S C k[ X]. For any polynomial f € S, we have by Lemma 2.2.2,

fa(P) =a(@ ' (o(P) =0 "(f)NP)=0c(f(P))=0c(0)=0.

This means that P is a subset of V. O

By the above result, it makes sense to speak of a k-closed point of an affine
algebraic set defined over k.

Example 2.2.4.

(i) Let g be a power of 2. Let V' C Az(E) be the affine algebraic set
defined by the single equation

V¥ +y—x=0.

By Theorem 1.4.3(ii), for an element a € IF, there exists an element
b € IF, such that (a, b) € V if and only if a is in the kernel of the
trace map Trr, /r,. Furthermore, if (a, b) is in V, then (a, b + 1) is
also in V. It is clear that the number of I, -rational points of V' is
equal to g.

(i) Consider the affine algebraic set ¥ € A?(F,) defined by the single
equation

V+y—xP—x=0.
Then V' has four F,-rational points (0, 0), (0, 1), (1,0), (1, 1).

Moreover, these four points are also all F4-rational points of V.
By Lemma 2.1.2(iv), this shows that V' has no [F,-closed points of

degree 2.
Example 2.2.5. Let P = (ay,...,a,) be a point in A’(k). Then it is
obvious that {P} = Z(x; — ay,...,X, — a,). It can be shown that

this gives a one-to-one correspondence between the maximal ideals
of k[ X] and the points of A" (k).

The following properties are easy to verify.
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Lemma 2.2.6.

(i) Let S be a nonempty subset of k[X]. If I is the ideal of k[X]
generated by S, then Z(1) = Z(9).

(i1) For any two subsets 7 C S of k[ X], we have Z(S) C Z(T).

(iii) If {S;} is any nonempty collection of subsets of k[ X], then
Z(US;) = NZ(S)); so the intersection of any nonempty collection
of affine algebraic sets is an affine algebraic set.

(iv) Z(fg) = Z(f) U Z(g) for any polynomials f,g € k[X] and
ZOHUZ(T)=Z{fg: feS, ge T} forany S, T C k[X]; so
any finite union of affine algebraic sets is an affine algebraic set.

(v) Z(0)=A" and Z(1) = @.

For an affine algebraic set V' / k defined over k, we put
IV)y={feklX]: f(P)=0 forall P eV}
and
IV/ky=1V)Nk[X]I={f eklX]: f(P)=0 forall P eV}

Then it is easy to prove that /(V') (respectively (V' /k)) is an ideal of k[ X]
(respectively k[ X]).

Example 2.2.7. Letn = 1 and V' C A! be an affine algebraic set. Then
I(V) is a principal ideal (g) of k[ X] for some ge k[ X). If I(V) = {0},
then ¥ = A', and if I(V) = k[X], then V = @. Otherwise, g has a
positive degree and roots by, ..., by € k=A'".ThenV = {by, ..., by}.
Thus, the affine algebraic sets in A are A! itself and the finite subsets
of A, If V' is defined over k, then I(V'/k) is a principal ideal of k[.X].
In the case where this ideal is nontrivial, we have (V' /k) = (g) with
g € k[X] of positive degree. For each monic irreducible factor of g in
k[ X], the roots of this factor form a k-closed point of V.

In the proof of the following proposition, we use two fundamental
results on polynomial rings, namely the Hilbert basis theorem and the
Hilbert Nullstellensatz, which can be found, for example, in the books [23]
and [29].
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Proposition 2.2.8. Let V' be an affine algebraic set defined over k.
Then:

(1) there exists a finite subset 7 of k[ X] such that V' is the zero set
Z(T)of T,
i) ZUW) =",
(iii) if ¥ = Z(I) for some ideal I of k[X], then I(V) is equal to the
radical of 7, that is,

IV)={fek[X]: f" el forsome integer r > 1}.

Proof.

(1) We have V' = Z(S) for some nonempty subset S of k[ X]. If [ is
the ideal of k[.X] generated by S, then V' = Z([). By the Hilbert
basis theorem, / is generated by a finite subset 7" of k[.X], and
soV = Z(T).

(i) Since V' = Z(S), it is trivial that S € [I(V), and so we get
Z(I(V)) € Z(S) = V by Lemma 2.2.6(ii). It follows from the
definitions that V' C Z(I(V)).

(iii) Again by the Hilbert basis theorem, / is generated by a finite subset
T of k[ X]. If f e I(V) = I(Z(T)), then the Hilbert Nullstellensatz
shows that f” e I for some integer » > 1. Conversely, if f € k[X]
is such that /" € [ for some integer » > 1, then f"(P) = 0 for all
P € V;hence, f(P)=0forall P e V,andso f € I(V). O

Remark 2.2.9. If V = Z(I) for some prime ideal / of k[.X], then
V) = I by Proposition 2.2.8(iii), and so I/(}') is also a prime
ideal of k[ X].

Now we turn to projective algebraic sets. In the remainder of this section,
we denote (xg, X1, ..., x,) by X.

Definition 2.2.10. A polynomial [ € kX1 = klxo,x1,...,%,] is
called homogeneous of degree d if

FOxo, Axy, o Axy) = A7 f(x0, X1, vy Xn)

for all A € k. An ideal of k[ X] is homogeneous if it is generated by
homogeneous polynomials.
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Definition 2.2.11. A projective algebraic set is any set V' of the form
Zi(S)={P €P": f(P)=0 forall homogeneous f € S}

for some subset S of k[ X], and V' is said to be defined over k if S'is a
subset of k[ X].

We use a similar convention as before, namely, we write Z,(S) =
Zy(fi, ... f)if S={fi,..., f;} is a finite subset of A[.X].

We denote by V' /k a projective algebraic set V' defined over k. The set of
k-rational points of a projective algebraic set V' / k defined over £ is

V(ky=V NP (k),

that is, a point P € V is k-rational if and only if o(P) = P for all o0 €
Gal(k/ k).

Example 2.2.12. A line in P*(k) is a projective algebraic set given
by a linear equation

axg + bxy + cx, = 0,

where a, b, ¢ € k are not all zero. More generally, a hyperplane in P" (k)
is given by an equation

aoxo +aix; +---+apx, =0,
where agy, ay, ..., a, € k are not all zero.

For projective algebraic sets, we have the following properties, which are
easy to prove.

Lemma 2.2.13.

(i) Let S be a nonempty set of homogeneous polynomials from k[ X].
If 7 is the ideal of k[ X] generated by S, then Z, (1) = Z;(S).
(i1) For any two subsets 7 C § of k[ X], we have Z,(S) € Z,(T).
(iii) If {S;} is any nonempty collection of sets of homogeneous poly-
nomials from [ X], then Z,(US;) = NZ;(S)); so the intersection of
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any nonempty collection of projective algebraic sets is a projective
algebraic set.

(v) Z,(f2) = Z,(f)U Z,(g) for any homogeneous polynomials f, g €
k[X] and Z,(S) U Z,(T) = Z,({fg : f € S, g € T}) for any
S, T C k[X]; so any finite union of projective algebraic sets is a
projective algebraic set.

(v) Z,(0)=P" and Z;(1) = @.

For any point P € P”, any homogeneous polynomial f(X) € k[X], and
any automorphism o € Gal(k/k), we have

o(f(P) =a(f)a(P)).

From this identity we see that a k-closed point P is a subset of V' /k as long
as one of the points in P belongs to V. Thus, it makes sense to speak of a
k-closed point of a projective algebraic set defined over £.

For a projective algebraic set V', we let I(V) be the ideal of k[ X] generated
by the set

{f € k[X]: fis homogeneous and f(P)=0 forall P € V}.

Note that the ideal /(V') is homogeneous in the sense of Definition 2.2.10.

We prove a lemma on homogeneous ideals, which will be used in the next
section. We observe that, by collecting the terms of the same degree, any
polynomial in k[X] can be written as a sum of finitely many homogeneous
polynomials.

Lemma 2.2.14.

(i) Anideal I of k[ X] is homogeneous if and only if the following con-
dition is satisfied: for every polynomial ' =Y, 19 e I with f19]
being homogeneous of degree d, we also have f19! € I for all d.

(i) A homogeneous proper ideal I of k[ X] is a prime ideal if and only
if the following condition is satisfied: for any two homogeneous
polynomials f, g € k[.X], if fg belongs to I, then one of f and g
must belong to /.

Proof.

(i) Let / be homogeneous and let f = > 7_; /1! be an element of
I. By induction, it suffices to show that /1! belongs to /. Since
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1 is homogeneous, we can write f = 23‘:1 hjf; with f; € k[X]
homogeneous and /; € k[X] for 1 < j < r. Then fI"l =

23:1 hgmideg(f’)] /7 is an element of /. Conversely, suppose that
the given condition is satisfied. By the Hilbert basis theorem, [/
is generated by finitely many polynomials gi, ..., g € k[X], but
they are not necessarily homogeneous. However, if we write each
g, 1 < 1 < t, as a sum of homogeneous polynomials gl[d],
0 < d < deg(g), then [ is generated by the polynomials g,[d] el,
0 <d <deg(g),1 <!/ <t and so [ is a homogeneous ideal.

(ii) The necessity is clear. To prove the sufficiency, let u, v € k[X]
be two polynomials satisfying uv € [. Suppose that neither u
nor visin /. Putu = Y7 _ ul® and v = Y 5_, vl Without
loss of generality, we may assume that neither u!” nor v!! is in
I (otherwise we can consider u — u!™! or v — vl*! instead). By (i),
uMylsl = ()51 is an element of 7. Hence, ! € [ or v*! € I
by the given condition. This is a contradiction. O

2.3 Varieties
By combining Lemmas 2.2.6 and 2.2.13, we obtain the following proposition.

Proposition 2.3.1. Fix the affine (respectively projective) n-space A”
(respectively P") and consider algebraic subsets of A” (respectively P").
The union of finitely many affine (respectively projective) algebraic sets
is an affine (respectively projective) algebraic set. The intersection of
any family of affine (respectively projective) algebraic sets is an affine
(respectively projective) algebraic set. The empty set and the whole
space A" (respectively P”) are affine (respectively projective) algebraic
sets.

Remark 2.3.2. It is easy to verify that the union of two algebraic sets
V| and V, is defined over k whenever V| and V, are defined over k;
and the intersection of a family {V';} of algebraic sets is defined over k
provided that every algebraic set V; is defined over k.

The above proposition allows us to define important topologies on A”
and P”. The reader may refer to Appendix A.1 for basic results on topology.
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Definition 2.3.3. The Zariski topology on A" (respectively P”) is de-
fined by taking the open sets to be the complements of the affine
(respectively projective) algebraic sets.

The following example studies the relationship between the Zariski top-
ology on A" and that on P”".

Example 2.3.4. Fori = 0,1, ...,n, let H; be the closed subset of P”
defined by x; = 0 and put U; = P"\ H;. Then U; is an open subset of P”
and P" is covered by {U;}!_. Define the map

ao ai—1 aiyl Ay
0, Uy — A", Jag,ai,...,ap—>—,...,—, —,....,—|. 22)
a; a; a; a;

It is clear that 6; is well defined and bijective. The inverse of 6; is
the map ¢, defined in (2.1). Via 6;, the space A” can be viewed as
an open subset of P”. We claim that the map 6; is a homeomorphism
from U; (with its induced Zariski topology from P") onto A" (with
the Zariski topology). It suffices to check this for i = 0. Indeed, let
V = Z,(S) C Uy be an algebraic set of P”. Then it is easy to verify that

Oo(V)y=Z{f, y1s..os Yu) s f(x0,Xx1,...,X,) € Shomogeneous}).

Conversely, let W = Z(T') be a closed subset of A”. Then it is easy to
show that

07 W) = UpN Z, ({xg"g(-ﬁf(xl/xo, e Xn/X0): f € T}) .

Hence, both 6y and 6, ! are continuous. Our claim follows. Moreover,
one can easily see that 6;(}") is defined over k if V' C U; is defined
over k.

Example 2.3.5. Let n = 1. Then according to Example 2.2.7,
the closed subsets of A! are A! itself and the finite subsets of A'.
Furthermore, P! = Uy U Hy in the notation of Example 2.3.4. In fact,
Hy consists only of the point [0, 1]. Since Uy (in the induced Zariski
topology) is homeomorphic to A' by Example 2.3.4, it follows that the
closed subsets of Uy are Uj itself and the finite subsets of Uy. But Uj is
an open subset of P!, and so the closed subsets of P! are P! itself and
the finite subsets of P!.



46 CHAPTER 2

A nonempty topological space is called irreducible if it is not equal to the
union of any two proper closed subsets. We refer to Appendix A.1 for basic
results on irreducible spaces.

Example 2.3.6. The affine space A! is irreducible as every proper
closed subset of A' is finite, while A' is infinite (compare with
Example 2.3.5). The projective space P! is also irreducible as every
proper closed subset of P! is finite, while P! is infinite (compare again
with Example 2.3.5).

Definition 2.3.7. A nonempty affine (respectively projective) algebraic
set contained in A" (respectively P") is called an affine (respectively
projective) variety if it is irreducible in the Zariski topology of A"
(respectively P").

Affine and projective varieties can be characterized as follows in terms of
the ideal /(}") introduced in Section 2.2.

Theorem 2.3.8. An affine (respectively projective) algebraic set V' is
an affine (respectively projective) variety if and only if /(}') is a prime
ideal of k[ X].

Proof. We first prove the result for the affine case. Assume that 7(}")
is a prime ideal of k[X]. Then I(V) # k[X], and so V is nonempty.
Suppose that V' is reducible, that is, there exist two proper closed
subsets 7} and V; such that V' = V| U V,. By Proposition 2.2.8(ii),
we can choose f; € I(V;)\ I(V) for j = 1,2. Then f1f, € I(V)
by the definition of /(V'). This means that /(}') is not a prime ideal.
This contradiction implies that V' is an affine variety.

Conversely, let /' be an affine variety. Then I(V) # k[X] since V
is nonempty. Let fg € I(V) for some f, g € k[X]. Then V C Z(fg) =
Z(f)U Z(g) by Lemma 2.2.6(iv) and V' = (Z(f)NV)U(Z(g)NTV).
This forces Z(/ )NV =V or Z(gyNV =V, thatis, f € I(V) or
g€ I(V). Hence, (V') is a prime ideal of k[ X].

We now consider the projective case. If /(V') is a prime ideal of
k[X], then by using the same arguments as above and the analog
of Proposition 2.2.8(ii) for projective algebraic sets, we see that V' is
irreducible.



ALGEBRAIC VARIETIES 47

If ¥ is a projective variety, then I(V) # k[X] since V # @.
Let f. g € k[X] be two homogeneous polynomials satisfying fg €
1(V'). Then in the same way as above we can show that f € [(}V) or
g € I(V). It follows from Lemma 2.2.14(ii) that /(V') is a prime ideal
of k[ X]. O

Remark 2.3.9. For an affine (respectively projective) algebraic set
V' /k, we also say that V' / k is absolutely irreducible if V is irreducible,
that is, if V' is an affine (respectively projective) variety. Note that it is
not enough to check that /(V / k) is a prime ideal of k[ X]. For example,
V = Z(x? 4 »?) is not irreducible in A%(F5), but (V' /F3) = (x> + »?)
is a prime ideal of F3[x, y]. On the other hand, if V' /k is (absolutely)
irreducible, then it is easy to verify that /(V / k) is a prime ideal of k[ X].

Example 2.3.10. Let f(X) € k[.X] be an absolutely irreducible poly-
nomial (i.e., f(X) is irreducible over k). Then the ideal ( f)is a
prime ideal of k[X]. Thus, V = Z(f) C A” is an affine variety by
Theorem 2.3.8 and Remark 2.2.9, which is called a plane curve ifn = 2,
a surface if n = 3, and, in general, a hypersurface.

Example 2.3.11. The affine n-space A” (respectively the projective n-
space P") is an affine (respectively projective) variety as I(A") =
I(P") = (0) is a prime ideal of k[ X].

The following proposition shows that one can easily achieve the transition
from affine to projective varieties and vice versa.

Proposition 2.3.12. Let us identify the open subset U; of P" with A”
through the homeomorphism 6; defined by (2.2).

(1) Let W < A" be an affine variety. Then the closure W inP"is a
projective variety and W = W N A”.
(i) Let /' € P” be a projective variety. Then J N A” is either empty or
an affine variety with ” N A" = V.
(iii) If an affine (respectively projective) variety V' is defined over £,
then 7 (respectively ¥ N A”) is also defined over k.
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Proof. By Theorem A.1.9(ii), the closure of an affine variety is irre-
ducible in P”. Hence W is a projective variety. By Theorem A.1.9(iii),
if VN A" # &, then it is an irreducible closed subset of A”, and
so an affine variety. The remaining results follow immediately from
Example 2.3.4. |

We now associate with each nonempty affine or projective algebraic set
its dimension. The reader may have an intuitive notion of dimension, but the
formal definition is as follows.

Definition 2.3.13. The dimension dim(V') of a nonempty affine or
projective algebraic set V' is defined to be its dimension as a topological
space in the induced Zariski topology (see Definition A.1.10 for the
dimension of a topological space).

The concept of dimension affords a crude classification of varieties. A
variety of dimension 1 is called a curve.

Example 2.3.14. By Example 2.3.6, the only irreducible closed subsets
of A are A! and singletons {a} for some a € k. Thus, the dimension of
Al is 1 by definition. Similarly, the dimension of P! is 1.

Definition 2.3.15. Let V' /k be an affine algebraic set. The coordinate
ring of V' is defined by

KLV 1 =k[X1/1(V).
We also put k[V'] = k[ X]/1(V ] k).

Remark 2.3.16. If V' /k is an affine variety, then the coordinate ring
k[V] (respectively k[V/]) is an integral domain since I(V) (respectively
1(V /k)) is a prime ideal of k[ X] (respectively k[ X]).

Example 2.3.17. Let V' be an affine algebraic set and let {Py, ..., P}
be a finite subset of V. By Example 2.2.5 we know that every single
point is an affine algebraic set. Thus, any finite set is an
affine algebraic set. From Proposition 2.2.8(ii) we infer that
the ideal I({P,..., Pj_1, Pjy1,..., P}) is strictly bigger
than the ideal I({Pi,..., P}). Choose an element f; from
IAP, ..., Pi_1, Piyr, ..., BYO\ I{P, ..., B} for j = 1,...,7.
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Then it is easy to verify that fi, ..., f. are linearly independent in the
coordinate ring k[V] which can be viewed as a vector space over k.
Hence, r < dimg(%[V]). This implies that V' is a finite set if k[V] has a
finite k-dimension.

Conversely, suppose that V' = {P}, ..., P,} C A" is a finite set. Let
P; = (a1j,...,ay;)) for1 < j < randputg = ]_[;.zl(x,- —_aij) for
1 <i < n. Then g € I(V). Thus, in the coordinate ring k[V'] the
monomial x! is a linear combination of 1, x;, ..., xl.r ~!. This means that
the set {[]/_,; x/" : 0 < e; < r — 1} generates the whole vector space

i=1"i

k[V]. This implies that k[V] has a finite k-dimension.

The following theorem provides an algebraic characterization of the
dimension of an affine algebraic set. We refer to Appendix A.2 for background
on the Krull dimension of rings.

Theorem 2.3.18. The dimension of a nonempty affine algebraic set V'
is equal to the Krull dimension of its coordinate ring k[V].

Proof. By Theorem 2.3.8, the irreducible closed subsets of V' corre-
spond to prime ideals of k[ X] containing /(V). These, in turn, corre-
spond to prime ideals of k[V]. Hence, dim(}) is the length of the
longest chain of prime ideals of k[V"], which is the Krull dimension of
kv by definition. O

Corollary 2.3.19. For every n > 1, we have dim(A”) = dim(P") = n.

Proof. Since /(A") = (0), the coordinate ring k[A"] is the polynomial
ring kX] = klx1,..., %) By Theorem 2.3.18 we have dim(A") =
dim(k[ X]), and by Theorem A.2.2(i) the latter Krull dimension is
equal to the transcendence degree of k(X) over k, which is .

As P" is covered by {U;}]_, (see Example 2.3.4), we have

dim(P") = nax dim(U;) = dim(A") =n

by Theorem A.1.11(ii) and the fact that each U; is homeomorphic
to A” (see again Example 2.3.4). O
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2.4 Function Fields of Varieties

In the following definition, we generalize the concepts of affine and projective
varieties. As in Section 2.3, we use the Zariski topology on A” and P”".

Definition 2.4.1. A nonempty intersection of an affine (respectively
projective) variety in A” (respectively P”) with an open set in A”
(respectively P") is called a quasi-affine (respectively quasi-projective)
variety.

It follows from Theorem A.1.9(i) that any quasi-affine variety and any
quasi-projective variety is an irreducible topological space in its induced
Zariski topology. We now consider special types of k-valued functions on
quasi-affine and quasi-projective varieties.

Definition 2.4.2.

(i) For a point P of a quasi-affine variety ¥, a k-valued function f
on V is called regular at P if there exists a neighborhood N of P
such that /' = a/b on N for two polynomials a, b € k[ X], where
b(Q) # 0 for all Q € N. The function f is said to be regular on a
nonempty open subset U of V' if it is regular at every point of U.

(i1) Let ¥V € P” be a quasi-projective variety. A point P € V' belongs to
V NU; =V NA”" (we identify U; with A”) for some i. A k-valued
function f on V is said to be regular at P if f is regular at P when
restricted to the quasi-affine variety ¥ N A”. The function f is said
to be regular on a nonempty open subset U of V' if it is regular at
every point of U.

Example 2.4.3. Consider the affine variety Z(y? + y — x°) C A%(F,).
Then the function x /y? is regular at all points except (0, 0).

Let V' be a quasi-affine or quasi-projective variety. Consider the set of pairs
E:={U, f): 9 #U C Visopenand f is aregular function on U}.
Define a relation ~ on & as follows:

(U’f)N(Wag)<:>f|Y:g|Y



ALGEBRAIC VARIETIES 51

for some nonempty open subset ¥ of U NW. Note that U N W # & by
Theorem A.1.9(iv). The following proposition can be shown in a straight-
forward manner.

Proposition 2.4.4. The relation ~ defined above is an equivalence
relation.

For two equivalence classes (U, f) and (W, g), define the sum and the
product by

U. N+, eg=UNW, f+g), U, HxW,gg=UNW, fg).

Definition 2.4.5. Let V' be a quasi-affine or quasi-projective variety
and let P be a point of V. Define the local ring at P, denoted
by Op(V), to be the ring of all equivalence classes (U, f) with
PeU.

Remark 2.4.6.

(i) Indeed, it is easy to verify that Op(V) is a local ring in the sense of
Definition A.3.1(i) for a quasi-affine or quasi-projective variety
under the addition and multiplication of equivalence classes defined
above. The maximal ideal of Op (V) is

Mp(V) :={U, /) € Op(V): f(P)=0}.

(i1) Note that for a quasi-projective variety ¥ and a point P of V,
the ring Op(V) is the same as Op(V N Qifl(A")) if P belongs to
9;1 (A"). Thus, we can assume that V' is a quasi-affine variety when
we talk about a local ring Op(V).

Definition 2.4.7. For a nonempty open subset U of a quasi-affine or
quasi-projective variety V', we write

Oy(V) := ﬂ Op(V).

PeU

If there is no danger of confusion, we replace O p(V) by Op and Oy (V)
by OU.
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Definition 2.4.8. Let /' be a quasi-affine or quasi-projective variety.
The function field of V, denoted by k(V), consists of the equivalence
classes (U, f) defined above, where U is a nonempty open subset of
and (U, f)is an element of Oy (V).

Proposition 2.4.9. The function field #(V') of a quasi-affine or quasi-
projective variety V' is indeed a field.

Proof. For two elements (U, f) and (W, g) of k(V), the intersection
U N W is nonempty by Theorem A.1.9(iv). Thus, we can carry out the
addition and multiplication for elements of k(V). It is easy to verify
that (V) forms a ring. Let (U, f) belong to k(V) with f # 0, that is,
the zero set Z( f) does not contain U. Thus, the set ¥ := U \ (U N
Z(f)) is a nonempty open subset of U. Hence, (Y, 1/f) is the inverse
of (U, f). O

Lemma 2.4.10. Let V' be a quasi-affine or quasi-projective variety and
let U be a nonempty open subset of V. Then the function field of U is
the same as the function field of V.

Proof. It is clear that k(U) is a subfield of k(V). Now let (W, /) be an
element of k(V). Then by Theorem A.1.9(iv) the intersection W N U is
anonempty subset of U. Hence, (W, f)and (W N U, f) are in the same
equivalence class and this equivalence class is an element of &(U). [

Remark 2.4.11. Note that for a quasi-affine or quasi-projective variety
V', apoint P € V, and an open subset U of V' containing P, we have
natural inclusions

Oy €Oy COp Ck().

Remark 2.4.12. Let ¥ < A" be an affine variety. Then by
Remark 2.3.16, the coordinate ring k[V'] is an integral domain.
For two polynomials g, 7 € k[V] with & ¢ I(V), we consider [ =
g/h. Theset U = (A" \ Z(h)) NV is a nonempty open set in } and it
is clear that f is regular on U and, hence, (U, f) € k(V). This implies
that the quotient field of k[V'] can be viewed as a subfield of the function
field k(V). If V is defined over k, then the quotient field of k[V'] is also
a subfield of (V).
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Theorem 2.4.13. Let J/ € A” be an affine variety with coordinate ring
k[V]. Then:

(i) Oy =KIV; _

(i1) the mapping P € V +— Mp :={f € k[V'] : f(P) = 0} yields a
one-to-one correspondence between the points of ' and the maxi-
mal ideals of K[V ;

(iii) for each P € V, the ring Op is isomorphic to the localization of
k[V1at Mp, that is,

Op =KV, = {JE{: f ek, ge%[V]\MP}’

and dim(Op) = dim(});
(iv) k(V)is isomorphic to the quotient field of k[V1and dim(V) is equal
to the transcendence degree of k(V) over k.

Proof.

(i) By Example 2.2.5 there is a one-to-one correspondence between
the points P of V' and the maximal ideals of k[ X] containing (V).
Passing to the factor ring k[V], this means that there is a one-to-one
correspondence between the points P of V' and the maximal ideals
of k[V].

(iii) The map w : f € k[V] — f € Oy induces an injective ring
homomorphism from kv m, to Op. It is also surjective as every
function in Op is an element of %[V]M,,, and so %[V]M,, = Op.
Now k[V]and k[V] wm, have isomorphic quotient fields, which have
the same transcendence degree over k. By Theorem A.2.2(i) we
obtain dim(k[V']) = dim(k[V'1y,), thus dim(¥) = dim(Op) by
Theorem 2.3.18.

(iv) By the above, the quotient field of K[V is isomorphic to the
quotient field of Op. It is easy to see that the quotient field of Op
is the function field k(). Since k[ V] is a finitely generated algebra
over k, the function field £(¥) is also a finitely generated field over
k. Furthermore, by Theorems 2.3.18 and A.2.2(i), dim(}") is equal
to the transcendence degree of k(V) over k.
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(i) Using again the injective map w as well as (iii), we obtain

V1< Oy € () Op =) kV1u, =kIV1.

PeV pPeV

This proves (i). O

Remark 2.4.14.

(1) Let V' /k be an affine variety. The k-rational function field k(V') of
V' / k is defined to be the quotient field of £[V].

(i) If V' <€ P” is a projective variety, then we can find 6; in (2.2) such
that ' N Gi_l(A”) =V N U; is not empty. Thus, by Lemma 2.4.10
the function field k(V) is the same as k(V N U;) = k(V N A"),
if we identify U; with A”.

(iii) If ' € P” is a projective variety defined over k, then V N U; # &
for some i and V' NU; = V" N A" is an affine variety defined over £.
Thus, we can define the k-rational function field k(V') to be the
k-rational function field £(V N A™).

We have defined the Galois action of Gal(k/ k) on the polynomial ring k[ X]
in Section 2.2. This action can be defined on k[V] for an affine variety V' /k
because of the following result.

Lemma 2.4.15. Let '/ k be an affine variety. Then for any polynomials
a,b € k[ X] witha — b € I(V') and any automorphism o € Gal(k/ k),
we have o(a)(P) = o(b)(P) forall P e V.

Proof. By Proposition 2.2.3, the conjugate o ~!(P) is also in V. Thus
by Lemma 2.2.2,

o(a)(P) = o(a)o (o~ (P))) = o(a(c ™" (P)))
= o(b(c™'(P))) = o (b)(o (a7 (P))) = o (b)(P).

This completes the proof. O

We can also extend the Galois action to the quotient field k(V) of k[V]
by defining o(f/g) = o(f)/o(g) for f, g € k[V] with g # 0.

We now want to look at the relationship between k[V'] (respectively k(V'))
and k[V] (respectively k(V)). For two polynomials f, g € k[ X], we note that
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f—ge l(V)ifandonlyif f—g € I(V/k). Thus, k[V']is naturally embedded
into k[V'], and therefore k(V) is a subfield of (V).

Theorem 2.4.16. Let V' /k be an affine variety. Then
kVl1=k-k[V], kVYy=k-k(V).

Proof. Since /(V') can be generated by polynomials in k[ X], it is easy
to see that I(V') = I(V / k)k[ X]. Hence,

KV 1= kX1 1) = kLX) /RKX]) =k - kIV],

and the quotient field of k - k[V']is k - k(V). O

Theorem 2.4.17. Let V' / k be an affine variety. Then

kV1={feklV]:o(f)=f forallo € Gal(k/k)},

k(Vy={hek(V):o(h)=h forallo € Gal(k/k)}.

Proof. Denote by A the set {f € kKV1 @ o(f) = f forall
o € Gal(k/k)}. It is clear that k[V'] € A. Next, for an element f in
A, by Theorem 2.4.16, f can be written as Z;’:l a;jfjforsomea; € k

and f; € k[V]. We may assume that {fi,..., f;} is a k-basis of the
space (f1,..., fr). Then [ = Z‘;zl b; f; for some b; € k. Thus, for
o € Gal(k/k),
c(N=Y_ob)fi=f=Y_ bif
j=1 j=1

that is, ijl(o(bj) — b;)f; = 0. This implies that o'(b;) = b; for
1 < j <sandeveryo € Gal(%/k). Hence, b; € kfor1l < j <
and f is an element of k[V']. So k[V'] = A.

The same arguments can be applied to prove the second part. O

We recall from Section 1.5 that the full constant field of a function field
over k consists of the elements of the function field that are algebraic over k.
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Corollary 2.4.18. Let V' /k be an affine variety of positive dimension.
Then £ is the full constant field of the function field &(V").

Proof. If a € k(V') is algebraic over k, then a € k. By Theorem 2.4.17,
o(a) = a for all o € Gal(k/k). Hence, a is an element of k. O

Remark 2.4.19. If V' /k is a projective variety over k, then it is clear
from the above that we have:

() k() =k-k(V);
(i) k(V)={h e k(V) : o(h) = h for all o € Gal(k/k)};
(iii) k is the full constant field of the function field (V") if V' has positive
dimension.

2.5 Morphisms and Rational Maps

In the following, we consider maps between varieties, which, in a sense,
take regular functions to regular functions. Recall that regular functions were
introduced in Definition 2.4.2. In this section, we use the term variety to stand
for quasi-affine variety or quasi-projective variety.

Definition 2.5.1. Let / and W be two varieties over k. A morphism
¢ : V — W is a continuous map such that for every open subset U of
W with ¢~!(U) # @ and every regular function f on U, the composite
function f o ¢ is a regular function on ¢~ (U).

Proposition 2.5.2.

(i) Let V; € A" and V; € A” be two affine varieties. If f1,..., fi, €
k[ X] = k[x1, ..., x,] are such that

NP, -, fu(P)) €12

for all points P € V', then the map defined by

p: Vi—=> TV P> (JU(P), ..., fu(P)),

is a morphism.
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(ii) Let V1 CP” and ¥, C P” be two projective varieties. If fy, 11, ...,
fm are homogeneous polynomials of the same degree in k[ X] =
k[xg, x1, ..., x,] such that

[fo(P), fi(P),.... fm(P)] € V>
for all points P € V, then the map defined by

@ V=P, P = [fo(P), i(P), ..., fu(P)],

is a morphism.

Proof. We prove only part (i). Assume that /" is a closed subset of
V5. Then there exists an ideal I € k[y, ..., ¥,] such that W = Z(I).
Let J be the ideal of k[ X] generated by

(1N, .., fu(X)): g e}

Then it is easy to verify that ' (W) = Z(J) N V,. Hence, ¢~ (W) is a
closed subset of V;. This means that ¢ is continuous.

Now let U be an open subset of V, with ¢~} (U) # & and let f
be a regular function on U. For any point P € ¢ '(U), let U’ be
an open subset of U containing ¢(P) such that f/ = a/b for some
a,b € k[y, ..., ynland b(Q) # 0 for all Q € U’. Then ¢~ (U’) is
an open subset of ¢~ !(U) containing P and

_acg _alfi). ..o fu(X)
bog UK., fu(X)

fow

It is clear that (b o @)(R) = b(¢(R)) # 0 forall R € ¢~ ' (U’) since ¢(R)
belongs to U’. This shows that f o ¢ is regular on ¢~ !(U). O
Example 2.5.3.

(1) Assume that the characteristic of & is odd and let V' be the affine

variety over k defined by

x4yt =1.
Then the map

p: V—>A"  (x ) &+ Dy,
is a morphism.
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(ii) Assume that the characteristic of F, is odd and let V' be the
projective variety over I, defined by

yzz =x’+2.
Then the map
o: V=P [x,yz] [x% xy, 2],
is a morphism.

Proposition 2.5.4. Let V' be a variety.

(i) A regular function f on ¥ is continuous when k is identified
with Al

(i) Let W C A” be an affine variety. A map ¥ : V' — W is a morphism
if and only if x; o v is a regular function on V* for each i, where x;,
i =1,...,n,are the coordinate functions on A”.

Proof.

(i) It suffices to show that f~!(S) is a closed subset of ¥ for every
closed subset S of A'. We know from Example 2.2.7 that a closed
subset of A! is either A' itself or a finite set. If S = A! , then
f~1(S) = V is closed. Otherwise, S is a finite set and, hence,
we may assume that S = {a} for a single point a of A'. Let
Y C V be an open set on which f can be represented as g/h
with g, n € k[X] and & nowhere 0 on Y. So, f~'(@) N ¥ =
{PeY:g(P)/h(P)=a} = Z(g—ah) N Y is a closed subset
of Y. Since f is regular on V' and V is compact, there is a finite
open cover {Y;} of V' such that for each Y; we have f ayny f
closed in Y;. Thus, f/~'(a) is closed.

(i1) If ¢ is a morphism, then x; o i is a regular function on V' by
the definition of a morphism. Conversely, assume that x; o V¥ is
regular on V' for all 1 < i < n. Then g o ¥ is regular on V
for any polynomial g € k[X]. Since by (i) regular functions are
continuous and a closed subset of 7 is defined by the vanishing of
polynomial functions, ¥~ ! takes closed sets to closed sets, that is,
Y is continuous. Finally, since regular functions on nonempty open
subsets of /¥ are locally quotients of polynomials, f o v is regular
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on ¥~ !(U) for any regular function f on any open subset U of W
with ¢ ~1(U) # @. This completes the proof. O

Theorem 2.5.5. Let V' be a variety and let ' be an affine variety. Then
there is a natural bijection

o : Mor(V, W) — Hom(k[W], Oy),

where Mor on the left-hand side means morphisms of varieties,
while Hom on the right-hand side stands for homomorphisms of
k-algebras.

Proof. A morphism from V' to W clearly carries a regular function on
W to a regular function on V. Hence, it induces a map from Oy to Oy,
which is a homomorphism of k-algebras. By Theorem 2.4.13(i), Oy is
isomorphic to k[ ]. This defines a map o.

Now suppose that we are given a homomorphism « : kK[W] — Oy
of %—algebras. We have k[W] = k[xi,.. .y X,1/1(W) by definition.
Let %; be the residue class of x; in k[W] for i = 1,...,n. With
fi = a(¥;) € Op we define the map § : V — A” by §(P) =
(fi(P), ..., fn(P)) for P € V. 1tis easy to verify that §(J') € W and
0(8) = a. By Proposition 2.5.4(ii), § is a morphism from V' to W. [
Let V7 and V, be two projective varieties (or affine varieties, respectively).

If o : Vi — V,is amorphism defined by polynomials as in Proposition 2.5.2,

we simply denote ¢ by [ fo(X), f1(X), ..., fm(X)] (or (f1(X), ..., fu(X)),

respectively). We note also that two varieties V' and W are called isomorphic
if there are morphisms ¢ : V' — W and ¢ : W — V such that ¢ o ¢ and
¢ o ¢ are the identity maps on V' and W, respectively.

Corollary 2.5.6. Let ¥ € A” and W C A” be two affine varieties.
Then:

(i) morphisms from /" to I are the same as polynomial maps;
(i) ¥ and W are isomorphic if and only if k[V] and k[W] are
isomorphic as k-algebras.

Proof.

(i) We note that a polynomial map gives a morphism by Proposi-
tion 2.5.2(i). Conversely, let ¢ be a morphism from V' to W. By



60 CHAPTER 2

Theorems 2.5.5 and 2.4.13(i), there exists a homomorphism of
k-algebras

A kWl =klyr, ..., vl IW) = k[V]=k[x1, ..., x,1/1(V)

induced by ¢. Then it is easy to see that the polynomial map
(A(31), - .., A(3)) is the morphism ¢, where y; is the residue class
of y;ink[W]for j=1,...,m.

(i1) This result is a direct consequence of Theorems 2.5.5 and 2.4.13(i).

O

Proposition 2.5.7. Let ¢ : V; — V, be a morphism of projective
varieties. If there exist a nonempty open subset U of V; and homo-
geneous polynomials fy(X), f1(X), ..., fu(X) of the same degree such
that

9(Q) = [/(D), 1(D), ... fu(Q)] forall Q U,

then for any point P € V| there exist homogeneous polynomials 4y(X),
hi(X), ..., h,(X) of the same degree such that

@(R) = [ho(R), hi(R), ..., hw(R)]

for all points R in a suitable neighborhood of P, with fih; —
Sihi € I(Vy)forall0 < i, j <m.

Proof. Let V| and V, be varieties in P* and P, respectively. Let {U;}_,
and {U}}_, be the open covers of P" and P", respectively, in Exam-
ple 2.3.4. We may assume that P € ¢~ (V, N Uj). Assume also without
loss of generality that the first coordinate of P is not zero, that is, P €
Y =9 (VN Ug) N Up. Then Y is a nonempty open subset of /; and
can also be considered as an affine variety. Denote by f;* the polynomial
Sill,yi, ...,y andlet K = Z(f, ..., f). Then J := (Y \ K)NU is
a nonempty open subset of ¥ (see Theorem A.1.9(iv)) and we obviously
have 1, = [ /0, fi,-..\ ful-

By Corollary 2.5.6(i), ¢ is a polynomial map when restricted to Y.
Hence, we must have

ely =01, g1,..., gnl
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for some polynomials g;. Let e be the largest degree of the g; and put

ho(X)=x5  hi(X) = xigi(x1/x0, ..., xu/x0) forl <i<m.
Then it is clear that
§0|Y = [h()’ hl9 MR hm]
Thus, when restricting to J, we get
ely =10/, fis--os fm]l =ho, b1, ooy Al

Hence, we must have (fih;)(Q) = (f;hi)(Q) forall 0 < i,j < m
and O € J,thatis, J C Z,(fih; — fjh;). Since Z,(fih; — fih;)
is a closed subset of P” and the closure of J in V; is V; (see Theo-

rem A.1.9(1)), we obtain Vy C Z,(fih; — f;h;). Thus, fih; — fih; €
I(Vy) since fih; — fjh; is a homogeneous polynomial. O

Example 2.5.8. Consider the projective variety ' over [, with g odd
defined by

Then the map
o: V=P, [x,y,z] = [x 4+ z, yI,
is regular on V" \ {[1, 0, —1]} by Example 2.5.3(i). Using the congruence
(x +2)(x — 2) = —y* (mod I(V)),
we have
[ + 2 = 2), yx = 2)] = [=)%, yx = 2)] = [~y,x —z].

Thus, with ¢([1, 0, —1]) = [0, 1], ¢ is a morphism on V.
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Definition 2.5.9. Let V;/k fori = 1, 2 be affine (or projective) varieties
defined over k. A morphism ¢ : V; — V, is defined over k,
or a k-morphism, if o o ¢ = ¢ o o for all o € Gal(k/k).

Example 2.5.10.

(i) In the affine case, if all polynomials f;(X) belong to k[ X], then the
morphism ( f1(X), ..., fu(X))is defined over k.

(i) If ¢ = [fo, f1, .., fm]is a morphism from the projective variety
Vi/k to the projective variety V,/k with f; € k(V)) for i =
0,1,...,m,then ¢ is a k-morphism.

Proposition 2.5.11. Let V' be an affine (respectively projective) variety
defined over k. Suppose that the characteristic of £ is a prime p.
Let g > 1 be a power of p and put

[9:={fD: fel},

where f@ is the polynomial obtained from f by raising each co-
efficient of f to the gth power. Then /9 is an ideal of k[X] and
V@ = Z(I9) (respectively Z;,(1)) is an affine (respectively pro-
jective) variety defined over k. Furthermore, we have dim(V/ @) =
dim(V).

Proof. We consider only the affine case. For any f, g € I(}V'), we have
f(q) + g(q) =(f+ g)(q) e J9D.

As each element « of & is equal to 7 for some B € k, there exists, for
any given & € k[ X], a polynomial e € k[ X] such that 4 = e, Thus,

hf(q) — e(q)f(q) — (ef)(q) e [,

Hence, 19 is an ideal of k[ X].

Let S be a subset of k[ X] such that the ideal 7(V) of k[ X] is generated
by S. Then it is clear that /@ is generated by S, Therefore, V¢ is an
algebraic set defined over %.

Using Proposition 2.2.8, it is easily seen that /(V'?) = ). Now
let f;, g € k[X] be two polynomials such that fg; belongs to 9.
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Let f>, g € k[ X] be the polynomials satisfying

(q) (9)
flzzq’ glzgzq-

Then

(L) = 78" = figi € I,

and so f,g € (V). This implies that f, € I(V) or @ € I(V)
since /(V') is a prime ideal of k[X] by Theorem 2.3.8. This means that
fi = £i7 e 19 or g = g7 e IV, Hence, I is a prime ideal
of k[ X], that is, V9 is an affine variety defined over k.

Note that for every irreducible closed subset W of V, the set W@
is an irreducible closed subset of V@, Conversely, for every irreducible
closed subset U of V@), there exists an irreducible closed subset W
of V such that W@ = U. Using this fact, it is easy to show that
dim(V) = dim(V D). O

Definition 2.5.12. Let V' be a projective (or affine) variety over £ and
g > 1 a power of the characteristic of k. Then the morphism 7, : V —
V@ defined by

[XO,XI, '--axn] i [xgaxlqa -~'s-xg]
(or (x1,...,x,) > (x{,...,x!)) is called the gth-power Frobenius
morphism.

Theorem 2.5.13. Let V' /IF, be a projective (or affine) variety. Then
V = V'@ and the gth-power Frobenius morphism 7, is bijective and
bicontinuous, that is, 7, is a homeomorphism of topological spaces.
Furthermore, a point P of V' is [, -rational if and only if 7,(P) = P.

Proof. For any point P = [ag, ay, ..., a,] in a closed point P of V,
the point P9 := [al,af,...,al] = 7 ,(P) is still a point of P. On
the other hand, it is clear that P9 is a point of V@, Thus, P is also a
closed point of V@, This means that ¥ € V@, Conversely, for any

point Q = [bo,_b], ..., b,] of a closed point Q of V@, there exist
elements ¢; € I, such that c? = b; for 0 < i < n. Thus, the point
R := [co, c1, ..., c,] belongs to V. It is clear that both R and Q are

in the closed point Q. Hence, Q is also a closed point of V.



64 CHAPTER 2

By Definition 2.5.9, m, is an [F,-morphism from V' to itself. From
the above, we can easily see that 77, is bijective. It is straightforward to
verify that 7~ !'is continuous.

The last statement is clear. O

Proposition 2.5.14.

(i) Let V; = Z(f) be the hypersurface in A" defined by an irreducible
polynomial f(X) over k with X = (xi,...,x,). Then the open
set A" \ V' is isomorphic to the hypersurface Z(x,41 f(X) — 1) in
A" In particular, the open set A" \ V', is isomorphic to an affine
variety.

(ii) A variety can be covered by a family of open affine sets. In other
words, for any point P in the variety and any neighborhood U of P,
there is an open affine set W such that P ¢ W C U.

Proof.

(i) Consider the map ¢ from G := Z(x,41 f(X)—1) to A"\ Vs defined
by (ai, ..., a,41) — (ai,...,a,). Itis easy to verify that ¢ is a
bijection. It is clear that ¢ is a morphism since it is a polynomial
map. Since ¢ ' = (x1,...,x,, 1/£(X)) and f(P) # 0 for every
P € G, the map ¢! is a morphism as well by Proposition 2.5.4(ii).
Hence ¢ is an isomorphism.

(i1) It is clear that any variety V' can be covered by a family of quasi-
affine varieties (compare with Example 2.3.4 for the projective
case). Hence, we may assume that V' is a quasi-affine variety, that
is, V' is an open subset of an affine variety ¥ € A”. We may also
assume that U = V. Let C = Y \ V; then C is a closed set in A”.
If Pisapointin V', then P ¢ C and thus by Proposition 2.2.8(ii)
there is a polynomial f € /(C) such that f(P) # 0. Let H be the
hypersurface H = Z(f). Then P ¢ H, hence, P € V' \ (V N H),
which is an open subset of V. Furthermore, V' \ (V' N H) is a closed
subset of A"\ H, which is an affine variety by (i). Hence, V'\(V N H)
is the required affine neighborhood of P. O

Let ¥ and W be two varieties over k. Consider the set of pairs

{(U,py): @£ U C Visopenand ¢y : U — W is a morphismj}.
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Define a relation on the above set by
(U, ou) ~ (S, ¢s) if and only if ¢y and @5 agree on U N S. (2.3)
Note that U N S is a nonempty open subset of /' by Theorem A.1.9(iv).

Lemma 2.5.15.

(1) Let V and W be two varieties and let ¢ and ¥ be two morphisms
from V' to W. If there exists a nonempty open subset U of V' such
that ¢ and v agree on U, then ¢ = .

(i1) The relation ~ defined in (2.3) is an equivalence relation.

Proof.

(1) We have to show that ¢(P) = ¥ (P) forevery P € V. Since thisis a
local property and a variety can always be covered by open subsets
of affine varieties by Proposition 2.5.14(ii), we may assume that
both V' and W are affine varieties. Hence, by Corollary 2.5.6(1),
¢ = (fiX)..... fu(X) and ¥ = (g1(X), ..., gu(X)) for some
polynomials f;, g; € k[ X]. As (Q) = ¥(Q) for all points Q € U,
wehave U C Z(f1 — &1, -+vs fn — &n)- SO Z(fi — &1y ooy fn —
g,,) contains the closure of U, which is V' by Theorem A.1.9(i).
Therefore ¢(P) = ¥(P) forany P € V.

(i) Let (U, pu) ~ (S, ps) and (S, ¢s) ~ (T, ¢r). Then gy and ¢s
agree on U N S and ¢g and ¢ agree on S N 7. Thus, ¢y and ¢r
agree on U N SN T. By part (i), ¢y and ¢y agree on U N T, that
is, (U, oy) ~ (T, ¢r). The remaining properties of an equivalence
relation are trivial. O

On the basis of Lemma 2.5.15(ii), it is meaningful to introduce the
following definition.

Definition 2.5.16. Let ¥V and W be two varieties over k. A rational

map ¢ from V to W is an equivalence class of pairs (U, ¢y) defined
in (2.3).

Remark 2.5.17. A rational map ¢ from V' to W is not in general a map
as some elements of /' may not have images in .
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Example 2.5.18. The rational map
¢ P > P%, ¢ = [x2, xy, 22,

is a morphism from P2 \ {[0, 1, 0]} to P2. It is not a map as ¢([0, 1, 0])
is not well defined.

Definition 2.5.19. The domain, denoted by dom(¢), of a rational map
¢ from V' to W is the union of all open subsets U of V' such that some
(U, gu) belongs to the equivalence class of this rational map.

Example 2.5.20. The domain of the rational map in Example 2.5.18
is P2\ {[0, 1, 01}.

Remark 2.5.21. It is clear that for a rational map ¢ from V to W,
the domain dom(p) is a nonempty open subset of V', hence, dom(¢)
is a (quasi-affine or quasi-projective) variety and ¢ is a morphism from
dom(gp) to W.

Definition 2.5.22. A rational map ¢ from V to W is dominant
if ¢(dom(y)) is dense in .

For instance, the rational map in Example 2.5.18 is dominant. It is easy to

see that a rational map ¢ from V to W is dominant if and only if for every

pair (U, ¢y ) in this class, ¢y (U) is dense in .

Definition 2.5.23. A rational map ¢ from V to W is said to be
birational if there exist a nonempty open subset U of V and a
nonempty open subset S of W such that ¢ is an isomorphism from U
to S. In this case, V' and W are said to be birationally equivalent.

It is clear that if ¢ is a birational map from V' to W, then it is dominant.

The following theorem and its corollaries are major results of this section.
We refer to Definition 2.4.8 for the definition of the function field k() of a

variety V.

Theorem 2.5.24. Let V/ and W be two varieties over k. Then there is a
one-to-one correspondence between dominant rational maps from V' to
W and k-algebra homomorphisms from k(W) to k(V).
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Proof. Let v = (U, Yy) be a dominant rational map from V' to W.
Let (Y, f) € k(W), where Y is a nonempty open subset of /¥ and f is
regular on Y. Since 1y (U) is dense in W and vy is a morphism, we
conclude that 1//{,1(Y ) is a nonempty open subset of /. Again by the
definition of a morphism, the composition f o ¥y is a regular function
on w&l(Y), that is, we get a map

K kW)= kW), X, ) @y @), fovu).

It is easy to verify that « is a k-algebra homomorphism from k(W)
to (V).

Conversely, assume that we have a k-algebra homomorphism « from
k(W) to k(V). Since W can be covered by open affine sets according to
Proposition 2.5.14(ii), we may assume that I¥ is affine. Let yy, ..., y,
be the coordinate functions of k[ ]. Then for eachi = 1, ..., m, we
get an element «();) = (U;, f;) of k(V). If U is the intersection of all
U;, then U is a nonempty open subset of /' and f; is regular on U for
each i. Thus, we obtain an injective homomorphism from k[W1to Oy.
By Theorem 2.5.5, this induces a morphism ¢ from U to W, which is a
dominant rational map from V' to . O

Corollary 2.5.25. Two varieties over k are birationally equivalent if and
only if their function fields are isomorphic as k-algebras.

Corollary 2.5.26. Every curve is birationally equivalent to a plane
curve.

Proof. The function field k(X) of a curve X has transcendence de-
gree 1 over k by Theorem 2.4.13(iv) and Remark 2.4.14(ii), and so
k(X) = k(y, »») for some y;, y», where y, is transcendental over k
and ), is algebraic over %(yl) (compare with [51, p. 27] and [117,
Proposition I11.9.2]). Consider the natural homomorphism from the
polynomial ring k[x1, x2] to %[yl, ). Then the kernel / must be a
prime ideal. Thus, Y = Z([/) is a plane curve. By Corollary 2.5.25,
Y is birationally equivalent to X. d



3 Algebraic Curves

Algebraic curves, that is, algebraic varieties of dimension 1, are crucial for the
applications that will be discussed in Chapters 5 and 6. In the present chapter,
we emphasize the interplay between algebraic curves and function fields,
which has become a powerful tool in both the theory and the applications.

The important family of nonsingular or smooth curves is introduced in
Section 3.1. For nonsingular projective curves we establish a link between
points of the curve and valuations of the corresponding function field. This
link is strengthened in Section 3.2 where it is shown that nonsingular
projective curves and algebraic function fields of one variable are basically
equivalent mathematical objects. The theory of divisors is developed in
Section 3.3 in the language of function fields. Sections 3.4 and 3.5 set the stage
for the Riemann-Roch theorem by introducing Riemann-Roch spaces and the
fundamental concept of genus. Section 3.6 achieves the proof of the Riemann-
Roch theorem via an approach based on adeles and Weil differentials. The
special family of elliptic curves is treated in Section 3.7. The intriguing
relationships between nonsingular projective curves over finite fields and
global function fields are summarized in Section 3.8.

The books of Bump [13] and Hartshorne [51] on algebraic geometry
contain also a good amount of material on algebraic curves. Fulton [35] is a
classical monograph devoted specifically to algebraic curves. The recent book
of Hirschfeld, Korchmdros, and Torres [55] emphasizes algebraic curves over
finite fields.

We continue to assume that & is a perfect field, and on several occasions
we highlight the special case where £ is a finite field, which will be important
in the following chapters.

3.1 Nonsingular Curves

We have already defined (algebraic) curves briefly in Section 2.3. We record
the definition again for the convenience of the reader.

Definition 3.1.1. Let k£ be a perfect field. An affine (respectively
projective) variety of dimension 1 defined over k is called an affine
(respectively projective) curve over k.
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We speak of a curve (with no adjective) if it can be either affine or
projective. If we want to emphasize the field &, then we write X'/ k for a curve
X (defined) over k.

Example 3.1.2.
(1) The projective variety defined over k£ with char(k) = 2 given by

2 4y =

is a projective curve.
(i1) The affine variety defined over k& with char(k) # 2 given by
y = fx)

is an affine curve, where f € k[x] is a squarefree polynomial of
positive degree.

Definition 3.1.3. Let X € A" be an affine curve and let fi, ..., fi, €
k[ X] = k[x1, ..., x,] be a set of generators of the ideal /(X’). Then X
is said to be nonsingular (or smooth) at a point P of X if the m x n

Jacobian matrix
afi
(—(P))
8Xj I<i<m,1<j<n

at P has rank n — 1. Otherwise, X is said to be singular at P. If X
is smooth at every point of X', then we say that X’ is a nonsingular
(or smooth) affine curve.

Alternatively, if X is nonsingular (or smooth) at P, then we speak also of
a nonsingular (or smooth) point P of X. Similarly, we may speak of singular
points of X.

Example 3.1.4. Let X be an affine plane curve defined by

f(xmy):()
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for a polynomial f € k[x, y]. By Definition 3.1.3, a point P of X is
smooth if and only if

a 0
(a—f(P), —f(P)> # (0,0).
X ay

In other words, all singular points (a, b) of X are solutions of the system
of equations

fla,b) =0,
9

% |(a,b) =0,
or

3'—; @ =0.

If P = (a, b) is a smooth point of X, then the line

a a
8—f<P)<x —a+ Lipyy—p=0
X ay

is called the tangent line of X at P.

Theorem 3.1.5. Let P be a point of an affine curve X. Then X is
smooth at P if and only if the local ring Op at P is a discrete valuation
ring in the sense of Definition A.3.1(ii).

Proof. Let X € A” and P = (ay,...,a,) € X. Let Ap be
the maximal ideal (x; — ay,...,x, — a,) of k[X] = k[x1,...,x,].
We define a k-linear map 0 : k[ X] — K" by

f— (;—f(P), R of (P)) .
X

0x,
It is clear that O(x; — a;) for i = 1,...,n form a basis of %" and
that G(A%)) = {(0,...,0)}. Thus, 6 induces an isomorphism 6’
Ap/A% — k.

Now let B = I(X) and let f1,..., f, be a set of generators of B.
Then the rank of the Jacobian matrix J := ((9f;/0x;)(P)) is just the
dimension of 8(B) as a subspace of X Using the isomorphism 6, this

dimension is the same as the dimension of the subspace (B + 4%,)/ A% of
Ap/ A%,. On the other hand, the local ring Op is obtained from k[ X] by
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the procedure described in Theorem 2.4.13. Thus, if M p is the maximal
ideal of Op, then we have

Mp/ M3 >~ Ap/(B + A}).

Counting dimensions of vector spaces, we obtain dimz(Mp/ an) +
rank(J) = n. Note that Op is Noetherian since k[.X] is Noetherian
by the Hilbert basis theorem and factor rings and localizations of
Noetherian rings are Noetherian (see [29, Sections 1.4 and 2.1]).
The desired result follows therefore from Definition 3.1.3 and Propo-
sition A.3.4. O

Remark 3.1.6. From the proof of Theorem 3.1.5 we see that the Jaco-
bian matrix has rank at most » — 1. Thus, the idea of Definition 3.1.3
is to call X nonsingular at P if the Jacobian matrix at P has the largest
possible rank.

Theorem 3.1.5 provides an intrinsic characterization of smooth points.
This characterization can be used to extend Definition 3.1.3 from affine to
projective curves. Thus, we say that a projective curve X is nonsingular (or
smooth) at P € X if Op is a discrete valuation ring. Otherwise, X is said to
be singular at P. Similarly, we speak of a nonsingular (or smooth) projective
curve X if X' is smooth at every point of X. The terminology mentioned in
the paragraph following Definition 3.1.3 will be used in the same way for
projective curves.

Theorem 3.1.7. The set of singular points of a curve X'/ k is finite.

Proof. By considering an open cover {);} of X with each ); being
an affine curve, we may assume that X’ is an affine curve.

By Remark 3.1.6, we know that the rank of the Jacobian matrix is
always at most n — 1. Hence, the set Z of singular points of X is the set
of points where the rank is less than n — 1. Thus, Z is the algebraic set
defined by the ideal generated by /(X") together with all determinants of
(n—1) x (n— 1) submatrices of the Jacobian matrix. Hence, Z is closed.

By Corollary 2.5.26, X is birationally equivalent to an affine plane
curve. Thus, we may assume that X is an affine plane curve defined by
a single polynomial equation f(x, y) = 0 with f € k[x, y] absolutely
irreducible. By Example 3.1.4 and by distinguishing between the cases
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of characteristic 0 and positive characteristic of k, it is easily seen
that Z is a proper closed subset of X, and this leads to the desired
result. O

Example 3.1.8. Consider the affine curve in Example 3.1.2(ii). Then
it is easy to verify that this curve has no singular points, and so it is
a nonsingular affine curve. Similarly, the curve in Example 3.1.2(i) is
a nonsingular projective curve.

It is an important consequence of Remark 2.4.14(i1) and of Theorem 2.4.13
and its proof that the function field k(X)) of a curve X'/k is an algebraic
function field of one variable over k. A similar statement holds for the
k-rational function field £(X) of X. By Corollary 2.4.18 and Remark 2.4.19,
the full constant field of k(X)) is %.

Definition 3.1.9. For a nonsingular point P of a curve &, a local para-
meter of the discrete valuation ring O p(X) is called a local parameter or
uniformizing parameter at P. Furthermore, the ord function of Op(X)
defined according to Definition A.3.5 is denoted by vp.

Remark 3.1.10.

(i) As in Definition A.3.5, the function vp can be extended to
the quotient field k(X) of Op(X). By what has been noted in
Definition A.3.5, vp satisfies the properties (1), (2), (3), and (4)
in Definition 1.5.3. Since the nonzero elements of & are units
of Op(X), it follows that vp satifies also the property (5) in
Definition 1.5.3. Thus, vp is a valuation of the function field
k(X)/k.

(i) If P and Q are two distinct nonsingular points of the projective
curve X, then the valuations vp are vy are not equivalent. To see
this, we may assume that P = [ag,ai,...,a,-1,1] and O =
[b(), b], ey bn—la 1] with ap 75 b(). Then 1/()60/)(?,, - a()) ¢ OP(X)
and 1/(xo/x, — ao) € Og(&X). Hence, Op(X) # Oo(X), which
implies that vp and v are not equivalent.

For two local rings 4 and B with 4 C B, we say that B dominates A if the
maximal ideal of B contains the maximal ideal of A.
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Lemma 3.1.11. Let X'/ be a nonsingular projective curve and suppose
that R is a discrete valuation ring with quotient field £(X’). Then there
exists a unique point P of X such that R dominates O p(X).

Proof. Let v be the ord map of R according to Definition A.3.5. Sup-
pose that P and Q are two distinct points of X such that R dominates
both Op(X) and Oy(X). By Remark 3.1.10(ii) and Theorem 1.5.18,
there exists an element z € k(X) such that vp(z) = 1 and vo(z) = —1.
Using Lemma A.3.2(ii), we deduce that v(z) > 1 and also v(1/z) > 1.
This contradiction shows the uniqueness of the point P.

To show the existence of such a point P, we use the sets H; and U,
in Example 2.3.4 and consider the map from P"~! to the hyperplane
H, of P" defined by [xqg,...,x,—1] — [x0,...,Xy—1,0]. Thus, if X
is contained in H,, then X is isomorphic to a variety in P"~!. Hence
we can assume that X’ is a projective curve in P” such that X is not
contained in any hyperplane H;, that is, x; /x; are well-defined nonzero
elements in the field %(X ) forany 0 < i, j < n.Put

)

m= max v|— ).

0<ij<n  \X;

Without loss of generality, we may assume that m = v (xy/x,). So,
v(x;/x,) = m — v(xg/x;) > 0. This implies that the coordinate ring
kY] of Y := X N U, is contained in R. Let M be the maximal ideal
of Randlet / = M Nk[Y]. Then [ is a prime ideal of k[)]. We have
1 # {0}, for otherwise every nonzero element of k[)] is a unit of R,
that is, k(X) is a subset of R since k(X) is the quotient field of k[)]
(see Remark 2.4.14(ii) and Theorem 2.4.13(iv)). But then R = k(X),
which is a contradiction since a discrete valuation ring cannot be a
field because a field does not contain irreducible elements (compare
with Definition A.3.1(ii)). Hence, I corresponds to a variety ' properly
contained in ). Let P be a point of V. Then {P} € V C )Y, and
since dim()) = 1, we must have V' = {P} by the definition of the
dimension of a variety. It is easy to check that R dominates the local
ring Op(Y) = Op(X). O

Theorem 3.1.12. Let X'/k be a nonsingular projective curve. Then
the map

p: P Op=0pX)
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yields a one-to-one correspondence between the points of X and the
discrete valuation rings with quotient field £(X).

Proof. In Remark 3.1.10(ii), we have shown that O p(X) # O (X)) for
two distinct points P and Q of X. Hence, p is injective.

Let R be a discrete valuation ring with quotient field k(X).
By Lemma 3.1.11, there exists a point P of X such that Op(X) C R.
It follows from Proposition A.3.3 that Op(X) = R. This means that
p is surjective. O

The following lemma is shown in a straightforward manner. It refers to the
Galois action on function fields introduced after Lemma 2.4.15.

Lemma 3.1.13. Let P and Q be two points of a projective curve
X over k. Suppose that P and Q belong to the same k-closed point
of X and that o € Gal(k/k) satisfies Q = o (P). Then

Oo(X) = o (Op(X)).

Proposition 3.1.14. Let X'/IF, be a nonsingular projective curve. Then
two points P and Q of & belong to the same F,-closed point if and
only if

Op(X) NF,(X) = Op(X) NF,(X).

Proof. Suppose P and O belong to the same [F,-closed point.
By definition, there exists an element o € Gal(IF,/F,) such that Q =
o (P). Thus, it follows from Lemma 3.1.13 that we have

Op(X)NF (X) = 0(Op(X)) NFy(X)
5(Op(X) N o (F, (X))
o (Op(X) NFy(X))

= Op(X) NF,(X).

Conversely, assume that O p(X)NF,(X) = Oo(X)NF,(X). Suppose
that P and QO do not belong to the same F,-closed point. Let P and
Q be the two [F,-closed points containing P and Q, respectively. By
Theorem 1.5.18, we can find an element z € F_q(X ) such that vp/(z) =
—1 for all P € P and vp(z) = 1 forall Q" € Q. Let F;» be an
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extension field of IF, such that IF,» contains the definition fields of P and
Q (see Remark 2.1.10(iii)) and z belongs to F,»(X). Then the element
v=1T1I, €GalE,n /F,) @ (2) 15 an element of I, (X). Furthermore, we have

vp ()= Y wpe@) = Y. v =—m.

UEGa](qu /Fy) UGGal(]qu /Fy)

This means that y ¢ Op(X) NIF,(X). On the other hand,

vo( = Y. vla@) = > kg2 =m,

oeGal(Fym /Fy) oeGal(Fym /F,)

that is, y € Op(X) NF (X)) = Op(X) N F,(X). This contradiction
shows that P and Q are in the same [F;-closed point. O

The following theorem is one of the central results of this chapter. We refer
to Section 1.5 for the concept of place of a function field.

Theorem 3.1.15. Let X'/, be a nonsingular projective curve. Then
there exists a natural one-to-one correspondence between IF,-closed
points of X and places of I, (X'). Moreover, the degree of an I, -closed
point is equal to the degree of the corresponding place.

Proof. For an FF,-closed point P of X', let P be a point in P and vp the
valuation of E(X ) introduced in Remark 3.1.10(i). Let P be the place
of IF,(X) containing the restriction of vp to F,(&X"). The valuation ring
of Pis Op(X)NF,(X). If P’ is another point in P, then define P’ in an
analogous way. Then using Proposition 3.1.14, we see that the valuation
rings of P and P’ are identical. It is now an immediate consequence
of Theorem 1.5.18 that P = P’. Therefore the map ¢ sending each
[F,-closed point P of X" to the corresponding place P of F,(X) is well
defined.

Let P and Q be two [F,;-closed points of X’ with ¢(P) = ¢(Q). Choose
P € Pand O € Q. Since the places ¢(P) and ¢(Q) are identical, they
have the same valuation ring, that is, O p(X)NF,(X) = Oo(X)NF,(X).
But then Proposition 3.1.14 implies that P and Q are [F,-conjugate. This
shows that ¢ is injective.

Let P be a place of degree m of F,(X’). By Theorem 1.7.2, there
are exactly m places of degree 1 of F,(X) - F,» lying over P. Let
N be one of these m places and let R be its valuation ring. Then
R is a discrete valuation ring with quotient field [ (X) - Fyn. It is
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easy to see that R - E is a discrete valuation ring with quotient field
F,(X)-TF, = F,(X). Hence, by Theorem 3.1.12, there is a point P
of X such that Op(X) = R - E. It is clear that ¢ maps the IF,-closed
point P containing P to P. Hence, ¢ is surjective.

Furthermore, each place of I, (X) - F,» lying over P yields a point of
A& and these m points are IF,-conjugate, that is, they belong to the same
[F,-closed point P. Conversely, any point P in P gives rise to a place of
F,(X) - Fyn lying over P. This implies that the degree of P is equal to
the degree of P. O

Remark 3.1.16. Let X be a nonsingular projective curve over IF,.
Then by Theorem 3.1.15, an F,-closed point of X corresponds to
a uniquely determined place of F,(&X). Thus, a local parameter at
this place of F, (&) can be called a local parameter or uniformizing
parameter at the corresponding I, -closed point.

Example 3.1.17. Consider the projective line X = PI(E). It is a
nonsingular projective curve over IF, and its I -rational function field
is the rational function field IF, (x) over I, in the variable x. The places
of F,(x) have been determined in Section 1.5; they are the finite places
corresponding to the monic irreducible polynomials over I, and the
infinite place. By Theorem 3.1.15, each finite place corresponds to
an IF,-closed point of X whose degree is equal to the degree of the
corresponding monic irreducible polynomial, whereas the infinite place
corresponds to an [F,-rational point of X. For an F,-closed point P of
X corresponding to a finite place, the points in P are associated with the
roots of the corresponding monic irreducible polynomial in E.

3.2 Maps Between Curves

We refer to Section 2.5 for background on morphisms and rational maps.

Lemma 3.2.1. A rational map from a variety to a curve is either
constant or dominant.

Proof. Let ¢ be a rational map from a variety to a curve ). If ¢ is not
constant, then we have at least two points in W := ¢(dom(¢)). Thus,
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ifQeW, then_{ 0} ¢ W C ). Since the dimension of ) is equal to 1,
we must have YW = ), that is, ¢ is dominant. O

Definition 3.2.2. A rational map ¢ : &X1/k — X,/ k between projective
curves is defined over kif oo = o o¢ forall o € Gal(k_/ k), that is, if
¢(0(P)) = o(¢p(P)) for all P € dom(¢) and all o € Gal(k/k).

Theorem 3.2.3. Let ¢ : X)/k — AX,/k be a nonconstant rational map
defined over k between projective curves. Then:

(i) The induced map
" k(X)) — k(X)), S fod,

between k-rational function fields is a homomorphism fixing &.
Moreover, this homomorphism is independent of the choice of ¢
in its equivalence class.

(i) The field extension k(X;)/¢p*(k(X>)) is finite.

(iii) If a point P belongs to the domain dom(¢) and ¢(P) = Q, then
Op(X)) dominates ¢*(O(AX5)). Conversely, if Op(X)) dominates
¢*(O (X)) for points P of X} and Q of &>, then P belongs to the
domain dom(¢) and ¢(P) = Q.

Proof.
(i) By Lemma 3.2.1, ¢ is dominant. Moreover, by Theorem 2.5.24,
fek(X) > fogek(X)

is a homomorphism. Since ¢ is defined over k, it induces a
homomorphism ¢* : k(X;) — k(AX)). It is clear that this homo-
morphism fixes & and is independent of the choice of ¢ in its equi-
valence class.

(i) As both k(X)) and k(X,) are algebraic function fields of one
variable with full constant field £ and ¢*(k(X,)) is a subfield
of k(X)), then by Definition 1.5.2, k(X})/¢*(k(X,)) is a finite
extension.

(iii) It is easy to verify the first statement. To show the converse, we
let V' and W be affine neighborhoods of P and Q, respectively,
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such that ¢ is a morphism from V" to . By (i) and Theorem 2.5.5,
¢* induces a homomorphism from kW1 = klxi, ..., X1/ I(W) to
Oy, which we call also ¢*. Now by the assumption that O p(X))
dominates ¢*(O (X)), we have g(¢(P)) = (¢*g)(P) = 0 for any
g € k[W] with g(Q) = 0. By taking g to be the residue class of
x; — a; in k[W] with 0O =(a,...,ay)and i = 1,...,n, we get
¢(P) = 0. O

The degree of a nonconstant rational map ¢ defined over k& from a
projective curve X;/k to a projective curve X,/k is defined by [k(X)):

" (k(X2)].
Lemma 3.2.4. Let X} /k and &,/ k be two projective curves. Then any

homomorphism from k(AX5) into k(X)) is induced by a unique dominant
rational map defined over k£ from &'/ k to X,/ k.

Proof. A homomorphism from k(&) into k(X)) can be naturally
extended to a homomorphism from k(X) into k(X)). By Theorem
2.5.24, there is a unique dominant rational map giving this homo-
morphism, and it is easy to verify that this map is defined over k. 0

Lemma 3.2.5. Let K C L be two algebraic function fields of one
variable with the same full constant field. Then any ring R satisfying
K € R C L is afield.

Proof. Let @ € R with o« # 0. Then « is algebraic over K since L/K
is an algebraic extension. Thus, « satisfies an equation

o +a@d" M+ 4 a, 0 4a, =0
for some ay, ..., a, € K and @, # 0. Hence,
o (oz”_1 +a "+ +an_1) (—an_') =1.

This means that o ~! belongs to R, and so R is a field. |

Proposition 3.2.6. Let ¢ : X|/k — X,/k be a rational map defined
over k between projective curves. Then the domain dom(¢) contains
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every nonsingular point of X;/k. In particular, if X/ k is a nonsingular
projective curve, then ¢ is a morphism.

Proof. If ¢ is constant, then dom(¢p) = X and the result is true. Now
assume that ¢ is not a constant map. By Theorem 3.2.3, ¢ induces a
homomorphism ¢* : k(X,) — k(X;). Let P be a nonsingular point
of X). Then by Lemma 3.1.11 and its proof and Theorem 3.2.3(iii), it
suffices to show that k(X)) € Op(X)). Suppose k(X>) € Op(X)). Then
Op(X))is afield by Lemma 3.2.5. This is a contradiction as the discrete
valuation ring O p(AX}) cannot be a field because a field does not contain
irreducible elements. O

The following three results form the culmination points of this section.

Theorem 3.2.7. Two nonsingular projective curves over k are k-
isomorphic if and only if their function fields are k-isomorphic.

Proof. The necessity is clear as an isomorphism is a birational map.
Conversely, if the function fields are k-isomorphic, then the curves are
birationally equivalent. Since both curves are nonsingular, it follows
from Proposition 3.2.6 that the birational map between them is an
isomorphism. O

Theorem 3.2.8. Let X'/k be a projective curve. Then there is a non-
singular projective curve )/k such that there exists a birational map
¢ from Y to X. If ¢ is a birational map from a nonsingular projective
curve )'/k to X, then there exists a unique isomorphism 6 : Y — )’
such that ¢ 0 0 = ¢.

Proof. By Corollary 2.5.26, X is birationally equivalent to a plane
curve Z. By resolution of singularities (see [35, Chapter 7] and
[51, Section 1.4]), we can find a nonsingular projective curve )
birationally equivalent to Z.

For the second part, since ) and )’ are birationally equivalent, we
have by Proposition 3.2.6 and Theorem 3.2.7 that k()) is isomorphic to
k()"). Now uniqueness follows from Theorem 2.5.24. O

Theorem 3.2.9. There is a one-to-one correspondence between
k-isomorphism classes of nonsingular projective curves over k£ and
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k-isomorphism classes of algebraic function fields of one variable with
full constant field &, induced by

X X/k— k(X).

Proof. First we prove that y is surjective on k-isomorphism classes.
Let F be a given algebraic function field of one variable with full
constant field k. Then there exists z € F transcendental over k such
that [F : k(z)] < oo. Thus, F = k(z, y1, ..., y) wWith yi, ...,y € F
algebraic over k(z). Let I be the kernel of the natural homomorphism
from the polynomial ring E[Z, Yy, ..., Y,] in the variables Z, Yy, ...,
Y, to the ring E formed by the polynomial expressions in z, yi, ..., W,
with coefficients from k. Then 7/ is a nonzero prime ideal of
E[Z, Yi,...,Y,]. Let Y be the zero set of /. Then I(}) = I by
Remark 2.2.9 and ) is an affine variety by Theorem 2.3.8. Moreover,
Y is defined over k. By the definition of /, the coordinate ring k]
of ) is isomorphic to E. Hence, by Theorem 2.4.13(iv), k())) ~
z(z, Vi,..., ) and Y is a curve. The projective closure of )/k
(compare with Proposition 2.3.12) again has k() as its function field,
according to Remark 2.4.14(ii). Now we apply Theorem 3.2.8 and we
obtain a nonsingular projective curve X', which is birationally equivalent
to the projective closure of )/ k. By Corollary 2.5.25 we get k(X) ~
k) ~ k(z, Vi, ..., ¥n). Remark 2.4.19(ii) implies then that k(X) =~
k(z, y1,..., ) = F.Hence, x is indeed surjective on k-isomorphism
classes. By Theorem 3.2.7, x is injective on k-isomorphism classes. [

3.3 Divisors

We recall from Section 3.1 that for a given nonsingular projective curve over
k, its k-rational function field is an algebraic function field of one variable with
full constant field k. Conversely, Theorem 3.2.9 shows that given an algebraic
function field F/k of one variable with full constant field %, there exists a
nonsingular projective curve X /k such that F' >~ k(X’). Furthermore, results
on curves can be used for function fields with a proper interpretation.

We now start from an algebraic function field F/k of one variable with full
constant field £. In view of the preceding remarks, the theory of divisors of
F that we discuss in the following can be developed in an equivalent fashion
in the language of nonsingular projective curves. We write Pr for the set of
places of F'. The divisor group of F/k, denoted by Div(F/ k) or Div(F), is the
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free abelian group generated by the places of F, that is, a divisor in Div(F)
(also called a divisor of F') is a formal sum

ZHPP

PEPF

with coefficients np € Z and np = 0 for all but finitely many P € P, and two
divisors of F' are added by adding the corresponding coefficients. A divisor
D=3 pep, 1 pP of F is called positive (or effective), written as D > 0, if
np > 0 for all P € Pr. For two divisors D and G of F with D — G being
positive, we write D > G or G < D.

For D = ZpepF npP € Div(F), it is often convenient to put vp(D) :=np
for P € Pr. The support supp(D) of D is the finite set given by

supp(D) := {P € Pr : vp(D) # 0}.
The degree deg(D) of the divisor D = ) pep, 1P P is defined by
deg(D) =deg [ > npP | =) npdeg(P).
PePr PePr
It is clear that deg defines a group homomorphism from Div(F) to Z. The
kernel of this homomorphism is a subgroup of Div(F), denoted by Div’(F),
that is,
Div(F) := {D € Div(F) : deg(D) = 0}.

Proposition 3.3.1. For any x € F'\ k, we have

Y ve(n)deg(P) < [F: k(x)].

PEPF
vp(x)>0

Proof. If x € F\ k, then x ¢ k since k is the full constant field of F,
and sod := [F : k(x)] < oo. Suppose that

Z vp(x)deg(P) > d.

PePr
vp(x)>0
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Then there exist distinct places Py, ..., P. of Fsuchthatn; := vp(x) >
Oforl <i <rand Z;=1 n;deg(P) > d.Put O = N’_,Op and note
that x € O. By Theorem 1.5.18, for each i = 1, ..., r we can choose
an element #; € F such that vp(t;) = —1 and vp,(#;) = O for all & with
1 < h < randh # i. Furthermore, there exist elements u;,, € O, 1 <
m < deg(F;), such that the set {u;,,(P)}1<m<deg(p) Of residue classes
forms a k-basis of the residue class field of P;. In order to arrive at the
desired contradiction, it suffices to show that the elements u;,, tl.’ e F,
I <m < deg(P),1 <j<mn; 1 <i <r,are linearly independent
over k(x). If there were a nontrivial linear dependence relation, then by
clearing denominators and afterwards dividing by a suitable power of x,
we can put it in the form

r n; r n;

DD St +x) ) eyt =0,

i=1 j=1 i=1 j=1

where all fi;, g; € O, either f;; = 0 or vp(f;;) = 0, and the latter
case occurs for at least one pair (7, j). Now fix a subscript £ such that
vp,(fe;) = 0 for some j with 1 < j < ny. Then

and

a contradiction. O

We recall a terminology introduced in Section 1.5, according to which we
say for a place P of F and an elementx € F* that Pisazeroof x if vp(x) > 0
and that P is a pole of x if vp(x) < 0.

Corollary 3.3.2. Every element of F* has only finitely many zeros and
finitely many poles.

Proof. If x is a nonzero element in %, then x has neither zeros nor poles.
If x € F\ k, then x is transcendental over &, and so by Proposition 3.3.1
the number of zeros of x is at most [ F : k(x)], which is finite. The same
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argument shows that x ~! has only finitely many zeros, that is, x has only
finitely many poles. O

In view of Corollary 3.3.2, it makes sense to introduce the following
divisors of F associated with an element x € F*. Let N'(x) be the set of
zeros and P(x) the set of poles of x. Note that NV'(x) and P(x) are finite sets
by Corollary 3.3.2. We define the zero divisor (x) of x by

(o= Y vp(x)P

PeN(x)

and the pole divisor (x)~ of x by

(oo = Y (—vp(x)P.

PeP(x)

Note that both (x)y and (x),, are positive divisors. Finally, we define the
principal divisor div(x) of x by

div(x) = (1o = (@ = ) vp@)P.

PEPF

It is clear that div : x € F*  div(x) € Div(F) is a group homomorphism.
The following result determines the kernel of div.

Proposition 3.3.3. Every element of F'\ k has at least one zero and at
least one pole. In particular, the kernel of div is k*.

Proof. Suppose that x € F \ k has no pole. Then vp(x) > 0 for all
points P of the nonsingular projective curve X /k corresponding to F
by Theorem 3.2.9, and so the values x(P) € k make sense. Consider the
map

b Xk —Plk), P [x(P) 1]

Then ¢, is a morphism. Moreover, ¢, is not surjective as the point [1, 0]
is not in the image Y of ¢,. On the other hand, Y is an irreducible closed
subset of P!(k), and so Y is a singleton. This contradiction shows that
x has at least one pole. Since 1/x has at least one pole as well, x has at
least one zero.
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It is clear that £* is contained in the kernel of div. Conversely, if
x € F* is such that div(x) = 0 € Div(F), then x has no zeros
and poles, and hence x is an element of £* by what we have already
shown. O

3.4 Riemann-Roch Spaces
For a divisor D of F/k, we define the Riemann-Roch space
L(D):={x € F* :div(x) + D > 0} U {0}.

Then it is easy to verify that £(D) is a vector space over k. We denote by £(D)
the dimension of £(D) as a vector space over k. The following proposition
shows some basic properties of £(D), in particular, that £(D) is finite for
every divisor D of F.

Proposition 3.4.1. Let D and G be divisors of F/k. Then:
(1) if D < G, then L(D) is a subspace of L(G) and

dim(L£(G)/L(D)) < deg(G) — deg(D);
(i) £(0) = k;
(iii) (D) > 1if D > 0;
(iv) (D) is finite for all D;

(v) if D = G + div(x) for some nonzero x € F, then £(D) = £(G).

Proof.

@) If x € L(D) \ {0}, then by definition div(x) + D > 0. Thus,
div(x) + G = div(x) + D + (G — D) > 0. Hence, x € L(G)
and L(D) C L(G).

For the second assertion, it suffices to consider the case where
G = D + P for some place P of F, as the general case follows
then by iteration. Choose u € F with vp(u) = vp(G) = vp(D)+ 1.
For any x € L(G) we have vp(x) > —vp(G) = —vp(u); hence,
ux € Op. Thus, we get a k-linear map ¢ from L£(G) to the residue
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class field Fp = Op/Mp of P defined by ¥(x) = (ux)(P) for all
x € L(G). The kernel of  is L(D), and so

dimy(L(G)/L(D)) < dimy(Fp) = deg(P) = deg(G) — deg(D).

(i) An element of £* has neither zeros nor poles, hence £(0) contains
k. On the other hand, by Proposition 3.3.3 any x € F'\ k has at least
one pole, that is, x ¢ £(0). Thus, £(0) = k.

(iii) By (i) and (ii) we know that £ = L£(0) is a subspace of £(D). The
desired result follows.

(iv) If D > 0, then we can apply (i) and (ii) to obtain

L(D) = dimg(L(D)/L(0)) + 1 < deg(D)+ 1, (3.1
and so £(D) < oo. If D is arbitrary, then D < H for some divisor
H > 0, and so (i) yields £(D) € L(H). But £(H) < oo by what we

have already shown, hence, £(D) < oo.
(v) Itis easy to verify that x £L(D) = L(G). O

Theorem 3.4.2. For any x € F'\ k, we have
deg((x)o) = [F : k(x)].
Proof. Setn = [F : k(x)]. By Proposition 3.3.1 we have deg((x)) < n.
It remains to show that deg((x)o) > n. Choose a basis yi, ...,
of the extension F/k(x). We introduce the positive divisor C =
ijl(yj)oo of F. For any integer m > 1, observe that x’iyj €
L(m(x)y+C)forall0 <i <m, 1 < j < n,and that the elements x”'yj,
0 <i <m,1 < j<n,are linearly independent over k. This yields
m(x)o + C) = n(m + 1) (3.2)

for all m > 1. On the other hand, (3.1) shows that

€(m(x)o + C) < mdeg((x)o) + deg(C) + 1. (3.3)
Combining (3.2) and (3.3), we get

m(deg((x)o) —n) = n — deg(C) — 1
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for all m > 1. The above inequality implies that deg((x)y) > »n since the
right-hand side is independent of m. |

Corollary 3.4.3. For any nonzero x € F, we have deg(div(x)) = 0, that
is, deg((x)o) = deg((x)oo)-

Proof. The result is trivial for x € k*. For x € F \ k, we note the fact
that (1/x)p = (X)oo. By Theorem 3.4.2 we obtain

deg((x)o) = [F : k(x)] = [F: k(1/x)] = deg((1/x)o) = deg((x)0),

which is the desired result. O

Corollary 3.4.4. We have ¢£(D) = 0 whenever deg(D) < O.

Proof. Suppose £(D) > 0. Then there exists a nonzero x € L(D),
that is, we have div(x) + D > 0. Hence, by Corollary 3.4.3, 0 <
deg(div(x) + D) = deg(D). This is a contradiction. O

It is easy to verify that all principal divisors form a subgroup of Div(F),
denoted by Princ(F). The quotient group Div(F)/Princ(F) is called the
divisor class group of F. Two divisors D and G belonging to the same residue
class of Div(F)/Princ(F) are said to be equivalent, written as D ~ G. If
D ~ G, then £(D) = £(G) by Proposition 3.4.1(v) and deg(D) = deg(G)
by Corollary 3.4.3. Furthermore, Corollary 3.4.3 shows that Princ(F) is also
a subgroup of Div’(F), the group of divisors of F of degree 0.

We conclude this section with a useful characterization of rational function
fields.

Proposition 3.4.5. The following are equivalent:

(1) F 1is the rational function field over £;
(ii) F is the k-rational function field of a curve that is k-isomorphic to
P!(k);
(iii) there exists an element x € F™* with deg((x)y) = 1;
(iv) there exists a rational place P of F with £(P) = 2.
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Proof. (iv) says that there exists an element x € L(P) \ k such that
div(x) + P > 0. Thus, (x)oc = P and hence by Theorem 3.4.2 and
Corollary 3.4.3, [F : k(x)] = deg((x)y) = deg((x)oo) = 1, so that
F = k(x). The remaining assertions are either obvious or follow easily
from Theorems 3.2.7 and 3.4.2; compare also with Example 3.1.17.

O

3.5 Riemann’s Theorem and Genus

In this section, we are preparing the ground for one of the fundamental results
on curves and function fields, the Riemann-Roch theorem. In this and the
following section, a function field F is meant to be an algebraic function field

of one variable. As usual, the full constant field of F is denoted by k and
assumed to be perfect.

Theorem 3.5.1 (Riemann’s Theorem). For any function field F, there
exists a nonnegative integer g depending only on F such that

¢(D)>deg(D)+1—g (3.4)

for every divisor D of F.

Proof. For each divisor D of F, we set s(D) = deg(D)+ 1 —4£(D). The
task is to find a nonnegative g € Z such that s(D) < g for all D.
Let x be an element in F'\ k and set A = (x)p. Then as in (3.2), we
have a positive divisor C of F such that for all integers m > 1 we get
LimA+ C) > deg(A)(m + 1).
By Proposition 3.4.1(i) we have
tmA+ C) <t(mA) + deg(C).

Hence,

L(mA) > deg(A)(m + 1) — deg(C),
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that is,
s(mA) =deg(mA)+ 1 —€(mA) < deg(C) —deg(A4) + 1

for all m. Thus, s(m A) is bounded by a constant, which is independent
of m. Set

g=max{s(mA):m > 1}. 3.5)

Now let D be an arbitrary divisor of F. Choose a positive divisor
G > D and observe that by Proposition 3.4.1(i) we get

tmA — G) > LmA) — deg(G)
for all m. Then
{(mA) =deg(mA)+1—s(mA) >degimA)+1—g
by (3.5), and so
tmA —G)>degmAd)+1—g—deg(G) > 1

for a sufficiently large m. Thus, for this m there exists a nonzero
z€ LmA — G). With H := G — div(z) we get H ~ G and H < m A.
Now s(D) < s(G) by Proposition 3.4.1(i). Since deg(G) = deg(H) and
L(G) = £(H), it follows that s(D) < s(H) < s(mA) < g, where we
again used Proposition 3.4.1(i) in the second inequality and (3.5) in the
last inequality. Thus, (3.4) is established. Finally, noting that s(0) = 0
by Proposition 3.4.1(ii), we obtain g > 0. O

Corollary 3.5.2. If (D) = deg(D)+ 1 — gand G > D, then £(G) =
deg(G)+1—g.

Proof. We have ¢(G) < deg(G) + 1 — g by Proposition 3.4.1(i) and
£(G) > deg(G) + 1 — g by Theorem 3.5.1. O

Corollary 3.5.3. There exists an integer » depending only on F
such that

D) =deg(D)+1—g

for all divisors D of F with deg(D) > r.



ALGEBRAIC CURVES 89

Proof. By the proof of Theorem 3.5.1, we can find a divisor Dy of F
such that £(Dy) = deg(Dy) + 1 — g (see (3.5)). Let r = deg(Dyp) + g.
Then by Theorem 3.5.1, for any divisor D of F with deg(D) > r, we
have ¢(D — Dy) > deg(D — Dy) + 1 — g > 1, that is, there exists an
x € F* such that D + div(x) > Dy. Then Corollary 3.5.2 yields

{(D) = £(D +div(x)) = deg(D + div(x)) + 1 — g=deg(D)+ 1 — g,

which is the desired result. O

In view of Corollary 3.5.3, the integer g is uniquely determined by the
function field F. This leads to the following important definition.

Definition 3.5.4. The nonnegative integer g determined by Corol-
lary 3.5.3 is called the genus of the function field F. The genus of a
nonsingular projective curve X over k is defined to be the genus of its
k-rational function field k(X).

Example 3.5.5. Let F = k(x) be the rational function field over %.
For the infinite place P, of F and any integer n > 0, the Riemann-
Roch space L(n Pw;) consists of all polynomials from k[x] of degree at
most n. Hence, ¢(n Px,) = n + 1 forall » > 0 and F has genus g = 0
by Corollary 3.5.3. Conversely, if a function field F" has genus 0 and at
least one rational place P, then £(P) < 2 by (3.1) and ¢(P) > 2 by
Theorem 3.5.1, and so £(P) = 2. Hence, F is a rational function field
by Proposition 3.4.5.

3.6 The Riemann-Roch Theorem

We need further preparations for the proof of the Riemann-Roch theorem, in
particular, the definition of the following concept.

Definition 3.6.1. An adele of a function field F/kisamapo : Pp — F
defined by P > «p such that «p € Op for all but finitely many places
P of F. We may regard an adele as an element of the direct product

l_[PGPF F'

The associated space A that consists of all adeles of F/k is called the
adele space of F and is obviously a vector space over k, with the algebraic
structure inherited from [[p.p F.



90 CHAPTER 3

Given an element x € F, the principal adele of x is the adele whose
components are all equal to x; this definition agrees with the condition
imposed on adeles in view of Corollary 3.3.2. This construction yields an
embedding ' < Ap. The valuations vp of F extend naturally to Az by
setting vp(a) = vp(ap). By Definition 3.6.1, vp(a) > 0 for all but finitely
many P € Pr.

Definition 3.6.2. For any divisor D € Div(F), we set
Ap(D) :={a € Ar : vp(a) +vp(D) > 0 forall P € Pr}.

It is evident that A (D) is a k-linear subspace of Ar. The following two
lemmas provide information on the dimension of associated vector spaces
over k.

Lemma 3.6.3. Let D < G be two divisors of F/k. Then Ap(D) C
Ar(G) and

dim(Ap(G)/Ap(D)) = deg(G) — deg(D).

Proof. The first assertion of the lemma is trivial. The proof of the
second claim is somewhat similar to that of Proposition 3.4.1(i). Note
first that it suffices to consider the case where G = D + P for some
P € Pr. Pick u € F with vp(u) = vp(G) = vp(D) + 1 and consider
the k-linear map 6 : Ap(G) — Fp defined by @ — (uap)(P). We can
easily see that 6 is surjective with kernel Ag(D), and so

dimy (Ar(G)/ Ap(D)) = dimy(Fp) = deg(P) = deg(G) — deg(D).

This implies the desired result. |

Lemma 3.6.4. Let D < G be two divisors of F/k. Then

dimi((Ar(G) + F)/(Ar(D) + F)) = (deg(G) — £(G)) — (deg(D) — £(D)).
Proof. We have the exact sequence of k-linear maps

0 — L(G)/L(D) = Ar(G)/Ar(D) — (Ap(G) + F)/(Ap(D) + F) — 0.

Let 01 and o, denote the second and the third map, respectively, in
the above sequence. They are defined in the obvious manner. The only
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nontrivial part in the proof of exactness is the verification that the
kernel of o, is contained in the image of o;. Indeed, let « € Ar(G)
with op(@ + Ap(D)) = 0. Then ¢ € Ap(D) + F; hence, there is
some x € F such that « — x € Ap(D). From Ar(D) C Ar(G)
we conclude that x € Ap(G) N F = L(G). Thus, a + Ap(D) =
x + Ap(D) = o1(x + L(D)) lies in the image of o;. From the
exactness of the above sequence, we obtain that dim;((A(G) + F)/
(Ar(D) + F)) = dim(Ap(G)/Ap(D)) — dimp(L(G)/L(D)) =
(deg(G) — £(G)) — (deg(D) — £(D)), where we used Lemma 3.6.3 in
the second step. O

Lemma 3.6.5. If F has genus g and D is a divisor of F with £(D) =
deg(D)+ 1 — g, then A = Ap(D)+ F.

Proof. Let « € Ap be given. By Definitions 3.6.1 and 3.6.2, we
can find a divisor G > D such that « € Ap(G). By Lemma 3.6.4
and Corollary 3.5.2, dim;((Ar(G) + F)/(Ar(D) + F)) = (deg(G) —
£(G)) — (deg(D) — ¢(D)) = (g — 1) — (g — 1) = 0. This implies
Ap(D) + F = Ap(G) + F and since o € Ap(G), it follows that
o € Ap(D) + F, as desired. O

We can now prove a preliminary version of the Riemann-Roch theorem.

Theorem 3.6.6. If F/k is a function field of genus g, then for any
divisor D of F' we have

U(D) = deg(D) + 1 — g+ dimy(Ar/(Ar(D) + F)).

Proof. Given D, we use Corollary 3.5.3 to obtain a divisor Dy > D
such that £(Dy) = deg(Dp) + 1 — g. By Lemma 3.6.5 we have Ay =
Ar(Dg) + F. Applying Lemma 3.6.4, we obtain dimy(Ar/(Ar(D) +
F)) = dimi((Ar(Doy) + F)/(Ap(D) + F)) = (deg(Dy) — €(Dy)) —
(deg(D) — ¢(D)) = g — 1 + £(D) — deg(D), which is the desired
result. O

A further tool that we need is the theory of Weil differentials. Our treatment

here is similar to that in Stichtenoth [117].

Definition 3.6.7. A Weil differential of a function field F/k is a k-
linear map w : Ar — k such that | 4,(p)+r = 0 for some divisor
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D € Div(F). Let Qr be the set of all Weil differentials of F and
moreover define 2 (D) to be the collection of all Weil differentials of
F that vanish on Ax(D) + F.

We may regard Q (D) as a vector space over k. In analogy with adeéles,
Qp(D) is a k-linear subspace of Q.
Theorem 3.6.6 can be restated as

i(D) ;= {(D) — deg(D) — 1 + g = dimg(Ar/(Ap(D) + F)) (3.6)

for any divisor D of F. The following result provides a second interpretation
of the quantity i(D).

Lemma 3.6.8. For any divisor D of F/k, we have
dimy (2 p(D)) = i(D).

Proof. The space Q2z(D) is canonically isomorphic to the space of k-
linear forms on Ag/(Ar(D) + F). Since Ar/(Ar(D) + F) has finite
dimension i(D) by (3.6), we obtain the desired result. O

Remark 3.6.9. A simple consequence of Lemma 3.6.8 is that Qp #
{0}. Indeed, pick a divisor D of F of degree less than —1.
Then dimg(Qp(D)) = (D) = €D) —deg(D) — 1+ g > 1;
hence, Q2 (D) # {0} and a fortiori 2y # {0}.

For any element x € F and any Weil differential w on the space Afg of
all adeles of F/k, we define xw : Ar — k by letting (xw)(«) = w(xa) for
all o € Ap. We see that xw is again a Weil differential of F; in fact, if w
vanishes on Ag(D) + F, then xw vanishes on Ap(D + div(x)) + F. Clearly,
this construction extends the set of scalars of Q2 as a vector space from & to
F. We now calculate the dimension of this new vector space.

Theorem 3.6.10. We have dimg(Q2r) = 1.

Proof. Choose a nonzero Weil differential w; € Q2; this is possible by
Remark 3.6.9. We have to show that @, generates the whole space or,
equivalently, given any w, € Qp, there is z € F such that w, = zw;.
We can assume that w, # 0. Choose D, D, € Div(F) such that
w; € Qr(Dy) and wr, € Qp(D,). For a fixed divisor G of F and
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J = 1,2, consider the injective k-linear maps ¢; : L(D; + G) —
Qp(—G) defined by x +— xw;. We claim that for an appropriate
choice of the divisor G we have

¢1(L(Dy + G)) N $2(L(D: + G)) # {0} (3.7)
Let G # 0 be a positive divisor of sufficiently large degree such that
LD;j+G)=deg(D;+G)+1—g

for j = 1,2, which is possible by Corollary 3.5.3, and set U; =
¢;(L(D; + G)) € Qp(=G). Since dimp(Qr(—-G)) = i(—=G) =
deg(G) — 1 + g by Lemma 3.6.8 and Corollary 3.4.4, we obtain
dimg(Uy) + dimg(U>) — dimg(Qp(=G)) = deg(D1 + G) + 1 — g+
deg(Dr,+G)+1—g—deg(G)+1—g = deg(G)+deg(D;)+deg(Dy)+
3(1 — g). Therefore,

dim;(U; N Uy) > dim(U;) + dimg(U,) — dimg(2(—G)) > 0

if the degree of G is sufficiently large. This establishes the claim (3.7).
Now pick x; € L(D; + G) and x, € L(D; + G) such that x;w; =
Xywy # 0; then wy = (xlxz_l)a)l as desired. O

We will now proceed to attach a natural divisor of F' to any nonzero Weil
differential of F. Before that, we have to prove the following lemma.

Lemma 3.6.11. Let w be a nonzero Weil differential of F. Then there
is a uniquely determined divisor W € M(w) := {D € Div(F) :
o| A,py+r = 0} such that D < W for all D € M(w).

Proof. By Corollary 3.5.3 there exists an integer » depending only on
F such that i(D) = 0 for all D € Div(F) with deg(D) > r. Since
dimy(Ar/(Ar(D) + F)) = i(D) by (3.6), we have deg(D) < r for all
D € M(w). Thus, there exists a divisor W € M(w) of maximal degree.

We show that I satisfies the property in the lemma. If not, then there
is a divisor Dy € M(w) such that vp(Dy) > vo(W) for some Q € Pp.
We claim that then W + Q € M(w), which will be a contradiction to the
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choice of 7. Indeed, consider an adele @ = (@p)pep, € Ar(W + Q).
We write « = o' + o’ with

Ol/P=(1—8pQ)O[p, o/[;:rSProp forallPePp,

where 6pp = 1if P = Q and §pp = 0if P # Q. Theno' € Ap(W)
and o” € Ar(Dy), hence, w(a + x) = w(’) + w(a” + x) = 0 for all
x € F. Therefore, @ vanishes on Ax(W + Q) + F, and our claim is
true. This completes the proof of the lemma. O

In view of the above lemma, the following definition is meaningful.

Definition 3.6.12. The divisor (w) of a nonzero Weil differential @ of
F is the unique divisor W of F such that: (i) w vanishes on Ap(W) -+ F;
(ii) if @ vanishes on Ap(D) + F, then D < W = (w). A divisor (@)
for some nonzero Weil differential w of F is called a canonical divisor
of F.

Note now that Qg(D) introduced in Definition 3.6.7 can also be
described by

Qr(D)={w e QL :w=0or(w) > D}.

Lemma 3.6.13. For any nonzero element x € F and any nonzero Weil
differential w € Qr, we have (xw) = div(x) + (w).

Proof. If w vanishes on Ap(D) + F, then xw vanishes on Ap(D +
div(x)) + F, as mentioned before, and, therefore, (w) + div(x) < (xw).
Likewise, (xw) + div(1/x) < (). Combining these inequalities, we
obtain (w) + div(x) < (xw) < (w) — div(1l/x) = (w) + div(x), which
obviously yields the desired equality. |

We are now ready for the climax of this section, the proof of the Riemann-
Roch theorem. The first part of this theorem is a refinement of Riemann’s
theorem and the second part is a refinement of Corollary 3.5.3.

Theorem 3.6.14 (Riemann-Roch Theorem). Let /' be a canonical
divisor of the function field F/k with genus g. Then for any divisor
D € Div(F) we have

L(D)=deg(D)+1— g+ LW — D).
Furthermore, ¢(D) = deg(D) + 1 — g whenever deg(D) > 2g — 1.
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Proof. Let W = (w) for some nonzero w € Qp and consider the map
A LW — D) — Qp defined by x — xw. For nonzero x € L(W — D),
we have (xw) = div(x) + (w) > —(W — D) + W = D; hence,
xw € Qp(D). Therefore, A maps L(W — D) into Qg(D). Clearly, X is
k-linear and injective. We claim that the image of A is Q z(D). Consider
a nonzero Weil differential w; € Qg(D). Since Q2 has dimension 1
over F' by Theorem 3.6.10, there is x € F* such that w; = xw.
Now div(x) + W = (xw) = (w1) > D; hence, x € L(W — D) and
w1 = A(x), as desired. Thus, we have shown that L(W — D) and Q2 g(D)
are isomorphic as vector spaces over k. By comparing dimensions and
using Lemma 3.6.8, we obtain £(W — D) = i(D), which settles the first
part of the theorem by the definition of i(D).

Putting D = 0, we get £(W) = g, and then putting D = W yields
deg(W) = 2g —2.Forany D € Div(F) with deg(D) > 2g — 1, we have
deg(W — D) < 0, and so £(W — D) = 0 by Corollary 3.4.4. This shows
the second part of the theorem. O

3.7 Elliptic Curves

In this section, we present a detailed treatment of nonsingular projective
curves of genus 1 which are important, for instance, for applications to
cryptography (see Section 6.2).

Definition 3.7.1. An elliptic curve over k is a pair (£, O), where & is
a nonsingular projective curve over k of genus 1 and O is a k-rational
point of £. The point O corresponds to a rational place of the k-rational
function field (&), which is called an elliptic function field.

For simplicity, we use the same symbol O to denote the rational place of

k(E) and the corresponding point O € £. The same applies to other k-rational
points of £. The correct interpretation will always be clear from the context.

Example 3.7.2.

(i) The affine plane curve over I, defined by the equation

V4+y=x+x
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is smooth. We denote by O the point [0, 1, O] of the corresponding
projective curve &, that is, the curve defined in homogeneous
coordinates by

yzz + y22 =x3 + xz2.
Then vp(x) = —2 and vp(y) = —3. For any integer m > 0, the set
Sy i={x"y:i>0,0<; <1, 24+3j<2m+3)}
forms an [F,-basis of the Riemann-Roch space L((2m + 3)0O). The
set S,, has exactly 2m + 3 elements. Hence, £((2m + 3)0) =
[Sm| = 2m + 3. By Corollary 3.5.3, the genus of & is 1, that is,
the pair (£, O) is an elliptic curve. There are altogether five [F,-
rational points of £, namely
(0,0, 11, [0, 1, 1], [1,0, 1], [1, 1, 1], and O.
(ii) The affine plane curve over I3 defined by the equation
V=x—x+1
is smooth. We denote by O the point [0, 1, O] of the corresponding
projective curve £. As in (i), we see that the pair (£, O) is an elliptic
curve. There are altogether seven [F3-rational points of £, namely
[03 17 1]7 [07 23 1]3 [17 17 1]7 [17 27 1]7 [27 13 1]3 [23 27 1]7 and O'
Theorem 3.7.3. Let (£, O) be an elliptic curve over k£ and let (k)
denote the set of k-rational points of £. Let F' = k(€) be the k-rational
function field of £. Then the map
x : E(k) — Div(F)/Princ(F), P+ P — O,

is a bijection. Here D denotes the image of D € Div’(F) under the
canonical homomorphism from Div’(F) to Div'(F) /Princ(F).

Proof. Let P and Q be two distinct k-rational points of & with
x(P) = x(Q), that is, for the corresponding places O, P, and Q
of FF we have P — O ~ Q — O. This implies P ~ (O, and so
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div(w) = P — Q for some w € F*. Then (w)) = P and deg((w)p) = 1;
hence, FF = k(w) by Proposition 3.4.5. But then F has genus 0 by
Example 3.5.5, which is a contradiction. This shows that x is injective.

Now for any divisor D € Div’(F), the Riemann-Roch space
L(D + O) has dimension 1 by the Riemann-Roch theorem. Let z be
a nonzero element of £(D + O). Then div(z) + D + O is a positive
divisor of degree 1. Hence, it must be a rational place of F and
corresponds to a point P € E(k) for which we get x(P) = D.
Thus, x is surjective. O

Since x in Theorem 3.7.3 is bijective, we can equip the set £(k) of
k-rational points of £/k with the structure of an abelian group by defining
the addition & in £(k) through y, that is,

POO=x"'"(P+0-20) €&k

for any two k-rational points P, Q € &E(k). The groups E(k) and
Div’(F)/Princ(F) are then isomorphic and O is the identity element of £(k).

For any integer m > 1, we denote by [m]P the point in £(k) given by
the sum

[mIP=P&®---DP.
—_—

m

It is convenient to denote the inverse of [m]P in the group £(k) by [—m]P.
Furthermore, we set [0]P = O. By Theorem 3.7.3, we have the following
immediate result.

Corollary 3.7.4. Let (£, O) be an elliptic curve over k with k-rational
function field F and let D = }_p,p np P be a divisor of F. Then D
is principal if and only if deg(D) = 0 and @ ) [np] P = O (note that
we consider the addition @ of £(K) for some extension K /k such that
supp(D) € £(K) in an obvious interpretation).

Example 3.7.5. In Example 3.7.2(i), we have

[0,0,11®1[0,1,1]= 0O
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as div(x) =[0,0, 1]+ [0, 1, 1] — 20. In Example 3.7.2(ii), we have
[0,1,1]e@[1,1,1][2,1,1]= 0O
asdiv(y) =[0,1, 1]+ [1,1, 1]+ [2,1,1] — 30.
Let X'/ k be an affine plane curve defined by a Weierstrass equation
y2+a1xy—|—a3y=x3—|—a2x2+a4x + ag 3.8)
for some ay, a;, as, as, ag € k. Define the discriminant of X by
A(X) = —b3bg — 8b; — 27b} + 9babybs, (3.9)
where

by = aj +4ax, by =2as+ajay, b= a;+ 4as,
(3.10)

2 2 2
by = ajae + 4aras — ajazas + araz — aj.

Proposition 3.7.6. Let X'/k be the affine plane curve defined by the
Weierstrass equation (3.8), let £ be the corresponding projective curve,
and let O be the point [0, 1, 0] of £. Then:

(i) &€ is smooth if and only if A(X) # 0;
(ii) if &€ is smooth, then (£, O) is an elliptic curve;
(iii) if & is not smooth, then £ is birationally equivalent to the projective
line, that is, the function field of £ is isomorphic to a rational
function field.

Proof.

(1) If A(x, y,z) = 01s (3.8) in homogeneous coordinates, then it is
easy to verify that % |(071’0) # 0, and so O is a smooth point. To
simplify the computation, we may assume that the characteristic of
k is not 2. Replacing y in (3.8) by (v — a;x — a3)/2, we obtain the
equation

= 4x> + byx? + 2byx + b, (3.11)
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where by, by, bg are defined in (3.10). Thus, by Example 3.1.4 a
point P = (xq, 1) of X is singular if and only if

2y0 = 0 = 12x] + 2byx0 + 2by.

If we put f(x) = 4x3 + byx? + 2byx + b, then P is singular if and
only if xq satisfies f(xp) = 0 and f"(x¢) = 0, that is, x¢ is a double
root of f(x). This cubic polynomial has a double root if and only
if its discriminant 16 A(X) is zero.

(ii) By checking the dimension of L(m O) as in Example 3.7.2, we see
that the genus of £ is 1.

(iii) Again for simplicity we assume that the characteristic of & is not 2
and that the curve is defined by the equation (3.11). Since f(x) =
4x3 + byx? 4 2byx + bg has a double root xg, we may write f(x) =
(x — x0)*(4x + b). Hence, (3.11) becomes (y/(x — xo))> = 4x + b
and the function field of £ is k(x, y) = k(x, y/(x —x0)) = k(¢) with
t = y/(x — xo). By Corollary 2.5.25, & is birationally equivalent to
the projective line. O

Theorem 3.7.7. Let (£, O) be an elliptic curve over k. Then there
exists an isomorphism ¢ from £/k to a projective plane curve
Y/ k defined by the homogenized form of a Weierstrass equation

y2+a1xy+a3y=x3+a2x2+a4x+a6

with a;, a, az, a4, ag € k and ¢(0) =10, 1,0].

Proof. By the Riemann-Roch theorem, we have £(i0) = i for all
integers i > 1. Hence, there exist two elements x and y of £(€) such
that (x)oo = 20 and (y)oc = 30. The seven elements 1, x, y, x2,
xy,x3, )% all belong to the Riemann-Roch space L(60)
of dimension 6; hence, there is a linear relation

S0+ s1x +S2y+53x2+S4xy+s5x3+s6y2 =0 (3.12)

for some s; € k that are not all 0. Note that both s5 and s¢ are nonzero,
since otherwise we get a contradiction by considering the values of
Vo at the terms in (3.12). Replacing x and y by —ss5s¢x and s52s6 V,
respectively, and dividing by sgsg in (3.12) yields the desired cubic
equation in Weierstrass form.
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Now we prove that k(£) = k(x, y). By Theorem 3.4.2 and Corol-
lary 3.4.3, we have [k(E) : k(x)] = 2 and [k(E) : k(y)] = 3 since
deg((x)o) = deg((x)) = 2 and deg((y)o) = deg((¥)so) = 3. Therefore,
[k(E) : k(x, y)] = 1 since 2 and 3 are coprime.

From the above we get a rational map ¢ : £ — ) of degree 1 with
¢(0) = [0, 1, 0]. Note that ¢ is a morphism by Proposition 3.2.6.

Next we show that ) is smooth. Suppose ) were not smooth. By
Proposition 3.7.6(iii), there exists a rational map ¢ : ) — P! of
degree 1. Hence, the composition ¢ 0 ¢ : €& — P! is a rational map
of degree 1. As £ and P! are both smooth curves, this composition
is an isomorphism by [114, Corollary 11.2.4.1]. This contradicts the
fact that two isomorphic curves have the same genus as the genus
of £ is 1 and the genus of P! is 0. Thus, ) is indeed smooth, and
so another application of [114, Corollary II1.2.4.1] shows that ¢ is an
isomorphism. O

In other words, Theorem 3.7.7 says that any elliptic curve can be expressed
by a Weierstrass equation. From now on we will focus on Weierstrass
equations, where it will always be understood that the elliptic curve is
actually defined by the homogenized form of the Weierstrass equation. We
now consider the group law of an elliptic curve defined by a Weierstrass
equation.

Proposition 3.7.8. Let (£, O) be an elliptic curve over k defined by the
Weierstrass equation

y2 ‘+axy+tay= x3 + azx2 + asx + aq
with O = [0, 1, 0]. Then three points Py, P, P; € £(k) (we do not
require that P, P>, P; be distinct) satisfy P, & P, & P; = O if and
only if

diviay+bx +c)= P+ P, + P; —30

for some a, b, ¢ € k that are not all zero.

Proof. By Corollary 3.7.4, P& P,® Py = O ifandonly if P, + P, +
P; — 30 = div(z) for some z # 0. As z belongs to £(30) and {1, x, y}
is a k-basis of £(30), the desired result follows. O
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The above result can be converted to get the following explicit algebraic
formula for the sum of two points.

Corollary 3.7.9. Let (£, O) be an elliptic curve over k defined by the
Weierstrass equation

YV +aixy+azy =x> 4 ax? + asx + ag

with O = [0, 1, 0]. Let P, = (x1, y;) and P, = (x3, )») be two points
of E(k)andlet Py ® P, = P,.

(1) If Py = O, then

(x2, ») = (x1, —y1 —a1x1 — as).

(ii) If Py = (x0, o) # O, then

(X0, 30) = AW +aih —ay —x1 — x2, —(h +a1)xo — pn — as),

where
S if x; # o,
X2 — X1
A= 2
3xi +2axx) +ays —ary
1fx1 = X2,
2y1 +aix; + a3
and
YiX2 — X] .
— if x X2,
o 1 # X2
n = 3
—xi +asxy +2a6 —azy1 .
1fx1 = X3.

2y +aix) + a3

Proposition 3.7.10. Two Weierstrass equations defining the same el-
liptic curve (£, O) with O corresponding to [0, 1, O] are related by the
substitution of variables

x=u’x'+r
y=uly +su’x' +1¢

for some u, r,s,t € k with u # 0.
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Proof. Let {x, y} and {x', )/} be two sets of Weierstrass coordinate
functions on €. Then vo(x) = vpo(x') = —2 and vp(y) = vo()) = —3.
Hence, both {1, x} and {1, x'} are k-bases for L(20), and similarly both
{1,x, y} and {1, x’, '} are k-bases for L(30). It follows that there are
elements uy, us, 7, 55, t € k with uju, # 0 such that

x=ux +r, y=uyy + sx +1.

Comparing coefficients after replacing x and y according to the above

relations, we obtain 3 = u3. Put u = u/u; and s = s»/u’, and then

we get the desired substitution. O

Using a suitable linear substitution, we can simplify the form of the

Weierstrass equation for an elliptic curve.

Theorem 3.7.11. Under a substitution

{x:uzx’—Fr

y=uly +sux' +1t
for some u, r, s, t € k with u # 0, a Weierstrass equation
2 _ .3 2
YV taixy+tazy=x"+axx” +asx +ae

over k can be simplified to the following form:

(i) if char(k) # 2, 3, then
V¥ =x’+A4x+ B

for some A, B € k and, furthermore, it defines an elliptic curve if
and only if A := —16(44° + 27B?) # 0;

(i1) if char(k) = 2, then
V4+xy=x+4x*+B

for some 4, B € k and, furthermore, it defines an elliptic curve if
and only if A := B # 0; or

V' +Cy=x>+Ax*+ B
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for some A4, B € k and, furthermore, it defines an elliptic curve if
and only if A := C* # 0;

(iii) if char(k) = 3, then
YV =x3+Ax>+ B

for some A4, B € k and, furthermore, it defines an elliptic curve if
and only if A := —A43B # 0; or

y2=x3—|—Ax—i—B

for some A4, B € k and, furthermore, it defines an elliptic curve if
and only if A := —A4% #£ 0.

Proof.

(i) If char(k) # 2, then we have already seen in the proof of
Proposition 3.7.6(i) that a Weierstrass equation can be put in the
form (3.11). Furthermore, if also char(k) # 3, then replacing x by
X + ¢ and y by 2y for a suitable ¢ € k yields a cubic equation of
the desired form.

(ii) Let char(k) = 2 and recall that & is perfect, so that square roots
exist in k. If a; = 0, then replacing x by x + ¢ for a suitable ¢ € k
yields a cubic equation of the desired form > 4+Cy = x3+ Ax>+ B
with C = a3 and some 4, B € k. If a; # 0, then replacing x by
ax + c and y by by + dx + e for suitable a, b, ¢, d, e € k yields a
cubic equation of the desired form y* + xy = x> + Ax> + B for
some A, B € k.

(iii) If char(k) = 3, then starting from (3.11) and replacing x by
x + ¢ for a suitable ¢ € k yields a cubic equation with either the
coefficient of x or the coefficient of x? being zero. In all cases (i),
(ii), and (iii), the criterion for obtaining an elliptic curve, that is, the
criterion for smoothness, follows from Proposition 3.7.6(i) and the
formula (3.9). O

There are several books devoted specifically to elliptic curves, some
of them treating also applications to cryptography. We mention Blake,
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TaBLE 3.8.1
Dictionary Curve—Function Field

Curve Function field
F,-closed point Place

[F,-rational point Rational place

Degree (size) of IF,-closed point Degree of place

Genus of curve Genus of function field
Projective line Rational function field
Covering Finite extension

Seroussi, and Smart [9], Enge [32], Husemoller [58], Silverman [114], and
Washington [126].

3.8 Summary: Curves and Function Fields

One of the salient features of this chapter is the interplay between curves
and function fields, which allows us to move with ease between these
mathematical objects. For the convenience of the reader, we summarize these
relationships in a compact form in Table 3.8.1 for the case where £ is a finite
field. This case is of great relevance for the later chapters.

For all entries in Table 3.8.1, except for the last one, a rationale was given
in earlier parts of this chapter. Note that in Table 3.8.1 “curve” stands for
nonsingular projective curve over F, and “function field” stands for global
function field with full constant field IF,,.

To explain the last entry, we recall from Theorem 3.2.3 that certain non-
constant morphisms between nonsingular projective curves over F, induce
homomorphisms between their IF,-rational function fields. This procedure
can be reversed (see [114, Section II.2]). Suppose we are given two global
function fields F/F, and F>/F, with F> C Fj. Note that [F} : F3] < oo.
Then from the embedding of F, into F}, we obtain a surjective morphism
¢ : X1/F, — A»/F, with the property that the fiber ¢~'(Q) has cardinality
|~ (Q)| < [F, : F»] for every point Q € X,. We speak in this case of a
covering X; — X,. Concepts referring to field extensions can be transferred
to coverings. For instance, X} — &) is a Galois covering if F|/F, is a Galois
extension. If |¢~1(Q)| = [F) : F>], then a Galois covering X; — X, is called
unramified at Q € &>, otherwise it is called ramified at Q. A Galois covering
X} — A&, can be ramified at only finitely many points of X5.



4 Rational Places

Many applications of algebraic curves over a finite field I, utilize the
IF,-rational points of these curves. Thus, it is of great interest to study these
points. Since we are adopting the equivalent viewpoint of global function
fields, we consider instead rational places of global function fields, that is,
places of degree 1. A major result on rational places is the Hasse-Weil bound
on the number of rational places of a global function field. This bound is
derived in Section 4.2 from the equally important Hasse-Weil theorem on
zeta functions of global function fields. Preliminaries on zeta functions and
divisor class numbers of global function fields are presented in Section 4.1.
Refinements of the Hasse-Weil bound and asymptotic results on the number
of rational places are discussed in Section 4.3. Applications of the Hasse-
Weil bound to the estimation of character sums over finite fields are shown in
Section 4.4.

4.1 Zeta Functions

Let F/F, be a global function field with full constant field IF,. We recall the
notation Py for the set of places of F" and Div(F) for the divisor group of F.

Definition 4.1.1. For any integer n > 0, let 4, (F’) be the cardinality of
the set of divisors D € Div(F) with D > 0 and deg(D) = n.

Proposition 4.1.2. A4, (F) is finite for any n > 0.

Proof. From the representation D = ) PePy npP, np > 0, for a
positive divisor D € Div(F) and the definition of deg(D), we see that
it suffices to show that there exist only finitely many places of F' of
a given degree d. Due to the connections between function fields and
curves (see Section 3.8), a place of F/IF, of degree d corresponds to an
IF,-closed point P of degree d of a suitable nonsingular projective curve
X /F,. By Lemma 2.1.11(iv), the definition field IF,(P) of P is given by
[Fya. Therefore, P € P"(IF,«) for some m > 1 depending only on &,
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and so Proposition 2.1.8 shows that there are only finitely many choices
for P. O

We remind the reader that a place of F/IF, of degree 1 is also called a
rational place of F/IF, and that the rational places of F/IF, are in one-to-one
correspondence with the IF,-rational points of the corresponding nonsingular
projective curve over IF,. The following result is an immediate consequence
of Proposition 4.1.2.

Corollary 4.1.3. A global function field has only finitely many rational
places.

Let N(F) denote the number of rational places of F/IF,. More generally,
for each integer n > 1 we consider the constant field extension £, := F - Fy»
and let N,(F) be the number of rational places of F,/F,.. Thus, we have
N(F) = Ni(F). The zeta function of F/F, is an important device for
incorporating all these data.

Definition 4.1.4. The zeta function Z(F, t) of F/F, is the formal power
series

e ¢}

Z(F. 1) = exp (Z Al t"> e Cll1]

n=1

over the complex numbers.
Example 4.1.5. We compute the zeta function of the rational function

field F = F,(x) over IF,. For all n > 1, we have F,, = I :(x), and so
N,(F)=¢g" + 1 by Example 1.5.15. Hence, we get

oo t"
+> —
n=1

X n 1 o £
log Z(F.0)="Y % =3 (qn)
n=1 n=1

= —log(l —g1) —log(l =) = log 7.,

that is,

1

Z(F )= ————.
FD=0"00=¢
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Theorem 4.1.6. The zeta function Z(F, t) can be represented also by
the following two expressions:

() Z(F.1) =[] pep, 1 — pdea(P)y~!
(i) Z(F,0) = 3,2 An(F) 1"

Proof.

(1) In view of Proposition 4.1.2, the cardinality B;(F) of the set of
places of F of fixed degree d > 1 is finite. By Theorem 1.7.2, a
place of F of degree d splits into rational places of F;, if and only
if d divides n. In the case where d divides 7, a place of F of degree
d splits into exactly d rational places of F;. Therefore, we get the
identity

Ny(F) = "d By(F). (4.1)

dln

Now we have

IOg 1_[ (1 deg(P) IOg (1_[ Bd(F))

PePr d=1

== Bq(F) log(1 — 1)

d=1
00 0 _dn
=ZMMZL
d=1
> BM) N Nu(F) ,
= = 1,

where we used (4.1) in the last step. Therefore,

Z(F,t) = exp (Z@ﬂ) = 1_[ (1- tdeg(P))—l

n=1 PEPF
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(i) From (i) we get

Z(F,t)= 1_[ (1 deg(P) l_[ (Z tdeg(nP))

PePr PePr n=0
o0
= Y =D =N 4
DeDiv(F), D>0 n=0

by collecting terms appropriately in the last step. Note that the last
two formal power series make sense because of Proposition 4.1.2.
O

The constant field extension F, = F - [, is again a global function field,
and so we can consider its zeta function Z(F;,, t). There is a close relationship
between Z(F;, t) and Z(F, t), which is enunciated in the following result.

Proposition 4.1.7. For every positive integer n we have

Z(F "y =[] zF.¢ 0,
{'”:1
where the product is extended over all complex nth roots of unity ¢.

Proof. By Theorem 4.1.6(i), we have
2(Fmy= [T (1= @)™ = T] T (1 - o)™
OcPy, PePy O|P

For a fixed place P € Pr of degree d, we know by Theorem 1.7.2 that
the degree of the places Q of F;, lying over P is d/gcd(d, n) and that
there are exactly gcd(d, n) places of F, lying over P. Hence,

l_[ (1 g deg(Q)) _ (1 _ (td)”/ng(d,n))ng(d*”)
orp
= [T -¢") = [T (1= @o®=®).
gr=1 gr=1
This yields
zF, =[] [] 0 —@o*™) " =] 2F.¢0
n=1 PePy =1

by Theorem 4.1.6(i). O
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We recall from Section 3.4 that two divisors D and G of F are said to be
equivalent if G = D 4 div(x) for some x € F*. The divisor class [D] :=
D + Princ(F') consists of all divisors of F that are equivalent to D. Note that
by Corollary 3.4.3, all divisors in the divisor class [ D] have the same degree
deg(D), which we can therefore call the degree of the divisor class. Addition
and subtraction of divisor classes are well defined since the divisor classes
form the factor group Div(F)/Princ(F).

The subset Div’(F) of Div(F) consisting of all divisors of F' of degree 0
is a subgroup of Div(F), and in turn Princ(F) is a subgroup of Div'(F).
Thus, we can consider the factor group

CI(F) := Div(F)/Princ(F),

which is called the group of divisor classes of degree 0 of F. In other words,
CI(F) consists of all divisor classes [D] with D € Div®(F).

Proposition 4.1.8. CI(F) is a finite abelian group.

Proof. We need to show only that CI(F) is finite. Choose D € Div(F)
with d := deg(D) > g, where g is the genus of F. By Riemann’s
theorem (see Theorem 3.5.1), we have ¢(D) > d + 1 — g > 1, and so
the definition of £(D) shows that there exists a positive divisor G of F
with [G] = [ D]. Butsince 4,(F') is finite by Proposition 4.1.2, there are
only finitely many divisor classes of degree d of F. The divisor classes
of degree 0 of F are given exactly by all [B] — [ D] with B € Div(F') of
degree d, and so CI(F) is finite. O

The order of the finite group CI(F) is denoted by A(F) and called the
divisor class number of F. Note that for a rational function field every divisor
of degree 0 is principal, and so the divisor class number of a rational function
field is equal to 1.

We are now going to prove that the zeta function Z(F,t) of a global
function field F/ I, is, in fact, a rational function in ¢ of a special form. First
we need the following auxiliary results.

Lemma 4.1.9. For any D € Div(F), the number of positive divisors in
the divisor class [ D] is given by

qZ(D) -1

qg—1
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Proof. A divisor G € [D] is positive if and only if G = D + div(x)
for some x € L(D)\{0}. There are exactly ¢“?) — 1 elements x €
L(D)\{0}, and x, y € L(D)\{0} yield the same divisor G if and only
if y = cx for some ¢ € F}. |

Lemma 4.1.10. Any global function field has a divisor of degree 1. In
particular, any global function field of genus O is a rational function
field.

Proof. Given a global function field F/IF, of genus g, let the image of
the group homomorphism D € Div(F) > deg(D) be the subgroup of
7 generated by k > 1. For the first part of the lemma, we have to show
that k = 1.

For every integer n > 0 with k|n, we have exactly A(F) divisor
classes [D1], [Dz], ..., [Dnr)] of degree n. Thus by Lemma 4.1.9,

hE) ey _

APy =12

i=1

qg—1
Therefore, if n > max(0, 2g — 1) and k|n, then

A,(F) = :(TF)I @' -1) 4.2)

by the Riemann-Roch theorem (see Theorem 3.6.14). Together with
Theorem 4.1.6(ii) this shows that

(q— 1) Z(F, )= AW +h(F) Y (¢""' & = D)1"

n=2g
kln

= AE)+h(F)D (g = D"

n=0
kln

= A +h(F)g' Y (" — )Y
n=0 n=0

h(F)q'™¢  h(F)

1 —ghek 1 —1tk

= A5+

with polynomials f; and f5. Thus, Z(F, t) is a rational function with a
simple pole at # = 1, and for the same reason Z(Fj, t¥) also has a simple
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pole at = 1. Furthermore, for any complex kth root of unity ¢ we have
Z(F,¢t) = Z(F,t); hence,

Z(Fp, tYy = Z(F, t)f

by Proposition 4.1.7. Consequently, Z(Fy, t*) has a pole of order k at
t = 1. From the earlier statement about the pole of Z(F}, t*) att = 1
it follows now that k = 1.

Now let F/IF, have genus 0. By what we have just shown, there exists
a divisor D of F' with deg(D) = 1. Choose a positive divisor G € [D],
which exists by Lemma 4.1.9 since £(D) = 2 by the Riemann-Roch
theorem. Then G > 0 and deg(G) = 1; hence, G is a rational place of
F with £(G) = 2, and so Proposition 3.4.5 shows that F is a rational
function field. U

Theorem 4.1.11. Let F/F, be a global function field of genus g. Then
the zeta function Z(F, t) of F is a rational function of the form

L(F,1)
(1 =01 —qt)’
where L(F, t) € Z[t] is a polynomial of degree at most 2g with integral

coefficients and L(F, 0) = 1. Moreover, L(F, 1) is equal to the divisor
class number /4 (F) of F.

Z(F,t)=

Proof. If g = 0, then F is a rational function field by Lemma 4.1.10,
and so the result follows from Example 4.1.5. If g > 1, then we can
use (4.2) for all» > 2g — 1 (note that £ = 1 by Lemma 4.1.10). Thus,
a calculation similar to that following (4.2) yields

h(F)q'"¢  h(F)
1 —gt 1—1¢

(g —DZF, 0= fO)+ (4.3)

with a polynomial f satisfying deg( ) < 2g — 2. Thus,

L(F,t)
(1=t —q1)
with a polynomial L(F,t) of degree at most 2g. A comparison with
Theorem 4.1.6(ii) shows that L(F,t) € Z[t]. Since Z(F,0) = 1 by
Definition 4.1.4, we get L(F,0) = 1. Finally, a comparison with (4.3)
yields L(F, 1) = h(F). O

Z(F,t) =
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Definition 4.1.12. The polynomial L(F,t) = (1 —¢t)(1 —gt)Z(F, t)1is
called the L-polynomial of F/F,.

The L-polynomial L(F,t) has further important properties apart from
those listed in Theorem 4.1.11. Some of them can be deduced from its
functional equation.

Theorem 4.1.13. The L-polynomial L(F, t) of the global function field
F/IF, of genus g satisfies the functional equation

1
L(F, t)=q%t* L (F, —> .
qt

Proof. Since the case g = 0 is trivial, we can assume that g > 1.
It suffices to show that the function ¢'~¢ Z(F,t) is invariant under
the transformation ¢ — ¢~ '¢+~!. By Lemma 4.1.9, we can write

qam _1
A,(F) = Z foralln > 0.

deg([D

Since there are A(F) divisor classes of any fixed degree n, we obtain
with D := {[D] : 0 < deg([D]) < 2g — 2},

(q— D" 8Z(F,0y=1"8)" Z (an) o

n=0 \deg([D
_ 3 g estopiag _ RO
1—¢
[D]eD
o0
+h(F) Z qn+1*g tn+17g
n=2g—1

=X+ Y@,

where
X(t) = Z ql(D) tdeg([DJ)+1—g’
[D]leD

h(F)q%ts  h(F)t'¢

Y(t) =
®) 1 —gt 1—1¢
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It is immediate that Y (¢) is invariant under the transformation ¢ >
g~ 't~'. It remains to show that X(¢) is also invariant under this
transformation. We have

x(L)= Y g PrreimdenDD pe-i—den(D),
qt
[DleD

Let W be a canonical divisor of F. Then deg(W') = 2g — 2 by the proof
of Theorem 3.6.14, and by the same theorem

LD)+ g—1—deg([D]) =W — D).

Therefore,

1
xl—)= Z(WfD)tdeg([WfD])H*g’
()= 2

q [D]eD

and the observation that [D] — [W — D] is a permutation of D
completes the proof. O

Corollary 4.1.14. Write L(F, t) = l.zﬁo a; t' with all @; € Z. Then
g i =q%"a; for0<i<g. 4.4)
In particular, L(F, t) has degree 2g and leading coefficient ¢¥.

Proof. From the functional equation in Theorem 4.1.13 we get

2g 2g
L(F’ t):qgtzgl’ <F, _t> = § a; qg_l tzg_l = E Arg—j ql_gtl.
1 i=0 i=0

A comparison of coefficients yields (4.4). Putting i = 0 in (4.4), we
obtain ar, = g4ay = q¥¢ since ap = 1 by Theorem 4.1.11. O

In view of (4.4) and ay = 1, the L-polynomial L(F, t) is fully determined
if we can compute the g coefficients ay, ..., ag. These coefficients can be
conveniently calculated by a recursion, provided that the numbers N, (F), 1 <
n =< g, of rational places of F,/F . are known.
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Proposition 4.1.15. Put
Sy (F) = N,(F)—q" —1 foralln > 1.
Then
i1

ia; = ZSi—j(F)aj forl <i <g
=0

Proof. From Definition 4.1.4 we get

d oo
_ n—1

n=1

On the other hand, from Theorem 4.1.11 we obtain
d d
d—log Z(F,t) = (logL(F 1) —log(1 — 1) — log(1 — gqt))

_L(F,t) 1 q
CL(F,t) 11—t 1—gt

LD -
~L(F. 0 Z 1+thl

A comparison shows that

L'(F.1) -
A ;Sn(F)t . 4.5)

Now writing L(F, t) as in Corollary 4.1.14 and comparing the coeffi-
cients of 2, ¢!, ..., t¢ Vin

L'(F.t)y=L(F.0)y_ S,(F)t"™!

n=1

yields the desired recursion. O

Example 4.1.16. Let g = 2 and let /' = [F,(x, y) be the Artin-Schreier
extension of the rational function field F,(x) defined by
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We refer to [117, Section II1.7] for the theory of Artin-Schreier exten-
sions. The only ramified place of F>(x) in the extension F/IF,(x) is
x3 +x + 1, and so F has genus g = 2. Therefore, the L-polynomial
L(F,t) of F has the form L(F,t) = Z?:o a;t'. In order to compute
L(F,t), we need to determine a; and a,, or equivalently N;(F) and
N>(F). The places oo and x of F,(x) split completely in F/F,(x),
whereas the place x + 1 of [o(x) lies under a place of I of degree
2. Thus, we have N;(F) = 4. For the constant field extension F, =
F4(x, y), all five rational places of F4(x) split completely in F,/F4(x),
and so N»(F) = 10. It follows that S;(F) = Ni(F) —3 = 1 and
$(F) = Np(F) —5 = 5. Now we can use Proposition 4.1.15 with
ap = 1to geta; = 1 and a; = 3. The remaining coefficients of L(F, t)
are obtained from (4.4), namely a3 = qg‘1a1 = 2and a4 = g8ay = 4.
Therefore,

LF,t)=4t* 4283 + 32+t + 1.

From this formula for L(F, t) we can derive a lot of information about
F; for example, we get the value of the divisor class number 4(F) of F
by Theorem 4.1.11 as h(F) = L(F, 1) = 11.

4.2 The Hasse-Weil Theorem

In this section, we prove an important property of the L-polynomial L(F, ¢)
of a global function field F/IF,, which has far-reaching consequences. As
usual, let g denote the genus of F. Then, by results of the previous section,
L(F,t) has degree 2g and constant term 1. Thus, we can factor L(F, t) over
the complex numbers in the form

2g

L(F,t) = ]_[(1 —wi b) (4.6)

i=1

with i, ..., wy, € C. Note that @y, ..., , are the reciprocals of the roots
of L(F,t). The important fact to be established is that all w;, 1 < i < 2g,
have absolute value ¢'/2. This was first proved by Weil [127], [128], whereas
Hasse [52] had earlier settled the case of genus 1.

The proof proceeds in several stages. We follow a strategy suggested by
Bombieri [10]. First we show that it suffices to prove a bound for the number
of rational places of certain constant field extensions of F.
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Lemma 4.2.1. Let m > 1 be an integer. Suppose that there exists a
number C independent of # such that

| Namn(F) = ™" = 1] < Cq™"
for all sufficiently large n. Then |w;| = ¢'/? for 1 <i < 2g.

Proof. From (4.5) and (4.6) we deduce that

3 n— _L/(F’t)_ 2 wij . = < n n—
;Sn(F)t 1_L(F,;)__§1_wit——z<§wi 1

n=1

and so a comparison of coefficients yields
2g

Ni(F)—¢q" = 1=S,(F)=~-) o} foralln> 1. 4.7
i=1

Therefore,
2g

> W’ t
S (F) " = —_t
nZ:]: 2mn( ) Z w?m t—1

i=1 1

By the hypothesis of the lemma, the complex power series on the left-
hand side converges absolutely for || < ¢, and so the rational
function on the right-hand side can have no pole in the disc |¢| < ¢ 7.
This means that |w}™| < ¢™; hence, |o;] < ¢'* for 1 < i < 2g.
But [T:%, w; = ¢ by (4.6) and Corollary 4.1.14, thus |w;| = ¢'/* for
1 <i<2g O

Next we prove an upper bound on the number N(F') of rational places of
F/IF, in the case where g is a square and large relative to the genus g of F.

Lemma 4.2.2. If F/IF, is such that ¢ is a square and ¢ > (g + 1)*, then

N(F)<q+1+Qg+1)q'>

Proof. Since the result is trivial if N(F) = 0, we can assume that there
exists a rational place Q of F. Puts = ¢'/> and n = s 4 2g. Let J be
the set of integers j with 0 < j < s for which there exists a u; € F
with pole divisor (u;),, = jO. Then the set U = {u; : j € J} forms a
basis of L((s — 1)Q).
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Let H denote the IF,-linear subspace of F spanned by all products
xy* with x € L((s — 1)Q) and y € L(nQ). For any such nonzero
product we have

div(x y*) = div(x) + sdiv(y) > —(s — 1)Q — sn Q,

and so H € L((s — 1 + sn)Q). Since U is a basis of L((s — 1)Q) and
s is a power of the characteristic of F, any w € H can be written
in the form

w=Yuw} (4.8)

jeJ

with the u; as above and all w; € L(n Q). In fact, this representation is
unique. Suppose, on the contrary, that

D ujy;=0 (4.9)

jeJ

with all y; € L#Q) and not all y; = 0. For any j € J C
{0,1,...,5 — 1} with y; # 0 we have

vo(u;y}) = volu;) = —j (mod s),

and so the numbers on the left-hand side of this congruence are distinct.
Therefore, the strict triangle inequality (see Remark 1.5.4(i)) yields

vo | Y uyy| = r}leiy vo(u;y}) # o0,
jeJ

a contradiction to (4.9). The uniqueness of the representation (4.8) and
Riemann’s theorem show that

dim(H) = (s — DO Em Q) = (s — Yn + 1 — g).
Since g > (g + 1)*, we obtain

—9n+l-g=6—-9+g+)=qg—g +s—g
=q+g+1l+s—@g+1’>q+g+1,
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and so by the Riemann-Roch theorem
dim(H) >qg+g+1=40(q+2290). (4.10)

Now we set up an additive group homomorphism ¢ : H —
L((s*> — s +n)Q) = L((g + 2g)0) by taking w € H in the form (4.8)
and putting

Yw) =Y uiw;.

jed

By (4.10) there exists an element z # 0 in the kernel of . Write z in
the form (4.8), say

— S
z= E u;z;

jeJ

withall z; € L(n Q).

Consider any rational place P # Q of F. Note that Q is the only
possible pole of the u; and z;, and so these elements, and also z, are in
Op. Hence, it makes sense to look at their residue classes relative to P
(see Definition 1.5.10). Since the residue class field of P is IF,, we have

N

2Py = | Y ui(P)zy(PY | =) u;(P)z;(P)

jeJ jeJ
=X wz | =v@EPE) =0,
jeJ

and so z(P) = 0. Thus, any P # Q is a zero of z, and hence the zero
divisor (z), satisfies

deg((z)9) = N(F) — 1.

On the other hand, we have z € H C L((s — 1 + sn)Q) and this implies
by Corollary 3.4.3,

deg((2)y) = deg((2)o) < s — 1 +sn=q+ Qg+ 1)g"* —1.

Combining these two inequalities, we get the bound in the lemma. [
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We can now establish the final result we are aiming at. We use Galois
coverings of curves (see Section 3.8) to derive the bound that is needed in
Lemma 4.2.1 from the preliminary bound in Lemma 4.2.2.

Theorem 4.2.3 (Hasse-Weil Theorem). Let
2g
LF.t)=[ [0 = wit)
i=1
be the L-polynomial of the global function field F/F, of genus g. Then
lw;i| =q'*forl <i <2g.

Proof. We can choose x € F'\IF, such that F/F,(x) is a finite separable
extension (see [51, p. 27] and [117, Proposition I11.9.2]). Let K /F,(x)
be the Galois closure of F/Fq (x), that is, K is the smallest algebraic
extension of F (in a fixed algebraic closure of F) that is Galois over
F,(x). If Fyn is the full constant field of K, then we consider the tower
Fyn(x) € Fy = F-Fyn € K in which the extension K /IF»(x) is again
Galois. In view of Lemma 4.2.1, it suffices to consider the number of
rational places in constant field extensions of F,,. Thus, we may change
notation and assume from now on that ¥, is also the full constant field
of K.

For a positive integer n, we consider now the tower F(x) C
Fy © Ky i= K -Fp and put k, = Fpon, G, = Gal(Ky,/ky(x)),
and H, = Gal(Ky,/F>,). We observe that |G,| = [Ky, : k,(x)] <
[K : F,(x)] is bounded uniformly in n. By turning to the corresponding
nonsingular projective curves, we get A4, — B, — PI(IETI), where A,
is a Galois covering of P! (IETI) with Galois group G, and A, is a Galois
covering of B, with Galois group H, € G,. Note that the k,-rational
points of A, and B, are lying over the k,-rational points of Pl(]ITq).

Denote by R, the preimage in A, of the k,-rational points of Pl(IF_q).
Forany p € PI(IET]), the Galois group G, acts transitively on the fiber of
p in A, and the Frobenius morphism ¢ on A, also acts on the fiber of
p- Given r in the fiber of p, we have ¢(r) = o(r) for some ¢ € G,. If
the covering A, — Pl(IF_q) is unramified at p, then there are |G, | points
in the fiber of p and o is unique. For any o € G, we put

R,(0):={re R, :¢(r)=0c(r)}.

By a similar argument as in the proof of Lemma 4.2.2, but using
compositions with ¢ and o, we obtain the bound

|R.,(0)] < g™ +1+4+Q2¢g +1)g"
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for all sufficiently large n, where g’ is the genus of .4, which is
independent of n by [117, Theorem II1.6.3(b)]. A counting argument
yields

D IR(0)] = 1Gul(g™ + 1)+ O(D),

oeG,

Wher_e O(1) takes care of the ramified points in the covering A, —
Pl(Fq). In view of the upper bound on |R,(0)| for all 0 € G, this
implies

|R,(0)] = ¥ — (1G4 = DQ2g + 1)g" + O(1)

for all 0 € G, and all sufficiently large #, and so
|R,(0)] = ¢* + O(¢") forallo € G,, 4.11)

with an implied constant independent of 7.

The points of B, are the H,-orbits of the points of .4, and the k-
rational points of B, are those orbits H,r such that H,r = (H,¢)r,
that is, ¢(r) = o(r) for some o € H,. These points » belong to R,.
Therefore, the set of points of A, lying over the k,-rational points of 15,
is given by U, e, R, (o). Again by a counting argument, we obtain

> [Ri(0)] = | Hy| Nau(F) + O(1),

o€eH,

and so (4.11) yields
No(F) = ¢* + 0(q")
with an implied constant independent of n. Thus, the hypothesis of

Lemma 4.2.1 is satisfied and we get the result of the theorem. O

We derive two consequences from the Hasse-Weil theorem. The first one
is a fundamental bound on the number of rational places of a global function
field or, equivalently, on the number of F,-rational points of a nonsingular
projective curve over [F,.

Theorem 4.2.4 (Hasse-Weil Bound). Let F/F, be a global function
field of genus g. Then the number N (F') of rational places of F satisfies

IN(F)—q — 1] <2gq'/*.
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Proof. From (4.7) with n = 1 and Theorem 4.2.3 we obtain

2g
<) ol =2gq".
i=1 O

2g

>

i=1

IN(F) —q = 1] =

Theorem 4.2.5. The divisor class number A4(F) of a global function
field F/IF, of genus g satisfies

(@'* — 1) < h(F) < (¢"* + ).

Proof. The last part of Theorem 4.1.11 yields

2g

WF) = L(F, 1) =[] lei — 11,

i=1

and so an application of Theorem 4.2.3 leads to the desired bounds. [

Example 4.2.6. Let ¢ be the square of a prime power and let F/F, be
a global function field of genus g > 1 with N(F) = ¢ + 1 + 2gq'/%.
Note that this is the largest value of N(F) that is allowed by the Hasse-
Weil bound in Theorem 4.2.4 for the given values of ¢ and g. Now we
consider the identity

2g
N(F)=g+1-) o,

i=1

which is obtained from (4.7) with n = 1. We observe that since
lw;| = q'/* for 1 < i < 2g by Theorem 4.2.3, the above identity for
N(F) can hold only if w; = —¢q'/? for 1 < i < 2g. It follows then that
the L-polynomial L(F,t) of F is given by L(F,t) = (1 + ¢q'/?t)%.
In particular, for the class number A(F) of F we obtain A(F) =
(1 + ¢'/?)%¢ by Theorem 4.1.11. An example of a global function field
F/F,, which satisfies the condition N(F) = g + 1 +2gq'/?, is provided
by the Hermitian function field /, over [F,, since in this case we have
g(Hy) = (¢—q'/*)/2and N(H,) = ¢*/*+1 (see [117, Lemma V1.4.4]).
If ¢ = 2 with a prime power 7, then H, is given by H, = FF,(x, y) with
yr + y = xr+1_



122 CHAPTER 4

4.3 Further Bounds and Asymptotic Results

The Hasse-Weil bound in Theorem 4.2.4 can be refined in various cases. For
instance, the following bound due to Serre [112] is of interest in the case
where ¢ is not a square since it may then yield an improvement on the Hasse-
Weil bound. Here and in the following, we write |u] for the floor function of
a real number u, that is, for the greatest integer < u.

Theorem 4.3.1 (Serre Bound). Let F/IF, be a global function field of
genus g. Then the number N(F) of rational places of F' satisfies

IN(F)—q — 1| < gl2¢"*].

Proof. We can assume that g > 0. Let wy, ..., wyg4 be the reciprocals
of the roots of the L-polynomial L(F,?¢) of F. We claim that we
can pair off and arrange these complex numbers in such a way that
wey; = w; for 1 < i < g. This is clear if w; is not real. By
Theorem 4.2.3, the only possible real values among w;, ..., w, are
+¢'/2. Now (4.6) and Corollary 4.1.14 imply that [];4, w; = ¢ > 0;
hence, the value —¢g'/? must appear an even number of times among
i, ..., wy, and so the desired pairing off is again possible. Finally,
since the total number of the w;, | < i < 2g, is 2g and thus even,
the remaining value ¢'/?> appears also an even number of times
among them.
Given this arrangement of w, ..., wye, we put

Vi=wtwgitm+l=w+w,+m+1 forl <i<g,
where m = |2¢'/?]. Then

vizm+1l—|o+w|>m+1-2¢"2>0 forl <i<g.
Since i, ..., wy, are exactly all roots of the monic polynomial

1*L(F, 1/t) € Z[t], they are algebraic integers, and so [[%_, 7 > 0
is an integer. Therefore,

g
HVi > 1.
i=1
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It follows then from (4.7) with n = 1 that

1 1
L = (V) =g =) =~ (g+gm+Z(w, +wg+,))

and this yields the upper bound
N(F)<q+1+gm.

To prove the corresponding lower bound, we work with the numbers
i :=m+1—(w; +w;), 1 <i < g, instead of the y; and obtain

1 1E
1+m+—(N(F)—q—1)——Z > 1
g i
hence,
N(F)zq+1—gm,
and the proof is complete. O

From the Hasse-Weil and Serre bounds we see that the number of rational
places of a global function field F/F, of genus g is bounded from above by
a number depending only on ¢ and g. Hence, the following definition makes
sense.

Definition 4.3.2. For a given prime power ¢ and an integer g > 0,
let N,(g) denote the maximum number of rational places that a global
function field F/IF, of genus g can have.

Note that N,(g) is also the maximum number of F,-rational points that

a nonsingular projective curve over [, of genus g can have. It is trivial that
N,4(0) = g + 1. From the Serre bound we obtain

N, (g) < q+1+g|2¢"?] (4.12)

for all ¢ and g. If g is relatively large with respect to ¢, then the following
result provides an improved bound.
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Theorem 4.3.3. For an integer » > 1, suppose that cj,...,c, are
r nonnegative real numbers such that at least one of them is nonzero
and the inequality

1+ 2.+ 20 >0

holds for all + € C with |¢| = 1, where A,(t) = Y, _, ¢,t". Then we
have

g A (g'?)
No(® = 0 T g

for all ¢ and g.

Proof. The bound is trivial for g = 0 since A,(¢'/?) > g A,(¢~'/?), and
so we can assume that g > 0. Let F/IF, be an arbitrary global function
field of genus g and pair off and arrange w, ..., @y as in the proof of
Theorem 4.3.1. With o; = w;q~"/?> we have |o;| = 1 for 1 <i < 2g
and agy; = ai_l for 1 <i < g. Using the trivial bound N(F) < N,(F)
and (4.7), we obtain

g
N(F) g™ < No(F) g ™" = q"? +¢7"* = (@) + ;")
i=1

for any positive integer n. By forming an appropriate linear combination
of these inequalities, we get

4
NF) A (g™ ) < 0@ )+ 20(g™ ) = D 0le) + A1)
i=1

<A@+ @ + g,

where we used the condition on A, in the second step. Now the desired
result follows from the definition of N,(g). a

Example 4.3.4. Here is a concrete application of Theorem 4.3.3. Take
q =2, r=06,and

18 20 90 8 2 2
203" 2T 290 & 4T 206 © T 290 T 203

1 = AArA 5
203 29
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Then the condition on Ag in Theorem 4.3.3 is satisfied since it is easily
checked that

1
1+ a6(t) + At = 106 (f()+ f(t*l))2

with
f(t) =213 + 71>+ 10t + 5.

After a simple calculation, Theorem 4.3.3 yields the bound
N>(g) <(0.83)g+5.35 forall g > 0.

Example 4.3.5. Take ¢ = 2 and g = 5. Then the bound in Exam-
ple 4.3.4 yields N»(5) < 9. This bound is best possible. To see this,
consider the following example. Let F' = F,(x, yy, »») with

ylz+y1=x3+x, y22+y2=(x2+x)y1.

Then F has genus 5 by the theory of Artin-Schreier extensions (see
[117, Section III.7]). Furthermore, we have N(F) = 9 since there are
four rational places of F' lying over each of the places x and x + 1 of
IF,(x) and there is a totally ramified place lying over the infinite place
of F»(x). Thus, we have shown that N>(5) = 9. Note that the Serre
bound (4.12) yields only N,(5) < 13, whereas the Hasse-Weil bound in
Theorem 4.2.4 yields the even worse bound N,(5) < 17.

Tables of values of, or bounds on, N,(g) can be found in van der Geer

and van der Vlugt [41] and in the book of Niederreiter and Xing [100,

Section 4.5].
It is of great interest to study the asymptotic behavior of N,(g) for fixed

g and g — oo. Since the upper bounds on N,(g) that we have established
grow linearly with g for fixed ¢, it is reasonable to introduce the following

quantity.

Definition 4.3.6. For any prime power ¢, define

A(g) = limsup M .

g—00 g
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It follows from the Serre bound (4.12) that A(g) < |2¢'/?| for all g.
Example 4.3.4 indicates that improvements are possible, since the upper
bound on N;(g) in this example implies that 4(2) < 0.83. By making a better
use of Theorem 4.3.3, the following significant improvement was obtained by
Vladut and Drinfeld [125].

Theorem 4.3.7. For every prime power ¢, we have

Alg) <q'* — 1.

Proof. For any positive integer 7, consider the polynomial
: n
A(t) = 1——) "
0=2(1-75)
n=1
For any ¢ € C with |¢| = 1, we have

I

_ ] 1 S
L+ a0+ 1= Z (1 - " = Z ¢/
= r+1 r+1 e
e
n=0

2

>0,

1
r+1

and so A, can be used in Theorem 4.3.3. For g > 0 this yields

Ny(® _ 1 M@ 1
g ~ M@ MgTVPg g

(4.13)

If0 <t < 1, then

1 o0

nZ;:t" > A (1) > gt"— r+1z’”n’

n=1

and so

1

o0
: —1/2y __ —n/2 __
rllfgo)"r(q )_Zq _q1/2_1

n=1
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Furthermore,
q (r+1)/2

,
M@ <) g < T
n=1

For g > g we choose r = r(g) to be the largest integer with ¢” < g.
Then

g7 g2

Mg < =52
r(q %<¢ﬂ_1

Now we let g tend to infinity in (4.13) in such a way that N,(g)/g —
A(g). Then with our choice of » we have r — oo, and so we obtain the
desired bound on A(gq). O

Remark 4.3.8. The bound on A(q) in Theorem 4.3.7 is best possible in
the case where ¢ is a square, since then it is known that 4(q) = ¢'/*> —1
(see Thara [59] and Garcia and Stichtenoth [36, 37]). For prime powers
g that are not squares, so in particular for primes ¢, the value of A(g) is
unknown. However, a general lower bound on A4(g) is available, namely

A(g) > c log g

for all prime powers ¢, with an absolute constant ¢ > 0. A possible
value of ¢ is ¢ = (96 log 2)~! (see Niederreiter and Xing [100,
Theorem 5.2.9]). For further lower bounds on A4(gq), we refer to Li
and Maharaj [69], Niederreiter and Xing [99], and Temkine [120], as
well as to the recent survey articles of Garcia and Stichtenoth [38] and
Maharaj [77], which discuss also constructive aspects. In the interest-
ing case ¢ = 2, a known lower bound is 4(2) > % = 0.2555...
(see Niederreiter and Xing [99]) and this was recently improved to

AQ2) > % = 0.2579... by Xing and Yeo [136]. This should be

compared with the upper bound A(2) < V2 -1 = 04142. ..
obtained from Theorem 4.3.7.

4.4 Character Sums

Character sums over finite fields arise in various applications to number the-
ory, coding theory, and other areas. The Hasse-Weil bound in Theorem 4.2.4
has important implications for character sums with polynomial arguments, in
the sense that it leads to very useful upper bounds on such character sums.
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Before establishing these results, we recall the fundamentals of character
theory for finite abelian groups and finite fields.

For a given finite abelian group G, a character x of G is a group
homomorphism from G into the multiplicative group of complex numbers
of absolute value 1. Among the characters of G we have the trivial character
Xo defined by xo(c) = 1 for all ¢ € G; all other characters of G are called
nontrivial. The number of characters of G is equal to the order of G. We will
make use of the following simple fact which is easily proved.

Lemma 4.4.1. If x is a nontrivial character of the finite abelian group

G, then
> x@=0.

ceG

Proof. Suppose, for the sake of concreteness, that G is written multi-
plicatively. Since y is nontrivial, there exists b € G with x(b) # 1.
Then

XB)Y x(e) =Y xbe) =" x(c),

ceG ceG ceG

for if ¢ runs through G, then so does bc. Hence, we have

(x() =1 x(e) =0,

ceG

which implies the desired result. O

In a finite field IF, there are two finite abelian groups of structural
significance, namely the additive group of [, and the multiplicative group
]FZ of nonzero elements of IF,. We make a corresponding distinction between
the characters pertaining to these groups, by speaking of additive and
multiplicative characters of IF,.

An additive character of IF; is a character of the additive group of . Thus,
such a character y satisfies

x(b+c)= x(b)x(c) forallb,cel,.

The additive characters of I, can be described as follows. Let p be the
characteristic of IF, and identify the prime field I, contained in F, with
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Z/pZ. Let Tr : F, — I, be the trace map from F, to IF, (see Section 1.4).
Now fix a € F, and define

@)/ forall ¢ € Fy, (4.14)

Xa(€) =€
where i = +/—1. It is clear that x, is an additive character of I,. By letting a
run through I, we get exactly all the ¢ additive characters of IF,.
A multiplicative character of F, is a character of the multiplicative group
IE*‘; Thus, such a character v satisfies

Y(bc)=y(b)y(c) forallb,ce IF;‘.

Since Iy is a cyclic group, its characters are easily described. Fix a primitive
element r of I, (see Definition 1.1.7). Then for each integer j = 0,1, ...,
g — 2, the function v, defined by

wj(rk)zeZJTijk/(ﬂlfl) forkzo, 1,,,,,q -2 (415)

is a multiplicative character of I, and all the ¢ — 1 multiplicative characters
of I, are obtained in this way.

As a preparation for the main results of this section, we develop a useful
general principle. Let M, denote the set of all monic polynomials over IF,.
Let A be a complex-valued function on M,, which satisfies [A(g)| < 1 for all
geM,;, AM(1)=1,and

AMgh) = Mg A(h) forall g,h € M,. (4.16)

For any integer n > 0, let M| ;”) denote the set of all monic polynomials over
F, of degree n.

Lemma 4.4.2. Suppose that for some integer m > 1 we have

> Mg =0 foralln >m. 4.17)
g€M;n)
Then there exist complex numbers i, ..., B, such that

L, = Zdeg(P),\(P)S/deg<P> =— Z,Bf forall s > 1,
P =1
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where the first sum is extended over all monic irreducible polynomials
P in T, [x] with deg(P) dividing s.

Proof. By the hypothesis (4.17),

o0

Ly=Y | Y M|t

n=0 ge M;n)

is a complex polynomial of degree at most m with constant term 1.
Hence, we can write

L =[]a-pmn

=1

with some complex numbers Sy, ..., B,. It follows that
d log L(t) Bit
_Zl—ﬂ,t —Z Zﬂ, (4.18)
s=1

for sufficiently small |#|. On the other hand, because of (4.16) and unique
factorization in [F;[x], we can write for |¢] < 1,

L(t) — Z )\'(g) tdeg(g) — l_[(l + )\(P) tdeg(P) + )\.(Pz)tdeg(Pz) + .. )

geM, P
=[] +mP) 15 ® 4 oy 4
P

= [Ja —apyrte,
P

where the products are taken over all monic irreducible polynomials P
in [F, [x]. This implies

,dlog L) _ 3 A(P) deg(P) tdee®
dt 1 — A(P) tdea(P)
= Z A(P) deg(P) tdeg(P)(l +A(P) tdeg(P) +)»(P)2 t2deg(P) 4
P
= Z deg(P)(A(P) tdeg(P) +)\(P)2t2deg(P) +)\-(P)3l‘3 deg(P) NI
P
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Collecting equal powers of ¢, we obtain

dlog L(t) i

and a comparison with (4.18) yields the desired result. O

Given a polynomial f € [F,[x] and a nontrivial additive character x of IF,,
we now consider the character sum

> x(fee.

cel,
Since the case where deg( /) < 1 is trivial, we will assume in the following

two results that d := deg(f) > 2. We start by establishing a simple algebraic
fact.

Lemma 4.4.3. Let /' € F,[x] be of degree d > 2 with leading

coefficient b,. For positive integers r < n, let o, = 0,(x1,...,Xx,)
be the rth elementary symmetric polynomial in the indeterminates
X1, ..., X, over [F,. Then for n > d we have

faD)+-+ f(x) = (=D bsos+ Gloy, ..., 04-1)

for some polynomial G in d — 1 indeterminates over [F,.
For 1 <n < d we have

S+ -+ fx) = H(oy, ..., 00)
for some polynomial H in n indeterminates over I¥,.
Proof. Fixn > 1. For j > 1 put
WX, ..., Xp) —x1+ +xf€]F[x1,...,x].

By Waring’s formula we have

ihh+i+--+i,—D'; . . )
Wi, x) = 1y (LR = DY g g

11'12' ln'
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where the summation is extended over all n-tuples (iy,...,i,) of
nonnegative integers with i; + 2i, + --- 4+ ni, = j. For j = 1 we
get wi(xy,...,x,) = o7. For 2 < j < n, there is one solution of

iy +2ip +---+ni, = j withi; = 1 and with all other i, = 0, and the
term corresponding to this solution is (—1)/~! jo ;. All other solutions

of iy +2ip +---+ni, = jhavei; =i;; | =--- =i, =0, and so the
corresponding terms involve only o1, ..., 0,_i. Thus,
wi(x1, ..., X,) = 07,
wj(xl,...,x,,):(—l)f_ljoj—i—Gj(m,...,oj_l) for2 < j <mn,
wi(x1,...,x,) = Hj(oy,...,0,) forj>n,

where G; is a polynomial in j — 1 and H; a polynomial in n
indeterminates over [F, . If we write

) = bgx? + -+ -+ b1x + by

with all b; € [F,, then

d
S+ 4 [ =) bjw(xi, ..., %)+ nb,

j=1
and the desired result follows. O
A given additive character x of IF, can be lifted canonically to an additive

character x®) of an extension field F,: of F,. This is done by using the trace
map Tr, : Fys — F, from Fys to IF, and defining

xW(y) = x(Try(y)) forally € Fy. (4.19)

Proposition 4.4.4. Let f€F,[x] be of degree d>2 with ged(d, g) = 1
and let x be a nontrivial additive character of F,. Then there exist
complex numbers By, ..., Bs—1, depending only on f and y, such that
for any integer s > 1 we have

d—1
Yo xXVaon==>_8.
=1

y€F,s

Proof. We define a complex-valued function A on M, as follows.
We put (1) = 1. If g € M;") for some n > 1, then let g(x) =
(x —ayp)---(x — a,) be the factorization of g in its splitting field
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over IF,. Since o,(ay,...,a,) € F, for 1 < r < n, it follows from
Lemma 4.4.3 that f(ct;) + - -+ f(a,) € F,. We put

M) = x(fla) + -+ flan)).
If h(x) = (x — p1)---(x — px) € My, then
Mgh) = x(fl) + -+ flem) + f(p) + -+ flpor)
= x(fla) + -+ fl@)x(fo) + -+ f(pr) = M) M),

and so (4.16) is satisfied.
Next we verify (4.17) with m = d — 1. Thus, we consider the sum

> M

geM”

for fixed n > d. For

gx)=x"+ Y (=IYax"" = —ay) - (x —a,) € M

r=1

we have o,(ay,...,a,) = a, for 1 < r < n, and so Lemma 4.4.3
implies that

fla) + -+ fla) = (=)' bgas + Gay, . .., ag1).

Since ged(d, ¢) = 1, we have b := (—=1)?~'d by # 0; hence,

YooM= Y, xbai+Gla,...,a:1)

ge M‘(Iﬂ) aip,..., a, €l

=q" | Y xay Y xGa,....a0) | =

adGFq Al yeeny ad,]G]Fq

where we used Lemma 4.4.1 in the last step.
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We can now apply Lemma 4.4.2. This yields the existence of complex
numbers S, ..., Bs_1 such that

d—1
Ly==) B foralls>1. (4.20)
I=1

Finally, we evaluate

Ly =) deg(P) A(P*/*D),
P

where the sum is extended over all monic irreducible polynomials P in
F,[x] with deg(P) dividing s. For such a P, let y € F;s be a root of P.
Then P*/98(P) s the characteristic polynomial of y over F,, that i,

PO = (x = ) =y 1) - (e =y,
and so

APEED) — 5 (F() + fr D+ -+ fG7 ).

The last expression remains the same if y is replaced by any of its
distinct conjugates y7, yqz, R yqdbgm_l over IF,. Hence, we can write

deg(P)A(P/* D) = N X (f) + f D+ + f7)
y€F,s
P(y)=0

and

Li=Y " Y x(fO+ 1D+ + 1)

P yelFs
P(y)=0

ST+ D+ -+ fT)).

y€F,s

Since fis a polynomial over FF,, we have

XU+ D+ + ST D)) =x(fO) + @)+ + [T
= x(Tr,(f () = xO(f(¥))
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for all y € Fys, and so

Li= Y x“(f).

y€lF,s

In view of (4.20), this completes the proof. O

We are now ready to prove the desired bound on additive character sums
with polynomial arguments. As mentioned earlier in this section, this bound
is a consequence of the Hasse-Weil bound in Theorem 4.2.4.

Theorem 4.4.5. Let /" € [F,[x] be of degree d > 1 with ged(d, q) =1
and let x be a nontrivial additive character of IF,. Then

D x(fe)| = d—1g'.

celF,

Proof. First we show that the polynomial y? — y — f(x) is absolutely
irreducible over IF,. Suppose, on the contrary, that we have a nontrivial
factorization

W—=y—f(x)=Ax, y) B(x, y)

over the algebraic closure IET]. This means that if k£ is the degree of
A(x, y) in y and m is the degree of B(x, y) in y,then 1 < k < ¢,
1 <m < ¢g,and k +m = q. Let a(x), respectively b(x), be the sum
of the terms in A(x, y), respectively B(x, y), that are independent of y.
Then a(x) b(x) = — f(x), and so

d = deg(a) + deg(b)
=< k max (deg(a) ’ deg(b)) -+ m max <deg(a) s deg(b))
k m k "

(deg(a) deg(b)>
= g max k’ .

m

Now we carry out the substitution x > x9, y > . Then

9=y — f(x?) = A9, ') B(x?, y).
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The left-hand side has total degree dg. On the right-hand side, the total
degrees satisfy deg(A4(x?, y)) > dk and deg(B(x9, y?)) > dm; hence,

dg = deg(A(x?, y")) 4+ deg(B(x?, y)) = dk + dm = dgq,

and so deg(A(x¥, y¥)) = dk and deg(B(x?, y¥)) = dm. In particular,
we obtain ¢ deg(a) = deg(a(x?)) < dk and g deg(b) = deg(b(x9)) < dm,
thus

d > g max

(deg(a) deg(b) )
. )

)
m

Together with the inequality in the opposite direction shown earlier in
the proof, this yields

deg(a) deg(b) d
max [ ——, —— ) = —
k m q
But ged(d, g) = 1, and so the conditions on k& and m imply that this
identity between rational numbers is impossible. Therefore, y — y —
Jf(x) is indeed absolutely irreducible over F,.
For any integer s > 1, let N be the number of solutions of y? — y =

S(x)inFys x Fys, that is,

No= ) #laeFy:a! —a= f(y))

VquS

We observe that by Theorem 1.4.3(ii), a? —a = f(y) is solvable in [Fs
if and only if Try(f(y)) = 0. If y is fixed and «? — o« = f(y) has a
solution c, then all solutions are exactly given by o + u with u € F,.
Therefore,

Ny = q - #{V € Fq: : Trs(f(y)) = O}

= > > x(eTr(f)),

y€elF,s cel,

where we applied Lemma 4.4.1 in the second step. Note that ¢.(h) =
x(ch) for all h € F, defines an additive character of FF,, which is
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nontrivial if and only if ¢ # 0. Using the notation in (4.19), we get

Ne= DY ey =Y Y t(f ),

y€F,s celFy, celF, y€lFys

and so

Ne—gq' =) Y &),

CE]F; V4 E]Fq.r

Note that we can assume d > 2 since the result of the theorem is trivial
for d = 1. Then by Proposition 4.4.4, for each ¢ € I} there exist

Bi.cs---» Ba—1.c € Csuch that for all s > 1 we have
d—1
YN ==Y 8. (4.21)
)/EFq: 1=1
Therefore,

d—1
Ns—qsz—ZZ,BiC forall s > 1.

ceF; I=1

Since y? — y — f(x) is absolutely irreducible over F, by the first
part of the proof, the equation y? — y = f(x) defines a global function
field IF, (x, y) with full constant field F,. By applying the Hasse-Weil
bound in Theorem 4.2.4 to [F,(x, y) and its constant field extensions,
we obtain Ny — ¢° = O(¢g*/?) for all s > 1, with an implied constant
which is independent of s in view of [117, Theorem II1.6.3(b)]. Thus,
the complex power series

00 d—1
S _Prez
;ws—q)z —Zzﬂl’ﬂ_l

cely =1

converges absolutely for |z| < ¢~!/2, and so the rational function on the
right-hand side cannot have any pole in the disc |z| < ¢ ~!/2. This means
that |8;.| < ¢'/?forall c € I, and 1 </ <d — 1. Now an application
of (4.21) withc = 1 € F, and s = 1 completes the proof. O
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Remark 4.4.6. The condition gcd(d,q) = 1 in Theorem 4.4.5 can
be relaxed in various ways. The following argument yields an easy
generalization of Theorem 4.4.5. Let f € F,[x] again be a polynomial
of degree d > 1. Since

x(f(e) = f(0)) = x(f(e)x(f(0)
for all ¢ € F,, we can assume that f(0) = 0. Then we can write
)= b,
jeJ

where the set J C {1,...,d} is such that b; € ]F; for all j € J.
Let p be the characteristic of ¥, and put each j € J in the form
Jj = p“h; with integers e; > 0 and h; > 1 satisfying ged(h;, p) = 1.
Furthermore, we have y = x, for some x, in (4.14) with a € IF;.
Forall j € J and ¢ € I, we obtain

Tr(ab ¢’y = Tr(ab (")) = Tr((u ;")) = Tr(u ;")
withu; € IF; independent of c. From (4.14) we get then
x(bjc’) = xiab;c’) = xi(u;chy = x(@"u;c)

forall j € Jand c € I, and so

x(f@) =[xty =[] xt@ ue") = x(g(e)
jeJ jeJ
for all ¢ € F,, where
glx) = Za‘lujth.

jeJ

Now assume that among the numbers / ;, j € J, there is a unique largest
one. Then deg(g) > 1 and gcd(deg(g), g) = 1, so that Theorem 4.4.5
can be applied to the character sum Zcqu x(g(c)). This yields

D x| =D x(gle))| = (deg(g) — g'* < (d — 1)g"?,

cel, ceF,

and so a generalization of Theorem 4.4.5.
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We now consider the analog of the character sum in Theorem 4.4.5 for
multiplicative characters of F,. We start with some preliminaries. It is clear
from the explicit formula (4.15) that the multiplicative characters of I, form
a cyclic group of order ¢ — 1 under multiplication. Thus, we can speak of
the order of a multiplicative character as the order in this group. According
to a standard convention, for a nontrivial multiplicative character v of I, we
define v(0) = 0 and for the trivial multiplicative character ¥ of I, we define
Yo(0) = 1. Note that then ¥ (bc) = (b)Y (c) for all b,c € [, and any
multiplicative character v of IF,.

A given multiplicative character ¥ of F, can be lifted canonically to a
multiplicative character ¥® of an extension field F,: of F, by using the norm
map Nmj : F,s — F, from F,s to IF,. Recall from Section 1.4 that

s—1 v
Nmy(y) =[]r? =y« 4 forally €F,.
i=0

We define
¥(y) = y(Nmy(y)) forall y € Fy. (4.22)

Lemma 4.4.7. Letc € [, and let m be a positive integer dividing g — 1.
Then the number of solutions of y” = c in [, is equal to

> v,

WEXIII

where X, is the set of all multiplicative characters of I, of order
dividing m.

Proof. Let n = V(4—1)/m in the notation of (4.15). Then n is a multi-
plicative character of I, of order m and X,, = n/ + j =0,
1,...,m — 1}. Write S(c¢) for the sum in the lemma and N(c) for the
number of solutions of y” = cinF,. If ¢ = 0, then S(c) = 1 = N(¢).
If ¢ is a nonzero mth power, then ¥(c) = 1 for all ¥ € X, and
S(c) = m = N(c). If ¢ is not an mth power, then n(c) # 1 and

m—1

Se)=) n'(c)=0= N(o).

J=0

Thus, in all cases we have S(¢) = N(c). O
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Corollary 4.4.8. Let s > 1 be an integer, let y € F,s, and let m be a
positive integer dividing ¢ — 1. Then the number of solutions of y” = y
in [F,s is equal to

> v,

YeXy

where X, is the set of all multiplicative characters of I, of order
dividing m.

Proof. By Lemma 4.4.7 and its proof, the number of solutions of
y™ =y inF, is equal to

> v,

veXxy

where X = {k/ : j = 0,1,....,m — 1} and k = Y(g_1)/m in
the notation of (4.15), with g replaced by ¢° and with the primitive
element p of [Fys, that is,

k(p*y = ¥ *M fork=0,1,...,q° —2.

Then r = p¥ ~D/@=D is a primitive element of F,. Let n be the
multiplicative character of [F, given by n = v(4_1)/» in (4.15) with
this choice for . Then for k =0, 1, ..., ¢°* — 2 we have by (4.22),

n(0") = n(Nmy(p")) = n(p* @ =1/a=D)

2mik/m

=n0rf)=e = k(p"),

and so n® = k. This shows that X\ = {¢/® : ¢ € X,,}. O

Let now ¢ be a nontrivial multiplicative character of IF, and let /" € F,[x]
be of positive degree. We consider the character sum

> Y (o).

cel,

It is clear that we can assume without loss of generality that f is monic, and
this will be done in the sequel. If m is the order of ¢ and f is an mth power
of a polynomial, then we get a trivial situation. Thus, we will assume that
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f is not an mth power of a polynomial. The following result is an analog of
Proposition 4.4.4.

Proposition 4.4.9. Let y be a multiplicative character of IF, of order
m > 1 and let f € F,[x] be a monic polynomial of positive degree,
which is not an mth power of a polynomial. Let £ be the number of
distinct roots of f in its splitting field over IF, and suppose that k > 2.
Then there exist complex numbers By, ..., B;_1, depending only on f
and ¥, such that for any integer s > 1 we have

k—1
DoV ==)_8
VEFqS =1

Proof. We define a complex-valued function A on A, as follows.
Weput A(1) = 1.If g € Mé”) for some n > 1, then let g(x) =
(x —ay)---(x — ay) be the factorization of g in its splitting field over
[F,. Note that f(ay)--- f(a,) € F, since this element is the resultant
R(g, ) of gand f. We put

M) =Y (fle)- - fan)).

Then (4.16) is satisfied. Let

f=Rr 0 (4.23)

be the canonical factorization of f in F,[x], where fi,..., f. are
distinct monic irreducible polynomials in IF, [x]. Then we have

M) = Y (R(g, /1) ¥ (R(g, [))).

For 1 <i < r,letd; = deg(f;) and let u; be a root of f; in the finite
field E; of order ¢ . Then

di—1 _
R(g, fi) = (=" R(fi, @) = (=1"* [ | eu!)
=0
di—1 _ !
= (1" ]| g = (=1)"“Nmg,(g(u)),
j=0
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and so

M) = Y= [ [ v (Nmg,(g(ui))

i=1

with d = deg( /). Writing t; for the multiplicative character obtained by
lifting ¥ to E; and &, = ¥ ((—1)"¢), we thus have

M) = en | [ milg(m)). (4.24)

i=1

Since, by hypothesis, f is not an mth power, at least one of the ¢;
in (4.23) is not a multiple of m; hence, at least one of the ¢, and so at
least one of the t;, is nontrivial.

Next we verify (4.17) for all n > k. We note that k = d; + - - - + d,.
Let the map o : MC(I”) — E| x -+ x E, be defined by

o(g) = (g(u). . ... gu,) forge M.

Let (vi,...,v) € Ey x --- x E, be given. Each v;, 1 < i < r, can
be represented in the form v; = h;(u;) with h; € IF,[x]. Then o(g) =
(v, ..., ) if and only if g is a solution of the system of congruences

g=h; (mod f;) forl <i<r.

By the Chinese remainder theorem, this system of congruences has a
unique solution G € F,[x] with deg(G) < di + --- +d, = k. Then
all solutions g € M of the system are given by g = Ff--- f, + G,
where I is an arbitrary monic polynomial over I, of degree n —k. Since
there are exactly ¢”~* choices for F, there are exactly ¢” % polynomials
g€ M;") with o(g) = (g(u1), ..., gur)) = (v, ..., v,). Using this
fact and (4.24), we get

YoM@ =g Y Y m) T

gEM;n) vieE, veE,

= ann—k (Z Tl(‘“)) co (Z Tr(”r)) = Oa

U]EE] VrEE,-
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where the last step follows from Lemma 4.4.1 since at least one of the
7; 1s nontrivial, as we have noted before.

We can now apply Lemma 4.4.2. This yields the existence of complex
numbers By, ..., Br_1 such that

k—1
Ly==) B foralls> 1. (4.25)

=1

Finally, we evaluate

Ly =) deg(P)A(P*/),
P

where the sum is extended over all monic irreducible polynomials P
in F,[x] with deg(P) dividing s. As in the proof of Proposition 4.4.4,
we see that

L= Y v (fra - f7).

)/€]Fqs

Since fis a polynomial over IF,, we have

V(IO @D fGT) = v (SO S [
= Yy (Nmy(f(r)) = ¥ (S ()

for all y € Fys, and so

Ly= Y ¥ ).

y€F,s

In view of (4.25), this completes the proof. O

We are now ready to prove the desired bound on multiplicative character

sums with polynomial arguments. This bound is again a consequence of the
Hasse-Weil bound in Theorem 4.2.4.

Theorem 4.4.10. Let v be a multiplicative character of I, of order
m > 1 and let / € F,[x] be a monic polynomial of positive degree,
which is not an mth power of a polynomial. Let & be the number of
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distinct roots of f in its splitting field over IF,. Then

D w(fe)| < k—1)g'”.

celF,

Proof. Let the canonical factorization of f in F,[x] be as in (4.23).
Put D = gecd(m, ey, ..., e.) and note that D < m since f is not an
mth power. Moreover, we can write f = h” with

W= foP. . pelD,

Then we have

Do wfe) =Y Y.

cel, celF,

Note that v © has order m /D and
gcd(ﬂ,ﬂ,...,i) =1.
D D D

Thus, we can reduce the general case to the case where
ged(m,ep,...,e) = 1.

Under the condition gcd(m, ey, ..., e,) = 1, we now show that the
polynomial y™ — f(x) is absolutely irreducible over . Put K = IETq(x)
and assume that y” — f(x) is reducible in K[y]. Let ¢ be a primitive
mth root of unity in IF,. Then over K we have a factorization of the form

m—1
= fo=]]w-¢'D),
j=0
Since y™ — f(x) is reducible in K[y], there exists a product of the form

(y=¢"1)---(y=¢'Y),

which belongs to K[y], where 0 < j; < pp < -+ < j; < m and
1 <t < m. The constant term

(_1)té-j1+-~-+j, y!
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of this product belongs to K, and so Y € K. Let u be the least positive
integer for which Y* € K. Then u < ¢t < m and u divides m since
Y™ = f(x) € K. Forw = Y* we have w"/* = Y™ = f. From the
uniqueness of factorization in E[x] it follows that m /u divides e; for
1 <i<vr,andso

m
ged(m, e, ..., e,) > — > 1,
u

a contradiction. Thus, y™ — f(x) is indeed absolutely irreducible
over IF,.

For any integer s > 1, let N; be the number of solutions of y” =
S(x)inFys x Fys, that is,

N, = Z #laeFy " = f(y))

y€F,s

Then by Corollary 4.4.8 we have

Ne= " Y 9900 =Y > v,

yelys veX, YeXy yelys
and so
Ne—gq* =Y > vOU»,
VeXs yel,s
where X = X, \{¥o} is the set of nontrivial characters in X,.

The result of the theorem is trivial in the case £ = 1, and so we can
assume k > 2. Then Proposition 4.4.9 shows that for each ¢ € X7

there exist By, ..., Bk—1,y € C such that for all s > 1 we have
k-1
YV == 8-
yeF,s =1
Therefore,

k-1
Ny —q° = — Z Zﬂiw forall s > 1.

yeXi I=1
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Since y™ — f(x) is absolutely irreducible over F, by an earlier
part of the proof, the equation y” = f(x) defines a global function
field IF,(x, y) with full constant field F,. By applying the Hasse-Weil
bound in Theorem 4.2.4 to IF,(x, y) and its constant field extensions,
we obtain Ny — ¢° = O(¢*/?) for all s > 1, with an implied
constant, which is independent of s in view of [117, Theorem I11.6.3(b)].
The proof is now completed as in the proof of Theorem 4.4.5. |

Results on related character sums over finite fields can be found in the books
of Li [68], Lidl and Niederreiter [72], and Schmidt [109].



5 Applications to Coding Theory

A code is a scheme for detecting and correcting transmission errors that
can occur in noisy communication channels. A code operates by adding
redundant information to messages. One of the main aims of coding theory
is the construction of efficient codes, that is, of codes that achieve a pre-
scribed error-correction capability with a minimum amount of redundancy.
Algebraic curves over finite fields, or equivalently global function fields,
play an important role in coding theory, as we will demonstrate in this
chapter.

We start this chapter by recalling some basic facts from coding theory in
Section 5.1. A core part of the chapter is Section 5.2 in which algebraic-
geometry codes are introduced. This powerful family of codes is constructed
from algebraic curves over finite fields or equivalently from global function
fields. Several major results in the asymptotic theory of codes, including
some quite recent ones, are proved in Section 5.3. These results provide
evidence that algebraic-geometry codes are very competitive when it comes
to the construction of efficient codes of large length. Various extensions of
the construction of algebraic-geometry codes are presented in Sections 5.4
and 5.5. Applications of character sums to coding theory are discussed in
Section 5.6. Finally, Section 5.7 builds on the analogy between linear codes
and digital nets and shows constructions of digital nets that are similar to those
of algebraic-geometry codes.

We refer to the books of Ling and Xing [73], van Lint [74], and
MacWilliams and Sloane [75] for detailed background on coding theory.

5.1 Background on Codes

As the signal alphabet for our codes we always use I, the finite field of
order g. For a positive integer 7, let I} denote the set (and also the additive
group) of n-tuples of elements of IF,. Mathematically, a code C over F, is
simply a nonempty subset of ). The number n = n(C) is called the length
of the code C. An element of C is called a codeword of C.
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We write log, for the logarithm to the base g. Then the information rate
R(C) of the code C is defined to be

It is one aspect of measuring the efficiency of a code. A higher information
rate means less redundancy in the code.

Example 5.1.1. Letg =2,n = 3,and C = {(0,0,0), (1,1, 1)} C IF%.
A binary message, that is, a finite string of bits, is encoded bitwise
by the map {0, 1} — C given by the assignments 0 — (0, 0, 0) and
1 — (1,1, 1). The information rate of C is R(C) = %, which can be
seen to mean that each bit of each codeword of C carries % bit of actual
information. It is easily checked that C allows us to correct one error in
a block of 3 bits. For instance, if we want to send the message 1, then
it is encoded into the codeword (1, 1, 1) before transmission. Suppose
that at the other end of the communication channel the triple (1,0, 1)
is received. If we assume that at most one error has occurred during
the transmission, then the sent codeword could not have been (0, 0, 0).
Thus, the recipient can uniquely recover the codeword (1, 1, 1), which
corresponds to the message 1.

To determine the error-correction capability of an arbitrary code, we
introduce several simple concepts. First of all, for x € I} the (Hamming)
weight w(x) is the number of nonzero coordinates of x. For x,y € Fy the
(Hamming) distance d(X,y) is given by

d(x,y) = w(x—Yy).

In words, d(x, y) is the number of coordinates in which x and y differ. Note
that d is a metric on IFZ. For a code C C IFZ with |C| > 2, we define its
minimum distance

d(C) =min{d(x,y) : X,y € C, X #y}.

It is a basic fact that C can correct up to [(d(C)— 1)/2] transmission errors in
each received n-tuple over IF,. For instance, the code C in Example 5.1.1 has
minimum distance d(C) = 3, and so it can correct one error in each received
triple as mentioned in Example 5.1.1.
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The set Iy is endowed with the structure of a vector space over F,.
Particularly nice examples of codes C' C Iy are those that form a nonzero
[F4-linear subspace of the vector space I7. Such a code C is called a linear
code over F,. If C is a linear code over [, then its dimension as a vector
space over I, is called the dimension of the code C. If the length of C is n
and its dimension is k, then we say that C is a linear [, k] code over IF,. Note
that by definition we have 1 < k& < n. Moreover, for the information rate
R(C) of C we have then the simple expression

R(C) = E
n

If we know in addition that C has minimum distance d = d(C), then we say
that C is a linear [n, k, d] code over IF,. It is an easy observation that for a
linear code C we have
d(C) = mi . 5.1
©) ain w(x) (5.1)
A linear code over I, can also be viewed as the null space of a suitable
matrix over [F,. If C is a linear [n, k] code over IF, then any matrix / over
IF, with n columns, which has C as its null space, that s,

C:{XE]FZ:HXT:()},

is called a parity-check matrix of C. Note that H must have rank n — k. Often,
but not always, it is assumed that H is an (n — k) X n matrix. The minimum
distance of C can be read off from any parity-check matrix of C, according to
the following result.

Proposition 5.1.2. Let H be any parity-check matrix of the linear code
C over IF,. Then C has minimum distance d if and only if any d — 1
columns of H are linearly independent and some d columns of H
are linearly dependent.

Proof. There exists a ¢ € C of some weight w > 1 if and only if
HeT = 0 for some ¢ € ]FZ of weight w, and this is in turn equivalent to
some w columns of H being linearly dependent. In view of (5.1), this
yields the result of the proposition. O

There is a simple inequality linking the three parameters 7, k, and d of a
linear code.
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Proposition 5.1.3 (Singleton Bound). For any linear [#, k, d] code
over F,, we have

d<n—k+1.

Proof. Let H be a parity-check matrix of a given linear [n, k, d] code
over [F,. Then n — k is the rank of H, and so any n — k + 1 columns of
H are linearly dependent. Thus d < n — k + 1 by Proposition 5.1.2. [J

Remark 5.1.4. A linear [n, k,d] code over F, withd = n — k + 1
is called an MDS code. Here MDS stands for “maximum distance
separable.” The linear [3, 1, 3] code over [, in Example 5.1.1 provides
a simple example of an MDS code.

Example 5.1.5. Let & be an integer with 1 < k < ¢. The set P, of
polynomials over I, of degree at most kK — 1 forms a vector space over
F, of dimension k. Let by, ..., b, be all elements of IF,. Define the
linear code C over F, as the image of the I, -linear map

1//:fGPk+—>(f(bl),...,f(bq))e]FZ.

For a nonzero f € P4, the weight w of ¥ (f) is given by w = g — z,
where z is the number of zeros of f in F,. Now z < k — 1, and so
w > q —k+ 1> 0. This shows that d(C) > ¢ — k + 1 and also that
is injective. Thus, C has dimension k£ and we get d(C) = ¢ — k + 1 by
Proposition 5.1.3. Altogether, C is a linear [¢, k, ¢ — k + 1] code over
F,, called an (extended) Reed-Solomon code over IF,. Clearly, C is an
MDS code.

The procedure in the proof of the following result shows how, in principle,
many good linear codes can be obtained. However, it should be noted that this
procedure is usually not efficient.

Proposition 5.1.6 (Gilbert-Varshamov Bound). Let n, &k, and d be
integers with 1 <k <n,2 <d <n,and

d-2 n—1 ‘
Z( i )(q—l)’<q"_k. (5.2)

i=0
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Then there exists a linear [n, k] code over F, with minimum distance
at least d.

Proof. We have

d—2

i d—2 Ry ‘ .
q' =Z< l. >(q—1)’§2< ,- )(q—1>’<q”‘
i=0

i=0

by (5.2), and so d — 1 < n — k. We proceed by constructing a suitable
(n — k) x n parity-check matrix H over [F, columnwise. We choose the
first d — 1 columns of H as linearly independent vectors from IF;_" (this
is possible since d — 1 < n — k). Now suppose that j — 1 columns of
H (with d < j < n) have already been constructed so that any d — 1 of
them are linearly independent. There are at most

d-2

j—1 L S n—1 l.
Z( l. )(q—l)sz( l. >(q—l)
i=0

i=0

vectors obtained by linear combinations of d — 2 or fewer of these j — 1
columns. Since (5.2) holds, it is possible to choose a jth column that
is linearly independent of any d — 2 of the first j — 1 columns of H.
The null space of H is a linear code over [, of length 7, of minimum
distance at least d by Proposition 5.1.2, and of dimension at least k. By
passing to a k-dimensional subspace, we get a linear code of the desired
type. t

5.2 Algebraic-Geometry Codes

A powerful family of linear codes was constructed by Goppa [43—45] using
algebraic curves over finite fields and differentials. Nowadays, the standard
way of introducing these codes employs global function fields and Riemann-
Roch spaces.

Let F/F, be a global function field over I, of genus g. We assume
that N(F) > 1, where N(F) denotes, as usual, the number of rational
places of F. We will construct a linear code over [, of length n < N(F).
Choose n distinct rational places P, ..., P, of F and a divisor G of F' with
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supp(G)N{Py, ..., P,} = &. Consider the Riemann-Roch space
LG)={fe€ F":div(f)+ G = 0} U {0},

where div(f) is the principal divisor of f € F*. Note that vp(f) > 0 for
1 <i <mandall f e £(G). Therefore, the residue class f(P;) of f € Op,
that is, the image of f under the residue class map of the place P, is defined
(see Definition 1.5.10). Since P; is a rational place, f(P;) can be identified
with an element of F,,.

Definition 5.2.1. The algebraic-geometry code (or AG code)
C(Py, ..., P;;G) is defined as the image of the F,-linear map
¥ 1 L(G) — FY given by

V()= (P, ..., f(F) forall /e L(G). (5.3)

The standard result on the parameters of AG codes is the following one.

Theorem 5.2.2. Let F/F, be a global function field of genus g with
N(F) = g+ 1. For g < n < N(F), choose n distinct rational places
Py, ..., P, of Fand a divisor G of F with g < deg(G) < n and
supp(G)N{ Py, ..., P,} = 3. Then C(Py, ..., P,; G)isalinear [n, k, d]
code over [F, with

k=4(G)>deg(G)+1—g, d > n — deg(G).
Moreover, k = deg(G) + 1 — gifdeg(G) > 2g — 1.

Proof. For any nonzero f € L(G), the weight w of ¥ ( f) is given by
w = n — z, where z is the number of zeros of f inthe set {Py, ..., P,}.
If P, ..., P. are these distinct zeros, then

1
fel(G—-PFP, —---—P)).

Since f # 0, this implies by Corollary 3.4.4 that

0 <deg(G — B, — - — P,) = deg(G) — z,

and so w > n — deg(G) > 0. This shows not only the desired lower
bound on d, but also that v is injective. Hence, k£ = £(G), and the rest
follows from the Riemann-Roch theorem (see Theorem 3.6.14). O
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Remark 5.2.3. Theorem 5.2.2 implies that k +d > n 4+ 1 — g.
This should be compared with the Singleton bound £ +d < n + 1
in Proposition 5.1.3. Thus, the genus of F controls, in a sense, the
deviation of k£ + d from the Singleton bound. If g = 0, that is, if F is
the rational function field over I, then any AG code in Theorem 5.2.2
is an MDS code (compare with Remark 5.1.4).

Example 5.2.4. Let ' = F,(x) be the rational function field over IF,.
Let F, = {by,...,b,} and for 1 < i < g let P; be the rational place
x — b; of Fy(x). Put G = (k — 1)Px, where k is an integer with
1 < k < q and Py denotes the infinite place of F,(x). Then the AG
code C(P, ..., P;;G) is the Reed-Solomon code in Example 5.1.5.
The argument in the proof of Theorem 5.2.2 can be viewed as a
generalization of the argument in Example 5.1.5.

Example 5.2.5. Let F be the Hermitian function field over Iqu, that is,
F =TFp(x, y) with 7 + y = x97'. Then F has genus g = (¢> — q)/2
and N(F) = ¢> + 1 (see [117, Lemma V1.4.4]). Let QO be the rational
place of F' lying over the infinite place of F,2(x) and let Py, ..., P,
with n = ¢* be the remaining rational places of F. Put G = m Q with
an integer m satisfying g> — ¢ — 1 < m < ¢>. Then by Theorem 5.2.2,
the AG code C(P, ..., P,;G) is a linear [n, k, d] code over F,» with
k=m+1—(?>—¢q)/2andd > ¢g> — m. Such a code is called a
Hermitian code.

Example 5.2.6. Take ¢ = 2 and m = 4 in Example 5.2.5, so that
G = 4Q. Then the Hermitian code C(Py, ..., Ps; G) in Example 5.2.5
is a linear [8, 4, d] code over 4 with d > 4. We can show directly
that actually d = 4. Note first that f(x) = x(x + 1) € F4[x] satisfies
f € L(G). Furthermore, f has exactly four zeros in F, namely the
rational places of F lying over x or x + 1. Consequently, the codeword
Y(f) in (5.3) has weight 4, and so d = 4. The code C(Py, ..., Ps; G)
is optimal in the sense that there is no linear [8, 4] code over F4 with
minimum distance > 5 (see Brouwer [11] and Grassl [46]).

The condition on the support of G in Theorem 5.2.2 is a conventional one
in the area. However, as the following result shows, we can easily get rid of
this condition.
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Theorem 5.2.7. Let F/IF, be a global function field with N(F) > 1.
For an integer n with 1 < n < N(F), let G be a divisor of F with
deg(G) < n and £(G) > 1. Then there exists an AG code, which is a
linear [n, k, d] code over F, with

k= 4G), d > n — deg(G).

Proof. Let P;,..., P, be n distinct rational places of F. By the
approximation theorem (see Theorem 1.5.18), we can choose u € F
such that vp(u) = vp(G) for 1 < i < n.Put G’ = G — div(u) and
note that the divisor G’ satisfies supp(G’) N {Py,..., P,} = @.
Now consider the AG code C(Py,..., P,;G’). As in the proof of
Theorem 5.2.2, we see that this is a linear [n, k, d] code over IF, with
k = £(G") and d > n — deg(G’). Since G’ is equivalent to G, we have
£(G") = £(G) and deg(G’) = deg(G), and so the proof is complete. [

Example 5.2.8. Let F be the rational function field over IF,. Then
we can choose n = ¢ + 1 in Theorem 5.2.7. For an integer k with
1 <k <gqg+1,let G be adivisor of F with deg(G) = k — 1. Then
Theorem 5.2.7 shows the existence of a linear [¢ + 1, k, d] code over
F, withd > g — k + 2. On the other hand, the Singleton bound in
Proposition 5.1.3 yields d < ¢ — k + 2. Thus, d = ¢ — k + 2 and this
code is an MDS code (see Remark 5.1.4).

Example 5.2.9. Let F be the Hermitian function field over Fy4. Since
N(F) =9, we can choose n = 9 in Theorem 5.2.7. Let G be a divisor
of F with deg(G) = 4. Using g(F) = 1, we get £(G) = 4. Then
Theorem 5.2.7 shows the existence of a linear [9, 4, d] code over [y
with d > 5. But it is known that there is no linear [9, 4] code over
F4 with minimum distance > 6 (see Brouwer [11] and Grassl [46]),
andsod = 5.

The usefulness of AG codes is enhanced by the fact that there exist
efficient algorithms for solving the decoding problem for this family of codes.
The decoding problem for a code C over F, of length » means that we
want to find one (or all) codeword(s) of C within a prescribed Hamming
distance from a given x€lFy. Another version of the decoding problem asks
for a codeword of C that is closest to x in terms of Hamming distance.
A survey of decoding algorithms for AG codes is given in Hgholdt and



APPLICATIONS TO CODING THEORY 155

Pellikaan [56]. More recent contributions to this topic can be found, for
instance, in Guruswami and Patthak [47], Guruswami and Sudan [48], and
Shokrollahi and Wasserman [113].

Interesting codes can be derived also from algebraic varieties of dimension
greater than 1 over finite fields. This idea is mentioned already in the book of
Tsfasman and Vladut [122, Section 3.1.1]. A rather general approach to the
construction of such codes is described in Hansen [50]. Constructions using
special varieties are discussed, for instance, in the papers of Ghorpade and
Tsfasman [42], Lachaud [66], Nogin [102], and Rodier [106].

5.3 Asymptotic Results

As we have noted in Section 5.1, the error-correction capability of a code C
is governed by its minimum distance d(C). Just as the information rate R(C)
relates the size |C| of the code to its length n(C), it is meaningful to consider
the relative minimum distance d(C)/n(C). The problem of constructing
good codes is then often posed in the following way: for a given error-
correction capability (which is suggested by the error rate and hence by
physical properties of the communication channel), or equivalently a given
relative minimum distance, and a given ¢, find codes over I, for which the
information rate is as large as possible.

The asymptotic theory of codes treats this problem for sufficiently long
codes. The basic object of study in this theory is the following set of ordered
pairs of asymptotic relative minimum distances and asymptotic information
rates. For a given prime power ¢, let U, be the set of points (8, R) in the unit

square [0, 1]? for which there exists a sequence Cy, C,, ... of codes over F,
such that |C;| > 2 foralli > 1, n(C;) - oo asi — 00, and
d(C;
L =34, lim R(C;) = R.
i—00 n(Cl) i—00

In view of the problem posed above, it is reasonable to introduce the following
function.

Definition 5.3.1. For a given prime power ¢, put
ag(8) =sup{R € [0,1]1: (5, R) € U;} for0<é =<1
Thus, «,(8) can be interpreted as the largest asymptotic information rate

that can be achieved for a given asymptotic relative minimum distance § of
codes over F, of increasing length.



156 CHAPTER 5

It can be shown by standard coding-theoretic arguments (see [122, Section
1.3.1]) that «, is a nonincreasing continuous function on [0, 1] and that

U, = {8, R) €[0,117: 0 < R < oy (8)}.

Consequently, the set U, is completely determined by the function «,.

The study of the function «, is a major issue in coding theory. The only
known values of «, are o, (0) = 1 and ;(8) = O for (g — 1)/qg < < 1 (see
again [122, Section 1.3.1]). The function o, is not known explicitly on the
open interval (0, (¢ — 1)/q). The next best thing is then to give lower bounds
on o, (8) for0 < & < (¢ — 1)/g, so that for a given § in this range we know at
least some asymptotic information rates that can be achieved.

The classical lower bound on «, can be derived from Proposition 5.1.6.
First we introduce the g-ary entropy function H, by H,(0) = 0 and

H,(8) = (SIqu(q -1 - 810gq §—(1— 8)10gq(1 —38) for0 <6 < 1.
Note that H,(8) increases from O to 1 as 8 runs from 0 to (¢ — 1)/q.

Theorem 5.3.2 (Asymptotic Gilbert-Varshamov Bound). For any
prime power ¢, we have

-1
o, (8) > Roy(q.8) := 1 — Hy(6) for0<s6<T—
q

Proof. We can assume that0 < § < (¢ — 1)/¢q. Putd,, = [én] + 2 and
note that d,, < n for sufficiently large ». We have

d,—2

n—1 N, n ENTY
Z( l. )(q ) §(L8nJ+1)(L8nJ>(q )

i=0

since the largest term of the sum on the left-hand side is the last one.
Hence, according to Proposition 5.1.6, a sufficient condition for the
existence of a linear [n, k] code over IF, with 1 < k < » and minimum
distance > d, is

(16n] + 1)(L8"nj>(q _ bl < gk, (5.4)
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By Stirling’s formula we have

lim — logq (LSIZJ) = —810gq §—(1— 8)10gq(1 —94), (5.5

n—oo n

and so

hm —logq <(|_8nj + 1)<|_5 J)(q — l)LtSnJ) — Hq(8)-

Now choose a real number ¢ > 0 with /,(§) + ¢ < 1 and put
ky =n — |[(Hy(8) + e)n].

Then 1 < k, < n for sufficiently large » and

—k,
= H,(6)+¢

n— 00 n

> nlim logq <(|_8nj + 1)(|_5 J)(q _ I)Lénj).

Thus, the condition (5.4) is satisfied for sufficiently large n with k = k,,
and so for these n there exists a linear [n, k,] code over F, with
minimum distance > d,. By passing, if necessary, to a subsequence

lim — logq B = lim
n—oo n

Cy, C,, ... of these codes, we can assume that the limit
d(C;
8o := lim )
i—>00 n(Ci)

exists. Since d(C;) > [dn(C;)] + 2, we get §p > 6. Using that «, is a
nonincreasing function, we obtain

ky,
@,(8) = a,(80) = lim R(C;) = lim ((C) =1— H,(8) —e.
I—00 n l
Letting ¢ tend to 0, we arrive at the desired result. O

It is a remarkable fact that one can always achieve the asymptotic
Gilbert-Varshamov bound by using sequences of AG codes. This result was
established by Xing [134]. For the proof, we first consider a fixed global
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function field F/IF, and define the following sets of divisors of F for any
integers m > 0 and ¥ > 0 and any set P of rational places of F:

Ay =1{D € Div(F) : D > 0, deg(D) = m},

An(P) = HeAm:H§ZP ,
PeP
MywP)={D+H:DeA,, He A,(P)}.

Then we establish the following refinement of Theorems 5.2.2 and 5.2.7. We
recall that 4 (F) denotes the divisor class number of F.

Proposition 5.3.3. Let F/IF, be a global function field of genus g with
N(F)>1.Letm,n,and u be integers with 1 <m <n < N(F),u >0,
and m + u > g. Let P be a set of rational places of /" with |P| = n
such that |M,, ,,(P)| < h(F). Then there exists an AG code, which is a
linear [n, k, d] code over IF, with

k>m+4+u+1-—g, d>n—m+ 1.

Proof. Recall from Section 4.1 that there are exactly A(F) divisor
classes of F of degree m + u. Since | M, ,(P)| < h(F), there exists
a divisor G of F with deg(G) = m + u that is not equivalent to
any divisor in M, ,,(P). Moreover, by an argument in the proof of
Theorem 5.2.7 we can assume that supp(G) NP = &.

We claim that £L(G — ) _ ., P) = {0} forany J C P with |J| = m.
Suppose, on the contrary, that for some J € P with |[J| = m we have
L(G =) pcs P)#{0}. Choose anonzero x € L(G — ) p. 7 P). Then

D:=G— ) P+div(x)>0.
PeJg

But G is equivalent to D + » ., P € M,,(P), and this is a
contradiction to the choice of G.

With P = {P,...,P,} we consider now the AG code
C(Py,..., P;;G). For a nonzero f € L(G), let w be the weight of
V(f) in (5.3). Then f € L(G — ) p.; P) for some J < P with
|J| = n—w. By what we have proved above, we must have n —w < m,
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and so w > n — m + 1. This shows not only the desired lower bound
on d, but also that v is injective. Hence, £ = £(G), and the rest follows
from Riemann’s theorem. O

For an integer b > 0 and a set P of rational places of F, we define
AP = (D e Ay : supp(D) NP = ).
For fixed F, it is clear that the cardinality of .Ag)) depends only on b and the

cardinality of P, and not on the actual elements of P. Hence, we can write
AP = 4P if |P| = 5.

Lemma 5.3.4. Let F/IF, be a global function field of genus g > 1.
Then for any integers » > 0 and 0 < s < N(F) we have

o < B (2g4'2 s —Dg) ([ T\
b = " ob 12 _q + 1 - :
q q q q

Proof. As in Definition 4.1.1, we denote the cardinality of 4, by
Ap(F). By writing any positive divisor D of F in the form

D= Z vp(D)P = Z vp(D)P + Z vp(D)P

PePr PeP PePp\P

with a chosen set P of rational places of /" with |P| = s, we see that

{Ez ZUP(E)P  E zO,deg(E)=j}

PeP

b
APy =4,
j=0

For a formal power series B(¢) over R in the variable ¢, we write [ B(?)] ;
for the coefficient of #/ in B(¢). Then it follows that

b 0o s
Ap(F) = ZAgfjj |:(Ztk) ] .
k=0 j

=0
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In view of Theorem 4.1.6(ii), we can then write the zeta function Z(F, 1)
of F as

00 00 b
Z(F )= Ay(F)? =3[ > 4 1071 | ¢
b=0 b=0 \ j=0
= (Z Agj)tb) 1= = ZF, n1 -1,
b=0
and so
ZY(F, t)=Z(F,t)(1 —t)° for0<s < N(F). (5.6)

By (4.2) and the proof of Lemma 4.1.10, we have

Ay(F) = qh(F)( bHl=¢ _ 1) forb >2g—1. (5.7)

Thus, for0 <s < N(F)and b > 2g + s — 1, we get from (5.6),

Ay =1Z9(F, ), = Z[(l—tm [Z(F, 05

j=0

—Z( 1)f< )Ab J(F) = h( ) Z( 1)'( ) SEAR
h(F) ghti-e 1/( ) —J — W(F)ab¢ (l_l)YI
Z( ) (F)q ;)

q—]

This proves the result of the lemma for these values of s and b, so that
it remains to consider 0 < s < N(F)and0 < b < 2g+ s — 2. By the
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identity we have just shown, we can write

2g+s—2 o0
dYooAaPt=z(F.oa -t — Y AP
b=0

b=2g+s—1

s—1 00
= Z(F, )1 —t)° — h(F)q ¢ (1 - é) > @’

b=2g+s—1
h(F)(q _ l)s—lqgt2g+s—l

= Z(F, )(1 — t)° -

Now we use Theorem 4.1.11 to obtain

2g+s—2 3 . o~
gz 4O _ L(F,t)(1 —t)*~' — h(F)(qg — 1)’ 1g8r28+s~!

b - .
b=0

1 —qt

We can evaluate the last expression at ¢ = é by differentiating

numerator and denominator at t = ql. Note that

L(F,l> _ L) _h(F)
q q® q¢

by Theorems 4.1.13 and 4.1.11. Thus, we get

2g+s=2 (s) s—1 _ s—=2
3 L;:L<L/(F,l)(l_l) M ()
= 4 —q q q q q
h(F)(g —1)"'Qg+s—1)
o qg+572 '

The computation of L'(F, ql) proceeds by logarithmic differentiation
of (4.6). This yields

2g
L,(F, 1) _ B 5 _o

q) ¢ = wi—q

=
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Now |w;| = ql/2 for 1 <i <2gby Theorem 4.2.3; hence,

\ <F, l) | < 2gh (F)
q (¢

12 1) qe 1
This implies that
2g+s=2 (s) s—1
A h(F 2 —1 1
S b ( )< . SRR +2g+s—1><1——)
~ q q¢ \¢q'? -1 ¢q—1 q
_hF) (269" s—Da) () 1)
g \¢'"?P-1 " g-1 q)
For each integer b with 0 < b < 2g + s — 2, this yields
4 _hF) (24" s=Da\ (1)
g = q% \q¢'*—1 q-1 a)
which is the desired bound. O

We can now bound the cardinality of the sets M, ,,(P) defined earlier, in
the case where |P| = N(F).

Lemma 5.3.5. Let F/F, be a global function field of genus g > 1 and
putn = N(F). Let P be the set of all rational places of F'. Then for any
integers # > 0 and 0 < m < n we have

min(u,n—m)
My (P < ZEL 2R 5 < " .)(q — 1y,
m+ j

g+n—m—u—1
q =

Proof. The set M, ,,(P) is the disjoint union of the sets

Muym,j(lp) ={D+H:De Au_j, H e Am+j(73),
supp(D) N (P \ supp(H)) = &}

with j =0, 1, ..., u, and these sets are empty for j > n — m.
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Therefore,

min(u,n—m) min(u,n—m) n '
MuwP = > [ MumPl= > ( )AE,";?”‘“

= = m—+ j

since | A+ (P)| = (mij) for 0 < j < n — m. By using the simplified
bound

, F 1\
Aygh()0g+2m(1—a)

qs=?

deduced from Lemma 5.3.4, we infer the desired result. O

Corollary 5.3.6. Let F/IF, be a global function field of genus g > 1
with N(F) > 1. Let m and u be integers with 1 < m < N(F) and
m + u > g. Suppose that

min(u, N(F)—m)
N(F
(7g+2NF) Y ( "

)(q _ I)N(F)—m—j—l < qg—ﬂ-N(F)—m—u—l‘
j=0

m+ j

(5.8)
Then there exists an AG code, which is a linear [n, k, d] code over F,
with

n = N(F), k>m+u+1-—g, d>n—m+1.

Proof. For u < O the result follows by applying Theorem 5.2.7
with n = N(F) and deg(G) = m + u. For u > 0 it follows from
Proposition 5.3.3 and Lemma 5.3.5. O

After these preparations, we are now ready to prove with Xing [134] that
the asymptotic Gilbert-Varshamov bound Rgv(q, §) in Theorem 5.3.2 can be
obtained by using sequences of AG codes.

Theorem 5.3.7. For any prime power g and any real number § with
0 <6 <(¢q—1)/q, there exists a sequence Cy, C,, ... of AG codes over

F, with n(C;) — oo as i — oo which yields

ay(8) = Rgv(g, 0).
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Proof. The result is trivial for § = (¢ — 1)/q since Rgy(q, (¢ — 1)/q)
= 0. Thus, we can assume that 0 < § < (¢ — 1)/q.

Since A(q) > 0 by Remark 4.3.8, there exists a sequence Fi/IF,,
F/F,, ... of global function fields with g; := g(F;) — ocasi — oo
and such that n; := N(F;) satisfies

lim 2 > 0. (5.9)

i—00 g;
Choose a real number ¢ > 0 with /,(8) +¢ < 1.Fori =1,2,... put
a; = |8n;], bi=n; — [(Hy(8) +¢&n;].

Then for sufficiently large i we have 0 < a; < (¢ — 1)n;/q and
1 < b; < n;. We also define

mi=n; —a, u=a+b+g—n—1

Then for sufficiently large i we have 1 < m; < n; and m; + u; =
bi+g —1>g.

We claim that the condition (5.8) holds with F = F;, m = m;,
and u = u; for sufficiently large i. With these choices, let E; be the
expression on the left-hand side of (5.8). Note that

a; n; ‘
E < (7gi+2n)y ( .)(q — e
o\ a4t

Using a; < (¢ — 1)n;/q, it is easily checked that

n; i1
—1 ai—J
(ni —a; +j>(q )

is a nonincreasing function of j =0, 1, ..., a;. Therefore,

Ei =< (7gl + 2]’”)((1,’ + 1)(21)(q _ l)ai_l,

1
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Recalling that a; = |8n;] and using (5.5) and (5.9), we obtain

1
lim sup —logq E; < H,/(6).

isoo M

Furthermore, with the choices we have made, the right-hand side of (5.8)
becomes ¢ %, and we have

1
lim —log, ¢" ™" = H,(8) + ¢.

i—0o0 n;

Thus, (5.8) is indeed satisfied for sufficiently large i.

Consequently, for sufficiently large i, Corollary 5.3.6 yields an AG
code, which is a linear [n;, k;, d;] code over F, with k; > b; and
d; > a; + 1. By passing, if necessary, to a subsequence Cy, Cs, ... of
these AG codes, we can assume that the limits

d(C;
8o 1= lim () and Ry := lim R(C))

i—oon i i—00

exist. From the lower bounds on d; and k; we infer that §, > & and
Ry > 1 — H,(8) — &. Using that o, is a nonincreasing function, we
obtain

0q(8) = aq(80) = Ro = 1 — Hy(8) — & = Rgv(q,6) — €.

We complete the proof by letting ¢ tend to 0. O

It was a milestone in coding theory when it was discovered that, for certain
q and &, sequences of AG codes can even be used to beat the asymptotic
Gilbert-Varshamov bound Rgv(g, 6). The basic tool for this purpose is the
following result due to Tsfasman, Vladut, and Zink [123]. Here A(gq) is the
number that was introduced in Definition 4.3.6.

Theorem 5.3.8 (TVZ Bound). For any prime power ¢, we have

1
ay(8) > Ryvz(q,d) =1 —Tq)—é for0<s < 1.

Proof. We can assume that 4(¢) > land 0 < § < 1 — ﬁq), for
otherwise the result is trivial. Let F/F,, F>/F,, ... be a sequence of
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global function fields such that g; := g(F;) and n; := N(F;) satisfy

limg =oco and lim 2 = A(q).
i—00 i—00 g

For sufficiently large i we can choose integers 7; with g; < r; < n; and

. v
Iim — =1-3.
i—oo n;

For such i, Theorem 5.2.7 yields an AG code, which is a linear
[n;, ki, d;] code over F, with

ki=ri+1—g and d;>n;—r;.
By passing, if necessary, to a subsequence, we can assume that the limits

. d; . ki
§o:=lim — and Rjy:= lim —
i—oon; i—oon;

exist. We have

So>8 and Ry>1— —— —36.

It follows that

1
@y(8) = ay(80) = Ro = 1 — Tq) -4

since the function «, is nonincreasing. O

If ¢ is a square, then we know from Remark 4.3.8 that A(q) = ¢'/> — 1.

It is now simply a matter of comparing the two explicitly given func-
tions Rgy(q, ) and Rryz(gq, §) on the interval [0, (¢ — 1)/¢] to determine
when sequences of AG codes can yield an improvement on the asymptotic
Gilbert-Varshamov bound.

Theorem 5.3.9. Let ¢ > 49 be the square of a prime power. Then
there exists an open interval (6;,8,) < [0,(¢ — 1)/q] containing
(g — 1)/(2q — 1) such that

Rtvz(q,8) > Rgv(q,8) forall 6 € (41, 8).



APPLICATIONS TO CODING THEORY 167

Proof. It suffices to prove the inequality for §o = (¢ —1)/(2q —1). Note
that

1
Hy(8) — 8 = log, (2 - 5) .

Thus, it remains to show that

1 1

It is easily checked that this holds for all ¢ > 49. g

Remark 5.3.10. According to a result of Bezerra, Garcia, and
Stichtenoth [7], we have

2¢*° =1

A(g) = W

whenever ¢ is the cube of a prime power. This was shown earlier by
Zink [138] in the special case where ¢ is the cube of a prime. To
establish a result like Theorem 5.3.9 for cubes ¢, it suffices to prove

that
tog, (2_ 5) T 2P - 1)

It is an easy exercise to verify that this holds for all ¢ > 343. Thus,
the analog of Theorem 5.3.9 holds whenever ¢ > 343 is the cube of a
prime power. More generally, Niederreiter and Xing [99] (see also [100,
Theorem 6.2.8]) have shown that a result like Theorem 5.3.9 holds
for all sufficiently large composite nonsquare prime powers ¢. It is
not known whether such a result holds also for all sufficiently large
primes q.

The lower bounds on «,(8) that we have established so far, namely
Theorems 5.3.2, 5.3.7, and 5.3.8, have been proved by using sequences of
linear codes. It is an important fact that the TVZ bound in Theorem 5.3.8
can be improved by using codes that are not necessarily linear. Indeed,
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Niederreiter and Ozbudak [94] showed that

1 1
ay(8) = Rnolg, 8) :=1—Tq)—8+logq (1+q_3) for0<d§ < 1.
(5.10)

This result followed a number of earlier improvements on the TVZ bound
obtained by Vladut [124] (see also [122, Chapter 3.4]), Elkies [31], and
Xing [131, 133]. The original proof of (5.10) is quite involved. We present a
considerably simpler proof of this inequality, which was given by Stichtenoth
and Xing [118], albeit for a slightly restricted range of the parameter 6 (see
Theorem 5.3.13 below).

We need a few preparations for this proof. Let F/F, be a global function
field of genus g with N(F) > 1 and let » be an integer with 1 < r < N(F).
Let P, ..., P. be r distinct rational places of F and let D > 0 be a divisor
of F with supp(D) N {Py,..., P} = @. Let G = Y ._, m; P, with positive
integers my, ..., m, and put

Wp(G):={feLlD+G):vp(f)=—m; forl <i<r}.

Lemma 5.3.11. If in addition to the above conditions we have m =
deg(D) > 2g — 1, then

1 r
W p(G)| = gt (1 - —) :
where s = deg(G).

Proof. It is obvious that

Wp(G) = L(D+ G)\ (U LD+ G — 3)) .

i=1
By the Riemann-Roch theorem we have

LD+ G)| = g" e
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Furthermore, the inclusion-exclusion principle in combinatorics yields

k

=§j—mﬂ > (1L(D+G - P)
k=1

1<ij<ip<--<iy<r | j=1

r k
=Y N g p+6-) P,
k=1

1<ij<iy<--<iy<r Jj=1

_ i(_l)kﬂ <r>qm+sgk+l
k
k=1

— qm+S—g+1 <1 _ <1 _ l)r) )
q

The result of the lemma follows now immediately. O

O£w+G—B)

i=1

The basic construction of codes in [118] is a variant of the construction
of AG codes and proceeds as follows. Let F/F, be a global function field
with N(F) > 2. Let n be an integer with 1 < n < N(F) — 1 and choose
n + 1 distinct rational places Py, Pj,..., P, of F. Put P = {Py, ..., P,}.
Furthermore, let m, r, and s be integers with m > 1 and 1 < r < min(n, s).
Recall the notation 4; for the set of positive divisors of F of degree s. We put

G(P;r,s) ={G € A, : supp(G) € P, |supp(G)| = r}.
Now we define

SmP;Pir,)= () Wnr(G).
GeG(P;ir,s)

Note that S(m Py; P;r, s) is the disjoint union of the sets W, p (G) with
G € G(P;r, s). Thus, we can define a map

¢ SmPy;P;r,s) — IFZ

in the following way. Take f € S(mPy;P;r,s), then f € W, p(G) for a
uniquely determined G € G(P;r, s). We set

() = (cr(f), ..., ca( ) € FY,
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where fori = 1,...,n we put

J(py) it B ¢ supp(G),

ai(f)= .
0 if P; € supp(G).

The desired code is now C(m Py; P;r,s) := ¢(S(m Py, P;r,s)) C IFZ. The
following result yields information on the parameters of this code.

Proposition 5.3.12. Let F/IF, be a global function field of genus g. Let
m, n, r, and s be integers with

m > max(2g — 1, 1), 1 <r<s, n—m-—2r—2s>1.

Assume also that N(F) > n + 1. Then with the notation above,
C := C(mPy;P;r,s)is acode over [F, of length n with

|C|:qm+s—g+1 l_l ' n s—1
q r)\r—1)°

d(C)y>n—m —2r —2s.

Proof. Take fi, f, € S(mPy;P;r,s) with fi # f,. Then f; €
Wup,(G;) for j = 1,2 and some G, G, € G(P;r,s). It follows that
fi— f» € LmPy+ G 4+ G,). Consider the set

Z ={P eP: P ¢supp(G) Usupp(G2) and fi(P) = fo(P)}.

Then fi — o € LmPy+ G+ Gr—) p.z P),and since fi — f # 0,
this implies

deg(mP0+G1+G2—ZP>:m—|—23—|Z|20
PeZ

by Corollary 3.4.4. Furthermore, the weight w of ¢( f1) — ¢( f>) satisfies

w=n—[{l<i=<n:c(fi)=c(H)}
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and we have
{1l <i<n:ca(fi)=a(} =2r+|Z|.
Therefore, w > n —2r — |Z| > n —m — 2r — 2s > 1. This shows

not only the desired lower bound on d(C), but also that ¢ is injective.
Hence, by Lemma 5.3.11,

1 r
|C| = |S(m Po; Psr, )| = g™+ (1 - ;) IG(P; 1, s)]

e O

and the proof is complete. d

Theorem 5.3.13. For any prime power ¢ and any real number § with

2 4qg —2
0<s6<1-— — 3 ,
A(q) (@ — D@+ 1)

we have

1 1
a,(8) = Ryolg,0) =1— yTe] — 8 +log, (1 + ;)

Proof. Since the function ¢, is continuous, we can assume that

4g —2

0<déd<1-— — .
Alq) (@—-D@+1D

Choose a sequence F/F,, F>/F,, ... of global function fields such that
g = g(F;) »> oo asi — oo and

fim MY _ A(q).

i—00 gi

Then g; > 0 and N(F;) > 2 for sufficiently large i. Fori = 1, 2, ... put

n;=N(F)—1, 5 = {LJ = L(q_l)SiJ'
(¢g—D@+1) q
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Then the condition 1 < r; < s; is satisfied for sufficiently large i.
Furthermore, we put

m; =n; — |0n;| —2r; — 2s;.

Then

.om; 2 2q
lim — =1-6— — —
i—~00 n; ¢+l (g-D@+1D

4qg —2 2 . 2g

=1—-6— 3 > = lim
(g—D@>+1) A(g) i—oo n;

’

and so m; > 2g; > 0 for sufficiently large i. Clearly, we also have
n; —m; —2r; —2s; = |8n;] > 1 for sufficiently large i. Thus, for these i
can we apply Proposition 5.3.12. As usual, we can assume without loss
of generality that for the resulting sequence C;,, C; 41, . .. of codes over
F, (with a suitable index i) the limit

. d(Cy)
8o := lim
i~ n(C))

exists. Note that for i > iy, Proposition 5.3.12 yields n(C;) = n;

as well as
|C| — qm,+s,-7g,-+l 1 _ l i n; S; — 1
l q ri)\ri—1)°

d(C;) = n; —m; —2r; — 2s;.

It follows that

.o —m; —2r; —2s; . oni]
8o > lim = lim =
i—00 n; i—oo N
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Next we compute the asymptotic information rate. We have

log, |C;
lim R(C,) = lim 2!
i—00 i—00 n;
. omi+s;— g+ 1+rlog (1 — g
= lim
i—00 n;

+ lim —logq ( ) + lim —logq (S>
i—00 N; i—00 N;
The last three limits are easily obtained. First of all, we have

. omi+si— g+ 1+rlog, (1 —g~")
lim
I—> 00 nl
! q ! q’

=1 ——5- - lo
A@Q) G—D@+D) P15

Next we use (5.5) to obtain

lim Lo (™ L og @+ 1)+ o (14
m — 10 = ——— 10 (0] — .
i—00 N; gq q3+1 gq q q3+1 gq q3

l

Finally, again by (5.5),

1 i o8 1 i
lim — log, (S> = lim 2 log, (S)
i—oo n; I 1—oon; S ri

q qg—1 )
— 1 — 1 —1
w—m¢+n( PR
q

T@-D@+) g+l

log, (¢ — 1).

Adding up these limits, we get

1 1
lim R(C;))=1— —— — 3§ +log <1+ )
=00 A(q) ! 7
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It follows that

1 1
a,(8) > ay(8p) >1————=68+1o <1+—>
11 =t @) “UTE

since the function «, is nonincreasing. O

Remark 5.3.14. The bound (5.10) is by no means the last word on
improvements of the TVZ bound. More recently, Niederreiter and
Ozbudak [95], [96] obtained improvements on (5.10), though these
improvements are not of a global character, that is, they are not valid
on the whole interval (0, (¢ — 1)/¢) that is relevant for the asymptotic
theory of codes, but only on certain subintervals thereof. The proofs
in [95] and [96] are too complicated to be reproduced here. Results
like (5.10) or the improved bounds in [95] and [96] are of interest since
they yield larger subintervals of (0,(¢ — 1)/¢) than the TVZ bound
on which we can beat the asymptotic Gilbert-Varshamov bound. The
approach by Stichtenoth and Xing [118] was refined by Maharaj [76],
but his results are superseded by [96].

5.4 NXL and XNL Codes

Results like those in Theorem 5.3.9 and Remark 5.3.10 demonstrate that AG
codes yields excellent linear codes over I, for certain large values of g.
However, AG codes are practically useless for small values of g. An easy
way to see this is to consider the TVZ bound in Theorem 5.3.8 and to note
that this result produces nontrivial information only when 4(g) > 1. On the
other hand, we deduce from Theorem 4.3.7 that A(¢) < 1 whenever ¢ < 4.
Thus, one cannot expect good long AG codes over F, in the important cases
qg = 2,3, and 4.

The intrinsic reason for the above problem is that the construction of AG
codes requires rational places of a global function field over I, and that there
are just too few rational places relative to the genus for small g. A possible
remedy is to devise constructions of linear codes that use also places of higher
degree. In this section we discuss two such constructions.

The first construction is due to Niederreiter, Xing, and Lam [101] and leads
to the family of NXL codes. We present this construction in a somewhat more
general form than in [101]. Let F/IF, be a global function field of genus g. Let
Gy, ..., G, be positive divisors of F' with pairwise disjoint supports and with
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s; :==deg(G;) > 1forl <i <r.Putn = Z;=1 s;, which will be the length
of the code to be constructed, and assume that n > g. Let £ be a positive
divisor of F with supp(E) N supp(G;) = & for 1 < i < r. Furthermore, let
D be a divisor of F with £(D) = deg(D) + 1 — g, that is, for which we have
equality in Riemann’s theorem. For instance, this holds if deg(D) > 2g — 1,
according to Theorem 3.6.14. Assume also that 1 < deg(E — D) <n — g.

We observe that £(D + G;) = €(D) + s; for 1 <i <r by Corollary 3.5.2.
Foreachi =1, ..., r, we choose an F-basis

{fi, + L(D) : 1 <j<s}

of the factor space L(D + G;)/L(D). The n-dimensional factor space L(D +
> i1 Gi)/L(D) has then the F,-basis

{fi, +L(D) : 1 <j<s, 1<i=<r}
which we order in a lexicographic manner. The latter basis property is proved

by noting that if > ;_, h; € L(D) with h; € L(D + G;) for 1 <i < r, then
foreachb =1, ..., r we have

hy=Y hi=Y hel|D+) G
= E
This implies that vp(hp)+vp(D) > 0 for each place P € supp(Gp). But since

hy € L(D + Gy), this yields &, € L(D).
We now construct a linear code as follows. We note first that every

feE(D+ZG,-—E> gE(D+ZGi)
i=1 i=I
has a unique representation
[=Y Y cijfij+u (5.11)

i=1 j=1

withall¢; ; € F, and u € L(D).
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Definition 5.4.1. The NXL code C(Gy, ..., G,; D, E) is defined as the
image of the F-linearmap n : L(D+ Y, G; — E) — Iy, given by

Tl(f) - (cl,lv ) cl.sp ceey cr,17 ceey Cl‘,sr)
forall f € L(D+ Y _, G; — E), where the ¢; ; are as in (5.11).

The following theorem provides bounds on the dimension and the mini-
mum distance of the linear code C(Gy, ..., G,; D, E).

Theorem 5.4.2. Let F/F, be a global function field of genus g and let
Gy, ..., G, be positive divisors of F with positive degrees sy, ..., S,
respectively, and with pairwise disjoint supports. Let D be a divisor
of F with £(D) = deg(G) + 1 — g. Furthermore, let £ be a positive
divisor of F with supp(£) N supp(G;) = @ for 1 < i < r such that
m = deg(E — D) satisfies

lfmfis,-—g.
i=1

Then C(Gy, ..., G,; D, E)is alinear [n, k, d] code over [, with

n=Yy s, k:K<D+ZGi—E)zn—m—g+1, d > dy,
i=1

i=1

where dj is the least cardinality of a subset R of {1, ..., r} for which
Y icr Si = m.Moreover, wehavek =n—m—g+1ifn—m >2g—1.

Proof. Take a nonzero f € L(D + Y ;_,G; — E) and let w be
the weight of n(f). We have the unique representation (5.11) for f.
Define

R={1<i<r:3j,1=<j=s, with¢;; # 0}.

Note that | R| < w. We can then write (5.11) in the form

fzzhi+u

ieR



APPLICATIONS TO CODING THEORY 177

with h; € L(D + G;) fori € R and u € L(D). Therefore, f €
LD+ Y, . G;). But we also have f € L(D+ ) \_,G; — E), and
in view of the condition on supp(£) this shows that

feﬁ(D+ZG,-—E).

ieR

Since f # 0, this implies

deg(D-i—ZG,-—E) >0

ieR

by Corollary 3.4.4, thatis, ) ,_. s; > m. It follows that
w > |R|>dy> 0.

This shows not only the desired lower bound on d, but also that 7 is
injective. Hence,

k=Z<D+Xr:G,~—E>

i=1

and the rest follows from the Riemann-Roch theorem. O

Remark 5.4.3. A simple choice for the divisors G, ..., G, in Theo-
rem 5.4.2 is to take distinct places P, ..., P. of F. Note that these
places need not be rational, but can have arbitrary degrees. This special
case was considered in the paper [101] which introduced NXL codes
and is used also in the following two examples.

Example 5.4.4. Let ¢ = 2, let F' be the rational function field over
[F,, and put » = 6. With the notation in Remark 5.4.3, we choose for
Py, ..., Ps three rational places, a place of degree 2, and two places
of degree 3 of F. Let D be the zero divisor and £ a place of degree
7 of F. Then Theorem 5.4.2 shows that C(P,, ..., Ps; D, E) is a linear
[n, k, d] code over F>, withn = 11, k = 5,and d > 3; hence, k+d > 8.
By comparison, the best lower bound on k+d for an AG code over [, of
length 11 is obtained by taking g = 8 (compare with the tables in [41]),
and then k& 4+ d > 4 by Theorem 5.2.2.
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Example 5.4.5. Let ¢ = 3, let F' be the rational function field over
F3, and put » = 13. With the notation in Remark 5.4.3, we choose
for Py, ..., Py four rational places, three places of degree 2, and six
places of degree 3 of F. Let D be the zero divisor and £ a place of
degree 7 of F. Then Theorem 5.4.2 shows that C(P, ..., Pi3; D, E)
is a linear [n, k, d] code over F3 with n = 28,k = 22, and d > 3;
hence, k + d > 25. By comparison, the best lower bound on k& + d for
an AG code over I3 of length 28 is obtained by taking g = 15 (compare
with the tables in [41]), and then k& + d > 14 by Theorem 5.2.2.

The second construction that we present in this section is a powerful
method of combining data from a global function field with (short) linear
codes in order to produce a longer linear code as the output. It was introduced
by Xing, Niederreiter, and Lam [135] and leads to the family of XNL codes.
Let F/F, be a global function field and let Py, ..., P. be distinct places
of F, which can have arbitrary degrees. Let G be a divisor of F with
supp(G) N {P,..., P} = @.Foreachi = 1,...,r, let C; be a linear
[n;, ki, d;] code over F, with k; > deg(F;). This last condition guarantees
that there exists an I, -linear map ¢; from the residue class field of P, into C;,
which is injective. We put n = ZLI n;, that is, n is the sum of the lengths of
the codes Cy, ..., C,.

Definition 5.4.6. The XNL code C(Py, ..., P.;G;Cy,...,C,) is de-
fined as the image of the IF,-linear map B : £L(G) — [y given by

B = ($1(f(P)), ..., ¢:(f(B))) forall f e L(G),

where on the right-hand side we use concatenation of vectors.

The following result provides information on the parameters of XNL
codes.

Theorem 5.4.7. Let F/F, be a global function field of genus g and let
Py, ..., P, be distinct places of F. Foreachi = 1,...,r,let C; be a
linear [n;, k;, d;] code over F, with k; > deg(F;). Furthermore, let G be
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a divisor of F with supp(G) N {P,,..., P.} = & and

g < deg(G) < ) deg(P)).
i=1
Then C(Py, ..., P;G;Cy,...,C,) is a linear [n, k, d] code over F,
with

n=Y ni, k=40G)=deg(G)+1—g d=d
i=1

where dj is the minimum of ), _3;d; taken over all subsets M of
{1,...,r} for which }_,_, deg(P;) < deg(G), with M denoting the
complement of M in {1, ..., r}. Moreover, we have k = deg(G)+1—g
if deg(G) > 2g — 1.

Proof. Take a nonzero f € L(G) and let w be the weight of B(f).
Define

M={l<i=<r:f(P)=0}

Then we get
w = Z w; = Zdh
ieM ieM
where w; is the weight of ¢;( f(P;)) for 1 < i < r. Furthermore, we
have f € L(G — ) ;.,, P). Since f # 0, this implies

deg (G -y P,-) >0
ieM
by Corollary 3.4.4, that is, ZiEM deg(P;) <deg(G). Hence, w>dj > 0.
This shows not only the desired lower bound on d, but also that g
is injective. Consequently £ = ¢(G), and the rest follows from the
Riemann-Roch theorem. O

Corollary 5.4.8. In the special case where deg(P;) > d; for1 <i <r,
the minimum distance of the linear code C(Py, ..., P.;G;Cy, ..., C,)
satisfies

d > " d; — deg(G).

i=1
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Proof. Proceed as in the proof of Theorem 5.4.7 and note that if
Y icm deg(P) < deg(G), then

r

Z¢=Z¢—Z¢ziﬁ—2ﬁmmziﬁ—wmh
1 1

ieM i=1 ieM i= ieM i=

This implies dy > >_, d; — deg(G). O

Remark 5.4.9. If Py, ..., P, are distinct rational places of F and for
eachi = 1,...,r we choose C; to be the trivial linear [1, 1, 1] code
over [F, and ¢; the identity map on I, then the construction of XNL
codes reduces to that of AG codes (compare with Definition 5.2.1). The-
orem 5.2.2 is then a special case of Theorem 5.4.7 and Corollary 5.4.8.
Note that by the argument in the proof of Theorem 5.2.7, the condition
on supp(G) in Theorem 5.4.7 may be dropped.

A systematic search for good XNL codes was carried out by Ding,
Niederreiter, and Xing [27]. Many excellent examples were found that
improved on previous constructions of linear codes, and some of these XNL
codes are optimal in the sense that they yield a linear [n, k, d] code over I,
such that for these values of ¢, n, and k there is no linear [n, k] code over I,
with minimum distance larger than d. The following examples offer a small
selection of optimal XNL codes. In these examples, we have deg(P;) = d; for
1 < i < r, so that the lower bound on the minimum distance is obtained
immediately from Corollary 5.4.8. Further excellent examples were found
recently by Xing and Yeo [137].

Example 5.4.10. Let ¢ = 2 and let F = [Fy(x, y) be the elliptic
function field defined by

) 1
Yy=xt-.
X

Then F' has four rational places and two places of degree 2. We choose
r = 6andlet P, P», P;, P, be the four rational places and Ps and P the
two places of degree 2 of F. Furthermore, we take [n;, k;, d;] = [1, 1, 1]
for 1 < i < 4 and [n;, k;,d;] = [3,2,2] fori = 5,6 (note that
a linear [3,2,2] code over [, exists by Example 5.2.8). Then for
m = deg(G) = 1,...,7, we obtain a linear [n, k, d] code over F, with
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parameters
n=10, k=m, d=>8—m.
The linear codes with m = 2, 3,4 and d = 8 — m are optimal.

Example 5.4.11. Let ¢ = 2 and let FF = TF,(x, y) be the elliptic
function field defined by

y2+y=x3.

Then F has three rational places and three places of degree 2. We choose
r = 6 and let P, P, P; be the three rational places and Py, Ps, P
the three places of degree 2 of F. Furthermore, we take [n;, k;, d;] =
[1,1,1]for 1 <i < 3and [n;, k;,d;] =[3,2,2] ford < i < 6. Then
form = deg(G) = 1, ..., 8, we obtain a linear [n, k, d] code over I,
with parameters

n=12, k=m, d=>9—m.
The linear codes with m = 3,5 and d = 9 — m are optimal.

Further work on the theory of NXL and XNL codes was carried out
by Dorfer and Maharaj [28], Heydtmann [53], [54], and Ozbudak and
Stichtenoth [103].

5.5 Function-Field Codes

The construction of AG codes can be approached from a much wider
perspective. A general viewpoint is that of function-field codes, which was
introduced in Niederreiter and Xing [100, Chapter 6] and studied in detail by
Hachenberger, Niederreiter, and Xing [49].

In the first place, a function-field code is a special kind of subspace of a
global function field F/IF,. For a finite nonempty set P of places of F, we
write

Op:=()0p.  Mp:=[]M,.
PeP PeP
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Thus, Op is the intersection of the valuation rings and Mp the intersection of
the maximal ideals of the places in P.

Definition 5.5.1. A function-field code (in F/F, with respect to P) is
a nonzero finite-dimensional F,-linear subspace V' of F* which satisfies
the two conditions

VCOp and V NMp={0}.

An important family of examples of function-field codes is provided by
suitable Riemann-Roch spaces.

Proposition 5.5.2. Let F/IF, be a global function field, let P be a finite
nonempty set of places of F, and let G be a divisor of F' with £(G) > 1,
supp(G) NP = &, and

deg(G) < Z deg(P).
PeP

Then £(G) is a function-field code in F/IF, with respect to P.

Proof. Recall that £(G) is an [F,-linear subspace of F of finite di-
mension £(G) > 1. Thus, it remains to verify the two conditions in
Definition 5.5.1. First, supp(G) NP = & implies that £(G) < Op.
Second, for any f" € £(G) N Mp we have f € L(G — ) pp P). Thus,
if we had f # 0, then

deg(G— ZP) >0

by Corollary 3.4.4, a contradiction to deg(G) < ) p_p deg(P). There-
fore, we get L(G) N Mp = {0}. O

Example 5.5.3. Another family of examples of function-field codes is
obtained as follows. Let P = { P, ..., P.} be a finite nonempty set of
places of the global function field F/F, and choose fi,..., fi € Op
such that the k vectors

b= (fi{(P)..... (PN eF, . 1<j<k
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are linearly independent over [, where E is an algebraic closure of IF,.
Now let V' be the F,-linear subspace of /' spanned by fi, ..., fi. Itis
clear that V' € Op. To show that V' N Mp = {0}, take f € V' N Mp and
note that we can write

k
f=2 4
=1
witha; € F, for 1 < j < k. Since f € Mp, we have

k
0= f(P)=) a;f}(P) forl<i<r

J=1

This implies

k
Z(ljbj = 0,
j=1

and so the given linear independence property of the vectors by, ..., by
yields a; = 0 for 1 < j < k and, hence, f = 0. Thus, V is
indeed a function-field code in F/F, with respect to P. For suitable
‘P and k, appropriate elements fj, ..., f; can be constructed by the
approximation theorem.

We note also that any nonzero IF,-linear subspace of a function-field code
in F/IF, with respect to P is again a function-field code in F/IF, with respect
to P.

Function-field codes are used as a tool to generate linear codes. The most
powerful method generalizes the construction of XNL codes in Section 5.4.
Let V' be a function-field code in F/IF, with respect to P = {Py,..., P},
where P, ..., P. are distinct places of F. Foreachi = 1,...,r, let C;
be a linear [n;, k;, d;] code over F, with k; > deg(F;) and let ¢; be an F,-
linear map from the residue class field of P; into C;, which is injective. Put
n =Y ._, n; and define the F,-linearmap y : V — I by

v = ($1(f(P)), ..., 0,(f(P)) forall feV,

where on the right-hand side we use concatenation of vectors. The image of
V under y is the linear code Cp(V'; Cy, ..., C,) over IF,.

Information on the parameters of Cp(V;Cy, ..., C,) is provided by the
following theorem. For 7 C {1, ..., r} we write / for the complement of / in
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{1,...,rYand P(I) := {P, : i € I} € P. We define

do = min > di, (5.12)

iel
where the minimum is extended over all / C {1, ..., r} for which VﬂMP(7) *
{0}. The last condition is always assumed to be satisfied for /7 = {1, ..., r}.

The condition V' N Mp = {0} implies that dy > 1.

Theorem 5.5.4. The code Cp(V;Cy, ..., C,) constructed above is a
linear [n, k, d] code over IF, with

n :Zni, k = dim(V), d > d,
i=1

where dj is given by (5.12).

Proof. Take f € V with f % 0. Then f € Op and f ¢ Mp by
Definition 5.5.1. Therefore, the set / = {1 < i <r : f(P) # 0} is
nonempty. With w denoting the weight of y(f) and w; the weight of
¢i(f(P) for 1 <i <r, we get

w = ZE: w; Ej:}::&ﬂ.

iel iel
Now I ={l<i<r: f(P)=0},andso [ € Mp7)- Since f # 0, this

implies V' N Mp 7, # {0}. Thus, the definition of dy yields w > dyp > 1.
This shows d > dj and also that y is injective; hence, k = dim(}"). O

For f € V, the block weight of f (with respectto P = {Py,..., B.}) is
defined to be

Op(f)=H1 <i <r: f(P)+#0}.

The number

Op(V) =min{dp(f): f €V, f#0}

is called the minimum block weight of V' (with respect to P).
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Corollary 5.5.5. If the notation is arranged in such a way that d; <
d < ... < d,., then the minimum distance d of the code
Cp(V;Cy, ..., C,) satisfies

op(V)

d> Z d;,
i=1

where ¥p (V') is the minimum block weight of V.

Proof. In view of Theorem 5.5.4, it suffices to show that

Up(V)

do > Z d;.
i=1

Let I C {1,...,r}beaset for which the minimum in (5.12) is attained.
Then there exists a nonzero f € V with f € Mp, thatis, f(P;) =0

for all j € 1. Because of the minimality property of I, we have
f(P)#Oforalli € I. Thus,

[ = 9p(f) = 9p(V),

and so
Up(V)
do=)Y di> > d,
iel i=1
which is the desired inequality. O
Remark 5.5.6. Let P = {P,..., P,} be a finite nonempty set of

places of F/F, and let G be a divisor of F with £(G) > 1,
supp(G) NP = &, and

deg(G) < Z deg(P;).

i=1

Then, according to Proposition 5.5.2, £(G) is a function-field code in
F/IF, with respect to P. Any code Cp(L(G);Cy, ..., C,) is then an
XNL code (compare with Definition 5.4.6). The values for the length
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and the dimension in Theorems 5.4.7 and 5.5.4 agree. Let dy be as
in (5.12) and let ¥ be the lower bound on ¢ in Theorem 5.4.7, but with
a change of notation, that is,

Do = m[in Zdi’

iel

where the minimum is extended over all / < {l,...,r} with
Y ic7deg(P) < deg(G). It is easily seen that dy > 1. To this end,
let I € {1,...,r}besuchthat L(G)N Mpg) # {0}. Then there exists a
nonzero f € L£(G) with vp(f) > 1foralli € 1. Then

fecfg-> rl|,

iel
and since f 5 0, this implies

Y deg(P) < deg(Q)

iel

by Corollary 3.4.4. The inequality dy > ¥y is now obvious from the
definitions.

The codes Cp(V;Cy, ..., C,) derived from function-field codes form a
universal family of linear codes, in the sense that any linear code is obtained
by this construction. In fact, as the following theorem shows, a special
family of these codes suffices to represent any linear code. A stronger result,
according to which an even smaller family of codes can represent any linear
code, was proved by Pellikaan, Shen, and van Wee [104].

Theorem 5.5.7. Let C be an arbitrary linear [#, k] code over IF,. Then
there exist a global function field F/F,, a set P = {P,..., P}
of n distinct rational places of F, and a k-dimensional function-field
code V in F/IF, with respect to P such that C is equal to the code
Cp(V;Cy, ..., C,) with C; being the linear [1, 1, 1] code over F, for
i=1,...,n.

Proof. Since A(g) > 0 by Remark 4.3.8, there exists a global func-
tion field F/IF, possessing n distinct rational places P, ..., P,. Let
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¢y, ..., ¢ form a basis of C and put
C]'=(Cj’1,...,Cj,n)€]FZ fOI']S]Sk

By the approximation theorem (see Theorem 1.5.18), for each j =
I,...,kwecanfind an f; € F such that

vPi(fj—c_jy,A)Z 1 forl <i<n.

Let V' be the [F,-linear subspace of F spanned by fi, ..., fi. From the
construction of the f; we infer V' € Op with P = {Py, ..., P,} and
also

fi(P)=cj; forl <j<k 1<i<n. (5.13)
Now let y : V' — I be the Iy -linear map defined by

v() = (f(P),..., f(P)) forall feV.

Then (5.13) yields
y(fi)=c¢; forl <j<k.

Since ¢y, ..., ¢ are linearly independent over F,, this implies that
i, .., fi are linearly independent over F, and also V' N Mp = {0}.
Thus, V' is a k-dimensional function-field code in F/IF, with respect
to P and it is immediate that C = Cp(V; Cy, ..., Cy). O

5.6 Applications of Character Sums

The character sums discussed in Section 4.4 are useful tools for obtaining
information on codes, for instance, bounds on parameters and results on the
weight distribution of codes. There are many examples of such applications,
but we confine the exposition to some typical instances. A more systematic
coverage of the applications of character sums to coding theory can be found
in Honkala and Tietdvéinen [57].

Let m > 2 be an integer and let o be a primitive element of the finite
field Fyn. If N is a proper positive divisor of 2” — 1, then B = a” is a
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primitive nth root of unity in Fon, where n = (2" — 1)/N. Let ¢ be an integer
with 1 < ¢ < (n — 1)/2. Let H be the ¢ x n matrix over [Fo» with columns
ho, hy, ..., h,_;, where

h, =@/, B>, ..., 8% )T forj=0,1,....,n—1.

Then
C:={(xeFi: Hx' =0} (5.14)

is a linear code over [, of length n. In fact, C is a so-called narrow-sense
BCH code of designed distance 2¢ + 1 (see [72, Section 9.2] and [75, Chapter
9]). This means, in particular, that the minimum distance d(C) satisfies
d(C) = 2t + 1. With the help of character sums, the true value of d(C) can be
determined in many cases.

Theorem 5.6.1. Let m > 2 be an integer, let N be a proper positive
divisor of 2" — 1, and put n = (2 — 1)/N. Let ¢ be an integer with
1 <t < (n—1)/2. Then the minimum distance d(C) of the narrow-
sense BCH code C over [, of length » and designed distance 2¢ + 1
satisfies d(C) = 2¢ + 1 whenever 2" > (2t N)**2.

Proof. If suffices to show that d(C) < 2t 4 1 under the given
hypotheses. This will follow if we can prove that there exist some
(not necessarily distinct) yy, ..., y2;+1 € {hg, hy, ..., h,_;} such that

yi+-+yu1 =0, (5.15)

for then, after eliminating pairs of identical y;, we are still left with a
nontrivial linear dependence relation over [F, between distinct vectors
among yi, ..., Yor+1, Which translates into the existence of a codeword
xe Cwithl < w(x) <2+ 1.

We write ¢ = 2" and note that each y;, being a column vector of H,
has the form

2t—1)N
N 3N c(t ))T

— X *
yj_(cj,cj . forsomec]qu.

Thus, studying the solutions of (5.15) is equivalent to studying the
solutions (ci, ..., Co+1) € (FZ)2£+1 of

f(c;)+ -+ +1f(cut1) =0, (5.16)

where f(c) = (cV, ¢V, ..., ® DY) e Fl forall c € F,.
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Let S denote the number of solutions of (5.16). Let y be a nontrivial

additive character of I, and let - denote the standard inner product in
FY,. Then

g'S= Y Y xb-(Ec)+-+Hcun))

Clyeres cz,He]F; bE]Ff7

2t+1

= > IT[ 2 xo -ty

beF! j=1 \c,eF

2t+1
=(q— D"+ [ D xb-fe)
bel;, \ceF;
b£0

Now consider the innermost sum. Note that b - f(¢) with b # 0 is a
nonconstant polynomial in ¢ of odd degree at most (2¢ — 1) N. Therefore,
by Theorem 4.4.5,

Y xM-fe)| <> xb-fe)|+1

CEFZ cel,

<(Q2t—1DN —Dg"?+1 < @t — 1)Ng'/.

Using 2t < n < ¢, we deduce that

2t —
2t

> xb-fie)| <

M
cEIFq

1 —1
2tNg'/? < q—2th1/2,
q

and so

(q _ 1)2tN 2t+1
th>(q_1)2t+1_qt< q1/2 >

— (q _ 1)2t+1 (1 _ (2tN)2t+1q—1/2) > O,

since ¢ > (2t N)**2 by hypothesis. Hence, S > 0, which completes the
proof. O

Another illustration of the method of character sums in coding theory
relates to bounds on the weights of codewords. For an arbitrary prime power ¢,
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a positive integer 7, and an [, -linear subspace L of I, we introduce the dual
Lt :={ceF):c-x=0 forallxe L},

where - denotes the standard inner product in Fy. Elementary linear algebra
shows that (LY)* = L.

We consider, first of all, the narrow-sense BCH code C over [, of length
n = 2" — 1 and designed distance 2¢ + 1. In other words, C is obtained by
the construction in (5.14) with N = 1, and so with f = o being a primitive
element of IFy». Note that the # x n matrix H in (5.14) has then the columns
ho, hy, ..., h,_; with

h) = (a0, ..., D) for j=0,1,....,n—1.

We are actually interested in the dual C* of C. In order to determine C*
explicitly, we write ¢ = 2" and use the trace map Tr : F, — [,. For any
polynomial f € F,[x], we put

a(f) = (ao(f), ar1(f), ..., an1(f)) € F)
with a;(f) = Tr(f(a’)) for0 < j <n — 1.

Lemma 5.6.2. Let C be the narrow-sense BCH code over [, of length
n = 2™ — 1 and designed distance 2¢ 4 1, with integers m > 2 and
1 <t < (n— 1)/2. Then the dual C* of C is given by

Ct={a(f): f e Fyih

where F,, is the set of all polynomials of the form f(x) =

Yo vix¥ Tl e F,[x] with coefficients y1,...,y, € F, and where

q =2".

Proof. Let ¢ = (co, ¢, ..., ¢,—1) € I} and introduce the polynomial
n—1

c(x) = chxj € Fpx].

J=0
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Then for the inner product of ¢ and a(f) € 4 = {a(f) : f € F,,}
we get

n—1 n—1 t
c-a(f)= chTr(f(aj)) = chTr (Z yiaj(Zi—1)>
j=0 Jj=0 i=1
n—1

t t
= Tr{yy @/ V| =3 " Tr(rc@” ).
i=1

j=0 i=1

If now ¢ € C, then c(a® ') =0forl <i <t by the definition of C,
and so ¢ - a( f) = 0 for all a( ) € 4. Hence, C € A+. Conversely, let
ce At thatis,c-a(f) = O0foralla(f) € A. Foreachi = 1,...,¢,
choose f(x) = y;x*~! € F,,, then Tr(y;c(a® 1)) = 0 for all y; € F,,
and so c(a®~') = 0. This shows that 4 C C. This implies C = A4,
andso C+ = 4. O

By means of character sums, we can now bound the weights of codewords

of the dual C* in Lemma 5.6.2.

Theorem 5.6.3. Let C* be the dual of the narrow-sense BCH code over
IF, of length n = 2™ — 1 and designed distance 2¢ 4 1, with integers
m > 2and 1 <t < (n — 1)/2. Then the weight w(x) of any nonzero
codeword x € C* satisfies

2mfl o (t . l)zm/2 < T,U(X) < 2mfl + (t . 1)2m/2‘

Proof. Put again ¢ = 2". Let x be the nontrivial additive character of
IF, given by

X(y)= (D" forally € F,.

Note that x attains only the values 1 and —1. Thus, for any polynomial
f e, [x] we get

n—1

D x(fl@)=[{0=j<n—1:Te(f(a))) =0}

7=0
—{0<j<n—1:Tr(f(a’)) = 1}

= (n —w(@( /) — w@(f) =n —2w@(f)).
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Therefore,

n—1

1 )
wa() =5 [n = x(f@)|. (5.17)

Jj=0

If now x € C*+ with x # 0, then by Lemma 5.6.2 we have x = a( f) for
some nonzero f € F, ;. Then

n—1
Y ox(f@y =Y x(firy—1.
Jj=0 yelF,

Hence, Theorem 4.4.5 yields

n—1
—t—2)g"? =1 <> x(fla) <@ —2)¢"* — 1.
J=0
By combining this with (5.17), we arrive at the desired result. O
Example 5.6.4. If 1+ = 1 in Theorem 5.6.3, then every nonzero

codeword of C* has the same weight 2”~!. For this value of ¢, the code
C+ is called a binary simplex code. It is a linear [2" — 1, m, 2"~!] code
over [F, and has the remarkable property that the distance between any
two distinct codewords of C* is 2"~

5.7 Digital Nets

In this section, we present some applications of global function fields to
a subject that is related to linear codes, namely the theory of digital nets.
This theory was initially developed by Niederreiter [87] and is significant for
applications to quasi-Monte Carlo methods in scientific computing. It would
lead too far to discuss these applications here, so we refer the interested reader
to the book [88] and the survey article [90] for the links to quasi-Monte Carlo
methods.

The main aim of the theory of digital nets is to provide sets of points with a
highly uniform distribution in a unit cube of a Euclidean space. For an integer
s > 1,let I* = [0, 1)° denote the half-open s-dimensional unit cube in R®.
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Let g be a prime power and let m > 1 be an integer. A digital net (over IF,)
consists of ¢” points in /* that are obtained by the following construction.
Choose m x m matrices C'V, ..., C over I, that is, one matrix for each of
the s coordinate directions of points in /*. For a fixed column vector a € F
of length m, we compute the matrix-vector products

C(i)aeIF? forl <i<s.

Next we define the map 7, : i/ — [0, 1) by

Ty =Y " yr(hyg~’

J=1

forh = (hy,...,hy)T" € F, where ¢ : B, — {0,1,...,q — 1} is a fixed
bijection from [F, onto the set {0, 1, ..., g — 1} of g-adic digits. Then we put

pP@=T,(C%)e[0,1) forl <i<s.

In this way we get the point

pa) = (pPq), ..., pP@) e I'. (5.18)

By letting a range over all ¢” possibilities in [F”", we arrive at the desired g”
points in /°.

For these g™ points, the type of distribution behavior we are interested in
depends only on the choice of the matrices C M ., CY, which are called
the generating matrices of the digital net. The following definition is relevant
here.

Definition 5.7.1. Let k,m, and s be positive integers and let
d be an integer with 0 < d < min(k, ms). The system {c(j') I= ]F’; :
1 <j<m,1<i<s}ofvectorsis called a (d, k, m, 5)-system over
IF, if for any integers d,, ...,d; with0 < d; <m for1 <i < s and
Y i_;d; = d the system {c(j) e IF’; 1l < j<d, 1 <i<s}is
linearly independent over IF, (the empty system is considered linearly
independent). If k& = m, then we speak of a (d, m, s)-system over F,.

Forl <i <, let c(;),
matrix C%). We can now define the parameters of a digital net.

1 < j < m, denote the row vectors of the m x m
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Definition 5.7.2. The point set consisting of the ¢” points p(a) in (5.18)
with a running through F7" is called a digital (¢, m, s)-net over Iy if the
system {c(;) € IFZ’ 1 < j<m, 1 <i < s} of row vectors of the
generating matrices forms a (d, m, s)-system over F, withd = m — t.
The integer ¢ is called the quality parameter of the digital net.

To emphasize, the third parameter s of a digital net indicates the dimension
in which the points of the digital net live, whereas the second parameter m
provides information on the number of points in the digital net (which is ¢).
For the first parameter + we have 0 < ¢ < m. Note that Definition 5.7.2
is always satisfied for t = m. The interesting question is whether we can
choose the generating matrices of the digital net in such a way that we obtain
nontrivial values ¢ < m (or even rather small values) for the quality parameter.

Remark 5.7.3. The definition of a digital (¢, m, s)-net over I, can be
translated into an explicit distribution property of the points of the digital
net as follows. Consider any subinterval J of /° of the form

J=[]leq™ e+ g™
i=1

with ¢;,d; € Z, di > 0, 0 < ¢ < qd" for 1 < i < s, and
with J having the s-dimensional volume ¢'~™. Then for any such J
there exist exactly ¢’ vectors a € [F}' such that the corresponding
point p(a) in (5.18) lies in J. The proof is elementary and can be
found, for instance, in [88, Section 4.3]. From this viewpoint, it is
again clear that we are interested in smaller values of ¢ since then the
family of intervals J for which the above distribution property holds is
larger.

Remark 5.7.4. A simple relationship between digital nets and linear
codes arises if we consider the special case m = 1 of the concept
of a (d, k,m,s)-system over F, in Definition 5.7.1. Thus, suppose
we are given a (d, k, 1, s)-system {c¢) ¢ IF’; 1 < i < s} over
F, with k& < s. Then we obtain a linear code over [, of length
s, dimension > s — k, and minimum distance > d + 1 if we use
¢ ., ¢ as the columns of a parity-check matrix of the linear code.
This follows from Proposition 5.1.2. This observation suggests that the
construction of good digital nets will probably be more difficult than
the construction of good linear codes. Note that the construction of a
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good linear code requires us to find a list of s vectors (the columns
of a parity-check matrix), that is, an s x 1 array of vectors, with a
suitable linear independence property, whereas in the construction of
a good digital (¢, m, s)-net over IF, we are looking for an s x m array of
vectors c?) € ]FZ’, 1 <i<s, 1 <j<m,with amore general linear
independence property.

Example 5.7.5. The following is an easy construction of an interesting
digital net. Let ¢ be an arbitrary prime power, let m > 1 be an integer,
and let s = 2. Choose a basis {by, ..., b,} of ]F;” and define the gener-

ating matrix C(" with row vectors ¢’ = b jfor 1 < j < m and the

j
generating matrix C® with row vectors c(j2

Then it is clear that the system {c_(;) eFy:1=j=m 1=<i=<2}
forms a (d, m, 2)-system over IF, with d = m. Thus, the corresponding
point set is a digital (0, m, 2)-net over F, by Definition 5.7.2.

) =b,_jiforl < j<m.

Note that Example 5.7.5 yields two-dimensional digital nets with the
smallest value ¢ = 0 of the quality parameter. However, if ¢ is fixed and
m > 2, then t = 0 can be achieved only for finitely many dimensions, as the
following result shows.

Proposition 5.7.6. Let g be a prime power andletm > 2ands > g +2
be integers. Then there cannot exist a digital (0, m, s)-net over IF,.

Proof. We proceed by contradiction and assume that there exists an
(m, m, s)-system C = {cy) eFy 1 =j=m 1=<1i=<s}over
IF,. Then {c(ll), R cﬁ,})} is a basis of F;”. In the representation of each
vector c(]i), 2 < i < s, in terms of this basis, the coefficient of cfé) must
be nonzero by the definition of an (m, m, s)-system over F,. Thus, for
eachi =2,...,s, there exists a nonzero a; € I, such that aicgi) — cﬁé) is
a linear combination of c(ll), e, c;z)_ - Let b; € I, be the coefficient of
cﬁill in the last representation. Since s > g + 2, two of the elements
by, ..., by must be identical, say b, = by with 2 < h < k < s.

Then by subtraction we see that ahc(lh) — akc(lk) is a linear combina-

tion of c(ll), e, cii)_z, a contradiction to C being an (m, m, s)-system

over IF,. O
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We discuss now another relationship between digital nets and linear codes.
The relationship mentioned in Remark 5.7.4 arises from the consideration of
parity-check matrices of linear codes, whereas the new relationship is based
on generalizing the Hamming weight and the connection between Hamming
weight and minimum distance in (5.1).

Letm > 1 and s > 1 be integers. First, we define a weight function v on
IFZ’ by putting v(a) = 0ifa =0 ¢ ]FZ’, and fora = (a;,...,a,) € IF? with
a # 0 we set

v(a) =max{j:a; #0}.

Then we extend this definition to F"* by writing a vector A € I as the
concatenation of s vectors of length m, that is,

A=@", ..., aY) eF)* witha® e F}) for1 <i <,

and putting

Vin(A) = Zv (a?).
i=1

The weight function V,, on ]FZ” was first introduced by Niederreiter [85]
and later used in an equivalent form in coding theory by Rosenbloom and
Tsfasman [108]. Note that in the case m = 1, the weight V,,,(A) reduces to
the Hamming weight of the vector A € I, If for any m > 1 we define the
distance d,,(A,B) of A,B € IF;”S by d,,(A, B) = V,,(A — B), then FZ” turns
into a metric space.

As in coding theory, the concept of minimum distance relative to d,,, or
equivalently V,,, plays a crucial role.

Definition 5.7.7. For any nonzero F,-linear subspace N of 7, we
define the minimum distance

Sm (N) = Aenl./\/!{}ﬂ} Vin(A).

The following is a generalization of the Singleton bound in Proposi-
tion 5.1.3. The Singleton bound corresponds to the case m = 1. As usual,
we write dim(\) for the dimension of a finite-dimensional vector space N
over IF,.
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Proposition 5.7.8. For any nonzero F,-linear subspace A of F7,
we have

Su(N) < ms — dim(N) + 1.
Proof. Put # = dim(N) and let 7 : N — [} be the linear
transformation, which maps A € N to the A-tuple of the last &
coordinates of A. If  is surjective, then there exists a nonzero A; €
N with

m(A) =(1,0,...,0) € F}.
Then

V(A <ms —h+ 1.

If 7 is not surjective, then for any nonzero A; in the kernel of & we have

Vin(Ay) < ms — h.

In both cases we get the result of the proposition. O

Now we associate with a given s-dimensional digital net, having m x m
generating matrices C'V, ..., C® over F,, an F,-linear subspace of F7s.

First we set up an m x ms matrix M = M(CY, ... C¥) as follows: for
1 < j < m, the jth row of M is obtained by concatenating the transposes

of the jth column vectors of C M ., CY®. The row space M C IF’Z’S of the

matrix M is called the row space of the digital net. We note that dim(M) < m.

We define the dual M of the row space M as in Section 5.6, that is,

Miz{CeF;“:c-xzo for all X € M.

Then dim(M™') = ms — dim(M) > ms — m. We assume that s > 2 since
the case of one-dimensional digital nets is trivial. Then M is a nonzero

[F-linear subspace of F/'*. We can now establish the following basic result

due to Niederreiter and Pirsic [97].

Theorem 5.7.9. Let m > 1 and s > 2 be integers and let M C IF;”S
be the row space of an s-dimensional digital net with m x m generating
matrices over ;. Then the digital net has quality parameter # if and only
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if the dual M* of M satisfies

S M) >m —t + 1.

Proof. Let C'V, ..., C be the generating matrices of the given digital
net. For 1 <i < g, let c(ji), 1 < j < m, be the row vectors of C'. In
view of Definition 5.7.2, we have to show that {c(j) € ]F;" 1< j<
m, 1 <i <s}isa(d,m,s)-system over IF, if and only if M satisfies
Sm(M*)>d + 1.

Put M = M(CY,...,C"®). Then for a row vector A =
@b, ..., a¥) e Fy"* with
a) = (agi), c,aM)e Fy forl <i<s
we have

if and only if

that is, if and only if A € M*.

Now assume that {c?) c IF;" 1< j<m,1<i<s}isa(d,m,s)-
system over F,. Consider any nonzero A € M. Then from the above
we get

N

Zzam D _ 0.

i=1 j=1

Put v(a®)) = v, for 1 <i < s. Then

ZZ“(:) D _ 0.

i=1 j=1

Since not all coefficients ay) are 0, the system {c(j) € IFZ 1< j <,

1 < i < s} is linearly dependent over [F,. Thus, the definition of a
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(d, m, s)-system over I, implies that Zf.:l v; > d + 1. Therefore,

Vm(A)ZZ (a”) = Zv >d+1,

i=1

and 50 8,,(M™*) > d + 1.

Conversely, assume that d,, (M1) > d + 1. We have to show that any
system {cg) eFy:1<j<d,1 <i<s}withintegers0 < d; <m
for1 < i < sand ) ,di = d is linearly independent over F,.
Suppose, on the contrary, that such a system were linearly dependent

over [F,, that is, that there exist coefficients aﬁ) e F,, not all 0,

such that
>yl —0ery.
i=1 j=I1

Deﬁneaf) =0ford; < j<m, 1 <i<s.Then

Zza(l) (l) =0c Fm

i=1 j=I1

By what we have shown earlier in the proof, this leads to a nonzero

vector A € M. Hence, §,,(M~*) > d + 1 implies that V,,(A) > d + 1.

On the other hand, v(a')) < d; for 1 < i < s by the definition of the
( ) , and so

Vn(A) = Z (a®) sid,-:d,
i=1

which yields the desired contradiction. O

Corollary 5.7.10. Let m > 1 and s > 2 be integers. Then from any
IF,-linear subspace N of IF‘Z” with dim(N') > ms — m we can construct
a digital (¢, m, s)-net over F, with t = m — §,,(N) + L.

Proof. Put M = N+ C [F7's. Then dim(M) < m and M can be viewed
as the row space of an m x ms matrix M(CV, ..., C) over F,. By
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Theorem 5.7.9, the digital net with generating matrices C™V, ..., C% is
a digital (¢, m, s)-net over I, where the quality parameter ¢ is possible
aslongast > m — 8, (N)+ 1. Now 1l < §,(N) < m+ 1 by
Proposition 5.7.8, and so m — §,,(N) + 1 lies in the interval [0, m] and
is thus a possible value of 7. |

Remark 5.7.11. There is a more general version of Theorem 5.7.9,
which holds for (d, k, m, s)-systems over I, (see [97]). By proceeding
as in Corollary 5.7.10, this version can be used for the construction
of (d, k, m, s)-systems over IF,.

Corollary 5.7.10 is an important tool for finding analogs of constructions
of good linear codes in the realm of digital nets. In the context of the
theory of global function fields, a powerful construction of linear codes is
that of AG codes (see Section 5.2). We present now an extension of the
construction principle of AG codes to the setting of digital nets which uses
Corollary 5.7.10. This construction of digital nets is a special case of a family
of constructions introduced by Niederreiter and Ozbudak [93].

Let F/F, be a global function field. For a given dimension s > 2, we
assume that N(F) > s and let Py, ..., P be s distinct rational places of F.
Foreachi = 1,...,s,let#; € F be alocal parameter at P;. Next we choose
an arbitrary divisor G of F and put

n; =vp(G) forl <i <s.
Consider the Riemann-Roch space £(G) and note that vp(f) > —n; for

1 <i < sandany f € L(G). For a given integer m > 1, there exists
therefore a uniquely determined 6“)( /) € F?' with

vp, (f — 0Oy @ ,t;"’)) > —n; +m.

In other words,.the coordinates of G(i)( f) are, in descending order, the
coefficients of tl.j, j=-n+m-—1,-n+m—2,...,—n;, in the local
expansion of f at P; (compare with (1.4)). Now we set up the IF,-linear map
6 : L(G) — F* given by

0(f)=©OV(f),...,09(f) forall fe L(G).
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Proposition 5.7.12. Let \/ be the image of the map 6. If g < deg(G) <
ms, then N is an F,-linear subspace of 7" satisfying

dim(N) > deg(G) + 1 — g, §,(N) > ms — deg(G),
where g is the genus of the global function field F/F,.

Proof. Take any nonzero f € £(G) and put
w;(f) = min(m, vp(f)+n;) forl <i <s.
The definition of 8)( 1) implies that
vO@D(f)=m—wi(f) forl <i<s.

Therefore,

V@) =Y v@V(f) =ms =Y wi(f).

i=1 i=1

Foreachi =1, ...,s, we have vp(f) > w;(f) — n;, and so

fec (G - Zw,(fm) :
i=1

Since f # 0, we can use Corollary 3.4.4 to get

0 < deg (G -3 w,-(fm) = deg(G) — Y wi(/f)
i=1 i=1
= deg(G) + Vu(6(/)) — ms.

and so

Vn(0(f)) = ms — deg(G) > 0.
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This shows that the map 6 is injective. Hence,
dim(N) = €(G) > deg(G)+ 1 — g

by Riemann’s theorem. It is clear from the above that §,,(N) > ms —
deg(G). O

Theorem 5.7.13. Let g be an arbitrary prime power. If m > max(1, g)
and s > 2 are integers, then we can construct a digital (g, m, s)-net
over [F, whenever there is a global function field F/IF, of genus g
with N(F) > s.

Proof. In the construction leading to Proposition 5.7.12 we choose a
divisor G of F with

deg(G) =ms —m + g — 1.

Hence, g < deg(G) < ms. Then the F,-linear subspace N of F7* in
Proposition 5.7.12 satisfies

dimWN) > ms —m, Sy N)>m — g+ 1.

The rest follows from Corollary 5.7.10. O

Example 5.7.14. Let ¢ be an arbitrary prime power. Then for every
integer m > 1 and every dimension s with 1 < s < ¢g + 1, we can
construct a digital (0, m, s)-net over IF,. For s = 1, it suffices to choose
an m x m generating matrix C" over F,, which is nonsingular. For
2 < s < q + 1, we apply Theorem 5.7.13 with F being the rational
function field over [F,. We note that the upper bound s < ¢ + 1
on the dimension s is best possible, in the sense that if s > ¢ + 2
and m > 2, then there cannot exist a digital (0, m, s)-net over F, by
Proposition 5.7.6.

The above construction of digital nets based on global function fields
can be extended in various ways. For instance, there is a construction using
arbitrary places of a global function field instead of just rational places,
and the construction principle can be generalized to obtain (d, k, m, s)-
systems (see [93]). In the following, we show that a method we used in
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Section 5.3 to improve on the construction of AG codes in certain cases (see
Proposition 5.3.3) has an analog in the context of digital nets. We recall our
standard notation 4 (F') for the divisor class number of a global function field
F and A (F) for the number of positive divisors of F of degree k.

Theorem 5.7.15. Let s > 2 be a given dimension and let F/F,
be a global function field of genus g > 1 with N(F) > s. If k and
m are integers with 0 < &k < g — 1 and m > max(l, g — k — 1), then
there exists a digital (g — k — 1, m, s)-net over I, provided that

(S + ”S’ j f - g)Ak(F) < h(F). (5.19)

Proof. Since N(F) > s, we can choose s distinct rational places
Py, ..., Py of F. Note that

s+m+k—g
( )Ak(F )
s—1
is an upper bound on the number of divisors of F of the form D +
>y u; P with a positive divisor D of F of degree k and integers
0 <u; <mforl <i < s such that

dui=ms—m+g—k—1 (5.20)
i=1

For any fixed degree, there are exactly A4 (F') distinct divisor classes of F
of that degree. Hence, by condition (5.19), there exists a divisor G of F'
with deg(G) = ms — m + g — 1, which is not equivalent to any of the
divisors D + »;_, u; P; considered above. We claim that

L (G - Zu,-P,-) = {0} (5.21)
i=1

for all integers u; with 0 < u; < m for 1 < i < s satisfying (5.20).
Suppose, on the contrary, that for some such uy, ..., uy there exists a
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nonzero b € £(G — Y_;_, u; P;). Then
E:=div(b)+ G — Y u;P; > 0.
i=1
Thus, E is a positive divisor of /" with deg(£) = k and
G=E+) uP—divb)
i=1

is equivalent to £ + Zle u; P;, a contradiction to the choice of G. Thus,
the claim (5.21) is established.

Now we consider the I, -linear subspace N of IE‘?S, which is defined
as in Proposition 5.7.12. As in the proof of Proposition 5.7.12, for any
nonzero f € L(G) we obtain

Vu(0() =ms = > wi(f)

i=1

and
feL (G — Zwi(f)P,-).
i=1

Since f # 0, it follows from (5.21) that we must have
Zwi(f)fms—m—l—g—k—Z,
i=1

hence,

Va@(f)=m—g+k+2>0.
This shows that the map 6 is injective. Thus,
dim(N) = €(G) > deg(G)+1—g=ms —m

and also 8,,(N) > m — g+k~+2. The rest follows from Corollary 5.7.10.
O
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Example 5.7.16. Let F be the Hermitian function field over F9. Then
g =3, N(F)=28,and h(F) = L(F, 1) = 4096 (see Example 4.2.6).
We apply Theorem 5.7.15 with s = 28, k = 0, and m = 5. Note that

k—
s+ m+ g\ _ 30 _ 30 — 4060
s—1 27 3
and Ay(F) = 1, hence the condition (5.19) is satisfied. Thus, we obtain

adigital (2, 5, 28)-net over [Fg. The value = 2 agrees with the currently
best value of the quality parameter for a digital (¢, 5, 28)-net over Fy.

The recent survey articles [91] and [92] discuss further constructions of
digital nets and also provide references to tables and databases for parameters
of digital nets.



6 Applications to Cryptography

Cryptography is concerned with the design of schemes that aim to resolve
security issues such as the confidentiality, authenticity, and integrity of sen-
sitive data. Cryptography has become a major research area, which is driven
by the demands of modern information and communication technology. This
chapter is not meant to survey this large area, but presents instead a sample
of cryptographic constructions in which algebraic curves over finite fields, or
equivalently global function fields, are involved. For systematic treatments
of cryptography, we refer to the encyclopedic handbook by Menezes, van
Oorschot, and Vanstone [80] and to the textbooks of Buchmann [12], Delfs
and Knebl [24], Stinson [119], and van Tilborg [121]. Further applications
of global function fields to cryptography can be found in the monograph
of Niederreiter and Xing [100, Chapter 7] and in the survey article of
Niederreiter, Wang, and Xing [98].

We set the stage in Section 6.1 by providing some background on cryp-
tography and reviewing group-based cryptographic schemes. The important
special case where the group is that of F,-rational points of an elliptic
curve over I, leads to elliptic-curve cryptosystems, which are discussed in
Section 6.2. The case where the group isthatof divisor classesof degree(
of a global function field, and in particular of a hyperelliptic function
field, is considered in Section 6.3. Interesting connections between coding
theory and cryptography form the subject of Section 6.4. Some remarkable
applications of global function fields to the construction of schemes for
intellectual property protection are covered in Section 6.5. The efficient
implementation of many cryptographic schemes requires fast arithmetic in
finite fields. Section 6.6 shows how global function fields with many rational
places can be used to speed up multiplication in large finite fields.

6.1 Background on Cryptography

One of the basic tasks of cryptography is to guarantee the confidentiality of
sensitive data. Cryptosystems are schemes that are designed to achieve this
goal. A cryptosystem transforms the original data (i.e., the plaintext) into
encrypted data (i.e., the ciphertext) and allows unique recovery of the plaintext
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from the ciphertext by decryption. The encryption and decryption algorithms
depend on the choice of parameters called keys, with the provision that the
number of possible keys is so large that it inhibits exhaustive search by an
attacker.

A fundamental distinction is made between public-key (or asymmetric)
cryptosystems and symmetric cryptosystems. In a public-key cryptosystem,
the encryption key K is public knowledge and only the decryption key K’ is
kept secret from unauthorized users. In a symmetric cryptosystem, both keys
K and K’ have to be kept secret since they are computationally equivalent in
the sense that one can easily be obtained from the other; in many cases we
even have K = K'. A typical example of a public-key cryptosystem is RSA
(see Example 6.1.1 below) and typical examples of symmetric cryptosystems
are the de facto industry standards DES and AES.

Example 6.1.1. Although it does not depend on algebraic geometry
but just on elementary number theory, we sketch the design of the
RSA cryptosystem since it is an easily comprehended example of a
public-key cryptosystem. Consider two users, Alice and Bob, and
suppose that Alice wants to send a message containing sensitive data
to Bob via an insecure communication channel (e.g., the Internet).
Bob publishes a public key consisting of the integers n and e that are
obtained as follows. First, Bob chooses two distinct large primes p; and
p>» and computes n = p;pr and ¢p(n) = (p; — 1)(p> — 1). Next, Bob
selects an integer e > 2 with gcd(e, ¢(n)) = 1. The private key of Bob,
which is kept secret by him, consists of the numbers p;, p», and d, where
d is a positive integer solving the congruence ed = 1 (mod ¢(n)). Now
Alice formats her message in such a way that it is an integer m with
2 <m < n—2. Given the plaintext m, Alice computes ¢ := m* (mod n)
with 1 < ¢ < n — 1 by using Bob’s public key and sends ¢ as the
ciphertext. Upon receiving ¢, Bob uses his secret key d to compute
the least residue of ¢ modulo n, which is easily seen to be m. The
security of the RSA cryptosystem relies on the presumed computational
infeasibility of inferring d from the public key » and e. To this end,
current guidelines recommend that the primes p; and p, should have
about 150 decimal digits.

Some of the cryptographic schemes that we present are based on finite
abelian groups. Several interesting and suitable finite abelian groups arise
from the material in this book; for instance, the multiplicative group of a



208 CHAPTER 6

finite field IF,, the group of I -rational points of an elliptic curve over F,
(see Section 3.7), and the group of divisor classes of degree 0 of a global
function field (see Section 4.1).

We start the discussion of group-based cryptographic schemes by address-
ing a fundamental problem arising in symmetric cryptosystems, namely that
of establishing a common key between two users who communicate via an
insecure channel. A simple and elegant solution of this problem was proposed
by Diffie and Hellman in their seminal paper [26] on public-key cryptography.
We present the Diffie-Hellman key-agreement scheme in a somewhat more
abstract form. Let 4 be a finite abelian group of order | 4|, which is written
multiplicatively, and let @ € A4 be an element of large order (thus, necessarily,
| 4] must also be large). The group 4 and the element a are known to all users.
If the users Alice and Bob want to establish a common key, then Alice chooses
a random integer /4 and sends the element a” to Bob. Similarly, Bob selects
a random integer k and sends the element a* to Alice. The common key for
Alice and Bob is then the element ¢, which Alice computes as (a*)" and
Bob computes as (a"k.

The eavesdropper Eve sees a and a* going over the channel. Eve can
obtain / and k if she can solve the discrete logarithm problem for the cyclic
group (a) generated by a € A (or, in short, the discrete logarithm problem
for A): given b € (a), determine the unique integer » with b = @" and
0 < r < |{a)|. Thus, a necessary condition for the security of the Diffie-
Hellman key-agreement scheme is that the discrete logarithm problem for
(a) is computationally infeasible for the overwhelming majority of elements
b € (a). It is in this sense that we use the informal phrase that the discrete
logarithm problem for 4 is computationally infeasible. For instance, there are
many large finite fields IF, for which the discrete logarithm problem for the
multiplicative group of I, is considered to be computationally infeasible. We
remark in passing that the Diffie-Hellman key-agreement scheme operates in
the cyclic group generated by a, and so 4 can be replaced by any (even a
nonabelian) group as long as the cyclic group generated by @ € A has a large
order.

Next we introduce a group-based public-key cryptosystem, namely the
ElGamal cryptosystem. Let A again be a multiplicatively written finite abelian
group and leta € A4 have large order. The data 4 and a are public knowledge.
The message m that Alice wants to send to Bob is now assumed to be an
element of A. Bob chooses an integer / as his private key and publishes
b = a’ as his public key. Alice selects a random integer k and computes
the elements ¢, = af and ¢ = mb* of A. The pair (cy, ¢3) is sent as the
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ciphertext to Bob. Then Bob can recover the plaintext m by computing czcl_h,
since

czcl_h = mb* (""" = ma"* a7 = m.
It is clear that a necessary condition for the security of the ElGamal
cryptosystem is the computational infeasibility of the discrete logarithm
problem for A.

An important method of providing authentication for sensitive data pro-
ceeds by appending a digital signature to the data. A digital signature depends
on the plaintext and on the identity of the signer, with the signer’s identity
being represented by a private key. Since anybody should be able to verify a
digital signature, the verification procedure uses a public key of the signer.
There are obvious parallels here with the way a public-key cryptosystem
operates. In fact, if we have a public-key cryptosystem, which satisfies the
additional condition that the decryption algorithm can be applied to every
plaintext, then it is easy to turn this public-key cryptosystem into a digital
signature scheme.

Example 6.1.2. In the RSA cryptosystem (see Example 6.1.1), it is
obvious that the decryption algorithm (which consists of computing
the least residue of ¢ modulo ) can be applied to every plaintext.
We obtain the RSA signature scheme by using the RSA decryption
algorithm for signing and the RSA encryption algorithm for verification.
In detail, let py, ps, n, e, and d be as in Example 6.1.1. Bob’s public key
consists again of n and e and his private key consists of p;, p,, and d.
The plaintext is again an integer m with 2 < m < n — 2. Bob signs
the plaintext m by computing the digital signature s := m? (mod n)
with 1 < s < n — 1 and then sends the pair (m, s) to Alice. Upon
receiving (m, s), Alice verifies the digital signature s by computing the
least residue of s¢ modulo »n and checking whether it agrees with m.
Clearly, the security considerations for the RSA signature scheme are
the same as those for the RSA cryptosystem.

The above condition that the decryption algorithm of the public-key
cryptosystem can be applied to every plaintext is not satisfied for the EIGamal
cryptosystem, for the simple reason that the plaintexts (which are elements
of A) and the ciphertexts (which are pairs of elements of A) have different
formats. However, by an easy modification we can obtain the ElGamal
signature scheme. Let A and a € A be as in the ElGamal cryptosystem
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and put t = |(a)|. We also need a publicly known bijection n from (a)
to {0, 1,...,¢# — 1}. As in the ElGamal cryptosystem, Bob has the private
key & € 7 and the public key b = a’. Bob’s plaintext is an integer

m € {0,1,...,t — 1}. To sign m, Bob chooses a random integer k£ with
ged(k,t) = 1 and computes s; = a* as well as a solution s, of the
congruence

ksy =m — hn(sy) (mod ¢).

Bob sends the triple (m, s1, s2) to Alice. Upon receiving (m, s1, s2), Alice
verifies the digital signature (sy,s>) by computing »"“Vs}* and checking
whether it agrees with a™. Note that

K h k. h +k
b’)(Sl)S12 — g ks ohnGs)tks: a™,

and so the verification procedure does indeed make sense. The security
considerations for the ElGamal signature scheme are the same as those for
the ElIGamal cryptosystem.

A related scheme is the Nyberg-Rueppel signature scheme. Let A and
a € A be as above and put 1 = [(a)| and u = |A]|. Let « be a publicly
known bijection from 4 to {0, 1, ..., u — 1}. Bob has the private key & € Z
and the public key » = a”. Bob’s plaintext is now an element m € A. To
sign m, Bob chooses a random integer £ with ged(k,#) = 1 and computes

s1 = a*m as well as a solution s, of the congruence

ks, =1 — hi(sy) (mod t).
Bob sends the triple (m, s, s2) to Alice. Upon receiving (m, sy, s2), Alice
verifies the digital signature (si, s») by computing »“¢Vs}* and checking

whether it agrees with am . Note that
bK(S])SiYZ — ahK(sl)akszmsz — ahk(sl)+kszmsz — amsZ,
and so the verification procedure does indeed make sense. The security

considerations for the Nyberg-Rueppel signature scheme are similar to those
for the ElIGamal cryptosystem.

6.2 Elliptic-Curve Cryptosystems

From the previous section, we know that as soon as we have a group 4 with
an element a of large finite order, we obtain a discrete logarithm problem and
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it can potentially be used to design cryptographic schemes such as the Diffie-
Hellman key-agreement scheme, the ElGamal public-key cryptosystem, and
the ElGamal digital signature scheme. In order to arrive at secure and
practicable schemes, we require the following additional conditions on this
group and the element a:

(1) the discrete logarithm problem for A (or, more precisely, the
discrete logarithm problem for the cyclic group (a)) must be
computationally infeasible;

(i1) the computations involved in the cryptographic schemes can be
implemented easily.

If A is taken to be the multiplicative group of a finite field, we get a well-
known discrete logarithm problem (see [12, Chapter 9]). Some other groups
from our book that lead to potentially hard discrete logarithm problems
include the groups of divisor classes of degree 0 of global function fields.
In this section, we focus on a special case that has received a lot of attention
in the literature, namely the group of divisor classes of degree 0 of an elliptic
function field over a finite field. This case was first proposed for the use in
cryptography by Koblitz [62] and Miller [82].

One convenient property of the group of divisor classes of degree 0 of
an elliptic function field over I, is that it is isomorphic to the group of IF,-
rational points of the corresponding elliptic curve over I, (see Theorem 3.7.3
and the remarks following it). In the case of elliptic function fields, we prefer
to consider the group of IF,-rational points of the elliptic curve instead of
the group of divisor classes of degree 0. One advantage of this viewpoint is
that we can explicitly compute the group addition in the group of [F,-rational
points, that is, the sum of two I, -rational points can be expressed explicitly
in terms of their coordinates (see Corollary 3.7.9).

Let (£, O) be an elliptic curve over I, defined by a nonsingular Weierstrass
equation (3.8). Let £(IF,) denote the set of IF,-rational points of &. It is a
finite abelian group under the operation @ introduced in Section 3.7. By the
Hasse-Weil bound (see Theorem 4.2.4), we have

q+1-2¢"7 <|EF) <q+1+2">
In order to get a large order of £(FF,), we have to choose a large value of g. In

the framework of the ElGamal cryptosystem for an abstract abelian group
described in Section 6.1, we can design a public-key cryptosystem based
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on elliptic curves. We describe the ElGamal elliptic-curve cryptosystem as
follows.

Choose a point P € £(F,) such that it has a large order in the group £(IF,).
The curve (£, O) and the point P are public knowledge. The message that
Alice wants to send to Bob is assumed to be a point M € E(F,). Bob chooses
an integer d as his private key and publishes O = [d]P as his public key.
Alice selects a random integer & and computes the points R; = [k]P and
Ry = M @ [k]Q of £(IF,). The pair (R, R») is sent as the ciphertext to Bob.
Then Bob can recover the plaintext M by computing R, & [—d]R;.

There are some practical problems in implementing an ElGamal elliptic-
curve cryptosystem due to the required embedding of the plaintext into
E(F,). The reason is that so far there is no convenient method for
deterministically generating a large number of points of an elliptic curve.
Consequently, several variants of the ElGamal elliptic-curve cryptosystems
have been proposed. We describe the variant introduced by Menezes and
Vanstone [81].

We start from an elliptic curve (£, O) over I, with p being a prime number
and a point P € E(F),) of large order. The curve (£, O) and the point P
are public knowledge. The message that Alice wants to send to Bob is now
assumed to be a pair (x, x) € IF";, X IF’;,. Bob chooses an integer d as his
private key and publishes Q = [d] P as his public key. Alice selects a random
integer k£ and computes the triple (R, yi, )»), where

R=1[kIP, n=cxi€F, »n=cxnecl),

with (c1, ¢2) = [k] Q. To decrypt the ciphertext, Bob computes ( cfl, »mey h.
Note that Bob can obtain (cy, ¢;) by computing [d]R since [d]R = [dk]P =
[£]Q. It is obvious that (ylcfl, yzcgl) = (x1, X2).

It is an important practical aspect of the above two cryptosystems that
computing multiples of a point is a major part of the computations involved
in encryption and decryption. In recent years, a lot of research toward fast
computation of multiples of points of elliptic curves has been carried out (see
[9, Chapter IV] and [21]). We present a “toy" example involving multiples of
a point of an elliptic curve.

Example 6.2.1. Consider the elliptic curve (£, O) over F; defined by
> =x3 4+ x + 4. We have |E(F»3)| = 29. It is clear that P = (0,2)is a
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point of this curve. Then all points of £(IF,3) are given by

[1]1P = (0, 2) 1P =(13,12) [3]1P=(11,9)
[41P = (1, 12) [5]1P = (7, 20) [6]P = (9, 11)
[71P = (15, 6) [8]1P = (14, 5) [9]1P = (4,7)
[10]P = (22,5) [111P =(10,5)  [12]P =(17,9)
[13]P = (8,15)  [14]P =(18,9)  [I5]P = (18, 14)
[16]P = (8,8) [17]1P = (17,14)  [18]P = (10, 18)
[19]P = (22,18) [20]P = (4,16)  [21]P = (14, 18)
[22]1P = (15,17) [23]P =(9,12)  [24]P = (7,3)
[251P = (1,11)  [26]P = (11,14) [27]P = (13, 11)
[28]P = (0,21)  [29]P = O

The crucial issue concerning the security of the above two cryptosystems
is whether the discrete logarithm problem for the group £(IF,) of an elliptic
curve (£, O) over I, is computationally infeasible. By the Pohlig-Hellman
algorithm (see [12, Chapter 9]), if the order of the point P € E(F,) can be
factored into small primes, then the discrete logarithm can be computed easily.
Therefore, we usually choose a point P with large prime order. As the order
of P divides the order |E(F,)| of £(F,), this forces us to find elliptic curves
(&, 0) over F, with |E(FF,)| divisible by a large prime. If |E(FF,)]| itself is a
large prime number, then the order of any element # O of £(F,) is equal
to |E(F,)|. This requirement raises the question of how to count the number
of points of a given elliptic curve. The first polynomial-time algorithm for
counting the number of F,-rational points of a given elliptic curve over I,
was designed by Schoof [110, 111]. Later this algorithm was improved by
Elkies and Atkin (see [30]) and the improved algorithm works well in practice.
For details on the elliptic-curve discrete logarithm problem, we refer to
[9, Chapter V], [21], and [126, Chapter 5].

In the framework of the discrete logarithm problem for elliptic curves, we
can also build key agreement and digital signature schemes (compare with
Section 6.1). Let us focus on the following elliptic-curve digital signature
scheme.

The Elliptic Curve Digital Signature Algorithm (ECDSA) was adopted
in 1999 as an ANSI standard and accepted in 2000 as IEEE and NIST
standards. For simplicity, we consider only elliptic curves over I, with a large
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prime p. Then an elliptic curve (£, O) over IF, can be defined by a Weierstrass
equation

V' =x>+A4Ax+ B

for some 4, B € F, with 44% 4+ 27B? # 0 (see Theorem 3.7.11). Choose
a point P € &(F,) such that the order n of P is a large prime, which is
bigger than p. Choose a random integer d and compute the point Q = [d]P.
All parameters except d are public, while the discrete logarithm d is kept
secret. To sign a message m € [,, we choose a random &k € I} and
compute [k]P = (xi, y1). View r := x| as an element of I and compute
s :=k~Y(m + dr) € F,. The pair (r, s) is the signature of the message m. To
verify the signature, we do the following:

(i) compute w = s~! € [F, (note that if s = 0 in [F,,, then we choose

another random £ until we get s # 0);
(i1) compute #; = mw (mod n) and 1, = rw (mod n);
(iii) compute X = [u]P & [u»]Q;
@iv) if X = O, then reject the signature, otherwise convert the
x-coordinate x, of X to an integer x, and compute v = x, (mod n);
(v) accept the signature if and only if v = 7.

The above scheme works properly. Indeed, if a signature (7, s) on a message
m was generated, then s = k~!(m + dr) (mod n). Rearranging gives

k=s""(m+dr)=wm+ wrd = u; + u»d (mod n).

Thus, X = [u1]P & [u2]Q = [u; + upd] P = [k] P, and so v = r as required.

We have discussed elliptic-curve cryptography in a relatively brief manner
since extensive treatments of this topic are already available in the expository
literature. We refer to the handbook edited by Cohen et al. [21] and to the
books of Blake, Seroussi, and Smart [9], Enge [32], and Washington [126].
An excellent account of the development of elliptic-curve cryptography
up to about 2000 is given in the survey article of Koblitz, Menezes, and
Vanstone [64].

6.3 Hyperelliptic-Curve Cryptography

As we pointed out in Section 6.1, various cryptographic schemes can be
designed by using suitable groups containing large finite cyclic subgroups.
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An interesting candidate is the group CI(F) = Div'(F) /Princ(F) of divisor
classes of degree O of a global function field F. We recall that CI(F) is a finite
abelian group and that its order |CI(F)| is the divisor class number of F (see
Section 4.1). According to Theorem 4.2.5, we have

(@'* — 1) < |CI(F)| < (¢"* + 1),

where ¢ is the order of the full constant field of F and g is the genus of F.

To be of practical interest for cryptography, the global function field F has
to be chosen in such a way that |CI(F)| can be computed with a reasonable
effort and that there exists an efficient and conveniently implementable
algorithm for carrying out the group operation in CI(F). This imposes a
considerable restriction on the choice of global function fields, or equivalently
of algebraic curves over finite fields.

The case of elliptic curves over finite fields was already discussed in
Section 6.2. A fairly wide class of potentially useful curves is that of Cyp
curves. Let @ and b be two positive coprime integers. A C,;, curve is a curve
over I, with an affine equation of the form

Z oz,-,‘,-x"yf =0,

i>0, j>0
ai+bj<ab

where all o; ; € F, and o3 and g, are nonzero. Several authors have
investigated algorithmic aspects for this general class of curves. For instance,
Arita [1] designed an algorithm for adding elements in the group CI(F) when
F is the function field of a C,; curve.

An interesting special family of C,;, curves is that of Picard curves. A
Picard curve is a nonsingular projective curve over IF, of genus 3 with an
affine equation of the form y* = f(x), where f € F,[x] is a polynomial of
degree 4. A detailed discussion of relevant algorithms for Picard curves can
be found in Bauer, Teske, and Weng [5].

Among C,;, curves of genus larger than 1, the greatest attention has been
devoted to hyperelliptic curves. The use of hyperelliptic curves, or equiva-
lently of hyperelliptic function fields, for cryptography was first proposed by
Koblitz [63]. For simplicity, we discuss only the case where ¢ is odd. For
a given integer g > 2, we consider the defining equation of a hyperelliptic
function field F' = F,(x, y) of genus g in the normalized form ¥ = f(x),
where f € IF,[x] is a monic and squarefree polynomial of degree 2g+ 1. This
form is always assumed when we speak of a hyperelliptic function field.
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As mentioned before, for practical cryptographic purposes we need to be
able to carry out the addition in CI(F) in an efficient manner. This can indeed
be achieved in the case of a hyperelliptic function field F. The first step is a
convenient representation of the elements of CI(F). Mumford [84] gave the
following representation, which we state without proof.

Proposition 6.3.1. Let /' = F,(x, y) be a hyperelliptic function field
of genus g with defining equation y> = f(x) as above. Then there is
a one-to-one correspondence between the elements of CI(F) and the
pairs (u, v) of elements of [F,;[x] with # monic, u dividing /" — v2, and
deg(v) < deg(u) < g.

Remark 6.3.2. In this representation, the zero element of CI(F’) corre-
sponds to the pair (1, 0). If an element of CI(F') is represented by (u, v),
then the inverse element in this group is represented by (u, —v).

The addition in CI(F) can be implemented by describing how two pairs
(u1, v1) and (uy, vp) in Proposition 6.3.1 are added. An efficient algorithm for
this operation was first designed by Cantor [16]. This algorithm starts out by
computing d = gecd(uy, us, v; 4+ v2). The greatest common divisor d can be
represented as a linear combination of u, u,, and v; + v,. Thus, there exist
polynomials ay, az, a3 € F,[x] such that

d = ajuy + arusr + az(vy + vo).

The relevant computations can be carried out by the (extended) Euclidean
algorithm for polynomials over IF,. Now we put

Uiy ayuv + arurvy + az(vivy + f)
2 vy = p (mod uy),

Uy =

where deg(vo) < deg(ug). If deg(ug) < g, then the pair (ug, vo) represents the
sum of (uy, v;) and (u,, vp). Otherwise we have g < deg(up) < 2g, and then
some reduction steps are needed, which are similar to the reduction of binary
quadratic forms. We set by = ug, co = vg, and fori = 1,2, ... we put

2
S =i

bi = b
bi_

C;i = —Ci—1 (mod bi),

where deg(c;) < deg(bh;). This procedure is stopped as soon as we reach
an index k£ with deg(b;) < g. Let b; be the monic polynomial obtained



APPLICATIONS TO CRYPTOGRAPHY 217

by dividing b; by its leading coefficient. Then the pair (u, v) := (b, cx)
represents the sum of (u, vy) and (uz, vy).

Example 6.3.3. Let g = 3, g = 2, f(x) = x°> —x* —x € F3x],
and let FF = [Fs(x, y) be the hyperelliptic function field defined by
y?* = f(x). The pairs (u;, v1) = (x> —x — 1, x) and (u, v2) = (x,0)
are of the form in Proposition 6.3.1 and thus represent elements of
CI(F). To compute the sum of (uy, v;) and (u, v2), we first note that
d = ged(uy, uy, vi + v) = 1. Furthermore,

=) -&=x=D+x-=1)-x,

so that we can take a;(x) = —1, a(x) = x — 1, az(x) = 0. This yields
up(x) = x3 — x% — x and vo(x) = x> — x% (mod x> — x? — x), hence
vo(x) = x. Since deg(uy) > g, we need to go through the reduction
procedure. We have by(x) = x> — x> — x and ¢o(x) = x, and then

5—X4—X2—X

by(x) = =241, k) =—x.

3 2

x3—x?—x
The pair (u,v) = (x> + 1, —x) satisfies the conditions in Proposi-
tion 6.3.1 and therefore represents the sum of (uy, v;) and (17, v;) in

CI(F).

Cantor [16] already investigated how to speed up the reduction steps in
the above algorithm for addition in CI(F). A detailed analysis of improved
reduction methods was presented by Stein [116]. In the important special case
of hyperelliptic function fields F of genus 2, explicit formulas for performing
the arithmetic in CI(F), which lead to further speedups, were provided by
Lange [67].

Besides fast arithmetic in the group CI(F), another major issue is the
computation of the order of CI(F), that is, of the divisor class number /(F) of
the hyperelliptic function field F. To simplify this task, it has been suggested
in the literature to start from a hyperelliptic function field over a relatively
small finite field and then choose F' to be a constant field extension of large
degree. Then Theorem 4.1.11 and the methods in Section 4.1 can be used to
facilitate the computation of 4(F).

From the viewpoint of the security of the corresponding cryptographic
schemes, the hyperelliptic function field F has to be chosen in such a way
that the discrete logarithm problem for CI(F) is computationally infeasible.
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Some of the remarks we made on the security of elliptic-curve cryptosystems
in Section 6.2 apply also to the present case. There are several powerful
algorithms for computing discrete logarithms in CI(F') that are specifically
tailored to hyperelliptic function fields, such as the index-calculus algorithms
of Enge [33] and Gaudry [39]. These algorithms indicate that within the
family of hyperelliptic function fields, only those of small genus should be
used for cryptographic purposes. The remarkable work initiated by Frey [34]
and continued by Gaudry, Hess, and Smart [40] shows how to use Weil
descent to reduce certain instances of the discrete logarithm problem for
elliptic curves to a discrete logarithm problem for hyperelliptic curves of large
genus.

Detailed discussions of the security of cryptographic schemes based on
hyperelliptic curves (or equivalently hyperelliptic function fields) and of many
other issues related to these curves and function fields can be found in the
handbook edited by Cohen et al. [21].

6.4 Code-Based Public-Key Cryptosystems

There are interesting links between coding theory and cryptography, which
mostly stem from the observation that coding theory is a source of hard
problems that can form the basis of cryptosystems. We use the standard
terminology and notation from coding theory introduced in Section 5.1.

A public-key cryptosystem using linear codes is the McEliece cryptosystem
proposed in [79]. Let C be a linear [n, k, d] code over [, and let the k x n
matrix G be a generator matrix of C, that is, G is such that C is the row space
of G. The matrix G is part of the private key of Bob. Next, Bob chooses two
more matrices. The matrix S is an arbitrary nonsingular & x & matrix over
F,. Furthermore, P is an n x n matrix over F,, which is obtained from a
nonsingular diagonal matrix by arbitrary row permutations. The matrices G,
S, and P form Bob’s private key. The public key of Bob is the & x n matrix
G’ := SG P which may be viewed as a scrambled version of G.

The admissible plaintexts in the McEliece cryptosystem are row vectors
X € IF’;. If Alice wants to encrypt the plaintext x € ]F’; destined for Bob, she
chooses a random row vector z € IFZ with weight w(z) <t := |(d—1)/2] and
uses Bob’s public key G’ to compute the ciphertext y = xG' 4+ z € [7. Note
that the condition w(z) < ¢ means that z can be regarded as an error vector
that the code C is able to correct. This observation is used in the decryption
algorithm. Concretely, if Bob receives the ciphertext y, then he first computes
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y =yP ! =xSG +zP~'. Now
w(y —xSG) = wzP ™) = w) <t.

Since xSG = (xS)G belongs to the code C, the vector y’ is like a received
word that can be corrected by C to produce the original word x.S. From this,
Bob recovers the plaintext x = (x5)S~!.

A related public-key cryptosystem is the Niederreiter cryptosystem intro-
duced in [86]. This is a cryptosystem for low-weight plaintext vectors. The
starting point in the design of this cryptosystem is again a linear [n, k, d]
code C over [F,. As part of his private key, Bob chooses a parity-check matrix
H of C, which is an (n — k) x n matrix over [F,. Furthermore, Bob selects a
matrix P as in the McEliece cryptosystem as well as an arbitrary nonsingular
(n — k) x (n — k) matrix M over F,. The matrices H, M, and P form the
private key of Bob. His public key is the (n — k) x n matrix H := MHP,
which may be regarded as a scrambled version of H.

The admissible plaintexts in the Niederreiter cryptosystem are column
vectors X € F’; with weight w(x) < t := |(d — 1)/2]. Alice encrypts
x € Fy by computing the ciphertext y = H'x using Bob’s public key H'.
Upon receiving y, which is a column vector from IFZ"‘ , Bob first computes

y = M~ 'y = HPx. Now X := Px satisfies w(x’) < ¢, and so X’ can
be viewed as an error vector that the code C is able to correct. Thus, Bob
can recover X uniquely from y’ = Hx'. Finally, Bob obtains the plaintext
x = P x.

The following result of Li, Deng, and Wang [70] shows that, with
corresponding choices of code parameters, the McEliece and Niederreiter
cryptosystems have equivalent security levels, in the sense that the problem
of breaking either cryptosystem can be reduced to that of breaking the other
cryptosystem by a polynomial-time algorithm.

Theorem 6.4.1. With corresponding choices of code parameters, the
McEliece cryptosystem and the Niederreiter cryptosystem have equiva-
lent security levels.

Proof. Suppose first that we have an algorithm to break the McEliece
cryptosystem. This means that given a k x n generator matrix G’ of
a linear code C’ and a row vector y = xG' + z with w(z) < ¢, the
algorithm determines the row vector x. Now consider an instance of
the Niederreiter cryptosystem, that is, we are given an (n — k) X n
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parity-check matrix H' of C’ and a column vector y = H'x’ with
w(x’) < t. Note that by using linear algebra we can compute a basis
of the solution space of the system of linear equations H'v = 0 and so
a generator matrix G’ of C’, and this can be done in polynomial time.
Next we find any column vector u, which solves H'u = y’, and this is
again a polynomial-time algorithm. Then we have H'(u—x') = 0, hence
u—x € C'. Therefore, (u — x)T = aG’ for some row vector a € F’;, or
equivalently u' = aG’ 4+ (x')T with w(x’) < ¢. Thus, the algorithm for
breaking the McEliece cryptosystem can be applied and yields a, and so
x' from (x')T = u” — aG’. Hence, we have broken the given instance of
the Niederreiter cryptosystem.

Conversely, suppose that we know an algorithm to break the Nieder-
reiter cryptosystem. This means that given an (n — k) x n parity-check
matrix H’ of a linear code C’ and a column vector y = H'x’ with
w(x') < t, the algorithm determines the column vector x'. Now consider
an instance of the McEliece cryptosystem, that is, we are given a k X n
generator matrix G’ of C’ and a row vector y, which is a ciphertext.
Again by linear algebra, we can compute a parity-check matrix H' of C’
in polynomial time. Now y = xG' + z with w(z) < ¢, and so

y(HN' = xG'(H)" + z(H)" = z(H")".

Therefore, H'zZ" = H'y" with w(z") < t. Thus, the algorithm for
breaking the Niederreiter cryptosystem can be applied and returns the
vector z'. Then we can compute XG' = y — z, and this yields the row
vector X in polynomial time. Hence we have broken the given instance
of the McEliece cryptosystem. O

In view of Theorem 6.4.1, the security of the McEliece and Niederreiter
cryptosystems can be analyzed simultaneously. Canteaut and Sendrier [15]
conclude, after a detailed cryptanalysis of both cryptosystems, that currently
secure parameters for the binary case ¢ = 2 are given by n = 2048, k = 1608,
and ¢ = 40. They also point out that, with these parameters, the encryption
and decryption for the Niederreiter cryptosystem are much faster than for
the RSA cryptosystem (see Example 6.1.1) with comparable parameters. The
paper of Johansson and Jonsson [61] and the references therein contain further
discussions of attacks on code-based cryptosystems.

Berson [6] noticed a weakness of the McEliece cryptosystem, which
is not present in the Niederreiter cryptosystem, namely that the McEliece
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cryptosystem can be subjected to the message-resend attack. Suppose that the
attacker obtains two different ciphertexts y; and y,, which both correspond to
the same plaintext x. That is, we have y; = xG’ + z; and y, = xG’ + z, with
w(zy) < tand w(zy) <t.Let

b=, ....b))=y1— Y2 =21 — 7,.

Put B = {1 < j <n :b; = 0}. The attack is based on decoding algorithms
and on the fact that most elements of B are error-free locations of both y; and
y>. This attack cannot be mounted against the Niederreiter cryptosystem since
the encryption in this cryptosystem is deterministic.

The Niederreiter cryptosystem shows a reasonable behavior with respect to
the information rate, although its set of plaintexts is restricted by the weight
condition. Let S(C) be the number of possible plaintexts and 7'(C) the number
of possible ciphertexts in a cryptosystem C. Then the information rate of the
cryptosystem C is defined by

log S(C
R(C) = 285C)

log T(C)
The information rate R(C) may be viewed as the amount of information
contained per bit of ciphertext. In the following theorem, we use the g-ary
entropy function H, defined in Section 5.3.

Theorem 6.4.2. Let ¢ be an arbitrary prime power and let 0 < 6 <
(g — 1)/2q. Then there exists a sequence Cj, Cy, ... of Niederreiter
cryptosystems based on linear codes over IF, with lengths n(C;) — oo
as i — oo and weight conditions w(x) < #(C;) on the plaintexts x such
that

im G =0, lim R(C;) > Hq—(@)
i—oo n(C;) i—00 Hq(29)

Proof. By the asymptotic Gilbert-Varshamov bound in Theorem 5.3.2,
there exists a sequence Cy, C», ... such that each C; is a linear [n;, k;, d;]
code over I, and we have n; — oo asi — oo as well as

. d; . ki
lim — = 260, lim — > 1 — H,(20).

i—oon; i—oon;
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Foreachi = 1,2,..., let C; be a Niederreiter cryptosystem based on
the linear code C;. Then fori = 1,2, ..., we have n(C;) = n; and
di —1
tC=|——1|.
="
Therefore,
i 1Ci)
i—oon(C;)

Furthermore, we have

t(C;)
S = Z (n.l>(q — 1) fori=12,...,
J

j=0
and then by adapting an argument in the proof of Theorem 5.3.2 we can

show that

1
lim — logq S(Ci) = Hy(0).

i—oon

Moreover, T(C;) = q”f’kf fori =1,2,..., and so

ki
lim —loqu(C)_l— hm — < H,(20).
00 1y

l—)OO i

It follows that

log, S€) _ H,(0)

11m R(C;) = ,
t—>oo LR Iqu T(C ) Hq(29)

which completes the proof of the theorem. O

Example 6.4.3. Consider the case ¢ = 2 in Theorem 6.4.2. Since
Hz(}‘) > 0.81 and Hz(%) = 1, there exists a choice of 6 sufficiently
close to i such that we obtain

lim R(C;) > 0.81.

i—00



APPLICATIONS TO CRYPTOGRAPHY 223

Thus, asymptotically more than 80% of the ciphertext in the Nieder-
reiter cryptosystems Cy, C,, ... in the proof of Theorem 6.4.2 carries
information.

We remark that, as a consequence of Theorem 5.3.7, the lower bound on the
asymptotic information rate of the cryptosystems Cy, C,, . . . in Theorem 6.4.2
can be achieved by using Niederreiter cryptosystems based on a sequence of
algebraic-geometry codes. Furthermore, the improvements on the asymptotic
Gilbert-Varshamov bound for linear codes discussed in Section 5.3 yield
corresponding improved lower bounds on the asymptotic information rates
of Niederreiter cryptosystems.

Unlike the RSA cryptosystem, the McEliece and Niederreiter cryptosys-
tems cannot readily be converted into digital signature schemes. However, a
digital signature scheme that is based on an adaptation of the Niederreiter
cryptosystem was designed by Courtois, Finiasz, and Sendrier [22] and turns
out to be quite practical in terms of length of the signature and cost of
the verification procedure. Further connections between coding theory and
cryptography are discussed in [89].

6.5 Frameproof Codes

Intellectual property protection is a critical issue in today’s world. In order to
protect copyrighted material (computer software, videos, etc.), vendors may
endow each copy of the material with some “fingerprint” that allows them
to detect any unauthorized copy and trace this copy back to the user who
created it.

Let us assume that the fingerprint is a vector (ay, ..., a,) € IFZ of length n.
If an unauthorized copy of the material is found containing the fingerprint of
user U, then we can accuse U of having produced a pirated copy. However, U
could claim that he/she was framed by a coalition of other users who created
the fingerprint of U from components of their own fingerprints. Thus, it is
desirable to construct fingerprint schemes that satisfy the following property:
no coalition of users can collude to frame a user not in the coalition. Schemes
satisfying this property are called frameproof codes, and if the condition is
relaxed by limiting the size of a coalition to at most ¢ users, then we speak of
a c-frameproof code. We emphasize that the codes in this section are not used
for error correction, but for fingerprinting.
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Before introducing the formal definition of a c-frameproof code, we define
foreachi =1, ..., n the projection ; : Fy — Fy by

7 (x)=x; forx=(x1,...,x,) € IE‘Z.

Furthermore, for a subset 4 of FZ, we define the set desc(A4) of descendants
of A to be the set of all x € ]FZ such that for each i = 1, ..., n there exists
a vector a; € A satisfying ;(x — a;) = 0. Note that desc(4) is the set of all

vectors in Iy that can be formed from corresponding components of vectors
in 4.

Definition 6.5.1. Let g be a prime power and let ¢ > 2 and n > 2 be
integers. Then a c-frameproof code over I, of length n is a subset C of
IE‘Z such that for all 4 C C with |4] < ¢ we have

desc(A)NC = A.

It is clear from this definition that a c-frameproof code over I, of length
n is also a c¢;-frameproof code over IF, of length »n for any integer ¢; with
2<c <c.

Example 6.5.2. The following is a simple construction of a c-frame-
proof code. For n > 2 and any prime power ¢, let C be the set of all
vectors in I of weight exactly 1. Then [C] = (¢ — Dn. Now let
A be an arbitrary nonempty subset of C and take b € desc(4) N C.
Suppose the ith component b; of b is nonzero. Since b € desc(4), it
follows that there exists a = (ay,...,a,) € A with a; = b;. But all
other components of b and a are 0, hence b = a € A4. Thus, C is a
c-frameproof code over I, of length » for any integer ¢ > 2.

For practical purposes, we would like to make the size of a c-frameproof
code over I, of length n as large as possible for given ¢, ¢, and n. This leads
to the following definition of the quantity M,(c, n). In the sequel, we prove
an upper bound on M, (c, n) due to Blackburn [8].

Definition 6.5.3. For a given prime power ¢ and integers ¢ > 2 and
n > 2, let M,(c,n) denote the largest cardinality of a c-frameproof
code over IF, of length n.
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Theorem 6.5.4. Let ¢ be a prime power and let ¢ > 2 and n > 2 be
integers. Then

M,(c,n) < max {q“‘/c], r (q“’/c] —1)+(—r) (an/cJ _ 1)}

where r is the least residue of » modulo c.

Proof. Let C be a c-frameproof code over IF, of length n. For any subset
Sof{l,...,n}, we define

Vs ={xe C:thereisnoy € C\ {x} such that x;, = ); foralli € S},

where we write X = (x1,...,x,)andy = ()1, ..., J,). Note that by the
definition of Vy, every x € Vg is uniquely determined by (x; : i € §),
and so |Vs| < ¢'I. Moreover, if |C| > ¢!, then |Vs| < ¢!! — 1 since at
least one choice of (x; : i € S) must correspond to two or more elements
of C.

Now we choose ¢ disjoint subsets S, ..., S, of {1,...,n} in such
a way that |S;| = [n/c] for 1 < j < r and |S;| = [n/c] for
r—+1<j<c.Then

The bound of the theorem follows if we can show that

c=UJrs,
j=1

Suppose, on the contrary, that there exists a vector z € C \ szl Vs;.
Then, for each j = 1,...,c, thereisay; € C\ {z} such that y;
and z agree in their ith components for all i € S;. But then z €
desc({yi, ..., ¥c}), which contradicts the fact that C is a c-frameproof
code. This contradiction completes the proof. O

Corollary 6.5.5. For 2 < n < c we have M,(c,n) = (¢ — 1)n for any
prime power ¢.
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Proof. From Theorem 6.5.4 we obtain M, (c,n) <(g—Dnif2 <n < c.
On the other hand, Example 6.5.2 shows that M,(c,n) > (¢ — Dn. O

Theorem 6.5.4 suggests to consider the asymptotic quantity D,(c) defined
as follows. For a given prime power ¢ and an integer ¢ > 2, let

log, M, (c, n
Dy(c) := limsup gq—q() .

n—0o0

The following result is an immediate consequence of Theorem 6.5.4.
Corollary 6.5.6. We always have
1
Dq (C) < E .

It is an important task to find lower bounds on D, (c), which come as close
as possible to % For this purpose, we need to construct long c-frameproof
codes over [F, of large size. The following general construction principle
based on error-correcting codes was introduced by Cohen and Encheva [20].

Proposition 6.5.7. Let ¢ be a prime power and let » > 3 be an integer.
Then any code over [, of length » and minimum distance d, where
(n+1)/2 < d < n,is a c-frameproof code over F, of length n with

c=ln—-1/(n—-d)].

Proof. Let C be a given code over I, of length » and minimum
distance d, where (n + 1)/2 < d < n. Let A be a subset of C with
|[4] < ¢ = |[(n — 1)/(n — d)]. Suppose A were a proper subset of
desc(4) N C and choose x € (desc(4) N C) \ 4. Since |A| < ¢ and
x € desc(A), it follows that there is ay € A, which agrees with x in
at least [n/c] components. Thus, the weight of y — x satisfies

w(y—x)sn—[g—lfn—%.

Butx,y € C and x # y, hence,

dsw(y—X)Sn—z,
C

which implies ¢ > n/(n — d). This contradicts ¢ = [(n — 1)/(n — d)].
O
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The above relationship between error-correcting codes and frameproof
codes, when combined with the asymptotic Gilbert-Varshamov bound in
Theorem 5.3.2, leads to the following lower bound on D,(c).

Theorem 6.5.8. If ¢ is a prime power and ¢ an integer with 2 < ¢ < ¢,
then

c

1
Dq(c)zl—Hq<1——),
where H, is the g-ary entropy function.

Proof. Since H,(1 — é) = 1, the result is trivial for ¢ = ¢, and so we
can assume that 2 < ¢ < g — 1. Choose ¢ > 0 so small that

1
di=1—-+e<1-— .
c c+1

By Theorem 5.3.2, there exists a sequence Cy, C», ... of codes over [,
with lengths n(C;) — oo as i — oo and such that

d Ci lo C,'
lim Q =4, im ﬂ > 1 — Hy(5).
i—oo n(Cy) i—oo n(C;)

The definitions of & and § imply that for sufficiently large i we have

~n(G) -1 - d(Cy) -1 n(Cy) —1
cen(Cy))  — n(Cy) (c+ Dn(Cy)’

These inequalities are equivalent to

n(C;) —1

< 1.
‘= aCh—dcy ~°T

It follows then from Proposition 6.5.7 that C; is a c-frameproof code
over I, for sufficiently large i. Consequently,

log, |C; 1
Dy(c) = limﬂzl—Hq<1——+s>.
C

i=oo n(C;)

Letting ¢ tend to 0, we obtain the desired result. O
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Further lower bounds on D, (c) can be derived from the asymptotic theory
of codes. For instance, the following result is a consequence of the TVZ bound
in Theorem 5.3.8. The quantity A(g) is given by Definition 4.3.6.

Theorem 6.5.9. For any prime power ¢ and any integer ¢ > 2, we have

D >1 1
q(C)_E—TqY

Proof. This is shown in a similar way as Theorem 6.5.8, but using
Theorem 5.3.8 instead of Theorem 5.3.2. |

By combining Corollary 6.5.6 and Theorem 6.5.9, we obtain

1 1 <D()<1
-— — c) < —.
c AT T T

A result mentioned in Remark 4.3.8 shows that A(q) is at least of the order of

magnitude log ¢, and so ﬁq) — 0as g — oo. Consequently, D,(c) converges

to % as ¢ — oo for any fixed integer ¢ > 2.

We now describe a direct coding-theoretic approach to a lower bound
on D,(c) which does not rely on Proposition 6.5.7. We use a variant of
the construction of algebraic-geometry codes in Section 5.2 to obtain a
frameproof code over F, of given length n. Let F/IF, be a global function
field with N(F) > n and let P, ..., P, be n distinct rational places of F.
Choose a positive divisor G of F such that £(G — Y_"_, P;) = {0}. For each
i=1,....,n,putv;, :=vp(G) > 0andlett; € F be alocal parameter at P;.
Now we introduce the F,-linear map v : £(G) — Fy given by

V() = (0" NP, ..., @ (P)) forall f e L(G).

The image C(}_;_, P;, G) of ¥ is an F,-linear subspace of [F7. Note that
the condition £L(G — Z:’zl P;) = {0} implies that v is injective, and so the
dimension of C(Z;’:1 P;, G) is equal to L(G).

Proposition 6.5.10. Let F/IF, be a global function field with N(F) >
n > 2 and let Py, ..., P, be n distinct rational places of F. Let G be
a positive divisor of F with deg(G) < n. Let the integer ¢ > 2 satisfy
L(cG — Y7 | P) = {0}. Then C(}_}_, P, G) is a c-frameproof code
over IF, of length n with cardinality q"@.
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Proof. It suffices to show the property of a c-frameproof code in Defi-
nition 6.5.1. Let A = {{(f1), ..., ¥ (f,)} be a subset of C(Z?:l P, G)

with r := |A4] satisfying 1 < r < c. Let ¥(h) € desc(4) N
C(Q'_, P, G) for some h € L(G). Then by the definition of descen-
dant, foreachi =1, ..., n we have

[T () — vy =o.

Jj=1
This implies that
.
[a" £ —t"mp) =o,
Jj=1

that is,

vp | [[@" fi =t | = 1.

J=1

This is equivalent to

vp, H(f-/ —h)| > —rv; + 1.
j=1

Hence,

ﬁ(fj—h)e£<rc;—2n:ﬂ) gﬁ(cG—Xn:f’f) = 1{0}.
=1 i=1 i=1

It follows that H;zl(ﬁ —h) = 0, and so h = f; for some j with
1 < j < r. Therefore, ¥(h) = ¥(f;) € A. -

We see from Proposition 6.5.10 that it is crucial to find a positive divisor
G of F with deg(G) < n and L(cG — Zl’.’zl P;) = {0}. Lemma 6.5.12 below
provides a sufficient condition for the existence of such a divisor G. First we
need another auxiliary result. We recall the notation CI(F) for the group of
divisor classes of degree 0 of F, h(F) = |CI(F)| for the divisor class number
of F, and A,, for the set of positive divisors of F of degree m.
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Lemma 6.5.11. Let F be a global function field of genus g with a
rational place Py. Then for any fixed integers ¢ > 1 and m > g, the
subset of CI(F) given by

{c[H —deg(H)P)] : H € A}

has cardinality at least #(F)/c?®.

Proof. Consider first any divisor class [ D] in CI(F). Then deg(D) = 0
and Riemann’s theorem yields

D+mP)>m+1—g=>1.
Thus, we can choose a nonzero f € L(D + m Fy). Then
G:=div(f)+ D+mPy >0,

and hence G € A,,. Furthermore, D is equivalent to G — m Py, and so
[D] =[G — deg(G) Py]. Thus, we have shown that

{{H —deg(H)P]: H € A,} = CI(F).

Now consider the group endomorphism y of CI(F) given by
y([D]) = c[D] for all [D] € CI(F). We use the fact that, for any prime
p, the p-rank of CI(F') is at most 2¢ (see [83, p. 39] and [107, Chapter
11]). Note that the p-rank of CI(F) is the number of summands that
occur in a direct decomposition of the p-Sylow subgroup of CI(F’) into
cyclic components. It follows then by using the structure theorem for
finite abelian groups that the kernel of y has order at most ¢%¢, and so
the result of the lemma is established. O

We recall that 4,,(F) denotes the number of positive divisors of F of
degree m. In other words, we have A4,,(F) = |A,,|.

Lemma 6.5.12. Let F be a global function field of genus g with
N(F) > 1. Let ¢, m, and n be integers with ¢ > 1, m > g, and cm > n.
Assume that A.,,_,(F) < h(F)/c*¢. Then, given a divisor D of F with
deg(D) = n, there exists a positive divisor G of F with deg(G) = m
such that L(cG — D) = {0}.
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Proof. Choose a rational place Py of F and consider the two subsets of
CI(F) defined by

T) = {[cH — cdeg(H)Py] : H € A,},
T, ={[K+ D—deg(K+ D)Py]: K € Acpyn}.

Then we have

"D 1T,

|T2| = Acm—n(F) < ng =

where we used Lemma 6.5.11 in the last step. Thus, there exists a divisor
class [cG — cdeg(G)Py] with G € A,,, which does not belong to 7.
We claim that £(cG — D) = {0}. Otherwise, there would be a nonzero
f € L(cG — D). Then

K:=div(f)+cG—-D=>0
and deg(K) = c¢m — n. Note that ¢G is equivalent to K + D, and so
[¢cG — cdeg(G)Py] = [K + D — deg(K + D) P].

This contradicts the choice of G. O

After these preparations, we are now in a position to prove a lower bound
on D,(c) due to Xing [132], which improves on Theorem 6.5.9 in a certain
range for the parameter c.

Theorem 6.5.13. For any prime power ¢ > 4 and any integer ¢ with
2 < c¢ < ,/q we have

1 1 1 —2log, c
Dy(c) > = — +
c Alg) cA(q)

Proof. We can assume that

A(g) —c+1 —210gqc>0, (6.1)
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for otherwise the result is trivial. Let F/F,, F>/F,, ... be a sequence
of global function fields such that g; := g(F;) and n; := N(F;) satisfy

limg =00 and  lim = = A(g).

i—00 i—00 g;

Let P; be the set of all rational places of F; and put

D,~=ZP.

PEP;

We note the following consequence of Lemma 5.3.4 with s = O: there
exists an absolute constant 4 > 0 such that for any global function
field F/F, of genus g > 1 and any integer b > 0 the number 4,(F)
of positive divisors of F of degree b satisfies

Ap(F) < Ah(F)gg"5. (6.2)
Now choose a real number & with
0 <e <min(l —2log, ¢, 4(q) —c+ 1 —2log, c).

This choice is possible by (6.1) and the condition on ¢. Fori =1, 2, ...
put

Lni + (1 — 210gq c— 8)g,»J
m; = .
c

Then for sufficiently large i we have
0<cm; —n; <(1-— 210gq g — logq(Agi).
It follows then from (6.2) that

h(F;)

ACm[—n,-(E‘) < A//l(F})giqcmi—"i—gi < -
c=8i
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for sufficiently large i. Furthermore, from ¢ < 4(q) —c¢+ 1 —2log, ¢
we obtain

m; A(@)+1—2log,c—e
lim — = > 1,
i—00 gi C

and so m; > g; for sufficiently large i. Therefore, Lemma 6.5.12 shows
that for sufficiently large i there exists a positive divisor G; of F; with
deg(G;) = m; and L(cG; — D;) = {0}. Next we note that

m; 1 1-=2log,c—¢e 2
= — [ — - <1
i—00 1 c cA(q) c

since A(q) > ¢ — 1 > 1 by (6.1). Thus, we get m; < n; for sufficiently
large i. Hence, for sufficiently large i, Proposition 6.5.10 yields the c-
frameproof code C(D;, G;) over F, of length n; and cardinality ¢““" >
g™ ~&*1 This implies

mi—g+1 1 1-2log c—e¢ 1

"¢ cA(q) Aq)”

Dy(c) = lim
I—> 00 nl

Letting ¢ tend to 0, we arrive at the desired result. O

An issue that is somewhat related to frameproof codes is that of secret-
sharing schemes. A secret-sharing scheme protects confidential data (the
“secret,” often a password or a cryptographic key) by distributing partial
information about the secret to the users in such a way that only certain
legitimate coalitions of users can reconstruct the secret. An interesting
application of algebraic curves over finite fields to the construction of secret-
sharing schemes was recently described by Chen and Cramer [17]. Their
secret-sharing scheme generalizes the classical Shamir scheme (see [121,
Section 15.2]) which corresponds to the case of genus 0, that is, when the
algebraic curve is the projective line. The paper [17] contains also applications
to secure protocols for multiparty computations.

6.6 Fast Arithmetic in Finite Fields

The efficient implementation of cryptographic schemes based on finite fields
or algebraic curves over finite fields requires fast arithmetic in finite fields.
Since the case of small finite fields is trivial, the emphasis in the study of
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fast finite-field arithmetic is on large finite fields. If ¢ = p° with a prime
p and an integer e > 1, then [F, can be represented as the residue class
field IF,[x]/(P(x)) with an irreducible polynomial P(x) over IF, of degree
e. Hence, in this representation, addition in F, is equivalent to addition of
polynomials over I, which we consider to be easy from the viewpoint of
computational complexity. The interesting operation from this viewpoint is
therefore multiplication in large finite fields.

We adopt the computational model of bilinear complexity. Let F, be an
arbitrary finite field and let IF;» be its extension field of degree n. We consider
multiplication in [Fg.. Let {ay, ..., a,} be an ordered basis of F . over IF,.
Then for any 8, y € Fy», we have

n n
B = E bia;, y = E cial,
i—1 i—1

where b;, ¢; € IF, for 1 <i < n. Furthermore, we can write
n
By = Zdz‘a[ (6.3)
i=1

with d; € F, for 1 <i < n. One way of achieving efficient multiplication in
[, is to express the d; in a convenient form in terms of by, ..., b,, ci, ..., ;.

Definition 6.6.1. Let ¢ be an arbitrary prime power and let
n > 1 be an integer. The bilinear complexity ,(n) is the least positive
integer  for which there exista;; € Fy, 1 <i <n,1 < j < u, and
linear forms L(jl)(xl, ..., X,) and L(f)(xl, ...,xp)overF, forl < j <
w such that for any 8, y € [F,», with the notation above, we can write

"
di=Y ay L', ....b)LY(cr, ... cp) forl <i<n.
j=1

Itis obvious that p,(n) < n?. Chudnovsky and Chudnovsky [19] described
a method of obtaining better upper bounds on p,(n) by using global function
fields over IF,. Since the case n = 1 is trivial, we can assume that n > 2. Let
F/F, be a global function field and let Q be a place of I of degree n. Then the
residue class field Fp of Q is isomorphic to Fy., and so we can study i, (n)
by considering the bilinear complexity of multiplication in Fp.
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Proposition 6.6.2. Let F/F, be a global function field and let N > 1
and n > 2 be integers. Suppose that N(F) > N and that P =
{Pi,..., Py} is a set of N distinct rational places of F. Moreover,
assume that there exists a place Q of F of degree n. Let D be a divisor
of F' with supp(D) NP = & and Q ¢ supp(D). Furthermore, assume
that D satisfies the following two conditions:

(i) the map ¢ : L(D) — Fp given by ¢(f) = f(Q) forall f € L(D)

is surjective;
(i) the map ¥ : £(2D) — F) given by

v(f) = (f(Pl), ...,f(PN)) forall /€ L(2D)
is injective.
Then we get

pg(n) < £2D) < N.

Proof. Since ¢ is surjective, we can choose an [ -basis

{fi(D), ..., f,(O)} of Fp by using elements fi,..., f, € L(D).
Note that any product f; f;, 1 <1i, j < n,lies in £L(2D). Thus, if we put
t = £(2D) and let {gi, ..., g} be an F,-basis of £(2D), then we can
write

t
ﬁﬁzZeijkgk forl <i,j<n
k=1
with all e;; € [F,. Furthermore, we have
n
g(Q) =) hufi(Q) forl<k<t
i=1
with all #;; € F,. Define the bilinear forms

n
Bi(x1, ooy Xn, Viy ooy V) = Z eijpx;y; forl <k <t.
i,j=1
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Now we consider the product of two elements x, y € Fp. We can
write

x=Y b0, y=) afi(0),
i=1 i=1
where b;, ¢c; € F, for 1 <i <n. Then

xy= Y bic;(if)Q) =D bic;y eing(Q)
k=1

i,j=1 i,j=1

t
= Bibr.....by.c1. ... c)g(Q)
k=1

= Bib1,.... by c1. s 0) Y hi fi(Q)
k=1

i=1

= Z <Z hixBi(by, ..., by, c1, ..., Cn)) fi(0).

i=1 \k=1

This means that if, in analogy with (6.3), d; denotes the coefficient of
/i(Q) in the IF,-basis representation of x y, then

t
d; = Zh,»kBk(bl,...,b,,,cl,...,c,,) forl <i <n. (6.4)
k=1

Note that t = £(2D) < N by condition (ii) in the proposition.
Consider the N x t matrix

A= (gk(Pr)) 1<r<N,1<k<t

over . If 4 had rank less than ¢, then its columns would be linearly
dependent over I, and so there would exist wy, ..., w; € F, not all 0
such that

t
> wig(P)=0 forl <r<N.
k=1
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Then for f = >, wxg € L(2D) we have f # 0, but Y(f) =
(0, ...,0) € FY, a contradiction to v being injective. Thus, 4 has rank
t and there exists a nonsingular ¢ x ¢ submatrix 4y of 4 with rows
corresponding to the distinct rational places Q1, ..., O, € P, that s,

Ao = (gk(Q”))lgrst,lskgt'

Now put

S = A = (Skr)1<h<t,1<r<t

with all s, € F,. We define the linear forms

Lyxi,....x) =Y fi(Q)x; forl<r <t
i=1

Thenfor 1 <k <t,

t

Y st Loty X)L ) = s Y (SQx

r=1 r=1 i,j=1
t
_ Zsk, 5 (2 e,-ﬂ,gu@r)) )
r=1 i,j=1 \u=1

- Z <Zeuu Zskrgu(Qr )xzy]-

i,j=1
Using the fact that SA4 is the identity matrix, we obtain

t

n
Zserr(xla s X)L ) = Z eijkXiyj

r=I1 i,j=1

:Bk(-xlv"'vx}’hyl""vyl’l)
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for 1 < k < t. Therefore, from (6.4) for 1 <i <n,

t t
di = Zhik Zserr(bla R ) 2 (T
k=1 -1

t t
= Z (Z hikskr> L.(by,...,by)L(cr,...,cCn).
r=1 \k=1

Definition 6.6.1 implies now that y1,(n) < t = £(2D), and the inequality
t < N was already noted earlier in this proof. |

A major issue in the application of Proposition 6.6.2 is the construction of a
suitable divisor D of F. To this end, we first establish the following auxiliary
result.

Lemma 6.6.3. Let F be a global function field of genus g with N(F) >
g + 1. Then there exists a divisor £ of F' with deg(£) = g — 1 and
UE)=0.

Proof. We first prove that there exists a positive divisor G of F with
deg(G) = g and ¢(G) = 1. This is trivial for g = 0, so we can
assume that g > 1. Let P, ..., P, be g distinct rational places of F.
We claim that £(P;) = 1 for some j with 1 < j < g. Otherwise,
we would have ¢£(P;)) > 1 for1 < i < g, and so for each of
these i we could choose f; € L(P;) \ F,. Since vp(f;) = —1 and
vp(fi) = 0for 1 < k < g with k # i, the triangle inequality implies
that the g + 1 elements 1, fi, ..., f, are linearly independent over
F,. Choose a divisor H > P + --- + P, with deg(H) = 2g — 1.
Then 1, fi,..., f¢ € L(H), hence £(H) > g + 1. On the other
hand, ¢(H) = deg(H) + 1 — g = g by the Riemann-Roch theorem,
and we have a contradiction. Thus, the existence of a place P; with
£(P;) = 1is shown. Given j = jj; with £(P;) = 1, we can use a similar
argument to obtain a j, with 1 < j, < g such that £(P; + P;) = 1.
This procedure of adding another rational place can be continued as
long as

deg(Pj +---+P))<g—1,
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that is, as long as ¥ < g — 1. In the last step we then obtain a positive
divisor

G=le+~-—|—P-

Jg
with deg(G) = gand 4(G) = 1.
Since there are at most g places of F in the support of G, there exists
a rational place P of F with P ¢ supp(G). If we put £ = G — P, then
deg(E) = g— 1. Furthermore, for f € L(E) with f # 0 we would have
f € L(G) =F, and vp(f) > 1, a contradiction. Therefore ¢(E) = 0.
O

We can now prove the following result obtained by Ballet [2] on the basis
of Proposition 6.6.2.

Theorem 6.6.4. Let ¢ be a prime power and let » > 2 be an integer.
Suppose that there exists a global function field F/F,, which has a place
of degree n and satisfies N(F) > 2n 4 2g — 1, where g is the genus of
F. Then

mg(n) <2n+g—1.

Proof. Note that N(F) > 2n +2g—1 > 2g+ 1 > g+ 1. Thus,
we can apply Lemma 6.6.3 and obtain a divisor £ of F with deg(E) =
g— 1 and £(E) = 0. Let Q be a place of F of degree n and put
C = E+ Q. Let R = {Ry,..., Ry} be the set of all rational
places of F. By the approximation theorem (see Theorem 1.5.18),
there exists u € F with vg (1) = vg,(C) for 1 < i < N(F) and
vo(u) = vo(C). Then for D = C — div(u) we have supp(D) N'R = &
and O ¢ supp(D). We note also that deg(D) =n + g — 1.
Let ¢ : £L(2D) — FY") be the map defined by

V(N =R, ..., f(Ryy) forall f € L2D).

If /€ L2D) with ¥'(f) = (0,...,0) € F)™, then v, (f) > 1 for
1 <i < N(F). It follows that f € £L2D — > "[" R;). But

N(F)
deg <2D— > R,») =2n+2g—2— N(F) <0,

i=1

and so /' = 0 by Corollary 3.4.4. Hence ' is injective. Note that
deg2D)=2n+2g—2>2g—1,andso £(2D) = deg2D)+1—g =
2n + g — 1 =: N by the Riemann-Roch theorem. If {/, ..., Ay} is
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an [, -basis of £(2D), then {y/'(h1), ..., ¥'(hy)} is an F,-basis of the
image of y'. It follows that the N x N(F) matrix

B = (h+(Ri)1<r<N,1<i<N(F)

over I, has rank N. Consequently, there exists aset P = { P, ..., Py}
of N distinct rational places of F such that the columns of B correspond-
ing to the places in P are linearly independent over F,. Therefore, the
map ¢ : L2D) — Ff]v in condition (ii) of Proposition 6.6.2 is injective.

Next we consider the map ¢ : L(D) — Fp in condition (i) of
Proposition 6.6.2. If f € L(D) with ¢(f) = 0, then vo(f) > 1, and
so f e L(D— Q). But&(D — Q) = ¢(E) = 0, hence, f = 0 and
¢ is injective. This implies £(D) < deg(Q) = n. On the other hand,
£(D) > deg(D) + 1 — g = n by Riemann’s theorem, and so £(D) = n.
Hence, ¢ is surjective.

Thus, all hypotheses in Proposition 6.6.2 are satisfied and this
proposition yields p,(n) < N =2n + g — 1. O

Corollary 6.6.5. Let n > 1 be an integer and let ¢ be a prime power
with g > 2n — 2. Then p,(n) =2n — 1.

Proof. The case n = 1 is trivial. For n > 2 we apply Theo-
rem 6.6.4 with F being the rational function field over F,. Note
that N(F) = g + 1 > 2n — 1, and so all conditions of Theorem 6.6.4
are fulfilled. Hence, we get u,(n) < 2n — 1. Since we always have
Hg(n) > 2n—1 (see [14, Chapter 17]), we obtain indeed p,(n) = 2n—1
whenever g > 2n — 2. O

According to a well-known result (see [117, Corollary V.2.10]), a global
function field F/FF, of genus g has a place of given degree n whenever

2g+1=<q" VP2 =1

This condition can therefore replace the assumption in Theorem 6.6.4 that
F/F, has a place of degree n. Further results in Ballet [2] show that if g is
a square > 9, then the hypotheses in Theorem 6.6.4 can be satisfied for all
sufficiently large . For more recent work on 11, (n), we refer to Ballet [3] and
Ballet and Chaumine [4].
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A.1 TOPOLOGICAL SPACES

For the convenience of the reader, we collect some definitions and facts from
topology that are used in this book.

Definition A.1.1. A fopology on a nonempty set X is a collection A of
subsets of X, called the open sets of the topology, which satisfies the
following properties:

(1) X and the empty set are open (namely they belong to A);
(ii) the union of any collection of open sets from .4 is again an open set;
(iii) the intersection U N V' of two open sets U, V' € A is open.

A topological space (X;A) is a nonempty set X together with a
topology A on X.

By Definition A.1.1(iii), the intersection of finitely many open sets is again
open. On any nonempty set X there are two topologies that come for free:
the trivial topology in which the only open sets are & and X and the discrete
topology in which all subsets of X are open. We will often write X for a
topological space (X; .A).

Definition A.1.2. The complements of open sets are called closed sets,
that is, X \ U is a closed set for any open subset U of a topological
space X.

Remark A.1.3. Let X be a topological space and let 5 be the collection
of its closed sets. Then it is easy to show the following:

(i) @ and X belong to B, that is, they are closed sets;
(ii) an arbitrary intersection of sets from B belongs to 3;
(iii) a finite union of sets from B is in B.
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Conversely, a collection B of subsets of a nonempty set X satisfying the
above three conditions defines a topology A = { X'\ V' }y <. In verifying
these statements, one uses the well-known properties from set theory
that X\ ﬂlUl = U,(X\ l]l) and X\ Uzljz = ﬂl(X\ l_]l)

Definition A.1.4. Let X be a topological space and let Y be a subset
of X. The closure of Y, denoted by Y, is defined to be the intersection
N;es Bi, where { B;};c; is the collection of all closed sets containing Y. It
is obvious that Y is the smallest closed set containing Y. The subset ¥
is said to be dense in Xif ¥ = X.

Definition A.1.5. Let (X;.A) be a topological space and let ¥ be a
nonempty subset of X. Then we have an induced topology (Y; Aly)
onY,where Aly ={UNY: UeA}.

Indeed, it is easy to verify that the induced topology (Y;Aly) is a
topological space.

Definition A.1.6. Let X and Y be two topological spaces and let f be
a map from X to Y. We say that f is continuous if f~'(U) is open for
any open subset U of Y.

Remark A.1.7. Let X and Y be two topological spaces and let f be a
map from X to Y. Then one can easily show that f is continuous if and
only if f~!(V)is closed for any closed subset V' of Y.

Definition A.1.8. Let S be a nonempty subset of a topological space X
with the induced topology. Then S is called irreducible if it cannot be
expressed as the union § = §; U S, of two proper closed subsets S
and S, of S in the induced topology.

Theorem A.1.9.

(i) Any nonempty open subset of an irreducible topological space is
dense and irreducible.
@ii) If S is an irreducible subset of a topological space X, then its
closure S in X is also irreducible.
(iii) Let S be an open subset of an irreducible topological space X. Then
for an irreducible subset 7' of X, the intersection S N 7T is either
empty or irreducible.
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(iv) The intersection of any two nonempty open subsets of an irre-
ducible topological space is nonempty.

Proof.

(i) Let X be an irreducible topological space and let U be a nonempty
open subset of X. Then X = U U (X \ U). Since X \ U # X, we
must have U = X, that is, U is dense.

Write U = U; U U, for two closed subsets U; and U, of
U in the induced topology. Then there exist two closed subsets
Vi and V, of X such that V; " U = U; fori = 1,2. Hence,
UC ViUV, Thisyields X =U C ¥, UV,,and so X = V; U V>.
We conclude that V, = X or V, = X; therefore, Uy = U or
U,=U.
(i) Write S = S; U S, for two closed subsets S; and S>. Then

S=85NS=SNSHUSNS).

Hence, SN S = SorSNS, = S, thatis, S € S;or S C 5.
Therefore, S C S) or S € S,. This means that S is irreducible.
(iii) Note that S N 7 is an open subset of the irreducible topological
space 7. Thus, if SN T is nonempty, then it is irreducible by (i).
(iv) Let X be an irreducible topological space and let U; and U, be
two nonempty open subsets of X. If Uy N U, were empty, then
(X\ U))U(X\ U,) = X, acontradiction to X being irreducible.
O

Definition A.1.10. If X is a topological space, then the dimension of X,
denoted by dim(X), is defined to be the supremum of all nonnegative
integers n such that there exists a chain So € S; € --- € S, of distinct
irreducible closed subsets of X.

Theorem A.1.11.

(1) If Y is a nonempty subset of a topological space X, then dim(Y) <
dim(X).
(i1) If a topological space X is covered by a family {U;} of nonempty
open subsets, then dim(.X) = sup; dim(U;).
(iii) Let Y be a nonempty closed subset of an irreducible finite-dimens-
ional topological space X. If dim(X) = dim(Y), then X =Y.
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Proof.
(i) Let So € S € --- € S, be a chain of distinct irreducible
closed subsets of Y. Then we get a chain §p € S € --- C §,

of closed subsets of X, where S; is the closure of S; in X. By
Theorem A.1.9(ii), every S; is irreducible. It is clear that S; # S,
for otherwise S, =Y NS; =Y N TH = Siy1-

(i1) By (i) we have dim(X) > sup; dim(U;). Let So € S € --- € S,
be a chain of distinct irreducible closed subsets of X. Then there
exists an open subset U; such that Sy N U; is nonempty. Thus,
by Theorem A.1.9(iii) we get a chain (S N U;) C
S NU) € --- C (S, NU;) of irreducible closed subsets
of U;. It suffices now to show that S; N U; # §;41 N U; for
j=20,1,...,n — 1. Suppose that §; N U; = S;4; N U; for some
j. Then we have

Sit1 =S NUHUS;1 NX\Uy)
=(S;NUHUS;+1 N(X\ Up)
CSUWSHNX\U)) C Sy

Hence, S;11 = S; U (S;41 N (X \ U;)). Since S, is irreducible,
we must have S, N (X \ U;) = S;;1 as S; # §;41. This forces
Siy1 NU; = @. This is a contradiction since & # § N U; C
Siv1 NU;.

(iii) Letn = dim(Y) and let Ty C 77 C --- € T, be a chain of distinct
irreducible closed subsets of Y. If we had Y # X, then we would
getalonger chain 7o C 77 € --- C 7T, C X of distinct irreducible
closed subsets of X. By definition, dim(X) > n 4+ 1 = dim(Y) + 1.
This is a contradiction. O

A.2 KRULL DIMENSION

Here and in the following section, all rings are assumed to be commutative
with identity.

Definition A.2.1. Let 4 be a ring. The height ht(p) of a prime ideal
g of A is the supremum of all nonnegative integers n such that there
exists a chain gy C o1 & -+ C o, = g of distinct prime ideals of 4.
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The Krull dimension dim(A) of A is defined to be the supremum of the
heights of all prime ideals of A.

The reader may refer to litaka [60, pp. 22-25] and Matsumura [78,
Section 14] for the proof of the following theorem.

Theorem A.2.2. Let k be a field and let 4 be an integral domain, which
is a finitely generated k-algebra. Then:

(1) the Krull dimension of 4 is equal to the transcendence degree over
k of the quotient field of A4;
(i1) for any prime ideal g of 4, we have

ht(p) + dim(4/gp) = dim(A).

A.3 DISCRETE VALUATION RINGS

Definition A.3.1.

(1) An integral domain R is called a local ring if all elements except
units form an ideal of R.

(i) Anintegral domain R is called a discrete valuation ring, abbreviated
DVR, if there exists an irreducible element # € R such that every
nonzero element z of R can be written in the form z = u¢” for some
unit ¥ € R and a nonnegative integer m. The element 7 is called a
local parameter of R.

It is easily seen that the representation z = u¢” in Definition A.3.1(ii) is
unique. In the following lemma, we collect some basic properties of local
rings and DVRs.

Lemma A.3.2.

(i) If R is a local ring, then there is a unique maximal ideal of R and
it consists of all nonunits of R.
@i1) If R is a DVR with a local parameter ¢, then R is a local ring and
its maximal ideal is {u¢" : u is aunit of R, m > 1} U {0}.
(iii) A DVR has Krull dimension 1.
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Proof.

(i) Let m be the ideal consisting of all nonunits of R. Let I be a proper
ideal of R. It is clear that / does not contain any units, hence,
I Cm.

(i1) It is easy to verify that the set m := {uf” : u is aunitof R,
m > 1} U {0} forms an ideal of R. It is also clear that m is exactly
the set of all nonunits of R. Hence, R is a local ring and the rest
follows from (i).

(iii) Let ¢ be a local parameter of a DVR R. It is easy to see that every
nonzero proper ideal of R is of the form /; := {ut™ : u is a unit
of R, m > k} U {0} = t*R for some integer k > 1. It is then
clear that /; is the unique nonzero prime ideal of R, and, hence,
the height of 7; is 1 as {0} € I;. The desired result follows from
Definition A.2.1. O

Proposition A.3.3. Let R be a DVR with quotient field K. If S is also
aDVR with R € S C K, then R = S.

Proof. Let ¢ be a local parameter of R. Then it is easy to see that the
quotient field K is {ut™ : u isaunitof R, m € Z} U {0}. Suppose
R # S. Then there exists an element x € S\ R. Hence, x = vt™"
for some unit v of R and an integer n > 1. Let s be a local parameter
of §. Then x = ws™ for some unit w of S and an integer m > 0. As
t € R C S, we can write ¢ = us* for some unit # of S and an integer
¢ > 1. Then x = ws™ = vu"s~%", that is, the unit vw~'u~" is equal
to the nonunit s+, This contradiction shows that R = S. O

Let R be a local ring and let m be the unique maximal ideal of R. Then
the factor ring R/m is a field, denoted by k. Thus, m/m? can be viewed as a
vector space over k. The field k is called the residue field of R.

Proposition A.3.4. If R is a Noetherian local ring of Krull dimension 1
with maximal ideal m and residue field &, then R is a DVR if and only
if dimy(m/m?) = 1.

Proof. Assume that R is a DVR and let ¢ be a local parameter of R.
Then it is easy to see that m/m?> = tR/t>R ~ R/tR = k. Hence,
dim;(m/m?) = 1.
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Conversely, assume that dimz(m/m?) = 1. Let  + m? with € m
be a k-basis of m/m?. Then ¢+ € m \ m?, and so it follows using
Lemma A.3.2(i) that 7 is irreducible. Under the given conditions, m is
a principal ideal (see [29, Section 10.3]), and so from ¢t € m with ¢
irreducible we deduce that m = ¢ R. Since R has Krull dimension 1, m
is the only nonzero prime ideal of R, and so R is a unique factorization
domain by [29, Corollary 10.6]. From m = ¢#R and Lemma A.3.2(i) we
conclude that ¢ is, up to associates, the only irreducible element of R,
and this implies immediately that R is a DVR. O

Definition A.3.5. Let R be a DVR with a local parameter ¢ and let K be
its quotient field. We define a map ord from K* to Z as follows. Every
z € K* can be written uniquely in the form z = u#™ for some unit
u € Randm € Z. Then put ord(z) = m. If we set ord(0) = oo, then ord
satisfies the properties (1), (2), (3), and (4) in Definition 1.5.3.
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homogeneous coordinate, 34
homogeneous ideal, 41
homogeneous polynomial, 41
hyperelliptic curve, 215
hyperelliptic function field, 215
hyperplane, 42

hypersurface, 47, 64

ideal: homogeneous, 41; maximal, 16
induced topology, 242

infinite place, 17

information rate, 148, 221

inverse limit, 5

inverse system, 5

irreducible topological space, 46, 242
isomorphic varieties, 59

Jacobian matrix, 69, 71

keys, 207
Krull dimension, 245

lies over, 20, 25

lies under, 20, 25

line, 42; projective, 76; tangent, 70
linear code, 149, 194

local expansion, 25

local parameter, 15, 72, 76, 245
local ring, 51, 245
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matrix: generating, 193; generator, 218;
Jacobian, 69, 71; parity-check, 149

maximal ideal of place, 16

McEliece cryptosystem, 218

MDS code, 150, 153, 154

message-resend attack, 221

minimum block weight, 184

minimum distance, 148, 196; relative, 155

morphism, 56, 62; k-, 62; Frobenius, 63

multiplicative character, 129

narrow-sense BCH code, 188, 190, 191
Niederreiter cryptosystem, 219, 221, 223
nonsingular, 69, 71

nonsingular affine curve, 69
nonsingular point, 69

nonsingular projective curve, 71
nontrivial character, 128

norm, 11

normalized valuation, 14

NXL code, 176, 181

Nyberg-Rueppel signature scheme, 210

open set, 241
order of multiplicative character, 139

parameter: local, 15, 72, 76, 245; quality, 194;
uniformizing, 15, 72, 76

parity-check matrix, 149

Picard curve, 215

place, 15; degree of, 21; finite, 17; infinite, 17;
lying over, 20, 25; lying under, 20, 25;
ramified, 26; rational, 21, 106; splitting
completely, 26; totally ramified, 26;
unramified, 26

plaintext, 206

plane curve, 47, 67

Pohlig-Hellman algorithm, 213

point, 30, 34; closed, 31, 35, 39, 43;
nonsingular, 69; singular, 69;
smooth, 69

pole, 15, 82

pole divisor, 83

polynomial: L-, 112, 115; absolutely
irreducible, 47; homogeneous, 41

positive divisor, 81

primitive element, 4

principal adele, 90

principal divisor, 83

projective algebraic set, 42

projective curve, 68
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projective line, 76

projective space, 34
projective variety, 46
public-key cryptosystem, 207

quality parameter, 194
quasi-affine variety, 50
quasi-projective variety, 50

ramification index, 25

ramified, 26, 104

rational, 30, 31, 34

rational function field, 14, 16, 18, 21,
76, 86, 89

rational map, 65; domain of, 66; dominant, 66

rational place, 21, 106

rational point set, 30

Reed-Solomon code, 150, 153

regular function, 50

relative degree, 26

relative minimum distance, 155

residue class field, 18, 20

residue class map, 18

residue field, 246

Riemann’s theorem, 87

Riemann-Roch space, 84

Riemann-Roch theorem, 94

ring: coordinate, 48; local, 51, 245; valuation,
15,16

row space of digital net, 197

RSA cryptosystem, 207, 220

RSA signature scheme, 209

Schoof-Elkies-Atkin algorithm, 213

secret-sharing scheme, 233

Serre bound, 122

signature scheme: Courtois-Finiasz-Sendrier,
223; ElGamal, 209; Nyberg-Rueppel, 210;
RSA, 209

Singleton bound, 150, 196

singular, 69, 71

singular point, 69

smooth, 69, 71

smooth affine curve, 69

smooth point, 69

smooth projective curve, 71

space: adele, 89; affine, 30; projective, 34;
Riemann-Roch, 84

splits completely, 26

strict triangle inequality, 14

support, 81

surface, 47



symmetric cryptosystem, 207
system: (d, k, m, s)-, 193, 200, 202;
(d, m, s)-, 193; inverse, 5

tangent line, 70
topological space, 242; irreducible,
46, 242
topology, 241; induced, 242; Zariski, 45
totally ramified, 26
trace, 9
triangle inequality, 14; strict, 14
trivial character, 128
TVZ bound, 165, 168, 174, 228

uniformizing parameter, 15, 72, 76
unramified, 26, 104

260

Index

valuation, 13; discrete, 14; equivalent, 15;
normalized, 14

valuation ring, 15, 16

variety, 30; affine, 46; algebraic, 30; projective,
46; quasi-affine, 50; quasi-projective, 50

Weierstrass equation, 98—100, 102
‘Weil differential, 91

XNL code, 178, 180, 181, 183, 185

Zariski topology, 45
zero, 15, 82

zero divisor, 83

zero set, 37, 38

zeta function, 106, 111
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